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ABSTRACT. 

This  paper  gives  a  survey  of  newly  obtained  important  results  in  both  analytical  and  numerical  aspects 
on  ship-motion  Green  functions.  First,  new  formulations  of  the  free-surface  component  are  developed 
based  on  the  basic  decomposition  of  the  double  Fourier  integral  and  new  expressions  of  the  wavenumber 
integrals.  The  resultant  wave  and  local  components  are  both  expressed  by  simple  integrals.  The  asym]^ 
totic  analysis  of  the  wave  component  gives  analytical  expressions  of  far-field  ship  waves  and  reveals  their 
direct  relationship  with  the  dispersion  relation.  The  singular  and  highly-osciUatory  properties  of  poten¬ 
tial  flows  generated  by  a  source  located  at  the  free  surface  are  analyzed  and  expressed  in  a  closed  form. 
The  analysis  of  the  line  integrals  on  the  free  surface  shows  that  they  can  be  evaluated  in  an  analytical 
way.  Finally,  efScient  numerical  developments  have  been  realized  to  evaluate  accurately  ship-motion 
Green  functions  in  all  configurations,  including  the  most  critical  case  for  which  the  free-surface  effects 
are  most  important  as  both  source  and  field  points  are  located  at  the  free  surface. 


INTRODUCTION 

The  potential  flow  generated  by  a  source  pulsating 
with  constant  frequency  and  moving  with  constant 
horizontal  velocity  is  fundamental  to  the  analysis 
of  the  flow  past  a  moving  ship  and  to  the  predicrion 
of  its  motions  in  waves.  The  time-harmonic  source 
potentials,  called  as  ”  ship-motion  Green  functions” 
including  time-harmonic  flows  with  forward  speed 
and  the  special  cases  of  Neumann-Kelvin  steady 
flow  (zero  frequency)  and  time-harmonic  flows 
without  forward  speed,  play  a  critical  role  of  the¬ 
oretical  basis  due  to  their  intrinsic  properties  such 
as  proper  far-field  wavy  behavior  and  radiation 
condition.  Furthermore,  the  potential-flow  anal¬ 
ysis  of  wave  diffraction-radiation  by  a  ship  or  an 
offshore  structure  yields  calculation  methods  ex¬ 
tremely  useful  for  many  practical  purposes,  no¬ 
tably  for  design. 

Associated  with  the  linearized  free-surface 
boundary  condition,  the  ship-motion  Green  func¬ 
tions  are  expressed  as  the  sum  of  simple  (Rankine) 
singularities  satisfying  the  zero-flow  free-surface 
condition,  and  the  double  Fourier  integral  accoimt- 
ing  for  the  free-surface  effects.  In  the  numeri¬ 
cal  analysis  of  practical  ship-motion  problems,  the 
complexity  of  this  double  integral  and  its  subse¬ 


quent  integration  over  ship  hull-panels  and  along 
waterline-segments,  as  documented  in  [17],  [15], 
[29],  [19],  [16],  [18],  [2]  and  other  similar  studies, 
are  the  major  stumbling  block  hindering  the  devel¬ 
opment  of  reliable  and  practical  methods. 

An  alternative  approach  based  on  Kochin’s  for¬ 
mulation  is  adopted  in  [23].  Within  this  approach, 
the  free-surface  component  of  potential  flows  asso¬ 
ciated  with  a  distribution  of  singularities  is  directly 
considered  as  an  integration  of  the  double  Fourier 
integral  (of  ship-motion  Green  functions  associated 
with  a  point  source),  and  evaluated  by  perform¬ 
ing  the  space  integration  over  the  hull-panel  or  the 
waterline-segment  before  the  Fourier  integration. 
The  free-surface  potential  flow  associated  with  a 
distribution  of  singularities  is  called  super  Green 
functions  in  [7],  [8]  and  [26],  as  they  are  given  by 
a  similar  Fourier  integral  representation  as  ship- 
motion  Green  fimctions,  which  involves  a  spectrum 
function  defined  by  the  distribution  of  singulari¬ 
ties.  The  critical  advantage  of  the  Fourier-Kochin's 
approach  comes  from  the  fact  that  the  spectrum 
function  associated  with  a  distribution  of  singular¬ 
ities  involving  in  super  Green  functions  disappears 
for  large  wavenumber  instead  of  being  constant 
in  ship-motion  Green  functions.  This  property  of 


1.1-1 


the  spectrum  function  seems  to  ensure  that  super 
Green  functions  are  not  singular  so  that  the  com¬ 
plexity  of  ship-motion  Green  functions  in  the  limit 
that  the  field  point  approaches  to  the  source  point 
located  close  to  or  at  the  free  surface,  is  avoided. 
Interesting  results  recently  achieved  in  [30]  to  ex¬ 
tend  nonlinear  steady  ship  flows  obtained  by  using 
Euler  near-field  flow  solver  to  the  far  field,  demon¬ 
strate  the  utility  of  the  Fourier-Kochin  approach. 

However,  the  other  side  of  the  coin  is  associ¬ 
ated  with  other  properties  of  the  spectrum  func¬ 
tion.  The  spectrum  function  depending  on  the 
distribution  of  singularities  can  be  highly  oscil¬ 
latory,  and  mathematical  analyzes  on  the  dou¬ 
ble  integral  are  more  complex.  Since  the  double 
integral  cannot  completely  be  reduced  to  single 
integrals,  its  numerical  evaluation  is  much  more 
time-consuming.  Furthermore,  the  spectrum  func¬ 
tion  associated  with  smaller  hull-panels  or  shorter 
waterline-segments  decreases  more  slowly  at  large 
wavenumber  and  super  Green  functions  (and  their 
derivatives)  tend  to  inherit  all  properties  of  ship- 
motion  Green  functions  including  their  highly- 
oscillatory  and  singular  behavior. 

Fortunately,  the  recent  work  on  decomposition 
of  free-surface  effects  given  in  [25],  new  results 
of  far-field  ship  waves  obtained  in  [5],  [4]  and  [9] 
and  new  analysis  of  singular  and  highly-oscillatory 
properties  of  ship-motion  Green  functions  realized 
in  [6]  and  [13],  gives  a  new  lease  of  life  to  the  Green 
function  approach.  Indeed,  all  this  work  provides 
essential  elements  to  construct  a  sound  and  solid 
basis  to  solve  the  ship-motion  problems.  One  of  ob¬ 
jectives  of  the  present  paper  is  to  give  a  summary 
of  the  recent  work  together  with  some  ad  hoc  de¬ 
velopments  for  numerical  evaluation  of  ship-motion 
Green  functions. 

The  ship-motion  Green  functions  are  analyzed 
in  the  section  after  this  introduction.  Following  the 
analysis  performed  in  [25],  the  free-surface  compo¬ 
nent  expressed  by  the  double  Fourier  integral  is 
decomposed  into  a  wave  component  which  prop¬ 
agates  into  the  far  field,  and  a  local  component 
which  is  only  significant  in  the  near  field.  This  for¬ 
mal  decomposition  gives  a  useful  expression  of  the 
wave  component  written  as  a  single  integral  along 
the  dispersion  curves,  especially  in  the  asymptotic 
analysis  of  far-field  waves.  However,  it  does  not 
provide  suitable  formulations  for  numerical  eval¬ 
uations  since  the  local  component  remains  to  be 
in  the  form  of  double  integral.  Further  analysis 
of  the  double  integral  generates  new  formulations 
composed  by  the  wave  and  local  components  and 
a  complementary  term  for  r  >  1/4.  Both  wave 


and  local  components  are  expressed  by  a  single  in¬ 
tegral  along  the  dispersion  curves.  The  integrand 
amplitude  of  wave-component  integral  is  smooth 
and  the  integrand  of  local-component  integral  is 
non-oscillatory,  so  that  the  single  integrals  as  well 
as  that  representing  the  complementary  term  are, 
a  priori,  well  suited  for  numerical  evaluation. 

Asymptotic  analysis  of  far-field  ship  waves  is 
presented  in  the  following  section.  Based  on  us¬ 
ing  the  stationary-phase  analysis  of  the  wave- 
component  line  integral,  considerable  information 
about  far-field  features  of  ship  waves  is  revealed. 
Especially,  the  constant-phase  curve  (e.g.  crest¬ 
lines)  and  related  wavelength,  directions  of  wave 
propagation,  cusp  angles,  and  phase  and  group  ve¬ 
locities  can  be  determined  explicitly  from  the  dis¬ 
persion  function.  Indeed,  the  direct  relationship 
between  the  dispersion  curves  in  the  Fourier  plane 
and  the  corresponding  wave  systems  on  the  free 
surface  is  established  in  [4]  and  [5].  Furthermore, 
analytical  expressions  of  far-field  ship  waves  are  ob¬ 
tained  in  [9]  and  summarized  in  the  paper. 

An  important  and  complex  feature  of  the  ship- 
motion  Green  function  is  its  rapid  oscillations  with 
singular  amplitudes  when  a  field  point  approaches 
to  the  track  of  the  source  point  at  the  free  sur¬ 
face.  This  peculiar  behavior  of  the  ship-motion 
Green  function  is  analyzed  in  [6]  by  using  the 
wave-component  integral  along  the  open  disper¬ 
sion  curves.  The  asymptotic  calculation  of  the 
integral  along  the  portion  of  the  open  dispersion 
curves  at  large  values  of  wavenumber  yields  an  an¬ 
alytical  expression  which  captures  the  behavior  of 
highly  oscillations  with  infinitely  increasing  ampli¬ 
tude  and  infinitely  decreasing  wavelength.  The  line 
integrals  on  the  free  surface  involving  the  singular 
and  highly-oscillatory  terms  are  further  analyzed. 
It  is  shown  in  [13]  that  the  line  integral  along  a 
contour  at  infinity,  as  expected,  disappears  effec¬ 
tively  and  the  waterline  integral  can  be  performed 
in  an  analytical  way. 

In  the  numerical  analysis  of  ship-motion  Green 
functions,  different  treatments  are  needed  for 
the  wave  component  than  the  local  component. 
The  integrand  of  wave-component  integral  can  be 
highly  oscillatory  so  that  a  special  algorithm  based 
on  analytical  integrations  after  numerical  approxi¬ 
mations  of  the  amplitude  and  phase  functions  of 
the  integrand,  is  developed.  It  is  shown  that 
the  method  is  effective  and  accurate  to  evaluate 
highly-oscillatory  integrals.  The  integrand  of  the 
local  component  is  not  oscillatory  and  the  classical 
Gauss-Legendre  quadrature  is  efficient.  However, 
a  logarithmic  singularity  appears  in  the  integrand 
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when  both  the  field  and  source  points  approach  to 
(or  are  located  at)  the  free  surface.  Some  tech¬ 
nique  including  integration  by  part  is  used  to  elim¬ 
inate  the  difficulty.  Finally  for  illustrations,  both 
wave  and  local  components  of  the  ring  waves  asso¬ 
ciated  with  the  closed  dispersion  curve,  and  those 
of  the  inner-V  and  outer-V  waves  associated  with 
the  right  and  left  open  dispersion  curves  are  pre¬ 
sented. 

Conclusions  are  addressed  in  the  end  of  the  pa¬ 
per.  Although  it  remains  still  some  important  work 
in  implementing  the  results  of  the  study  to  panels 
codes,  we  have  never  been  so  optimistic  to  achieve  a 
fully  satisfactory  solution  to  ship-motion  problems. 
This  paper  is  then  expected  to  be  the  beginning  of 
a  happy  end  of  this  long  march. 

SHIP-MOTION  GREEN  FUNCTIONS 
The  reference  system  moving  with  the  ship  at  the 
mean  forward  speed  U  along  the  positive  x-axis, 
is  defined  by  letting  {x,  y)  plane  coincide  with  the 
mean  free  surface  and  ;2-axis  be  positive  upward. 
The  velocity  potential  of  the  flow  generated  at  a 
field  point  ($,  r},  C)  ^  source  of  unit  strength 
located  at  the  point  Xs  =  ,  2/5 ,  )  is  expressed  by 

Here  G^  is  the  simple  singularity  component 
47rG^  =  -l/r-hl/r' 

with  r  and  the  distances  between  the  field  point 
f  and  the  source  point  and  between  ^  and  the 
mirror  image  of  Xs  with  respect  to  the  mean  free 
surface  plane  z  =  0,  respectively.  The  free-surface 
component  G^  is  defined  by  the  Fourier  superpo¬ 
sition  of  elementary  waves,  according  to  [25] 

/oo  roo  gfcz— i(a2C+/3y) 

where  y/c^T^  is  the  wavenumber  and 

{x,y,z  <  0)  = 

D  in  (1)  is  the  dispersion  function 

D  =  {Fa-ff-k  (2) 

and  sign(£)/)=sign(9jD/3/)  is  given  by 

sign(jD/)  -  -sign(Fa— /) 

The  dispersion  function  (2)  is  associated  with  the 
classical  free-surface  boimdary  condition  linearized 
about  the  uniform  stream  opposing  the  forward 


speed  of  the  ship.  The  nondimensional  frequency 
/,  the  Froude  number  F,  and  the  Brard  number  r 
are  defined  as 

f=ujy/L/g  F^U/y/^  r=Ff=Uoj/g 

where  u  is  the  encounter  frequency  of  the  regular 
ambient  waves  exciting  the  ship  motions,  L  and  g 
are  the  ship  length  and  the  acceleration  of  gravity. 

Decomposition  of  free-surface  component 
The  free-surface  component  G^  defined  by  (1)  is 
now  considered.  Following  the  analysis  in  [25],  G^ 
can  be  expressed  in  the  basic  form 

G^=Gf  +  Gf  (3a) 

with  a  single  integral 

47riGf  =  Eo^J^sign(£»/)  (3b) 

where  summation  over  all  the  dis¬ 

persion  curves  defined  by  the  dispersion  relation 
D=0,  and  a  double  integral 

Gf  =  /  d/S  /  da  (3c) 

J  —  OO  j  — OO 

Furthermore,  the  double  integral  Gf  can  be  de¬ 
composed  into  two  components 

G|’=Gf+G^  (4a) 

with  47ri  G^  = 

p  ^kz-i{ax+py) 

J^^Jj,s^siga{xDa+yD0) - —  (4b) 

and  = 

/OO  poo  ^kz—i{ax+/3y) 

dp  /  doL  — — ^ 

In  (3b),.  (4b)  and  (4c),  the  notations  IVDp  = 
Dl  +Dl  with  Da  =  dD/da  and  =  dDjdp  are 
used.  The  two  single  integrals  (3b)  and  (4b)  can 
be  regrouped  as  G^  =Gf  -{-  GY  then 

g^  =  g^  +  g^ 

where 

p  gfcz-i(o£X+/3y) 

ivci 

with  El  =sign(D/)  and  S2  =  (xDa+yD^),  is  called 
wave  component  as  it  can  be  shown  that  G^  «  G^ 
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in  the  far  field  o? oo  while  given  by 
the  double  integral  (4c)  is  non-oscillatory  and  only 
significant  in  the  near  field,  and  then  called  near¬ 
field  component  or  local  component. 

The  single  integral  (4d)  is  very  useful  in  the 
asymptotic  analysis  of  far-field  ship  waves  as  pre¬ 
sented  in  [4],  [5]  and  [9].  However,  the  local  com¬ 
ponent  defined  by  the  double  integral  (4c)  re¬ 
mains  rudimental  and  not  suited  for  its  numerical 
evaluation  since  the  integrand  is  singular  across  the 
dispersion  curves.  A  further  step  realized  in  [7]  and 
[8],  and  summarized  in  [26]  gives  several  decompo¬ 
sitions  of  free-surface  effects  into  wave  and  local 
components  according  to  different  shapes  of  dis¬ 
persion  curves.  The  integrand-amplitude  of  both 
components  is  smooth  across  the  dispersion  curves 
so  that  the  formulations  developed  in  [7]  and  [8] 
can  be  used  for  numerical  calculations.  Neverthe¬ 
less,  the  local  component  keeps  its  form  of  dou¬ 
ble  integral.  The  numerical  evaluation  of  oscil¬ 
latory  integrals  on  the  Fourier  plane  (even  with 
a  smooth  and  decreasing  amplitude)  is  extremely 
time-consuming  from  author’s  experience. 

New  formulations  of  ship-motion  GF 
A  new  analysis  has  been  performed  by  starting 
with  (3c)  in  which  we  use  the  remarkable  identity 
derived  from  (2) 

D  =  (Fcos0)2(jb  -  k~^){k  -  fc“)  (5a) 
with  k^{0)  given  by 

=  (1/2  ±  y/l/i+Tcosef/{Fcosef  (5b) 

Changing  integral  variables  (a,/?)  to  (k^O)  and  us¬ 
ing  dadp^kdOdk,  (3c)  becomes 

47r2 _ =  {k+JC+  -k-K,-)  (6) 

^  yo2Vl/4+TCOs^^  ’  ^  ’ 

with  the  wavenumber  integral 

i»oo  k[z-ihcos{e--f)] 

^^=1  k-k- 

where  =  and  tan7=2//a:. 

For  a  real  >  0,  the  integrand  of  (7a)  is  sin¬ 
gular  at  k  —  k^  and  the  wavenumber  integral  can 
be  written  as  the  sum 

(7b) 

with  the  singular  term  defined  by 

^  /"OO  g— (fc— fc±)*/4— ifc/icos(ff — t) 


,  ik-fc± 

=  — i7rE2  erf|fc^^|e' 


E2=sign[cos(^— 7)]  and  h  =  hcos{9—^)  (7d) 

Furthermore,  erf(*)  is  the  error  function  defined 
in  [1].  The  lower  limit  of  the  integral  in  (7c)  is 
extended  to  —00  in  order  to  obtain  the  analytical 
expression  of  W^.  The  regular  term  is  defined 
by  the  difference  between  IC^  and  W^,  given  also 
in  a  closed  form  ^ 

A/^  =  =  (7e) 

CeK[k^{z-ih)]  -  inT,2 

with  erfc(*)  the  complementary  error  function  and 
the  complex  exponential-integral  function 

CeK{w)  =  f  —  dt  —  e^Ei{w)  (7f) 
Jq  t-\-w 

where  Fi(-)  is  the  exponential  integral  function  de¬ 
fined  in  [1].  It  can  be  shown  that  is  a  non- 
oscillatory  function. 

Introducing  the  expression  (7b)  of  into  (6), 
the  double  integral  G2  is  reduced  to  the  sum  of 
two  single  integrals  and  written  as  G2  =  G^  + 
with 


Ani  GY 


0  27174+  r  cos^ 


(8b) 

Jo  2^/l/A-\-TcosO 

in  which  the  functions  and  AT^  are  given  in 
the  closed  forms  (7c)  and  (7e),  respectively. 

From  the  identity  (5a),  k  =  k^  represents  the 
dispersion  curves  D  =  0.  In  fact,  k  =  describes 
two  open  dispersion  curves  located  in  the  right-half 
Fourier  plane  (~7r/2<0<7r/2)  and  in  the  left-half 
(7r/2<^<37r/2)  while  k=k~  represents  the  closed 
dispersion  curve  (0  <  ^  <  27r)  around  the  origin  of 
the  Fourier  plane,  as  shown  by  Fig.l  later  on. 

The  integral  (8a)  in  polar  angle  can  be  trans¬ 
formed  into  a  simple  integral  along  the  dispersion 


T,  f  ds 
d-oJd=o 


AvriGY  — 

Ef  erf  |ax+/3t/| 


^kz—i(ax+/3y) 


by  using  the  identity 


k^iz-ih) 


kdO  ^  d$ 

27l/4+rcos0  \Dk\  ||VD|| 
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along  the  open  dispersion  curves  fe  =  A;+  and  the 
closed  dispersion  curve  k  =  k~.  Erom  the  expres¬ 
sions  (7c)  for  and  (7d)  for  E2.  the  sign  function 
Sf  in  (9a)  is  given 

S2  =  ±sign(aa:+i3j/)  (9b) 

along  the  dispersion  curves  k=k^,  respectively. 

Regrouping  Gf  given  by  (3b)  and  GY  by  (9a) 
yields  the  new  formulation  for  the  wave  component 
of  ship-motion  Green  functions 


47rzG^  =  (109') 

«  ^kz-i{ax+/3y) 

(Si  -I-  sf  erflai4-/?2/|) - — 


In  the  same  way,  the  local  component  can  be  ex¬ 
pressed  by  the  single  integral 


G 


Ids 

D^O  Jd-0 


±J\f{kz^ax+(3y) 

IIVDI 


(10b) 


involving  the  non-oscillatory  fimction  J\f  = 
given  by  (7e)  along  the  dispersion  curves  fc=fc^. 

The  expressions  (10a)  for  the  wave  component 
and  (10b)  for  the  local  component  G^  of  free- 
surface  ship-motion  Green  functions  are  both  in  a 
form  of  single  integral.  The  amplitude  of  integrand 
of  (10a)  is  a  smooth  function  and  the  integrand  of 
(10b)  a  non-oscillatory  function.  They  are  not  only 
adapted  to  further  analysis  but  also  well  suited  for 
their  numerical  evaluations  as  the  special  functions 
including  the  exponential  integral  and  error  func¬ 
tions  in  (10a)  and  (10b)  can  be  calculated  in  an 
efficient  way.  Indeed,  they  are  relevant  for  the  fur¬ 
ther  analysis  of  G^  and  G^  and  their  numerical 
evaluation  as  demonstrated  in  the  later  part  of  the 


Gf  given  by  (6)  is  then  divided  into  two  parts.  The 
part  corresponding  to  the  integral  in  the  region  of 
9  from  -TT  +  6c  to  TT -9c  can  be  evaluated  in  the 
same  way  as  that  expressed  by  (7a)  to  (9b)  since 
the  values  of  are  real  and  positive.  The  same 
expressions  as  (10a)  and  (10b)  are  obtained  for  the 
free-surface  component. 

The  complementary  term  G^  of  Gf  arises  from 
integration  in  the  region  of  9  from  tt— 9c  to  tt-^Oc, 
and  is  given  after  some  arrangements 


47r2G^ 


_  ^c{9)  .. 

~L9.  {Fcoser^^ 


(12a) 


with  the  wavenumber  integral 


j^^k[z-ihcos{9 — r)! 

(fc-fcji)2  +  fcf 


dk 


which  can  be  expressed  in  a  closed  form 


2iki  Kc  =  Cex(Z+)  -  Cex(Z“)  (12b) 
-l-i7re^^[l+sign(3?7n2'“^)]-H’(~^c-2^'*') 

4-i7re^  [l“Sign(^rn-2'“)]J?(— 5fte2'“*) 

where  SRg  and  ^rn  mean  to  take  respectively  the 
real  part  and  imaginary  part,  and  the  unit  step 
function  H  (t)  is  equal  to  0  for  t  ^  0  or  equal  to  1 
for  t>0.  Furthermore,  in  (12b)  are  defined 


—  (JzR  ±  iki)[z  —  i/icos(0~7)] 

Therefor,  the  ship-motion  Green  functions  can  now 
be  expressed  by  the  sum  of  the  wave  component 
G^,  the  local  component  G^  and  the  complemen¬ 
tary  term  G^  for  r  >  1/4 


paper. 

Complementary  term  for  r  >  1/4 
The  formulations  (10a)  and  (10b)  of  ship-motion 
Green  functions  are  valid  as  far  as  the  values  of 
k^{9)  axe  real  and  positive  in  a  region  9i<9<92- 
When  T  is  less  than  1/4,  we  have  =  0  and  62  =27r 
so  that  G^=G'^-1-G^  is  complete. 

For  r  >  1/4,  there  exists  a  positive  value 

9c  =  arctan  \/  IGr^  — (11) 

In  the  region  tt-^c  <  ^  < the  values  of  k^  are 
complex  and  written  as  k^  =kR±  ikj  with 

kR  =  {l/2+TCos9)/{Fcos9f 
ki  =  V-(l/4-hT  cos  60/(F  cos  0)^ 


G^  =  G^^G^-{^  F(r-l/4)  G^  (13) 

The  wave  component  G^  and  the  local  component 
G^  are  given  respectively  by  (10a)  and  (10b)  in  the 
form  of  single  integral  along  the  dispersion  curves, 
involving  the  error  function,  and  the  exponential 
integral  function  and  complementary  error  func¬ 
tion  in  (7e)  to  define  the  non-oscillatory  function 
j\7.  The  complementary  term  G^  is  also  given  by 
the  single  integral  (12a)  involving  the  wavenumber 
integral  expressed  by  a  closed  form  (12b)  in  which 
the  complex  exponential-integral  function  appears. 

FAR-FIELD  SHIP  WAVES 
The  fax-field  ship  waves  are  now  considered.  The 
single  integral  (4d)  of  the  wave  component  is  used 
without  loss  of  generality  as  the  extension  to  any 
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other  form  like  (10a)  of  simple  integral  along  the 
dispersion  curves  is  straightforward. 

Prom  the  expression  (2)  of  the  dispersion  func¬ 
tion,  the  dispersion  relation  D  =  0  defines  several 
dispersion  curves  which  are  symmetric  with  respect 
to  /?= 0  so  that  only  those  in  the  upper  half  /?  >  0  of 
the  Fourier  plane  is  now  considered.  As  foregoing 
analysis,  k  =  with  k^{6)  given  by  (5b)  repre¬ 
sents  two  types  of  dispersion  curves  :  open  dis¬ 
persion  curves  k^k'^  and  closed  dispersion  curve 
k=k'^.  In  fact,  there  exist  three  dispersion  curves 
for  T  <lf  A  which  intersect  the  axis  =  0  at  four 
values  of  a,  which  are  denoted  af  and  af,  and 
given  by 

FV  =  r±(l/2-v/I74±;) 

=T±{l/2  +  ^/^/4±T) 

such  that  two  open  dispersion  curves  are  located 
in  the  regions  -oo  <  a  <  a J  corresponding  to 
k  =  k'^{6)  within  ir/2  <  0  <Tr  and  a J  <  a  <  oo 
corresponding  to  k=k‘^{9)  within  0<^<7r/2,  and 
a  closed  dispersion  curve  in  the  region  a~  <a<af 
corresponding  to  k=k’^{0)  within  0<^<7r. 


Fig.l:  Dispersion  curves  in  (a,/?)  or  {k,6)  plane 


At  the  special  value  of  r  =  1  /4,  a“  =  a"  from 
(14)  so  that  the  dispersion  curves  in  the  region 
-“00<Q;<aJ  and  a~  <a<af  are  connected. 

For  r  >  1/4,  we  have  one  open  dispersion  curve 
located  in  the  left  region  — oo  <  a  <  correspond¬ 
ing  to  k=k~^{9)  within  'ir/2<9<'rr—9c  where  9c  is 
defined  by  (11),  connecting  with  k  =  k~{9)  within 
0 <9 <7r— 9c  at  0  =  7r-^c,  and  another  open  disper¬ 
sion  curve  located  in  the  right  region  a J  <  a  <  oo 
corresponding  to  k  =  k‘^{9)  within  O<0<7r/2. 


Therefore,  four  distinct  dispersion  curves  exist : 
the  right  open  dispersion  curve  for  F  >  0,  the  left 
open  dispersion  curve  for  r  <  1/4,  the  close  dis¬ 
persion  curve  for  t<1/4  and  the  left  open  disper¬ 
sion  curve  for  T>  1/4,  associated  with  which  four 
corresponding  wave  systems  are  baptized  in  [24] 
as  :  inner-V  waves,  outer-V  waves,  ring  waves  and 
ring-fan  waves,  respectively.  The  four  dispersion 
curves  may  be  further  cleissified  into  two  types  :  a 
closed  dispersion  curve  for  r  <  1/4  and  two  open 
dispersion  curves  for  F  >  0.  They  are  depicted  for 
r  =  0.2,  0.25  and  0.3  in  Fig.l  where  the  Fourier 
plane  is  scaled  with  respect  to  //F. 

Dispersion  relation  and  far-field  waves 
According  to  (4d),  the  wave  component  associated 
with  one  of  dispersion  curves  can  be  written 

47riG'^= /ds  (El +  E2)  A  (15) 

Jd=o 

with  El  =  sign(£)/),  E2  =  sign(a:Z)a -f-yD^)  and 
^  already  used,  A  =  e^^/|VD|1  and  the 
phase  function  (p—ax-¥Py  with 

{x,y)  =  [x,y)lh  =  (cos  7,  sin  7) 

Both  {x,y)  and  (cos  7,  sin 7)  are  used  in  the  follow¬ 
ing  analysis. 

The  far-field  features  of  are  determined  by 
the  stationary  points  of  the  phase  function  along 
the  dispersion  curves  which  are  defined  by  ip*  = 
xa''fy^'  =  0  and  satisfy 

xD(3~yDoc  =  0  =  h\VDl  sin(i?— 7)  (16a) 

Here  t?  is  defined  by  (cost?,  sint?)  =  {Da  ,  Dp)/lVDl 
and  thus  represents  the  angle  between  the  unit  vec¬ 
tor  normal  to  a  dispersion  curve  and  the  a-axis. 
The  wavelength  of  the  waves  corresponding  to  a 
stationary  point  (16a)  is  given  by  A  =  27r//:  where 
k  is  the  wavenumber  at  the  stationary  point. 

Expression  (16a)  shows  that  a  point  of  station¬ 
ary  phase  on  a  given  dispersion  curve  is  defined  by 
T?  =  7  or  T?  =  7-h7r .  Thus,  a  point  of  a  dispersion 
curve  generates  waves  in  the  physical  space  in  a 
direction  normal  to  the  dispersion  curve.  The  sign 
function  sign(xDo-l-yD^)  in  (15)  is  equal  to  1  if 
T?=7  or  —1  if  t?  =  7-|-7r .  Expression  (4d)  therefore 
indicates  that  a  point  of  a  dispersion  curve  gen¬ 
erates  waves  in  the  direction  of  the  normal  vector 
||VD||  to  the  dispersion  curve  if  sign(jD/)  =  l ,  or  in 
the  opposite  direction  if  sign(D/)  =  —1 .  Further¬ 
more,  at  the  stationeiry  point  (p*  =  0,  the  second 
derivative  of  the  phase  function  is  expressed  as  : 

<p*'  =  c\/a'2+/?'2(Q,'  cos  7—/?'  sin  7)/ sin  27  (16b) 
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wher©  oi^  and  ax©  differentiation  of  a  and  /?  with 
respect  to  the  integral  variable  along  the  dispersion 
curves,  and  the  curvature  c  is  given  by  : 

c  =  (2Da  Dfi  Da^  —  Dj3f3  —  Daa  )  /  II VD  |  ^ 

As  other  terms  in  the  expression  (16b)  cannot  be 
zero,  (p^'  =  0  occurs  only  at  the  point  of  inflection 
where  c  =  0.  Using  (2)  in  above  expression,  the 
wavenumber  at  the  inflection  point  is  determined 
by  the  relation 

J^ifc2-(3/2)F2fcc+Si4rFv^-3r2  =  0  (16c) 

Two  points  on  both  sides  of  the  inflection  point 
may  have  the  same  unit  normal  and  then  two 
groups  of  waves  may  propagate  in  the  same  di¬ 
rection  but  with  different  wavenumber.  In  fact,  an 
inflection  point  (acPc)  of  a  dispersion  curve,  de¬ 
termined  by  c=0 ,  defines  a  cusp  line  along  which 
two  distinct  wave  systems  are  found  with  a  umque 
wavelength  Ac =27r/fcc  and  the  corresponding  angle 
^c  is  defined  by 

=  arctan(D/3/J9o;)c  (1^^) 

where  the  subscript  c  indicates  evaluation  at  the 
inflection  point  (q!cj/?c)* 


Tab.l:  Cusp  angles  of  wave  systems 


Wave  system 

r 

tan  7c 

7c 

Inner-V  waves 

0 

3/2 

Vl/8 

19‘>28’ 

1/4 

9/4 

y/2/25 

15°48’ 

Outer-V  waves 

0 

3/2 

"TP" 

19‘>28’ 

1/4 

1/4 

V2 

54°44’ 

Ring-fan  waves 

1/4 

1/4 

-s/2 

125°16’ 

1/6 

oo 

90°00’ 

\/i72 

1/2 

\/i72 

35^26’ 

Vm 

3/2 

19^28’ 

The  cusp  angle  defined  as  the  angle  between 
cusp  line  and  the  track  of  the  source  point  is  ob¬ 
tained  by  using  (2)  and  (16c) 

= tt  “i^c = arctan  \/l/(6F^fcc-l) 

for  both  inner-V  and  outer-V  waves,  and  for  the 
ring-fan  waves  at  r  >  y/2/27 ,  and 

7c = TT  -  arctan  ^/l/{QF^kc—i)  (17b) 

for  the  ring-fan  waves  in  1/4  <  r  <  -^2/27.  In 
fact,  7c  =  7r/2  at  r  =  ^2/^,  i.e.  strictly  no  waves 


propagate  upstream  for  r  >  y/2/27 ,  an  interesting 
exact  result  found  in  [4].  Another  interesting  value 
of  T  is  at  which  the  unsteady  waves  (ring- 

fan  waves  plus  inner-V  waves)  are  contained  within 
the  wedges  of  steady  waves.  Approximate  values 
ofr=v^2/27«  0.27  and  r  =  «  1.63  can  also 

be  found  in  [21],  Other  values  of  cusp  angle  with 
respect  to  r  are  given  in  Tab.l  for  inner-V  waves, 
outer-V  waves  and  ring-fan  waves. 

The  curves  along  which  the  phase  (p  is  constant, 
equal  to  =±27r  -  sign(9?")7r/4,  are  given  by 

(x,  y)  =  Ct{D^,D^)/iaD^  +  (30^)  (18a) 

with  a  supplementary  condition 

sign((7^)  =  El  siga{aDa  +  I3D^)  (18b) 

The  formulations  (18a)  and  (18b)  are  applied  to 
the  inner-V  waves  associated  with  the  right  open 
dispersion  curve  and  the  ring-fan  waves  associated 
with  the  left  open  dispersion  curve  at  the  value  of 
T  =  i/2/27.  The  constant-phase  curves  (crest  lines) 
are  depicted  by  Fig.2  hereafter. 

Fig.2:  Crestlines  of  wave  systems  at 


Curves  of  constant  phase  corresponding  to  other 
values  of  r  are  depicted  in  detail  in  [4]  and  can  be 
found  in  [7]  for  typical  values  of  t=0.24  and  0.26. 

Following  Lighthill’s  work  [21],  the  wave  phase 
and  group  velocities  are  considered  now .  The  phase 
velocity  determined  by  the  stationary-phase  re¬ 
lation  (16a),  is  given  by 

vf  =  -(a,p)flk^  (19a) 

which  is  orthogonal  to  constant-phase  curves  (18a) 
and  different,  both  in  magnitude  and  in  direction, 
from  the  group  velocity  ij®,  at  which  wave  energy 
is  transported,  defined  by 

iP  =  -{dfida,  df/dp)  =  {Da,Dp)/Df  (19b) 
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Expressions  (19b)  and  (18a)  together  with  con¬ 
dition  (18b)  yield  (x,  y)  •  >  0 ,  which  shows  that 

wave  energy  is  propagated  away  from  a  wave  gen¬ 
erator  in  ax^cordance  with  the  radiation  condition. 
Using  (2),  the  group  velocity  (19b)  is  written  as 

iJS  =  -[F  +  Eia/(2fc3/2),  i;i^/(2fe3/2)]  (I9c) 

in  the  system  of  coordinates  moving  with  the  mean 
forward  motion  of  the  ship,  and 

ys  =  +  (F,  0)  =  -Si  (a,  y3)/(2fc®/2)  (i9d) 

in  the  absolute  sj’stem  of  coordinates.  The  ab¬ 
solute  velocity  (19d)  is  orthogonal  to  the 
constant-phase  curves,  whereas  the  relative  veloc¬ 
ity  (19c)  is  not. 

The  foregoing  simple  analytical  relationships 
between  the  dispersion  curves  in  the  Fourier  plane 
and  important  features  of  the  corresponding  far- 
field  waves  in  the  physical  plane  are  illustrated  in 
Fig.3  for  the  inner-V  waves,  Fig.4  for  the  outer-V 
waves,  Fig.5  for  the  ring  waves  and  Fig.6  for  the 
ring-fan  waves. 

Analytical  expressions  of  far-field  waves 
Analytical  expressions  of  ship  wave  patterns  asso¬ 
ciated  with  these  two  types  of  distinct  dispersion 
curve  are  presented  in  [9]  and  summarized  now. 

The  ring  waves  are  associated  with  the  closed 
dispersion  curve  comprised  between  and  af'  for 
r  <\IL  The  dispersion  curve  is  described  by  a 
parametric  equation 

(a,  /?)  =  fc(cos^,  sin^) 

with  fc=fc’"//^  =  (l/2  +Vl/4-i-rcos^)  ^  (20) 

in  which  "the  variables  {a,p,k)  are  understood  to 
be  scaled  with  respect  to  p  (multiplied  by  1//^). 
The  stationary  point  (a^j/^r)  =  kr{cos0r^sm9r) 
satisfying  = 0  is  determined  by 

X0r-yiar+2T0^)  =  O  (21) 

5/?r  +  x(a^+2rfc?/2)  <0 

At  the  stationary  point  6=6r,vfe  define 

^o=<^r  cos7+/3r  sin7 

Vl  =  <pl[K/kr-2{K/krf-l]/2 

<pl  =  Vo[{K''-^KK/kr-K)/{^kr)] 

where  k'  =dk/dd,  k"  =  (Pk/dff^  and  k'"  =  d^k/d0^ 
are  used.  The  analytical  expression  obtained  from 
asymptotic  analysis  for  the  ring  waves  is  written  as 

=  AJ  exp(-i/iv’o)/\^  (v’3M)^+*^¥’2  (22) 


with  {V^/f)  Aq  =  ie^'°'-kf^^/{2-\^ ) 

which  is  of  order  for  h  ^  oo  consistent 

with  the  classical  result.  The  fact  that  the  analyt- 
ical  expression  (22)  has  finite  values  at  ft— >0  as  far 
as  |<^3/v?2l  is  expected  so  that  it  is  well  suited 
for  numerical  evaluations  in  the  near  field. 

The  analytical  expression  (22)  is  used  to  eval¬ 
uate  ring  waves  for  /  =  1  and  r  =  0.2  along  a  line 
7  =  7r/4  (upstream)  within  0  <  hp  <  30  on  the 
free  surface  z-0.  The  real  and  imaginary  parts  of 
are  depicted  with  thin  solid  and  dashed  lines 
in  Fig.7,  respectively.  The  difference  between  (22) 
and  the  line  integral  (10a)  is  shown  in  the  figure 
by  the  thick  solid  and  dashed  lines  for  the  real  and 
imaginary  parts. 

Fig.7:  Approximation  of  ring  waves  at  r=0.2 


It  can  been  seen  on  above  figure  that  the  thick 
lines  are  close  to  the  zero  line  rapidly  so  that  (22) 
is  indeed  a  good  approximation  of  (10a). 

Three  other  wave  systems  associated  with  open 
dispersion  curves  as  defined  in  [24]  are  the  inner- 
V  waves  corresponding  to  the  right  one  located  in 
o;  J  <  a  <  00  for  jP  >  0,  the  outer-V  waves  related  to 
left  open  dispersion  curve  located  in  -oo<Q:<a~ 
for  r  <1/4  and  the  ring-fan  waves  associated  with 
left  open  dispersion  curve  located  in  — oo <a<af 
for  T  >  1/4.  All  open  dispersion  curves  can  be 
described  by  a  unique  parameter  equation  as 

a{u)  =  r-Si>/fc ,  Piu)  =  (23) 

with  = 

for  0  <  <  oo,  in  which  the  Fourier  variables 

(a,/?, ft)  are  understood  to  be  scaled  with  respect 
to  1/F^  (multiplied  by  the  Froude-scale  factor  F^). 
Furthermore,  Ei  =  —I  and  fto  =  F^a^  for  the 
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inner-V  waves,  Ei  =  1  for  both  outer-V  and  ring** 
fan  waves  while  fco  =  for  the  outer-V  waves 

and  fco  =  F^af  for  the  ring-fan  waves. 

The  open  dispersion  curve  described  by  (23)  has 
an  inflection  point  at  u  =  Wc  (i.e.  fc  =  fcc)  deter¬ 
mined  by  (16c).  The  cusp  angle  with  respect  to 
the  track  of  the  source  point  is  then  determined  by 
(17a)  and  (17b). 

Following  the  analysis  given  in  [5],  there  ex¬ 
ist  two  points  of  stationary  phase  for  7  = 
arctan2//(-5)  K'jc  aX  u^ut  located  in  [0,tic]  and 
u=Ud  in  [uc,  00)  which  are  determined  by 


xPt,d  -  y{at,d+T.i2k^'a)=0  /24) 

siga[y^t,d  +  x{at,d+'Si2k^l^)]  =  -Ei 

with  =  At 

the  stationary  points  u=ut,d,^^  define 

=  C‘t,d  cos  7+/?f,<i  sin  7 

¥>2'*  =  (at'dCOS7+;8^'dSin7)/2 
¥’3'^  =  («M‘=os74-/?t'"dSin7)/3 

where  (q",  p")  =  (cPa/dv?,  d^p/dv?)  and  (a'",  P"') 
=  {(Fa/du^  ,(Fp/du^)  are  used.  Corresponding  to 
the  stationary  points  (at,^t,fct)  and  {ad,Pdi^d), 
the  transverse  waves  and  divergent  waves 
are  defined  respectively.  The  analytical  expressions 
for  both  transverse  and  divergent  waves  are  written 

g^  =  ASexp(-ih^S)  (gT  +  QI) 

,  (25a) 

=  Ag  exp{-ihcpi)  (gf  +  g|>  j 

where  gj’^  and  are  defined 

2  3 

=  (25b) 

2  ’ 


(p'y  ip”  and  p”'  at  the  inflection  point  u  =  Uc  (i.e, 
Pci  p”')^  are  used  to  define 

¥^8=^0 + 

9!=^^-(^")V(2v"0.  ¥>i  =  ¥>f/3 

and  the  transverse  and  divergent  waves  by 


g’’-®  =  A§exp(-ih^S)  (pi  +  g±) 


with 


and 


with 


Gt  = 


2(¥’3M)^ 


sf  , ,  K.(„^) 

3  3  (cr:f  i/i^§/2)o  ^ 


=  2[a^ihpll2)^\pl/pl\ 


i /_c|3 


(26a) 

(26b) 

(26c) 


(26d) 


The  amplitude  function  involved  in  (25a)  and 
(26a)  are  determined  by 


it,d,c  ^  4^zkt,d,c  (fct ,d,c ~ fcp) 


27^F^PtAc 


(27) 


The  modified  Bessel  function  Ki/3{w)  involved 
in  (25c)  and  (26c)  can  be  expressed  by  using  the 
Airy  function  Ai(*)  defined  in  [1] 


Ki  (w)  =  Ai[(3^/2)2/3]  nV3/i3w/2y/^  (28a) 

and  has  the  asymptotic  expressions 


Ki(ti;)  = 


e  ^^/7r/{2w)  for  |it;|--^oo 
r(l/3)/(4u;)^/^  for  ^0 


(28b) 


and 


\^2^/y^3 


{a^^ihipY /2)i 


Kl(2t)‘’‘*) 


with 

n,*-<^  =  2(<rTihv’3’‘'/2)^l¥’2M’‘‘l' 


(25c) 

(25d) 


where  Ki/3(ii;)  is  the  modified  Bessel  function  de¬ 
fined  in  [1]  and  a  a  positive  real  constant.  Fur¬ 
thermore,  the  minus/plus  signs  in  the  denomina¬ 
tor  of  (25c)  and  in  (25d)  are  taken  for  the  tran- 
verse/divergent  waves,  respectively. 

For  7  >  7c,  there  is  not  stationary  point  any 
more.  To  extend  continuously  ship  waves  across 
the  cusp  line,  the  values  of  p  and  its  derivatives 


It  can  be  checked  by  using  (28b)  that  given 
by  (25c)  involving  K1/3  decreases  exponentially  for 
fc  — +  00  as  far  as  (^2  ^  ^  0  and  that  both  transverse 
and  divergent  waves  (25a)  decrease  then  at  a  rate 
of  order  0(fc"^/2)  (leading  order  of  within 

the  wedge  7<7c. 

Along  the  wedge  7  =  7c,  it  can  be  shown  that 
(25a)  are  of  order  the  leading  order  of 

and  as  p]:^  — ►  0,  =  0,  consistent  with 

the  classical  results.  The  amplitude  of  repre¬ 
sented  by  (26a)  decreases  exponentially  for  ^  0, 
i.e.  7  >7c,  and  at  a  rate  of  order  0(fc“^^^)  when 
p\  — >  0,  i.e.  7-^  7c,  and  equal  to  the  results  given 
by  (25a). 
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The  four  ship-wave  systems  each  of  which  is  as¬ 
sociated  with  a  distinct  dispersion  curve  are  re¬ 
grouped  here  into  three  classes.  The  first  associ¬ 
ated  with  a  closed  dispersion  curve  is  called  ring 
waves.  The  second  associated  with  the  portion  of 
open  dispersion  curves  limited  between  two  inflec¬ 
tion  points  located  symmetrically  in  the  upper  and 
lower  half  Fourier  plane,  is  called  transverse  waves. 
The  third  class  of  unsteady  ship  waves  is  associ¬ 
ated  with  the  portions  of  open  dispersion  curves 
from  the  inflection  points  to  infinity,  and  called  di¬ 
vergent  waves.  The  ring  waves  propagate  out  in  all 
directions  for  limited  values  of  the  Brard  number 
r  <  1  /4  and  their  amplitude  decreases  at  a  rate  of 
order  osh-^oc.  The  transverse  and  diver¬ 

gent  waves  are  limited  by  a  cusp  line  whose  angle 
defined  by  (17a)  and  (17b)  is  parallel  to  the  direc¬ 
tion  of  the  normal  vector  at  the  inflection  point  of 
corresponding  dispersion  curve.  Within  the  wedge 
limited  by  the  cusp  line,  the  amplitude  of  trans¬ 
verse  and  divergent  waves  decreases  at  the  same 
rate  like  0{h^^)  while  along  the  wedge  the  de¬ 
creasing  rate  is  of  0(/i“^  3 ).  Outside  the  wedge,  the 
non-oscillatory  local  component  is  dominant  since 
the  decreasing  rate  is  of  order  0(/i“^)  while  the 
wave  amplitude  falls  off  exponentially.  These  im¬ 
portant  features  of  transverse  and  divergent  waves 
are  well  described  by  (25a)  within  the  wedge  and 
(26a)  outside  the  wedge.  Furthermore,  the  expres¬ 
sions  (25a)  and  (26a)  for  transverse  waves  as  well 
as  for  divergent  waves  provide  the  same  and  cor¬ 
rect  asymptotic  values  along  the  wedge  so  that  they 
are  continuous  across  the  wedge,  as  shown  by  Fig.8 
which  depict  of  the  inner-V  waves  at 

r  =  1  /4  along  a  transverse  line  in  the  downstream 
x/F^^  =  —26  within  0<y/F^  <15  and  close  to  the 
free  surface  z/F"^  =  -0.1.  In  the  figure,  the  real 
and  imaginary  parts  of  -f  are  presented  by 
the  solid  and  dashed  lines,  respectively. 


Fig.8:  F^{g'^+G^)  along  = -26 


The  transverse  and  divergent  waves  are  shown 
in  Fig.8  to  be  continuous  across  the  cusp  line  which 
is  located  at  y/F^^  =  -^2/25x7^2  w  7.35,  according 
to  Tab.l  and  marked  by  the  vertical  dotted  line  in 
the  figure. 

The  classical  treatments  to  the  phase  function 
which  exhibits  two  coalescing  stationary  points 
were  presented  in  [10]  to  develop  uniform  asymp¬ 
totic  expansions  of  an  integral.  Very  fine  results 
can  be  obtained  as  presented  in  [27]  in  applying  to 
the  Neumann-Kelvin  steady  waves.  However,  we 
prefer  here  forgoing  expressions  to  describe  more 
complicated  unsteady  ship  waves  for  several  rea¬ 
sons. 

Firstly,  the  expressions  (25a)  for  transverse 
and  divergent  waves  are  explicit  in  that  the 
wavenumbers  more  exactly  wavenumber  vec¬ 
tors  (at,djA,d)5  are  defined  to  correspond  to  the 
stationary  points  ko  <  h  <  and  kc  <  kd  <  00 
partitioned  by  kc  given  at  the  inflection  point  of 
the  corresponding  dispersion  curve.  The  decreas¬ 
ing  rate  is  of  order  (/i~^/^)  since  the  terms  involv¬ 
ing  Ki/3  are  exponentially  small  at  >  00  for 
a  given  7  <  7c.  At  the  wedge  7  ==  7c>  we  have 
kt-kc-  kd  and  the  terms  involving  K1/3  are  re¬ 
duced  to  those  of  order  while  the  first 

terms  in  (25a)  tend  to  zero  as  ip2‘^-^0. 

The  transverse  waves  and  the  divergent  waves 
Q^+G^  involved  in  the  inner-V  waves  at  t  =  1/4, 
are  depicted  separately  on  Fig.9  along  7  =  7c/2 
with  0  <  h/F^  <  30  close  to  the  free  surface  with 
z/F^  =  -0.01.  with  tan(7c)  =  \/2/25.  The  real 
and  imaginary  parts  2ure  represented  by  solid  and 
dashed  lines,  respectively.  The  difference  between 
analytical  expressions  (25a)  and  the  line  integred 
(10a),  represented  by  the  thick  solid  and  dashed 
lines.  It  is  shown  the  difference  is  negligible  for 
h/F^>  10. 

Fig.9:  F^{G'^+Q^)  along  7=7c/2 
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Concerning  divergent  waves  defined  in  (25a),  as 
already  noted,  the  decreasing  rate  is  of  0(/i~2) 
in  a  given  direction  within  the  wedge  and  0(/i’’3) 
along  the  wedge  as  well  as  the  transverse  waves. 
However,  for  a  field  point  in  the  downstream  x  < 
0  with  2/  — ^  0,  the  values  of  the  stationary  point 
{oid,  Pdy  ^d)  defined  by  (24)  are  given  approximately 

ad  «  'Six/{2y)  and  Pd  «  x^/(4j/^)  «  kd  (29) 

as  the  leading  term.  The  amplitude  function  Aq 
defined  by  (27)  decreases  exponentially  for  a  field 
point  approaching  to  the  track  of  an  immerged 
source  point  (z  <  0).  Furthermore,  if  z  =  0  and 
2/  0,  i.e.  a  field  point  approaches  to  the  track  of 

a  source  located  at  the  free  surface,  the  divergent 
waves  are  highly  oscillatory  with  infinitely  increas¬ 
ing  amplitude  and  infinitely  decreasing  wavelength, 
since  (p2  A:osin7  and  ^  ^  involved  in 

(25a).  This  singular  and  highly-oscillatory  prop¬ 
erties  of  ship  waves  are  analyzed  in  [6]  in  great 
detail. 

Secondly,  the  expressions  (22)  for  ring  waves, 
(25a)  and  (26a)  for  transverse  and  divergent  waves 
are  regular  in  the  near  field,  unlike  the  results  from 
classical  asymptotic  analysis  which  aie  singular  for 
/i  —>  0.  Far-field  waves  represented  by  these  ana¬ 
lytical  expressions  are  then  extended  to  the  near 
field  and  complementary  to  the  local  component. 
Finally,  the  last  but  not  the  least  concerns  calcu¬ 
lating  the  line  integral  (4d)  or  (10a)  in  a  complete 
way.  Indeed,  the  asymptotic  analysis  performed  to 
obtain  the  analytical  expressions,  provides  formu¬ 
lations  well  suited  for  numerical  evaluations  of  the 
remaining  term  -  another  line  integral  with  the  in¬ 
tegrand  of  (4d)  or  (10a)  after  subtracting  the  terms 
related  to  the  analytical  expressions. 

In  summary,  we  have  given  the  new  expressions 
of  unsteady  ship  wave  patterns  in  an  analytical 
form.  These  expressions  are  critically  important  in 
calculating  the  ship-motion  Green  fiinction  in  the 
far  field.  They  may  be  very  useful  as  well  in  a  num¬ 
ber  of  analyzes  such  as  estimating  wave-damping 
and  wave-resistance  components. 

PECULIARITIES  OF  SHIP-MOTION  GF 

Previous  studies  presented  in  [27],  [14],  [28]  and 
[12]  on  the  Neumann-Kelvin  steady  flow  show 
that  the  Green  function  is  singular  and  highly- 
oscillatory  near  the  singular  axis  -  the  track  of 
source  point  located  at  the  free  surface.  These 
studies  were  mostly  based  on  asymptotic  analyzes 
of  the  single  integral  similar  to  (4d)  for  steady  flows 
along  the  complex  path  of  steepest  descent.  How¬ 
ever,  it  seems  more  complex  to  extend  this  analysis 


to  general  cases  such  ais  time-harmonic  ship-motion 
Green  functions. 

Very  recently,  an  asymptotic  analysis  based  on 
an  asymptotic  expansion  of  open  dispersion  curves 
at  large  wavenumber  and  properties  of  the  complex 
error  function,  has  been  realized  in  [6].  The  singu¬ 
lar  and  highly-oscillatory  properties  of  ship-motion 
Green  functions  are  then  expressed  in  an  analytical 
closed  form.  Further  analysis  on  the  line  integrals 
involving  the  singular  and  highly-oscillatory  term 
is  presented  in  [13].  A  summary  of  these  studies  is 
now  given. 

Singular  and  highly-oscillatory  terms 
According  to  the  analysis  in  the  preceding  sections 
on  far-field  ship  waves,  the  highly-oscillatory  be¬ 
havior  and  singular  properties  of  the  wave  compo¬ 
nent  can  only  be  associated  with  the  open  disper¬ 
sion  curves  along  which  wavenumbers  tend  to  infin¬ 
ity.  Indeed,  the  waves  in  the  region  near  the  track 
of  source  are  associated  with  stationary  points  at 
large  wavenumber  as  given  by  (29).  As3anptotic 
analysis  of  the  open  dispersion  curves  at  large 
wavenumber  is  then  the  starting  point. 

From  (2),  the  dispersion  relation  D  =  0  yields 
P  =  yJ{Fa—fY  —  oP'  in  the  Fourier  upper-half 
plane  which  can  be  rewritten 

F2/?  =  V(F2a-T)4  -  (F2a)2  (30a) 

which  suggests  to  use  the  speed-scaled  variables 
and  to  perform  a  translation  of  the  Fourier  plane 
such  that 

(a,  5)  =  {F^a-r,F'^P) 

and  the  speed-scaled  wavenumber  c  =  F^k  along 
the  dispersion  curves  is  written  simply 

c  =  \/(a-hr)2  -f  52  = 

The  equation  (30a)  defining  the  dispersion  curves 
can  be  written  now 

b  =  ^/  —  a?  —  2ra  —  (30b) 

The  two  open  dispersion  curves  defined  by  (30b) 
are  located  in  —oo  <  a  <  a’~  and  a”*"  <  a  <  oo, 
respectively.  It  follows  from  (14)  that  the  values  of 
are  given  by 

_  f-v^l/4-T  -  1/2  if  r<l/4 
|-\/l/4-fT  -f  1/2  if  T  >  1/4 

+  1/2  for  r  >  0 

and  it  can  be  easily  verified  that  a“  <  -(VS— 1)/2 
and  >  1.  At  r  =  0,  the  open  dispersion  curves 
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are  symmetrical  with  respect  to  a  =  0  and  —a  — 

For  large  values  of  |al,  the  expression  (30b)  can 
be  developed  in  an  asymptotic  form 

b  =  o2-l/2  +  f^C„a-"  (30c) 

n=l 


Introducing  (32a)  into  (31),  the  wave  compo¬ 
nents  can  then  be  expressed  by  an  asymptotic  ex¬ 
pansion 

•  oo 

=  +  (33) 

n=l 

with  the  first  term 


with  first  terms 

Ci  =  -r,  C2  =  -(l  +  4r2)/8,  ••• 

so  that  the  two  open  dispersion  curves  respectively 
located  in  (— oo,a“]  and  [a'^,oo)  can  be  approxi¬ 
mated  by  a  unique  simple  form 

6+l/2  =  a2 -r/a-hO(a‘“^)  as  (30d) 

for  \a\  00,  In  (30d)  the  first  term  is  a  parabola. 

The  wave  component  given  by  (4d)  is  now  used. 
In  (4d),  El  =  ±1  for  the  left  (a  <  a")  and  right 
(a  >  a"^)  open  dispersion  curves,  respectively.  It 
can  also  be  checked  that  the  values  of  S2  = 
for  the  left  and  right  dispersion  curves,  if  the  field 
point  x<0  in  the  downstream  and  y-^0.  Further¬ 
more,  the  identity  ds/\\VD\\=da/\Dfi\=^da{k/P)- 
F'^^da{c/h)  can  be  used  and  then  the  wave  com¬ 
ponents  associated  with  the  two  open  dispersion 
curves  are  expressed  now 

27riF2  -jj  I  +  ^")  ^  (31) 

in  which  6  >  0  and  the  elementary  functions 
are  written  by 

i(a;a±y/3)  _ ^zc’-i7i{a^r )—iy^b 

with  (rc,  y,  z)  understood  to  multiplied  by  1/ and 
=  ±y  as  y  >  0  is  taken  here,  by  the  reason  of  the 
symmetry  of  wave  patterns.  Making  use  of  (30c), 
it  can  be  shown  that 

(JS++£;-)+ J(J5+^++S"A;r)a~"  (32a) 

71=1 

with  defined  by 

(32b) 

and 

Af^iry"^ 

Af  =  (i+iy^)/S+THy^il+iy^)/2  (32c) 


2mF^g^  =  (  r  -r){E++E-)  da  (34a) 
J —OO  J  a"^ 

in  which  the  integral  in  (— co,  a~]  can  be  converted 
into  one  in  [-a",  oo)  by  dianging  integral  variable. 
Furthermore,  ance  the  argument  of  the  exponen¬ 
tial  function  given  (32b)  is  a  parabolic  function 
of  the  integral  variable,  the  integrals  on  the  right 
hand  side  of  (34a)  can  be  expressed  in  a  closed  form 
in  [6],  which  involves  the  complex  error  function 

Cet{w)=we'“^j  e~*^dt=toe“’*^erfc(w)  (34b) 

where  erfc(-)  is  the  usual  complementary  error 
function  defined  in  [1].  At  large  values  of  \vj\,  the 
function  Cef(w)  has  asymptotic  expressions 

Cef  (in)  =  1/2  -b  v/irme’*''  -t-  0(in“^)  (34c) 


for  larg(io)|  >  x/2  otherwise  Cef(a;)  =  1/2 -b 
O(io“^)  at  |n;l->oo  if  |arg(i(;)l<ir/2. 

Using  the  asymptotic  expression  (34c)  of 
Cef(io),  (34a)  can  be  written  asymptotically 

C«C  +  C(1) 

with  the  singular  and  highly-oscillatory  term  g^ 
given  by 


_ 


sin 


y^\ 

AH^J 


(34d) 


where  Ti  =  i/(-z)2-bjf2  and  p  =  arctan[y/(-z)]. 
The  expression  (34d)  captures  the  behavior  of 
highly  oscillations  with  infinitely  increasing  ampli¬ 
tude  and  infinitely  decreasing  wavelength  of 
for  2/  0  at  2  =  0,  and  the  finite  limit  for  H  0 

at  2:  <  0  and  a  finite  value  of  a;  <  0  as  assumed. 
Thus,  the  limits  are  non-uniform  depending  on 
/?=7r/2  {z=^0)  or  p<ir/2  (z  <  0). 

An  interesting  feature  of  the  asymptotic  expres¬ 
sion  (34d)  is  its  dependence  on  the  parameter  r  as 
simple  as  a  modification  by  multiplying  exp(-ira;) 
since  other  variables  involving  in  (34d)  are  inde¬ 
pendent  of  the  frequency  f=(v^L/g.  This  simple 
result  is  understood  to  be  associated  with  the  fact 
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that  the  parabola  64-1/2  =  is  the  first  leading 
term  of  asymptotic  expansion  for  open  dispersion 
curves  at  all  values  of  r  and  a  =  F^a  —  r  repre¬ 
sents  a  simple  translation  (r,  0)  of  the  Fourier  plane 
F^{a,/3),  and  that  a  translation  of  the  origin  of 
Fourier  plan  to  (qq,  Pq)  yields  an  oscillatory  factor 
of  type  exp[-i(aoa: -h  ^2/)]. 

In  a  similar  way,  the  second  term  in  (33) 


2nF^g^=Ty{r  -  r){E+-E-)/ada  (35a) 
*/— oo  J 

can  be  written  as  4-0(1)  with  a  highly 

oscillatory  term  written 


^  F\xly)^T^jU 


(35b) 


and  is  proportional  to  r.  The  term  QY  is  not  sin¬ 
gular  even  at  z  =  0,  since  the  amplitude  of  SY 
of  order  O(^).  It  is  however  highly  oscillatory 
due  to  the  trigonometric  function  of  yx^/(4?i^)  as 

7i-*  0,  same  as  SY  represented  by  (34d). 

Although  the  further  components  QY  (^3) 
for  n  >  2  can  be  obtained  in  the  same  way,  it  is 
enough  to  take  the  first  two  asymptotic  terms  for 
written  now  =G^-hO(l)  with  the  singular 
and  highly-oscillatory  terms  (34d)  and  (35b) 


^zx^/(4H^)-~irx 


(36) 


Sin 


f  p-y  yx^  \  , 

V  2  m^J  ’ 


F^s/tPH 

( p+y  Y 

V  2  4Hy_ 


•0 

%2t —  cos 

X 


for  F  >  0  which  means  that  the  above  expression 
of  ship-motion  Green  functions  for  large  values  of 
x^l  {AHY  is  valid  for  any  values  of  r  including  r = 0 
and  Indeed,  if  we  take  r = 0,  the  expression 

(36)  reduces  to  the  simpler  form  which  is  in  total 
agreement  with  previous  results  given  in  [27],  [28] 
and  [12]  for  the  Neumann-Kelvin  steady  flow. 


Line  integrals  on  the  free  surface 

Within  the  framework  of  solving  boundary-value 
problems  governed  by  the  Laplace  equation,  the 
velocity  potential  0(^,7?,C)  can  be  represented  by 
the  integrals  over  all  boundary  surfaces  including 
the  body  boundary,  the  free  surface  and  a  ficti¬ 
tious  surface  enclosing  the  body  and  at  infinity. 
For  the  ship-motion  problem,  the  free-surface  inte¬ 
gral  is  further  converted  into  two  line  integrals  by 


using  the  Stokes’  theorem 

=  +i2r4>)G-Fy  G^]ty  dl 


where  dl  stands  for  the  waterline  inte¬ 

gral  and  (t>oo  =  -  dl  the  line  integral  along  a 
contour  at  infinity.  Furthermore,  dl  represents  the 
difi'erential  element  of  arc  length  and  ty  the  com¬ 
ponent  of  the  unit  vector  t  —  {tx,tyj  0)  tangent  to 
the  waterline  and  the  line  at  infinity,  is  oriented 
clockwise. 

As  already  noted,  ship-motion  Green  functions 
contain  the  local  component  and  the  wave 
component  which  is  composed  of  three  classes 
of  wave  systems.  The  divergent  waves  associ¬ 
ated  with  the  portion  of  open  dispersion  curves  at 
large  wavenumber  include  the  singular  and  highly- 
oscillatory  terms  g^  represented  by  (36).  It  is 
assumed  that  the  terms  other  than  g"^  do  not  in¬ 
duce  any  difficulty  in  both  mathematical  analyzes 
and  numerical  evaluations  of  the  line  integrals,  so 
that  only  the  first  term  of  g^  rewritten  here  for 
C+^=0 


g  = 


Y  2  cos 


V4y+ 2 +  4) 


(37) 


where  {X,  Y)  =  {^-  x,  {tj  -  j/D/F^  and  (rr,  y,  z)  are 
the  coordinates  of  source  point,  is  used  in  the  fol¬ 
lowing  asymptotic  analysis  of  the  line  integral  at 
infinity  and  in  the  evaluation  of  influence  coeffi¬ 
cients  corresponding  to  the  waterline  integral. 

In  previous  studies,  the  argument  that  0-^0 
at  infinity  as  required  by  the  radiation  condition  is 
usually  used  to  say  that  the  line  integral  0oo  van¬ 
ishes.  More  elaborately,  it  is  assumed  that  both  <j> 
and  G  decrease  at  the  rate  of  order  0{h~^)  and  the 
integrals  at  infinity  (surface  or  line  integrals)  dis¬ 
appear  formally  for  a  =  1  in  the  case  without  free 
surface  effects,  and  for  any  values  of  a  >  0  with  free 
surface  effects  (a  =  1/2  for  ring  waves  for  exam¬ 
ple)  via  an  analysis  using  the  method  of  stationary 
phase.  We  have,  however,  a  singular  and  highly- 
oscillatory  term  (37)  included  in  G  such  that  the 
methods  used  previously  are  not  applicable,  and 
that  previous  analyzes  may  not  be  complete. 

To  complete  the  task,  we  perform  an  asymp¬ 
totic  analysis  of  the  line  integral  at  infinity  by  con¬ 
sidering  a  closed  curve  of  rectangular  form  with 
length  sides  located  in  —A  <  x  <  A  at  2/  =  and 
width  sides  located  in  —B<y<B  at  x  =  ±A.  The 
line  integrals  along  the  length  sides  j/  =  ±B  are  nil 
since  ty  =  0.  Furthermore,  the  values  of  (^,  77)  are 
those  over  ship’s  hull  or  a  field  around  the  ship, 
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i.e.  y/^+f)^  <  {A  or  B)  so  that  we  may  take 
^=0=7?  without  loss  of  generality.  Along  the  up¬ 
stream  side  x= A,  (p  decreases  at  the  rate  of  0{h 
for  the  local  component  or  for  ring  waves 

at  T  <  1/4  while  X  =  {^-x)/F^  =  -A/F^  so  that 
g  by  (37)  is  applicable.  Along  the  downstream 
side  X  =  —A,  the  Green  function  G  behaves  like 
0{h~^)  for  its  local  component  or  leading  terms 
of  ring  waves  of  order  which  e^dst  for 

T  <  1/4,  and  G  doesn’t  contain  the  term  Q  since 
X  =  (^-x)/F^  =  A/F^  >  0.  As  already  noted,  we 
are  limited  to  analyze  only  line  integrals  involving 
the  term  Q  so  that  the  line  integral  at  infinity  re¬ 
duced  to  one 


<i>oo{i,v)  =  f  [{F'^^x+i2-r<l>)G-F^<l>Gx]dy  (38a) 
J-B 

along  the  width  sides  x  =  +A  at  upstream  only, 
which  is  estimated  as 

l<^ool  <  ^ol-^ol  +  ^il-^il  (38b) 

with  ^  Q 

J  Qdy  and  Ii  =  ^  ^  ^2/ 

and  <j)o  and  depending  on  values  of  F,  r  and 
distributions  of  (j)  and  (j)x  along  the  side  x  ==  A  are 
assumed  to  be  of  order  since  the  lead¬ 
ing  terms  in  4>  2tnd  are  of  order  with 

h  =  along  the  upstream  side  X  =  A  as 

foregoing  analyzed.  Now  the  question  is  whether 
Jo  and  Ji  are  finite.  Introducing  (37)  for  Q  into  Jo 
and  Ji,  we  have 


^o  =  - 


pirA/F- 

v^/2 


i 


with 


yiY)= 


B/F^ 

cosy{Y)Y-^dY 
jA/F'^f  ,  y  ,  TT 


iY 


-^2"-4 


and 

pirA/F^A  pB/F 

F%=irIo+^-rr^  smy{Y)Y-UY 

y/irP^  Jq 

Using  the  change  of  integral  variable  y=Ae^  with 
A=A/(F^-s/2),  both  integral  Jo(A)  and  Ji(A)  can 
be  evaluated  analytically  for  B— >oo 

/o  =  -2v^e*-^/^=^/IJl/2(i) 

F^h  =  irio  -  VI 

where  J1/2  and  Y1/2  are  the  Bessel  functions  de¬ 
fined  in  [1].  Therefore,  the  absolute  values  of  Iq 
and  Ji  are 

lJo|  =  2v^  and  f’Vil  =  2v'l -k  2r2  (38c) 

effectively  finite  for  j4  — >  oo  so  that  the  line  inte¬ 
gral  given  in  (38b)  j^ool  =O(A-^/2)^0  at  infinity, 
since  0o  smd  in  (38b)  are  of  0(A"^/^)  as  already 
noted.  Another  integral  on  a  fictitious  surface  at 
infinity  can  be  analyzed  in  a  similar  way  by  us¬ 
ing  the  expression  (23a)  given  in  [6]  to  express  the 
highly-oscillatory  term.  This  surface  integral  at 
infinity  is  expected  to  disappear  as  well  since  the 
singularity  of  the  integrand  is  much  wealcer  than 
the  present  line  integral.  This  comfortable  result 
is  desirable  and  confirms  that  the  velocity  poten¬ 
tial  is  correctly  represented  by  source  and  dipole 
distributions  on  body  boundary  surface  and  along 
the  waterline. 

To  analyze  the  waterline  integral,  we  denote  cr  = 
F‘^4>x  +  and  5  =  along  the  waterline  and 
write  the  waterline  integral 

“  [  (tG  dy  ^  f  SF^Gx  dy  (39a) 

Jw  Jw 

whose  numerical  evaluations  are  not  a  easy  task. 
Indeed,  the  highly-oscillatory  behavior  of  the  inte¬ 
grand  in  (39a)  involving  Q  (37)  which  is  depicted 


Fig.lO:  Singular  and  highly-oscillatory  term  F^Q(X,Y)  of  ship-motion  Green  functions 
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in  Fig.  10  (real  and  imaginary  parts  by  solid  and 
dashed  lines,  respectively)  for  r  =  1/5  at  X  =  ~5 
and  within  Y  <  0  <  0.5,  induces  large  numerical 
errors  due  to  dramatic  cancelations  between  very 
large  values  with  opposite  signs  in  using  a  quadra¬ 
ture  algorithm.  The  approximation  in  usual  ap¬ 
proaches  to  represent  a  segment  of  waterline  by  its 
centroids  or  any  other  points  is  simply  wrong,  ac¬ 
cording  to  the  analysis  in  [11]. 


Fig.ll:  Real  part  of  Kf^{u,v) 


Fig.  12:  Imaginary  part  of  v) 


A  rational  and  robust  way  to  evaluate  (39a)  is 
to  perform  integrations  analytically.  In  fact,  an  an¬ 
alytical  integration  is  realized  in  [13]  by  assuming 
a  linear  distribution  of  a  and  5  and  using  a  special 
function  defined  as 

K^,{u,  v)  r  (39b) 

Jo 

n=0 

for  /i  =  -1/2, 1/2  and  3/2.  In  (39b),  Tia,w)  with 
a  =  —  (/x-f  n)  and  w  —  iujv  is  the  complementary 
incomplete  Gamma  function  defined  by  (6.5.3)  in 
[1].  The  Gamma  function  r(a,  w)  can  be  evaluated 


by  using  the  series  developments  (6.5.29)  in  [1]  for 
small  to  moderate  values  of  |iy|  and  the  asymptotic 
expansions  (6.5.32)  in  [1]  for  large  values  of  |ti;|. 

The  integrand  of  the  special  function  Kf^{u,v) 
defined  by  (39b)  is  singular  and  highly-oscillatory 
while  the  integration  K^{UfV)  is  regular  and  de¬ 
picted  in  Fig.ll  and  Fig.  12  for  the  real  and  imagi¬ 
nary  parts,  respectively.  In  both  figures,  the  solid, 
dashed  and  dot-dashed  lines  represent  respectively 
BKi/2{u,v)  and  50i^3/2(ti, v)  at  v  = 
1/5  for  0<ti<l. 

NUMERICAL  EVALUATIONS  OF  GF 
The  ship-motion  Green  functions  are  expressed  by 
the  single  integrals  (10a)  and  (10b)  for  the  wave 
and  local  components.  Two  single  integrals  be¬ 
have  in  different  ways.  The  integrand-amplitude 
of  wave-component  integral  is  smooth  but  the  in¬ 
tegrand  may  be  highly-oscillatory  along  the  por¬ 
tion  of  dispersion  curve  at  large  wavenumber  and 
for  large  values  of  h.  The  integrand  of  local- 
component  integral  is  non-oscillatory  but  has  a 
logarithmic  singularity  and  involves  the  complex 
exponential-integral  function.  Different  numerical 
treatments  are  then  needed  for  different  compo¬ 
nents,  Some  numerical  aspects  are  now  considered 
and  applications  to  ring  waves,  and  inner- V  and 
outer-V  waves  for  r=l/5  are  presented. 


Evaluation  of  highly-oscillatory  integrals 
The  wave-component  integral  can  be  written  in  a 
generic  form 


/  = 


dt 


(40) 


in  which  the  functions  f{t)  and  <p{t)  are  called  am¬ 
plitude  and  phsLse  functions,  respectively.  Both  the 
amplitude  function  f{t)  and  phase  function  (p{t) 
are  assumed  to  be  smooth  and  nonoscillatory  in 
the  interval  [a,  6].  The  phase  function  (p{t)  is  fur¬ 
ther  assumed  to  be  real  and  may  take  very  large 
values  in  [a,  6].  The  integrand  of  (40)  can  then 
be  highly  oscillatory.  Furthermore,  the  lower  and 
upper  bounds  a  and  h  may  tend  to  -oo  and  oo,  re¬ 
spectively.  Numerical  evaluations  of  (40)  by  using 
usual  quadrature  algorithms,  like  trapezoidal  and 
Gauss-Legendre  rules,  is  very  difficult  and  not  effi¬ 
cient  to  achieve  a  good  precision,  due  to  dramatic 
cancelation  of  oscillatory  integrand. 

The  interval  of  integration  [a,  6]  of  (40)  is  di¬ 
vided  into  n  subintervals  so  that  the  integral  (40) 
is  the  sum  of  n  integrals  in  each  subinterval.  As 
both  the  amplitude  function  f{t)  and  phase  func¬ 
tion  (p{t)  are  assumed  to  be  smooth  and  non- 
oscillatory,  a  polynomial  approximation  of  f{u)  = 
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ao  +  aiu  +  a2n^  +  asu^  and  (p(u)  =p  +  goi  +  ru^  in 
the  reduced  interval  [—1, 1],  can  be  obtained  (ex. 
by  using  a  common  cubic  spline  algorithm).  The 
elementary  integral  over  the  subinterval 


In=  j  \ao+ailt+a2/t^+a3/t^)e-^^*clt 

=  /oo(ii)-/co(to)  (43a) 

with  looit)  defined  by 

e''^^Iooit)=ci2/t+0‘3/{2t^)—iaofh-ia3h/{2t) 


can  be  evaluated  in  a  closed  form  : 


{^r^e^^)I„=iC3Q{q,r)/2  + 

[Cir  cosq-i{Co+C2r^)  sin q]  e""  (41) 
with  the  constants  Co,Ci,C2  and  C3  defined  by 

Co  =  i4oir^  -  i2a2qt>‘  +  4o3r  + 

Cl  =  i4o2r  —  i2a3q 
C2  =  i4o3 

C3=8aor^-4(aig+ia2)r2+2(o2g^+i3a39)r-03g® 


and  the  function  Q(g,r)  written  as 


Q{q,r)  =  -i  du  = 

g_i(r+g)  /2^r. 
q/2+r  sfr  ql’^-f 


F( 


g/2-r 

Vf 


) 


in  which  F(t)  is  connected  by  F(t)  =  Cef  (•v/it)  with 
Cef('u;)  defined  by  (34b). 

If  the  constant  r  0  in  the  phase  function,  we 
have  a  linear  phase  function  (f{u)  =  p  4-  gu.  The 
elementary  integral  becomes 

The  integration  by  parts  yields 
^^fn=(C’i9+C3g®)cosg-i(Co+C2g^)sing  (42) 

/t 

with  Co  =  iaoq^  +  aig^  —  i2a2g  —  603 
Cl  ==  +  202  g  “  ^^^3 

C2  =  ia2q  +  3o3 
C3  =  iaz 

The  above  defined  analytical  integrals  (41)  and 
(42)  respectively  corresponding  to  a  quadratic 
phase  function  and  a  linear  phase  function,  are  fun¬ 
damental  forms  used  to  evaluate  highly  oscillatory 
integrals  in  a  finite  interval  [o,  h]. 

Extension  to  an  infinite  integral  with  linear 
phase  function  can  be  realized  by  using  the  fol¬ 
lowing  elementary  integral  : 


+  (01  -  03/1^72  -  ia2h)X{ht)  (43b) 

where  the  function  X(t;)  is  expressed  by  X(t;)  = 
Cex(iv)  with  Cex('u;)  defined  by  (7f). 

It  is  useful  to  divide  first  the  infinite  interval 
[0,00)  into  a  finite  interval  [a,c]  and  an  infinite 
interval  [c,oo).  The  integration  over  [o,c]  can  be 
performed  by  using  the  algorithm  based  on  the  ele¬ 
mentary  integral  (41)  et  (42).  The  infinite  integral 
over  [c,  00)  can  be  evaluated  by  using  elementary 
integral  (43a).  This  way  of  coupling  two  algorithms 
provides  a  flexibility  to  choice  the  point  c  such  that 
f{t)  decreases  for  t>c. 


Tab.  2:  Results  of  an  infinity  integral 
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[0,1/2] 

[1/2,00) 

[0,  00) 

3 

0.12897568 

-0.11825699 

0.01071869 

5 

0.12898053 

-0.11839421 

0.01058633 

7 

0.12898099 

-0.11839644 

0.01058439 

10 

0.12898113 

-0.11839698 

0.01058416 

This  special  method  based  on  analytical  inte¬ 
grations  after  numerical  approximations  of  the  am¬ 
plitude  and  phase  functions  of  the  oscillatory  in¬ 
tegrand,  is  applied  to  several  examples.  One  of 
them  concerns  an  infinity  integral  in  [0,oo)  with 
f(t)  =  (1-f  t^)”2  and  (p{t)  =  5t.  The  interval  is  di¬ 
vided  into  a  finite  part  [0, 1/2]  and  an  infinity  part 
[1/2, 00).  Numerical  results  of  the  real  part  of  the 
integral  are  presented  in  Tab.2  for  several  numbers 
of  sampling  points  in  both  intervals.  It  is  shown 
that  only  10  points  (2x5)  are  enough  to  have  a 
precision  of  5  figures  comparing  to  (0.01058394  •  *  • ) 
the  exact  value. 

Evaluation  of  non-oscillatory  integrals 
In  foregoing  developments,  there  are  two  special 
functions  -  the  complex  exponential-integral  func¬ 
tion  Cex(it;)  defined  by  (7f)  and  the  complex  error 
function  Gef{w)  by  (34b)  to  be  evaluated,  as  other 
functions  like  usual  error  functions  are  just  a  spe¬ 
cial  case  of  (34b).  The  efficient  evaluation  of  both 
functions  is  essential  in  the  numerical  evaluation 
of  the  wave-component  and  local-component  inte¬ 
grals.  The  usual  way  to  use  the  series  expansions 
and  continued  factions  given  in  [1]  for  respectively 
small  to  moderate  values,  and  large  values  of  \w\ 
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can  be  used.  More  eflSciently,  both  special  func¬ 
tions  can  be  approximated  by  Chebychev  polyno¬ 
mials  following  the  procedure  used  in  [22]  and  [3]. 
Furthermore,  for  large  values  of  |zt;|,  the  complex 
exponential-integral  fimction  is  approximated  by 
the  sum  of  simple  fractions  expressed  by 
N 


Cex{w)  = 


E 


Qn 

'W  +  bn 


+  e 


(44a) 


in  which  the  real  constants  an  and  bn  depending  on 
the  number  JV,  and  the  domain  in  which  |€|  <  10”® 
are  given  in  Tab.3  hereafter. 


Tab.3:  CoejBScients  in  (44a)  for  Cex(it;) 


N 

an 

bn 

w^u+iv 

2 

0.14644661 

3.41421356 

u  <  -23  or  li  >  18 

0.85355339 

0.58578644 

or  u  >  20 

3 

0.01038926 

6.28994508 

u<—l6  or  u>S 

0.27851773 

2.29428036 

or  u  >  11 

0.71109301 

0.41577456 

5 

0.00002337 

12.64080084 

u<— 15  or  u>4 

0.00361176 

7.08581001 

or  V  >  6.8 

0.07594245 

3.59642577 

0.39866681 

1.41340306 

0.52175561 

0.26356032 

In  the  same  way,  the  complex  error  function  is 
approximated  by  simple  fractions 

N 


Cefiw)  = 

n=l 


I'^dn/W^ 


-he 


(44b) 


in  which  the  real  constants  Cn  and  dn  depending  on 
the  number  N,  and  the  domain  in  which  |e|  <  10“® 
are  given  in  Tab.4  hereafter. 


Tab".4:  Coefficients  in  (44b)  for  Cef(iz;) 


N 

Cn 

dn 

w=^u-\-iv 

2 

0.04587585 

0.45412415 

2.72474487 

0.27525513 

u  >  5  or  V  >  5.5 

3 

0.00255578 

0.08861575 

0.40882847 

5.52534374 

1.78449275 

0.19016351 

It  >  4  or  u  >  3 

5 

0.00000431 

0.00075807 

0.01911158 

0.13548370 

0.34464234 

11.80718949 

6.41472973 

3.08593744 

1.07456201 

0.11758132 

it>3.5  or  v>2 

The  integrand  of  the  local-component  integral 
(10b)  or  (8b)  is  non-oscillatory  but  has  a  log¬ 
arithmic  singularity  containing  in  the  complex 
exponential-integral  function  Cex(u;)  for  jiyj  ^  0. 
One  way  to  eliminate  the  logarithmic  singularity 
consists  to  change  the  integral  (8b)  over  [0,27r]  into 


an  integral  within  [0,7r/2]  such  that  the  integrand 
F{0)  is  singular  only  at  ^=0.  Then  integration  by 
part  yields 

rV2  y7r/2 

/  F{e)  dO=-F{7r/2)  -  /  OF' (6)  dd  (45) 
^0  ^  Jo 

where  F\0)  is  the  derivative  of  F{6)  with  respect 
to  6  and  assumed  to  be  of  order  0{9~^)  with  a<  1 
as  >0.  The  remaining  integral  on  the  right  hand 
side  of  (45)  can  then  be  evaluated  with  ease. 

Results  for  ring  waves  and  V  waves 
Finally,  some  results  of  ring  waves,  and  inner-V 
and  outer-V  waves  at  r  =  0.2  are  presented  now. 
The  ring  waves  associated  with  the  closed  disper¬ 
sion  curve  described  by  A: = A:”  with  k~  (9)  //^  given 
by  (20)  are  formulated  following  (10a)  for  the  wave 
component  and  (10b)  for  the  local  component  and 
using  polar  angle  9  as  integral  variable.  The  real 
and  imaginary  parts  of  ring  waves  for  f  —  1  calcu¬ 
lated  along  y  =  0  at  the  free  surface  (z^O)  within 
—15  <  a:  <  5,  are  depicted  in  Fig.13  and  Fig.l4, 
respectively.  In  both  figures,  the  wave  and  local 
components  are  represented  respectively  by  dashed 
and  dot-dashed  lines,  and  their  sum  by  solid  lines. 

Fig*13:  Real  part  of  ring  waves  along  y  =  0 


Fig.  14:  Imaginary  part  of  ring  waves  along  y  =  0 
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Fig.l5:  Inner-V  waves  and  outer-V  waves 


Fig.  17:  Complete  V  waves  at  different  values  of  z 


The  inner-V  waves  and  outer-V  waves  are  as¬ 
sociated  with  the  right  open  dispersion  curve  and 
left  open  dispersion  curve  respectively.  Both  dis¬ 
persion  curves  defined  by  k  =  are  described  by 
the  parametric  equation  (23),  The  integral  expres¬ 
sions  for  the  wave  and  local  components  can  be  de¬ 
rived  from  (10a)  and  (10b).  The  wave  component 
is  depicted  in  Fig.l5  for  jP=0.2  at  z  =  — 0.01  along 
2/  =  0  with  -1  <  X  <  0.5,  in  which  inner-V  waves 
are  represented  dot-dashed  lines,  outer-V  waves  by 


dashed  lines,  and  their  sum  by  solid  lines  and  in 
Fig.16  by  dashed  lines.  The  local  component  is  de¬ 
picted  in  Fig.16  by  dot-dashed  lines  and  the  sum 
of  wave  and  local  components  by  solid  lines.  It  is 
illustrated  that  the  local  component  in  V  waves  as 
well  as  that  in  ring  waves  (Fig.  13-14)  is  only  sig¬ 
nificant  in  the  region  close  to  the  singularity. 

In  both  Fig.l5  and  Fig.16,  only  the  real  part 
is  presented.  The  imaginary  part  of  complete  V 
waves  (wave  plus  local  components)  is  depicted  in 
Fig.  17  at  different  values  of  z  equal  to  —0.1,  —0.01 
and  -0.001  represented  respectively  by  dashed, 
dot-dashed  and  solid  lines.  The  results  confirm 
foregoing  asymptotic  analyzes  that  V  waves  tend 
to  a  finite  value  in  downstream  a;  <  0  as  z  0  but 
singular  at  z=0  for  2/’-^0  as  shown  by  Fig.  10. 

CONCLUSIONS 

In  this  paper,  the  important  results  recently 
achieved  on  ship-motion  Green  functions  are  sum¬ 
marized.  New  formulations  providing  different 
components  of  the  free-surface  Green  functions  are 
very  useful  in  asymptotic  analysis  and  numerical 
developments.  Indeed,  asymptotic  analyzes  on  the 
wave  component  reveal  the  direct  and  close  rela¬ 
tionship  between  far-field  ship  waves  and  the  dis¬ 
persion  relation,  and  yield  analytical  expressions 
of  time-harmonic  ship  wave  patterns.  Further¬ 
more,  the  singular  and  highly-oscillatory  properties 
of  time-harmonic  ship-motion  Green  functions  are, 
for  the  first  time  to  author’s  knowledge,  analyzed 
and  expressed  in  a  closed  form. 

All  these  analyzes  not  only  give  deeper  under¬ 
standing  on  the  effect  of  free-surface  in  potential 
flows  but  also  provide  the  best  way  to  develop 
-efficient  methods  in  numerical  analysis  of  ship- 
motion  Green  functions.  Indeed,  a  special  algo¬ 
rithm  is  developed  to  evaluate  highly-oscillatory 
integrals  and  approximations  by  polynomials  and 
simple  fractions  are  used  to  calculate  efficiently  the 
special  functions  involved  in  the  wave-component 
and  local-component  integrals.  It  is  shown  that  the 
ship-motion  Green  functions  can  now  be  evaluated 
with  ease  in  all  configurations  including  the  case 
when  both  the  source  and  field  points  are  located 
at  the  free  surface.  The  results  of  these  studies 
are  being  implemented  in  solvers  of  boundary-value 
problems  to  have  a  reliable  and  practical  solution 
to  ship-motion  problems. 
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ABSTRACT 

A  practical  method  —  based  on  an  explicit  analytical  representation  of  the  waves  generated  by  a  given  nearfield 
velocity  distribution  —  for  extending  nearfield  steady  flows  about  ships  is  presented.  The  farfield  analytical 
representation,  based  on  the  Fourier- Kochin  theory,  is  verified  by  considering  the  linear  free-surface  potential  flow 
due  to  a  point  source-sink  pair.  The  value  of  the  Fourier-Kochin  representation  for  extending  nearfield  steady  ship 
waves  into  the  farfield  (and  more  generally  for  coupling  nearfield  flow  solvers  and  farfield  linear  potential  flovvs) 
is  demonstrated  by  illustrative  applications  to  three  hull  forms  for  which  the  nearfield  flow  is  evaluated  using  a 
fully  nonlinear  calculation  method  based  on  the  Euler  equations. 


INTRODUCTION 

A  number  of  flow  calculation  methods  —  including 
potential-flow  methods  based  on  simple  Rankine  sin¬ 
gularities,  and  methods  that  use  finite  differences  or 
finite  elements  to  solve  the  Euler  or  RANS  flow  equa¬ 
tions  —  can  be  used  to  evaluate  nearfield  steady  free- 
surface  flows  about  ships.  A  practical  method,  based 
on  an  explicit  analytical  representation  of  the  waves 
generated  by  a  given  nearfield  velocity  distribution, 
for  extending  nearfield  steady  flows  about  ships  into 
the  farfield  is  presented  here. 

The  analytical  representation  of  steady  ship  waves 
given  in  [1]  is  used.  This  flow  representation  is 
explicit  and  does  not  involve  the  velocity  poten¬ 
tial.  Specifically,  the  boundary-integral  representa¬ 
tion  given  in  [1]  defines  the  velocity  field  V<t>  in  a 
potential  flow  explicitly  in  terms  of  the  velocity  distri¬ 
bution  {u,v,w)  at  2i boundary  surface  S .  Thus,  this 
flow  representation  does  not  involve  the  potential  <t>  at 
2  —  unlike  the  usual  Green  identity  which  expresses 

within  a  flow  domain  in  terms  of  boundary  values 
of  the  potential  and  its  normal  derivative  d(t>/dn 
—  and  defines  the  velocity  field  directly,  instead 
of  via  numerical  differentiation  of  0 .  The  flow  rep¬ 
resentation  can  therefore  be  used  to  extend  any  given 
nearfield  flow,  including  flows  associated  with  the  Eu¬ 
ler  or  RANS  equations  for  which  a  velocity  poten¬ 
tial  cannot  be  defined,  into  the  farfield.  Furthermore, 


because  this  flow  representation  defines  the  velocity 
field  explicitly  in  terms  of  the  boundary  velocity 
distribution  (u ,  v ,  u;) ,  it  is  not  necessary  to  solve  an 
integral  equation  or  to  evaluate  influence  coefficients. 

The  waves  generated  by  distributions  of  singulari¬ 
ties  over  the  matching  surface  S ,  at  which  the  bound¬ 
ary  velocity  distribution  {u^v,w)  is  prescribed,  are 
evaluated  directly  for  the  entire  surface  £  using  the 
mathematical  representation  of  super  Green  functions 
given  in  [2] .  This  approach  makes  it  possible  to  eval¬ 
uate  waves  accurately  and  efficiently.  Specifically,  the 
Fourier  integral  defining  the  wave  component  in  the 
Fourier-Kochin  representation  is  strongly  convergent, 
and  calculation  efforts  are  proportional  to  the  number 
of  panels  needed  to  approximate  the  matching  surface 
S  and  the  number  of  field  points  where  the  flow  is 
evaluated.  Thus,  calculation  times  are 

^  (-^panels )  ^  (-^points ) 

instead  of 

^  (-^panels )  *  ^  (-^points ) 

i.e.  0{N)  rather  than  0{N^) . 

Nearfield  waves  are  evaluated  here  using  the  fully 
nonlinear  calculation  method  presented  in  [3]  and  [4]. 
This  calculation  method  solves  the  Euler  flow  equa¬ 
tions  using  unstructured  grids.  The  Euler  flow  solver, 
optimized  for  efficient  use  of  parallel  computer  hard- 
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ware,  provides  predictions  of  the  nearfield  wave  pat¬ 
tern  for  typical  monohull  ships  using  approximately 
1  million  tetrahedral  elements  in  a  matter  of  hours  on 
widely  available  machines. 

LINEAR  POTENTIAL  FLOW  DUE  TO 
A  VELOCITY  DISTRIBUTION 

Consider  a  ship  advancing  along  a  straight  path,  with 
constant  speed  IJ. ,  in  calm  water  of  effectively  infinite 
depth  and  lateral  extent.  The  flow  is  observed  from  a 
Cartesian  system  of  coordinates  moving  with  the  ship. 
The  X  axis  is  taken  along  the  path  of  the  ship  and 
points  toward  the  ship  bow;  thus,  the  ship  advances  in 
the  direction  of  the  positive  X  axis.  The  Z  axis  is  ver¬ 
tical  and  points  upward,  and  the  mean  free  surface  is 
chosen  as  the  plane  Z = 0 .  The  flow  appears  steady  in 
the  translating  system  of  coordinates,  and  consists  of 
the  disturbance  flow  due  to  the  ship  superimposed  on 
a  uniform  stream  opposing  the  ship’s  forward  speed. 
The  components  of  the  disturbance  velocity  along  the 
(X,  Y,  Z)  axes  are  denoted  (C7,  V,  W) .  Thus,  the  to¬ 
tal  velocity  is  given  by  {U  -  U  W).  Nondimen- 
sional  coordinates  and  velocities  are  defined  in  terms 
of  a  characteristic  length  L  (typically  the  ship  length) 
and  the  ship  speed  U  as{x,y,z)^  {X,  Y,  Z) /L  and 
{u,v,w)^{V,V,W)lU. 


A  geometrical  surface  S  surrounding  the  ship  is 
considered  (Fig.  1) .  The  intersection  curve  between 
the  surface  S  and  the  mean  ffee-surface  plane  z  =  0 
is  denoted  F.  The  unit  vector  n  =  (n®,  n^,  n^)  normal 
to  the  surface  S  points  outside  S .  The  unit  vector 
t  =  (f  %  0)  tangent  to  the  curve  F  is  oriented  clock¬ 
wise.  The  flow  in  the  region  outside  S  is  assumed  to 
be  potential  and  linear;  i.e.  the  classical  Kelvin  linear 
boundary  condition  du/d^  -b  2j/  w  =  0  is  assumed  to 
hold  at  the  mean  ffee-surface  plane  z  =  0  outside  F. 
Here, 

v  =  l/{2F^)  with  F=U/y/^ 

F  is  the  Froude  number  and  g  is  the  acceleration  of 
gravity.  The  flow  in  the  outer  linear  potential-flow 


region  can  then  be  defined  using  a  boundary-integral 
representation  based  on  the  Green  function  satisfy¬ 
ing  the  Kelvin  boundary  condition.  The  boundary- 
integral  representation  given  in  [1]  is  used  here.  This 
boundary-integral  representation  defines  the  velocity 
field  u{^  —  at  a  field  point  f  =  (^ ,  t?  ,  C  <  0)  of  the 
linear  potential-flow  region  outside  a  boundary  sur¬ 
face  S  —  generated  by  a  given  velocity  distribution 
{?p(f)  atEuF. 

The  Green  function  G  associated  with  the  Kelvin 
ffee-surface  boundary  condition  is  given  by  the  sum 
of  a  simple-singularity  component  defined  in 
terms  of  simple  Rankine  singularities,  and  a  com¬ 
ponent  G^  that  accounts  for  free-surface  effects  and 
is  defined  by  a  double  Fourier  supeiposition  of  ele¬ 
mentary  waves.  Thus,  the  free-surface  Green  func¬ 
tion  is  expressed  in  terms  of  two  complementary  fun¬ 
damental  solutions  of  the  Laplace  equation,  the  sim¬ 
ple  Rankine  singularity  1/r  and  the  elementary  wave 
function  exp[  kz-i-i  (ax+fiy)  ] ,  which  are  well  suited 
for  representing  a  local  flow  disturbance  and  the  sys¬ 
tem  of  waves  generated  by  a  ship,  respectively. 

The  velocity  field  u  can  similarly  be  expressed  as 
the  sum  of  a  simple-singularity  component  tT^  given 
by  distributions  of  simple  singularities  over  E  U  F, 
and  a  ffee-surface  component  given  by  a  dou¬ 
ble  Fourier  superposition  of  elementary  waves.  The 
Fourier  representation  of  free-surface  effects  can 
be  further  decomposed  into  a  wave  component 
and  a  local  component  as  shown  in  [2] .  Thus, 
the  velocity  field  u  can  be  expressed  as 

u-u^+u^+u^  (1) 

This  flow  decomposition  becomes  u  «  it  ^  at  some 
distance  behind  the  surface  E ,  where  the  local  com¬ 
ponent  and  the  simple-singularity  component 
are  negligible. 

Only  the  wave  component  in  the  flow  decom¬ 
position  (1)  is  considered  in  this  study,  which  mostly 
considers  the  farfield  extension  of  nonlinear  nearfield 
ship  waves.  The  local  component  u -^-f-it  required  in 
a  nearfield  coupling  of  the  Fourier-Kochin  potential- 
flow  representation  with  a  nearfield  flow  solver,  will 
be  considered  elsewhere. 

WAVE  COMPONENT 

The  wave  component  it  ^(1) ,  at  a  field  point  ^  = 

j’IjC  <  0)  of  a  linear  potential-flow  region  out¬ 
side  a  boundary  surface  E ,  due  to  a  given  velocity 
distribution  Ug{^  over  EuF  is  now  defined.  Both  it 
and  Ug  are  disturbance  velocities.  The  surface  E  is 
divided  into  a  set  of  patches  Ep  associated  with  ref¬ 
erence  points  {xp  ,ypiZp  <  0)  located  in  the  vicinity 
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of  Sp .  The  patch  reference  points  {xp  ,yp,Zp  <  0) 
attached  to  the  patches  Sp  need  not  lie  on  Sp . 

The  wave  component  5^(0  is  given  by  the  single 
Fourier  integral 


The  Fourier  variable  a  and  the  wavenumber  k  = 
y/a^  +0^  are  functions  of  the  Fourier  variable  13 


=  {ft^  +  a^/k^  )  {fUg  +  t^Vg) 

+  {tyf{tyUg^t^Vg)  (3c) 

=  {t^Ug  +  t^Vg)  ap/k^  4-  t^Ug 
The  wave  component  may  be  expressed  as 


f  ^  1 

[w^j  Jo 


k  V 


given  by 

k[P)  =  v  +  a{P)  =  y/miF  (2) 

These  relations  ensure  that  the  dispersion  relation 
jr2Q2  —  is  satisfied. 

Summation  is  performed  over  all  the  N  patches 
SpUTp  that  represent  the  surface  SUF,  i.e. 

p=JV 

sur  =  ^  SpUFp 

erf  is  the  usual  error  function  (erf  varies  between  -1 
and  1) ,  and  o’  is  a  positive  real  constant.  The  contri¬ 
bution  of  a  patch  Sp  to  the  wave  component  is 
negligible  at  some  distance  upstream  from  the  refer¬ 
ence  point  Xp  attached  to  Sp  since 


Here,  /3c  and  C  are  positive  real  constants  satisfying 
the  conditions  /3c  >  1  and  e"^  <  1 ,  and  the  functions 
ApjA^,  and  A^  are  defined  as 

a;  =  [  (5+  +  S-)  ci  +  ist + S-)  s«  ] 

+  [  (St  -  S-)  ci  -  (S+  -  S-)  si  ]  S}  (4b) 

={{St  +  S-)Ci-  (S+  +  S-)  si ] S} 

+  [(S+-S,-)C|  +  (St-Sr)S|]C'^  (4c) 

Ai  =  [  (S+  -  Sr)  ci  +  (St  -  Sr)  s|  ]  S} 

-  [  (St  +  sr)  Ci  -  (S+  +  S-)  Si  ]  C}  (4d) 

In  these  expressions,  Ci,  Si,  C^,  and  S^  are  given 
by 


1+  erf  [(a;p  -  “^0  ^s  (Xp  -  4)  ->  -oo 

Similarly,  we  have 


(Ci=  cos(Ca)  \  (C}  =  cos(7?S)  \ 

\  S|  =  sin(^a)  J  I  =  sm(»7S)  / 


(4e) 


l+erf[(ip-0/(«^-F’^)]^2  as  (xp-^-^oo  Furthermore,  S±  and  Sf  are  defined  as 


The  term  Sp  represents  the  spectrum  function 
Sp{a ,  P)  associated  with  the  patch  Sp  U  Fp ,  and  is 
defined  in  terms  of  distributions  of  elementary  waves 
exp[ kz-\-i  {ax  4-  /3y)  ]  over  SpUFp : 

Sp(a,S)  =  [  A^i£) 

+  F^f  d£(x)e‘(“*+'’s')A^(£)  (3a) 

dA{x)  mid  dC{x)  are  the  differential  elements  of  area 
and  arc  length  of  Sp  and  Fp  at  the  integration  point 
f  =  (a; ,  y ,  2  <  0) ,  and  the  amplitude  functions  A^ 
and  AF  are  defined  in  terms  of  the  given  boundary 
velocity  distribution  Ug  by 

=  {ri^Ug  4-  n^Vg  4-  n^Wg) 

4-  i  [  (n^iUj  -  n^Ug)  a/k 
-  {n^Vg  -  n^Wg)  0/k]  (3b) 


S±  =  s;(a ,  ±s)  sf  =  Sp*(a ,  ±S)  (4f) 

where  Sp  and  S^  are  the  real  and  imaginary  parts  of 
the  spectrum  function  Sp  associated  with  the  patch 
SpUFp .  Thus,  the  wave  component  u '^(l)  is  defined 
in  terms  of  the  Fourier  representation  (4)  and  the  spec¬ 
trum  functions  Sp  given  by  (3) .  The  spectrum  fiinc- 
tions  Sp ,  given  by  distributions  of  elementary  waves 
over  patches  SpUFp ,  are  explicitly  defined  by  the  ve¬ 
locity  distribution  Ug  over  SUF . 

For  field  points  |"  =  (^ ,»?,C  £  0)  located  at  a 
sufficient  distance  behind  the  boundary  surface  S , 
the  Fourier-Kochin  representation  of  the  wave  com¬ 
ponent  i?  ^(1)  given  by  (4)  and  (3)  takes  the  simpler 
form  given  by  (4)  and  (3)  in  [5] ,  and  there  is  no  need 
to  divide  SuF  into  a  set  of  patches  SpUFp .  The 
nearfield  representation  of  the  wave  component 
given  in  this  study  is  verified  further  on  by  applying  it 
to  the  linear  free-surface  potential  flow  due  to  a  point 
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source-sink  pair.  The  simpler  representation 

of  given  in  [5]  is  also  applied  further  on  in  this 
study  to  extend  the  Euler  nearfield  flows  predicted  by 
the  calculation  method  given  in  [2]  and  [3]  behind 
three  hull  forms. 

The  wave  drag  =  pVi'^l^C^ can  be  directly 
obtained  from  the  spectrum  function  (3)  and  the  ve¬ 
locity  distribution  Ug  over  SUF  using  the  Havelock 
formula 


(5) 

for  the  radiated  wave  energy.  Here,  Sr  and  Si  are 
the  real  and  imaginary  parts  of  the  spectrum  function 
5(a,/?)  =  Sp{a^Pi)  with  5p  defined  by  (3) 
and  k  and  a  given  by  (2). 

VERIFICATION  OF  FOURIER-KOCHIN 
FLOW  REPRESENTATION 

The  correctness  of  the  farfield  Fourier-Kochin  rep¬ 
resentation  given  by  (4)  and  (3)  in  [5]  is  verified  in 
[5]  by  considering  the  linear  free-surface  potential 
flow  due  to  a  submerged  point  source,  i.e.  a  Green 
function.  The  nearfield  representation  (4),  (3)  of  the 
wave  component  due  to  a  given  velocity  distribution 
over  a  boundary  surface  is  similarly  verified  here  by 
considering  the  linear  free-surface  potential  flow  due 
to  a  submerged  point  source  and  a  submerged  point 
sink  of  same  strength,  taken  equal  to  0.002.  The 
source  and  sink  are  located  at  (0,5, 0,  -0.02)  and  at 
(—0.5, 0,  -0,02) ,  respectively. 

The  disturbance  velocity  generated  by  this  source- 
sink  pair  is  evaluated,  using  integral  representations 
of  the  gradient  of  the  Green  function,  at  an  ellipsoidal 
boundary  surface  S  that  encloses  the  source-sink  pair. 
The  ellipsoidal  boundary  surface  E  is  defined  by 


The  boundary  velocity  distributions  (u ,  r ,  ty)  gener¬ 
ated  by  the  source-sink  pair  at  S  is  depicted  in  Fig. 
2a  for  F  =  0.316 .  This  boundary  velocity  distribu¬ 
tion  at  the  matching  boundary  surface  E  is  extended 
outside  S  using  the  nearfield  Fourier-Kochin  repre¬ 
sentation  (4),  (3),  and  the  outer  flow  fields  (outside 
E)  determined  directly  via  integral  representations  of 
the  gradient  of  the  Green  function,  and  reconstructed 
via  the  Fourier-Kochin  representation  are  compared. 

The  spectrum  function  5  associated  with  the  veloc¬ 
ity  distribution  over  the  matching  boundary  surface  E 
is  considered  in  Fig.  2b .  The  left  and  right  columns 
correspond  to  the  real  and  imaginary  parts  Sr  and  Si 


of  5,  and  the  top,  center,  bottom  rows  correspond 
to  F  =  0.25 , 0.316 , 0.408 ,  respectively.  As  is  in¬ 
dicated  in  (3a) ,  the  spectrum  function  S  associated 
with  a  velocity  distribution  over  a  matching  bound¬ 
ary  surface  E  is  given  by  distributions  of  elementary 
waves  over  the  surface  E  and  the  intersection  curve  F 
of  E  with  the  plane  z  =  0 .  Here,  E  is  a  half  ellipsoid 
and  F  is  an  ellipse.  The  contributions  of  the  surface 
E  and  the  curve  F  to  the  spectrum  function  S  are  de¬ 
picted  in  Fig.  2b ,  together  with  the  spectrum  function 
5  (given  by  the  sum  of  the  surface  and  curve  com¬ 
ponents).  The  real  parts  (left  column)  of  the  surface 
and  curve  components  entirely  cancel  out,  and  the  real 
part  of  the  spectrum  function  is  null.  Significant  can¬ 
cellations  also  occur  between  the  imaginary  parts  of 
the  surface  and  curve  components  (right  column). 

Fig.  2c  depicts  the  wave  patterns  generated  by  the 
source-sink  pair.  The  top,  center,  and  bottom  rows  of 
Fig.  2c  correspond  to  F  =  0.25 , 0.316 ,  0.408 ,  re¬ 
spectively.  The  direct  wave  patterns,  computed  using 
integral  representations  of  the  gradient  of  the  Green 
function,  and  the  reconstructed  Fourier-Kochin  pat¬ 
terns  are  identical  except  near  the  boundary  curve 
F  where  slight  differences  can  be  observed.  These 
nearfield  differences  stem  from  the  neglect  of  the 
local  component  in  the  flow  decomposition  (1) 
in  the  present  implementation  of  the  Fourier-Kochin 
representation  (the  simple-singularity  component 
yields  no  contribution  to  the  linear  free-surface  eleva¬ 
tion). 

Fig.  2d  presents  further  comparisons  of  the  Green- 
function  (direct)  and  Fourier-Kochin  (reconstructed) 
wave  patterns  depicted  in  Fig.  2c .  Specifically,  Fig. 
2d  depicts  the  free-surface  elevations  along  the  4 
wave  cuts  y  =  0,0.06 ,0.1 ,  and  0.5  for  F  =  0.25 
(top  2  rows),  F  =  0.316  (center  2  rows),  and  F  = 
0.408  (bottom  2  rows).  The  Green-function  and 
Fourier-Kochin  wave  profiles  are  nearly  identical  for 
the  cuts  y  —  0.1  and  0.5  (2nd,  4th,  and  6th  rows). 
However,  nearfield  differences  can  be  observed  be¬ 
tween  the  Green-function  and  Fourier-Kochin  profiles 
for  the  cuts  y  =  0  and  0.06  (1st,  3rd,  and  5th  rows). 
These  nearfield  differences  stem  from  the  neglect  of 
the  local  component  in  (1)  as  already  noted. 

EULER  NEARFBELD  FLOW  SOLVER 

The  incompressible  Euler  flow  equations  are  solved, 
using  a  finite-element  method  based  on  unstructured 
grids,  for  fully  nonlinear  boundary  conditions  at  the 
free  surface  [3,4] .  The  Euler  solver  is  optimized  for 
efficient  use  of  parallel  computer  hardware,  and  pro¬ 
vides  steady  wave  predictions  using  approximately  1 
million  tethahedral  elements  in  a  matter  of  hours  on 
widely  available  machines,  e.g.  the  SGI  Origin  2000. 
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The  numerical  procedure  is  based  on  a  three- 
dimensional  finite-element  method  for  the  flow  vari¬ 
ables  (i.e.,  the  velocity  u,v,w  and  the  pressure 
^  =  p  -1-  2; /F^)  coupled  to  a  two-dimensional  finite- 
element  method  for  the  ffee-surface  evolution  vari¬ 
ables  (the  firee-surface  elevation  e  and  ^  =  e/F^). 
The  computational  domain  is  represented  by  an  un¬ 
structured  assembly  of  four-noded  tetrahedral  ele¬ 
ments.  The  faces  on  the  free  surface  are  extracted 
from  the  three-dimensional  mesh  and  renumbered  lo¬ 
cally  to  obtain  a  two-dimensional  triangular  finite- 
element  mesh. 

The  discretization  of  a  general  three-dimensional 
computational  domain  into  an  unstructured  assembly 
of  tetrahedrais  accomplished  by  means  of  an  advanc¬ 
ing  front  grid  generation  procedure  [6] .  This  pro¬ 
cedure  requires  that  the  geometry  of  the  computa¬ 
tional  domain  be  defined  in  terms  of  an  assembly  of 
surface  patches,  and  that  the  spatial  variation  of  ele¬ 
ment  size  and  shape  be  prescribed.  The  first  step  in 
the  process  is  the  triangulation  of  the  computational 
boundary  surfaces.  The  assembly  of  resulting  trian¬ 
gles  forms  the  initial  front  for  the  three-dimensional 
grid-generation  process.  The  advancing  front  method 
is  then  used  to  fill  the  computational  domain  with 
tetrahedra,  which  are  generated  so  as  to  meet  a  user- 
prescribed  distribution  of  element  size  and  shape. 

Both  analytical  surface  patches  (planes,  Coon’s 
patches,  etc.)  and  discrete  surface  patches  (de¬ 
fined  via  a  surface  triangulation)  are  used  to  describe 
the  present  computational-domain  boundaries,  which 
consist  of  the  hull  surface,  the  free  surface,  and  the 
surface  of  the  computational  box.  Specifically,  the 
preprocessor  FECAD  reads  in  the  hull  offset  data,  and 
a  triangulation  is  generated  from  the  offset  data.  This 
triangulation  i?  subsequently  used  to  define  the  hull 
surface  in  a  discrete  manner.  The  other  boundary  sur¬ 
faces  are  defined  analytically. 

The  desired  element  size  and  shape  is  prescribed 
using  background  grids  and  sources.  The  computa¬ 
tional  domain  is  covered  by  a  coarse  background  grid 
of  tetrahedral  elements.  The  desired  element  size  and 
shape  is  then  specified  at  the  nodes  of  this  background 
grid.  During  grid  generation,  the  local  element  size 
and  shape  is  obtained  using  linear  interpolation.  In 
addition,  both  line  and  surface  sources  are  used  on  the 
hull  surface  and  the  free  surface  to  further  define  the 
element  size.  The  sources  on  the  hull  surface  ensure 
the  generation  of  a  finer  mesh  to  accurately  capture 
the  hull  geometry  and  the  complex  flow  in  the  bow 
and  stem  regions.  The  sources  on  the  free  surface 
yield  a  finer  mesh  in  the  Kelvin  wave  pattern  region. 

The  solution  domains  in  the  nonlinear  nearfield 
flow  calculation  method  and  the  Fourier-Kochin  flow 


representation  are  respectively  bounded  by  the  ac¬ 
tual  free  surface  2;  =  e,  where  e  stands  for  the 
computed  free-surface  elevation,  and  the  mean  free- 
surface  plane  z  =  0 .  The  nearfield  flow  computed  at 
the  Euler  matching  boundary  surface  (with  z  <  e)  is 
therefore  mapped  onto  the  Fourier-Kochin  boundary 
surface  (with  z  <  0)  required  by  the  linear  potential 
flow  extension.  A  continuous  flow  mapping  based  on 
linear  interpolation  is  used  here. 

ILLUSTRATIVE  APPLICATIONS 


The  Fourier-Kochin  representation  of  the  wave  com¬ 
ponent  generated  by  a  velocity  distribution  at  a 
boundary  surface  is  now  applied  to  extend  nonlin¬ 
ear  nearfield  flows,  determined  using  the  Euler  flow 
solver  summarized  above,  behind  the  Wigloy  hull,  the 
Series  60  hull,  and  Model  5415.  These  three  hull 
forms  are  successively  considered. 


WigleyHiril 

The  Wigley  hull  is  considered  for  F  =  0.25 , 0.316 
and  0.408.  The  waterline  profiles  predicted  by  the 
Euler  nearfield  flow  solver  are  depicted  in  Fig.  3a  to¬ 
gether  with  experimental  measurements  obtained  at 
the  University  of  Tokyo.  The  computational  mesh 
used  for  the  Euler  nearfield  calculations  reported  in 
Fig.  3a  consists  of  1 ,003,554  tetrahedra,  1 84,6 1 9  field 
points  and  28,140  boundary  points.  The  free  sur¬ 
face  contains  28,383  triangular  elements  and  14,495 
points.  The  Wigley  hull  is  discretized  using  18,708 
triangular  elements  and  6,236  points. 

The  matching  boundary  stirface  S  used  for 
the  Fourier-Kochin  farfield  extension  of  the  Euler 
nearfield  flow  is  defined  by 


3.2  ,,8  9,8 

^  +  =  l  with 


o  =  0:6  ^ 
b  =  0.055  \ 
c  =  0.1  J 


Fig.  3b ,  which  depicts  the  intersection  curves  of  the 
Wgley  hull  and  the  matching  boundary  surface  E 
with  the  mean  free-surface  plane  z  =  0  and  the  sym¬ 
metry  plane  y = 0 ,  shows  that  the  matching  boundary 
surface  is  fairly  close  to  the  Wigley  huU.  The  dis¬ 
turbance  velocity  distribution  predicted  by  the  Euler 
nearfield  flow  solver,  and  used  in  the  Fourier-Kochin 
flow  extension,  at  the  matching  boundary  surface  is 
depicted  in  Fig.  3c  for  F  =  0.316 . 

The  nonlinear  Euler  nearfield  wave  patterns  and 
their  linear  Fourier-Kochin  farfield  extensions  are 
shown  in  Fig.  3d  for  F  =  0.25,0.316,  and  0.408. 
The  Fourier-Kochin  farfield  waves  are  evaluated 
at  approximately  240,000  points  —  using  approxi¬ 
mately  130,000  triangular  panels  to  approximate  the 
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matching  boundary  surface  S  shown  in  Fig.  3b  —  in  a 
few  minutes.  The  nearfield  and  farfield  wave  patterns 
are  in  fairly  good  agreement,  given  the  limitations  in¬ 
herent  to  both  the  farfield  and  the  nearfield  flows.  In 
particular,  the  local  component  in  the  flow  de¬ 
composition  (1)  is  ignored  in  the  present  implemen¬ 
tation  of  the  Fourier- Kochin  flow  representation,  and 
the  nearfield  flow  is  attenuated  away  from  the  Wigley 
hull  due  to  numerical  damping. 

The  nearfield  drag  predicted  by  the  Euler  nearfield 
flow  solver,  via  integration  of  the  hull  pressure,  and 
the  farfield  drag  obtained  in  the  Fourier-Kochin  ex¬ 
tension,  via  the  Havelock  formula  (5)  for  the  wave 
energy  associated  with  the  spectrum  function  (3) ,  are 
listed  below,  together  with  the  corresponding  experi¬ 
mental  values : 


F 

Near 

Far 

Exp 

0.408 

2.33 

2.27 

2.31 

0.316 

1.58 

1.55 

1.525 

0.250 

0.97 

0.90 

0.82 

The  foregoing  theoretical  and  experimental  values  of 
the  wave  drag  coefficient  (multiplied  by  1(X)0)  are  in 
fair  agreement.  However,  the  farfield  drag  obtained 
via  the  Fourier-Kochin  extension  is  sensitive  to  the 
location  of  the  matching  boundary  surface  S . 

Series  60  Hull 

The  Series  60  hull  is  considered  for  F  =  0.25 .  The 
waterline  profile  predicted  by  the  Euler  nearfield  flow 
solver  is  depicted  in  Fig.  4a  together  with  experimen¬ 
tal  measurements  from  the  University  of  Tokyo.  The 
computational  mesh  used  for  the  Euler  calculations 
reported  in  Fig.  4a  consists  of  706,749  tetrahedra, 
133,495  field  points  and  27,3 14  boundary  points.  The 
free  surface  contains  23,742  triangular  elements  and 
12,199  points.  The  Series  60  hull  is  discretized  using 
15,109  triangular  elements  and  7,905  points. 

The  matching  boundary  surface  £  used  for 
the  Fourier-Kochin  farfield  extension  of  the  Euler 
nearfield  flow  is  defined  by 


Fig.  4b ,  which  depicts  the  intersection  curves  of  the 
Series  60  hull  and  the  related  matching  boundary  sur¬ 
face  E  with  the  mean  firee-surface  plane  z  =  0  and 
the  symmetry  plane  j/  =  0 ,  shows  that  the  matching 
boundary  surface  is  fairly  close  to  the  Series  60  hull, 
as  for  the  Wigley  hull.  The  disturbance  velocity  dis¬ 
tribution  predicted  by  the  Euler  nearfield  flow  solver, 


and  used  in  the  Fourier-Kochin  flow  extension,  at  the 
matching  boundary  surface  is  depicted  in  Fig.  4c . 

The  nonlinear  Euler  nearfield  wave  patterns  and 
their  linear  Fourier-Kochin  farfield  extensions  are 
shown  in  Fig.  4d .  As  for  the  Wigley  hull,  the  Fourier- 
Kochin  farfield  waves  are  evaluated  at  approximately 
240,000  points,  using  approximately  130,000  triangu¬ 
lar  panels  to  approximate  the  matching  boundary  sur¬ 
face  £ ,  and  the  nearfield  and  farfield  wave  patterns 
are  in  relatively  fair  agreement. 

The  nearfield  drag  predicted  by  the  Euler  flow 
solver,  via  integration  of  the  hull  pressure,  and  the 
farfield  drag  given  by  the  Fourier-Kochin  extension 
and  the  Havelock  formula  (5)  are  listed  below,  to¬ 
gether  with  the  corresponding  experimental  residuary 
drag: 

F  Near  Far  Exp 

0.25  0.63  0.63  0.65 

The  foregoing  theoretical  and  experimental  values  of 
the  wave  drag  coefficient  (multiplied  by  1000)  are  in 
good  agreement.  However  the  farfield  drag  obtained 
via  the  Fourier-Kochin  extension  is  sensitive  to  the 
location  of  the  matching  boundary  surface  £ ,  as  for 
the  Wigley  hull. 

Model  5415 

Model  5415  is  considered  for  F  =  0.28.  The  wa¬ 
terline  profile  predicted  by  the  Euler  nearfield  flow 
solver  is  depicted  in  Fig.  5a  together  with  experimen¬ 
tal  measurements  obtained  at  the  David  Taylor  Model 
Basin.  The  computational  mesh  used  for  the  Euler 
nearfield  calculations  reported  in  Fig.  5a  consists  of 
2,169,626  tetrahedra,  400,174  field  points  and  63,702 
boundary  points.  The  free  surface  contains  44,159 
triangular  elements  and  22,560  points.  Model  5415 
is  discretized  using  41,693  triangular  elements  and 
21,615  points. 

The  matching  boundary  surface  £  used  in 
the  Fourier-Kochin  farfield  extension  of  the  Euler 
nearfield  flow  is  defined  via  an  outward  displacement 
of  the  surface  of  Model  5415  by  an  approximately 
uniform  distance,  equal  to  0.0055,  as  shown  in  Fig. 
5b  which  depicts  the  intersection  curves  of  Model 
5415  and  the  related  matching  boundary  surface  with 
the  mean  free-surface  plane  z  =  0  and  the  symmetry 
plane  j/  =  0 .  Fig.  5b  shows  that  the  matching  bound¬ 
ary  surface  is  quite  close  to  the  hull.  The  disturbance 
velocity  distribution  predicted  by  the  Euler  nearfield 
flow  solver,  and  used  in  the  Fourier-Kochin  flow  ex¬ 
tension,  at  the  matching  boundary  surface  is  depicted 
in  Fig.Sc . 

The  nonlinear  Euler  nearfield  wave  patterns  and 
their  linear  Fourier-Kochin  farfield  extensions  are 
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shown  in  Fig.  5d .  As  for  the  Wgley  hull  and  the  Se¬ 
ries  60  Model,  the  Fourier-Kochin  farfield  waves  are 
evaluated  at  approximately  240,000  points,  using  ap¬ 
proximately  130,000  triangular  panels  to  approximate 
the  matching  boundary  surface  S ,  and  the  nearfield 
and  farfield  wave  patterns  are  in  fair  agreement. 

The  nearfield  drag  predicted  by  the  nonlinear  Eu¬ 
ler  nearfield  flow  solver,  via  integration  of  the  hull 
pressure,  and  the  farfield  drag  given  by  the  Fourier- 
Kochin  extension  and  the  Havelock  formula  (5)  are 
listed  below,  together  with  the  corresponding  DTMB 
experimental  residuary  drag : 

F  Near  Far  Exp 
0.28  1.18  1.19  1.51 

The  foregoing  theoretical  and  experimental  values  of 
the  wave  drag  coefficient  (multiplied  by  1000)  are  in 
fair  agreement.  However,  as  for  the  Wigley  hull  and 
the  Series  60  Model,  the  farfield  drag  obtained  via  the 
Fourier-Kochin  extension  is  sensitive  to  the  location 
of  the  matching  boundary  surface  S . 

CONCLUSION 

The  Fourier-Kochin  representation  of  steady  and 
time-harmonic  ship  waves  [1,2]  has  been  applied 
to  the  extension  of  nearfield  steady  ship  waves. 
The  Fourier-Kochin  representation  defines  the  farfield 
steady  waves  generated  by  a  given  velocity  distribu¬ 
tion  Ug  at  a  boundary  surface  SUF  in  terms  of  the  sin¬ 
gle  Fourier  integral  (4)  and  the  spectrum  function  (3) , 
which  is  defined  explicitly  in  terms  of  Ug  .  The  wave 
drag  can  also  be  obtained  directly  from  Ug  and  the 
spectrum  function  S  via  the  Havelock  formula  (5) . 

The  Fourier-Kochin  representation  of  the  waves 
generated  by  a  velocity  distribution  at  a  boundary 
surface  has  been  verified  by  considering  the  linear 
free-surface  potential  flow  due  to  a  submerged  point 
source-sink  pair.  Specifically,  the  disturbance  veloc¬ 
ity  generated  by  the  source-sink  pair  has  been  eval¬ 
uated  at  an  ellipsoidal  boundary  surface  S  enclosing 
the  source,  and  extended  outside  S  using  the  Fourier- 
Kochin  flow  representation.  The  outer  flow  fields 
(outside  S)  determined  directly,  using  integral  rep¬ 
resentations  of  the  gradient  of  the  Green  function, 
and  reconstructed  via  the  Fourier-Kochin  theory  are 
in  agreement  as  expected.  This  verification  study  also 
provides  interesting  comparisons  between  the  contri¬ 
butions  of  the  surface  S  and  of  the  intersection  curve 
r  of  L  with  the  mean  free-surface  plane  2  =  0  to  the 
spectrum  function  S . 

The  potential  practical  usefulness  of  the  Fourier- 
Kochin  flow  representation  for  extending  nearfield 
steady  flows  about  ships  (and  more  generally  for  cou¬ 


pling  nearfield  flow  solvers  and  farfield  linear  poten¬ 
tial  flows)  is  demonstrated  by  considering  illustrative 
applications  to  the  Wigloy  hull,  the  Series  60  hull,  and 
Model  5415.  The  Fourier-Kochin  representation  of 
farfield  steady  ship  waves  is  coupled  here  with  the 
nonlinear  nearfield  calculation  method  based  on  the 
Euler  flow  equations  presented  in  [3]  and  [4] .  The 
nonlinear  Euler  nearfield  wave  patterns  and  their  lin¬ 
ear  Fourier-Kochin  farfield  extensions  are  in  relatively 
fair  agreement,  given  the  limitations  inherent  to  both 
the  farfield  and  the  nearfield  flows.  In  particular,  only 
the  wave  component  in  the  flow  decomposition 
(1)  is  considered  in  the  present  implementation  of  the 
Fourier-Kochin  flow  representation,  and  the  nearfield 
flow  is  attenuated  away  from  the  ship  due  to  numeri¬ 
cal  damping. 

The  wave  drags  predicted  by  the  Euler  nearfield 
flow  solver  (via  hull-pressure  integration)  and  ob¬ 
tained  within  the  Fourier-Kochin  extension  (by  means 
of  the  Havelock  formula)  are  also  in  fair  agreement 
with  one  another,  and  with  experiments.  However,  the 
farfield  drag  obtained  via  the  Fourier-Kochin  exten¬ 
sion  is  sensitive  to  the  location  of  the  matching  bound¬ 
ary  surface  E ,  which  cannot  be  chosen  too  close  to 
the  ship  hull  or  too  far  (because  free-surface  nonlin¬ 
earities,  ignored  in  the  Fourier-Kochin  representation, 
may  be  important  close  to  the  ship,  and  the  quality  of 
the  nearfield  flow  may  deteriorate  away  from  the  ship, 
e.g.  due  to  numerical  damping). 

REFERENCES 

1.  Noblesse,  F.,  Yang,  C.  and  Chen  X.B.,  ’’Boundary- 
Integral  Representation  of  Linear  Free-Surface  Poten¬ 
tial  Flows”,  Journal  of  Ship  research^  Vol.  41,  1997, 

pp.  10-16. 

2.  Noblesse,  F.,  Chen  X.B.  and  Yang,  C.,  ’’Generic 
Super  Green  Functions”,  Ship  Technology  Research^ 
Vol.  46,  1999,  pp.  81-92. 

3.  Lohner,  R.,  Yang,  C.,  Onate,  E,  and  Idelssohn, 
S.,  ”An  Unstructured  Grid-Based,  Parallel  Free- 
Surface  Solver”,  1997,  AIAA-97-1830. 

4.  Yang,  C.  and  Lohner,  R.,  ’’Fully  Nonlinear  Ship 
Wave  Calculation  Using  Unstructured  Grid  and  Paral¬ 
lel  Computing”,  3rd  Osaka  Coll.  Advanced  CFD  Ap¬ 
plications  to  Ship  Flow  and  Hull  Form  Design,  1998, 
pp,  125-150. 

5.  Yang,  C.,  Lohner,  R.  and  Noblesse,  F.,  ’’Farfield 
Extension  of  Nearfield  Steady  Ship  Waves”,  Ship 
Technology  Research^  to  appear. 

6.  Lohner,  R.,  ’’Automatic  Unstructured  Grid  Gen¬ 
erators”,  Finite  Elements  in  Analysis  and  Design,  Vol 
25, 1997,  pp.  11T134. 


1.2-7 


Fig.  2a.  Boundary  velocity  distribution  due  to  a  source-sink  pair 


Fig.  2b.  Spectrum  functions  for  a  source-sink  pal 


Fig.  2c.  Wave  patterns  generated  by  a  source-sink  pair 
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Fig.  3a.  Wave  profiles  for  Wigley  hull  Fig.  3b.  Wigley  hull  and  matching  boundary  surface 


Fig.  3c.  Boundary  velocity  distribution  for  Wigley  hull  at  F=0.316 


Fig,  4a,  Wave  profile  for  Series  60  hull  at  F=a25  Fig,  4b,  Series  60  hull  and  matching  boundary  surface 


Fig,  4c,  Boundary  velocity  distribution  for  Series  60  hull  at  F-0,25 


Fig,  4d,  Wave  pattern  for  Series  60  hull  at  F-0,25 
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Fig,  5a.  Wave  profile  for  Model  5415  at  F=0.28  Fig.  5b.  Model  5415  and  matching  boundary  surface 


Fig.  5c.  Boundary  velocity  distribution  for  Model  5415  at  F=0.28 


Fig.  5d.  Wave  pattern  for  Model  5415  at  F^O.28 
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ABSTRACT 


This  paper  presents  a  three-dimensional  time  domain  boundary-element  method  using  a  combination  of  the 
transient  Green’s  function  and  Rankine  sources.  The  focus  of  the  study  is  to  demonstrate  the  efficiency  and 
robustness  of  this  method  in  solving  ffee-surface  ship  hydrodynamics  problems  involving  non-wall-sided  ship 
geometries  and  large-amplitude  ship  motions.  A  computer  code  based  on  this  approach  is  developed  as  part  of 
the  LAMP  (Large  Amplitude  Motion  program)  System  for  nonlinear  ship  motion  simulations  and  wave  load 
predictions.  To  demonstrate  the  advantages  of  the  new  mixed  source  formulation,  numerical  examples  are 
presented  to  show  the  numerical  instability  of  the  original  transient  Green  s  function  formulation.  In  additional, 
radiation,  diffraction,  and  steady  forward  speed  wave  patterns  are  shown  for  an  offshore  platform  and  a  naval 
combatant.  Finally,  results  for  ships  in  storm  sea  conditions  and  application  of  the  new  method  to 
unconventional  hull  forms  are  presented. 


INTRODUCTION 

As  practical  applications  have  increased  and 
computer  capabilities  have  advanced  over  the  past 
twenty  years,  there  has  been  a  tremendous  push  in 
the  development  of  3-D  time-domain  methods  for 
solving  sea-keeping  related  problems.  In  the  context 
of  time-domain  potential-flow  boundary-element 
methods,  the  most  commonly  used  approaches  fall  in 
two  categories:  (1)  methods  that  use  the  transient 
Green’s  function  and  (2)  methods  that  use  the 
Rankine  source.  For  the  methods  in  the  first 
category  (e,g.  Lin  &  Yue,  1990,  and  Lin,  et  aU 
1994),  the  transient  Green’s  function  satisfies  the 
linearized  free  surface  boundary  conditions  and 
radiation  conditions  at  the  far  field,  so  that  the 
singularities  need  to  be  distributed  only  on  the 
wetted  portion  of  the  body  surface.  For  ships  with 
non-wall-sided  geometry,  numerical  difficulties  may 
arise  in  the  area  where  the  intersection  angles 
between  the  body  surface  and  the  free  surface 
become  small.  This  is  mainly  due  to  the  highly 
oscillatory  nature  of  the  transient  Green’s  function 
adjacent  to  the  free  surface.  For  the  methods  in  the 
second  category  {e.g.  Nakos,  Kring  &  Sclavounos, 


1993),  the  Rankine  source  is  used  as  a  kernel  in  the 
boundary  integral  equation.  The  Rankine  source  is 
fairly  robust  for  modeling  either  wall-sided  or  non- 
wall-sided  geometry.  To  satisfy  the  free  surface 
boundary  condition,  the  Rankine  source  has  to  be 
distributed  not  only  on  the  body  surface  but  also  on 
the  free  surface.  In  order  to  limit  the  size  of  the 
computation  domain,  the  free  surface  region  is 
typically  truncated  at  several  ship  lengths  away  from 
the  ship  and  a  numerical  damping  zone  is  employed 
to  absorb  wave  energy. 

In  view  of  the  pros  and  cons  of  the  two  approaches,  a 
natural  and  optimal  choice  is  to  take  advantage  of  the 
two  methods  by  using  both  the  transient  Green’s 
function  and  the  Rankine  source  in  formulating  free- 
surface  ship  hydrodynamic  problems.  This  so-called 
mixed  source  method  has  recently  been  developed 
by  the  authors  for  motion  and  load  computations  of 
modern  hull  forms  with  highly  non-wall-sided 
geometry.  In  this  method,  the  fluid  domain  is 
divided,  through  a  matching  surface,  into  an  inner 
domain  and  an  outer  domain.  In  the  inner  domain, 
the  Rankine  source  is  employed.  In  the  outer 
domain,  the  transient  Green’s  function  is  used.  The 
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transient  Green’s  function  satisfies  both  the 
linearized  free  surface  boundary  conditions  and 
radiation  condition,  implying  that  the  matching 
surface  can  be  placed  fairly  close  to  the  body. 

The  concept  of  the  mixed  formulation  is  not  new. 
Developments  based  on  this  type  of  the  method  have 
been  made  in  the  past.  Dommermuth  &  Yue  (1987) 
solved  a  nonlinear  axisymmetrical  flow  with  a  free 
surface  in  the  time-domain.  Yeung  &  Cermelli 
(1993)  calculated  forced  heaving  motion  of  a  2-D 
submerged  body  with  a  free  surface.  Sierevogel,  et 
al.  (1996)  solved  the  linear  problem  of  a  3-D  floating 
body  with  forward  speed  using  a  similar  approach 
but  a  different  Green’s  function  in  the  outer  domain. 
The  intent  of  this  paper  is  to  extend  the  mixed 
formulation  approach  to  general  three-dimensional 
time-domain  non-linear  body- wave  hydrodynamic 
problems  with  or  without  forward  speed.  The 
general  formulation  and  numerical  procedure  of  this 
approach  are  described  in  section  2.  As  discussed  at 
the  beginning  of  this  section,  the  advantage  of  the 
mixed  source  formulation  is  that  the  Rankine  source 
behaves  better  than  the  transient  Green’s  function 
near  the  body  and  free  surface  intersection.  As  a 
result,  the  numerical  scheme  is  much  more  robust. 
Numerical  examples  are  presented  to  show  this 
behavior.  The  new  results  are  validated  against 
available  experimental  data. 

Another  advantage  of  the  mixed  formulation  is  that 
the  local  free  surface  elevation  is  part  of  the  solution, 
and  no  additional  evaluation  is  needed  as  in  the  case 
of  using  the  transient  Green’s  function.  To 
demonstrate  this  point,  numerical  results  of  radiation 
and  diffraction  waves  of  a  large  offshore  platform  in 
waves  are  presented  and  compared  to  results  from 
other  computation  methods.  In  addition,  the  steady 
state  wave  pattern  of  a  Navy  surface  combatant  is 
computed  and  validated  against  experimental 
measurement.  Finally,  examples  are  presented  to 
demonstrate  the  range  of  application  of  the  current 
method  to  non-wall-sided  and  non-conventional  hull 
forms. 

MATHEMATICAL  FORMULATION 

The  new  mixed  source  formulation  is  developed 
using  an  approach  similar  to  the  original  transient 
Green's  function  method.  The  problem  considered  is 
a  general  three-dimensional  body  floating  on  a  free 
surface  and  undergoing  arbitrary  six-degree-of- 
freedom  motion  in  the  presence  of  incident  waves. 
Potential  flow  theory  is  used  to  describe  the  fluid  and 
the  problem  is  solved  in  the  time  domain. 


As  shown  in  Figure  1,  in  the  mixed  source 
formulation,  the  fluid  domain  is  divided  into  an  inner 
domain  (I)  and  an  outer  domain  (D)  by  a  matching 
surface  5^.  In  the  inner  domain,  Rankine  sources  are 
distributed  on  the  entire  inner  domain  boundary  5; 
including  the  body  surface  5^,  the  local  free  surface 
between  the  body  surface  and  the  matching  surface 
5y ,  and  the  matching  surface  5^.  The  outer  domain 

boundary  Sjj  consists  of  the  matching  surface  5^, 
the  remaining  free  surface,  and  an  imaginary  surface 
at  infinity.  In  the  outer  domain,  the  transient 
Green’s  function  singularities  are  distributed  only  on 
the  matching  surface  because  the  transient 
Green’s  function  satisfies  both  the  linearized  free- 
surface  boundary  conditions  and  the  radiation 
conditions. 


Figure  1:  Computation  domains  in  the  mixed 
source  formulation 

In  the  inner  domain,  the  total  disturbance  velocity 
potential  <I>,  satisfies  the  Laplace’s  equation.  The 
nonlinear  body  boundary  condition  is  satisfied  on  the 
wetted  body  surface  5^  under  the  undisturbed 
incident  wave  surface  (the  same  as  the  "body- 
nonlinear"  approach  in  the  original  LAMP 
formulation).  The  linearized  free  surface  boundary 
conditions  are  satisfied  on  the  part  of  the  free  surface 
Sj  between  the  body  surface  and  the  matching 

surface.  The  boundary  integral  equation  in  terms  of 
the  Rankine  source  distribution  on  Sj  can  be  written 
as 

2M>,+|^(3),G„-O;„GM5  =  0 

where  G  =  l/|p~^|,  with  p  and  ^denoting  the 
field  point  and  source  point,  respectively.  The 
subscript  n  denotes  the  directional  derivative  with 
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respect  to  the  outward  normal  n  on  the  boundary  of 
the  inner  domain. 

In  the  outer  domain,  the  total  disturbance  velocity 
potential  satisfies  the  Laplace’s  equation  and 
the  linearized  free  surface  boundary  conditions.  With 
transient  Green’s  function  distribution  on  the 
matching  surface,  the  boundary  integral  equation  can 
be  written  as 

The  function  is  defined  as 

M{p,  t)  =  J )dS 

+-L 

where  is  the  waterline  of  the  matching  surface, 
is  the  outward  normal  velocity  of  relative  to 
domain  /,  N  is  the  unit  normal  to  the  waterline  on 
the  free  surface,  t  is  time,  and  and  are  the 
infinite  frequency  and  memory  function  part  of  the 
transient  Green’s  function  (Lin  and  Yue,  1990), 

The  matching  surface  is  treated  as  a  control 
surface.  This  control  surface  can  be  stationary  in  the 
case  of  zero  or  small  horizontal  body  motions.  This 
control  surface  can  move  with  the  body  in  the  cases 
where  the  body  has  a  large  horizontal  motion.  On 
5^,  the  matching  conditions  are  imposed,  requiring 
that  the  disturbance  velocity  potentials  and  their 
normal  derivatives  in  the  inner  and  outer  domains  be 
continuous.  These  conditions  together  with  the 
integral  equations  for  and  their  normal 

derivatives  form  a  coupled  equation  system  for  the 
velocity  potential  on  5^,  on  5^-,  as  well  as 

and  on  S„. 

The  solution  is  obtained  at  each  time  step  with  given 
on  and  O;  on  Sf.  The  free  surface 

boundary  conditions  on  are  used  to  update  the 

disturbance  velocity  potential  and  the  disturbance 
free  surface  elevation  in  time.  The  time  integration 
is  performed  using  the  fourth  order  Adams- 
Bashforth-Moulton  formula. 

As  discussed  before,  one  of  the  advantages  of  the 
mixed  source  formulation  is  that  the  Rankine  source 
behaves  much  better  than  the  transient  Green’s 
function  near  the  body  and  free  surface  juncture 


especially  when  the  intersecting  angle  of  the  body 
geometry  and  the  free  surface  is  large.  As  a  result, 
die  numerical  scheme  is  much  more  robust.  In 
addition,  the  local  free  surface  elevation  is  part  of  the 
solution.  No  additional  evaluation  is  needed  as  in  the 
case  of  the  original  formulation  using  the  transient 
Green’s  function  distribution  on  the  body  surface. 
Another  important  feature  of  the  new  mixed  source 
formulation  is  that  the  computation  is  much  faster 
compared  to  the  original  formulation  for  body 
nonlinear  cases.  This  is  mainly  due  to  the  number  of 
Green's  function  evaluation  needed.  In  the  original 
formulation,  the  memory  effects  have  to  be  re¬ 
evaluated  every  time  step  from  /  =  0  if  the 
underwater  part  of  the  body  geometry  is  changing 
during  time  stepping  (because  of  large-amplitude 
body  motions).  The  re-evaluation  of  the  transient 
Green’s  function  in  the  convolution  integral  is  very 
time  consuming.  In  the  mixed  source  formulation, 
the  transient  Green’s  funcdon  singularities  are  only 
distributed  on  the  matching  surface.  As  long  as  the 
underwater  part  of  the  matching  surface  is  the  same 
during  time  stepping,  the  transient  Green’s  functions 
does  not  have  to  be  re-evaluated  even  in  the  case  of 
large-amplitude  body  motions.  In  addition,  the  size 
and  shape  of  the  matching  can  be  selected  by  the 
user  to  render  most  efficient  and  robust  numerical 
solution. 

DESCRIPTION  OF  THE  LAMP  SYSTEM 

The  new  mixed  source  formulation  is  completed 
and  has  been  integrated  into  the  LAMP  System  as 
part  of  the  nonlinear  motion  and  load  prediction 
capability.  In  this  section,  brief  descriptions  of  the 
LAMP  System  and  its  newly  added  features  are 
given.  Other  than  the  robustness  of  the  method  and 
computation  efficiency,  the  noticeable  addition  of 
the  updated  LAMP  System  is  the  availability  of  the 
local  free  surface  elevation.  As  shown  in  Figure  2, 
the  LAMP  System  consists  of  three  closely 
integrated  modules.  The  first  module  is  for  the 
calculation  of  ship  motions  and  wave-frequency 
loads.  The  second  module  is  for  the  slamming 
impact  computation.  The  third  module  is  for 
computing  whipping  responses  using  a  non-uniform- 
section  dynamic  beam  method.  In  addition,  the 
LAMP  System  includes  an  interface  to  provide 
loading  information  for  finite  element  analysis. 
Various  post-processing  and  visualization  tools  are 
available  as  part  of  the  total  LAMP  System.  The 
principle  components  of  the  LAMP  System  are 
discussed  below. 
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Figure  2:  Components  of  the  LAMP  System 


Linear  and  Nonlinear  Ship  Motions  and  Wave 
Frequency  Loads 

As  described  in  the  previous  section,  LAMP  solves 
3-D  time-domain  nonlinear  motion  and  load 
problems  using  a  potential-flow  boundary-element 
method.  In  LAMP,  a  so-called  “body-nonlinear” 
approach  is  used  (see  Lin  and  Yue,  1990  and  1993; 
and  Lin,  et  al.y  1994).  The  body-nonlinear  approach 
satisfies  the  body  boundary  condition  exactly  on  the 
portion  of  the  instantaneous  body  surface  below  the 
incident  wave.  It  is  assumed  that  both  the  radiation 
and  diffraction  waves  are  small  compared  to  the 
incident  wave  so  that  the  free  surface  boundary 
conditions  can  be  linearized  with  respect  to  the 
incident  waye  surface.  Note  that  with  this 
formulation,  both  the  body  motions  and  the  incident 
wave  amplitude  can  be  large  relative  to  the  draft  of 
the  ship.  The  “body-nonlinear”  approach  described 
above  is  designated  as  LAMP-4.  In  addition  to  3-D 
large-amplitude  hydrodynamics,  LAMP-4  calculates 
nonlinear  hydrostatic  restoring  and  Froude-Krylov 
wave  forces.  A  weakly  nonlinear  version  of  the  code 
is  also  developed  and  designated  as  LAMP-2  that 
calculates  3-D  linear  hydrodynamics,  but  nonlinear 
hydrostatic  restoring  and  Froude-Krylov  wave 
forces.  A  complete  linear  version  of  the  code, 
LAMP-1,  is  also  available.  LAMP-1  solves  linear 
hydrodynamics,  linear  hydrostatic  restoring,  and 
Froude-Krylov  wave  forces. 

In  order  to  calculate  the  time-domain  six-degree-of- 
freedom  coupled  motions  for  any  ship  heading  and 


speed,  LAMP  also  includes  nonlinear  models  for 
non-pressure  forces  including  viscous  roll  damping, 
propeller  thrust,  bilge  keels,  rudder  and  anti-rolling 
fins,  etc.  For  oblique  seas  cases,  a  PID  (Proportional, 
Integral,  and  Derivative)  course  keeping  rudder 
control  algorithm  and  rudder  servo  model  are 
implemented. 

In  addition  to  motion  simulations,  LAMP  calculates 
the  time-domain  wave-induced  global  loads, 
including  the  vertical  and  lateral  bending  and 
torsional  moments  and  shear  forces,  at  any  cross- 
section  along  the  length  of  the  ship.  Furthermore,  at 
each  time  step,  LAMP  calculates  the  relative  motion 
of  the  ship  and  the  wave  as  well  as  the 
hydrodynamic  pressure  distribution  over  the 
instantaneous  wetted  hull  surface  below  the  incident 
wave  surface.  The  relative  motion  information  is 
used  as  input  for  the  impact  load  calculations.  The 
mapped  pressure  distribution  is  used  to  derive  input 
for  finite  element  structural  analysis. 


Slamming  Calculations  for  Impact  Forces  and 
Pressure 

Wave  impact  loads  on  the  ship  can  cause  high- 
frequency  structural  responses.  The  term  “impact” 
includes  keel  slam,  bow  flare  impact,  and  stern 
overhang  impact.  As  impact  occurs,  the  ship 
structure  responds  at  its  structural  natural  frequency. 
The  total  loads  at  any  section  of  the  ship  are  the  sum 
of  the  wave  frequency  loads  and  the  high-frequency 
whipping  loads.  Depending  on  the  severity  of  the 
impact,  the  whipping  loads  can  be  of  the  same  order 
of  magnitude  as  the  wave-frequency  loads. 
Therefore,  in  any  extreme  wave  assessment,  the 
effect  of  impacts  must  be  included  in  the 
hydrodynamic  computations. 

Most  traditional  methods  for  analyzing  impact  loads 
rely  on  semi-empirical  force  estimates  rather  than  on 
accurate  physics-based  prediction  of  the  actual 
impact  pressure  distribution.  Furthermore,  the 
traditional  methods  address  only  head-sea  cases  with 
symmetric  impact.  However,  experience  indicates 
that  structural  failures  in  oblique  seas  usually  result 
from  asymmetric  impact  loads.  It  is  important, 
therefore,  that  any  attempt  to  resolve  the  total  impact 
problem  include  not  only  the  accurate  time-domain 
simulation  of  the  highly  nonlinear  relative  motions  in 
oblique  seas,  but  also  the  prediction  of  both  the 
symmetric  and  asymmetric  impact  pressures. 

In  the  LAMP  System,  a  post-processor  is  used  for 
the  either  symmetrical  or  non- symmetrical  impact 
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load  predictions.  It  is  assumed  that  the  impacts  do 
not  affect  the  global  ship  motions.  The  previously 
computed  global  ship  motions  are  used  to  compute 
relative  motion  of  the  ship  bow  and  identify  events 
where  impact  forces  may  be  significant.  The  relative 
ship  motion  is  then  used  to  compute  impact  loads  on 
2-D  cross  sections  of  the  ship  for  times  when  impact 
occurs.  The  forces  from  these  impact  events  are  then 
assimilated  into  an  impact  force  history,  which  can 
be  used  to  evaluate  whipping  loads. 

Two  levels  of  impact  load  computations  are 
currently  available.  The  first  one  is  a  simple  2-D 
empirical  model  based  on  momentum  theory  for 
global  impact  forces.  The  second  one  is  a 
generalized  2-D  Wagner  approach  based  on  the  fully 
nonlinear  boundary  element  approach  of  Zhao  and 
Faltinsen  (1993)  for  calculating  impact  forces  and 
pressures.  More  discussion  of  these  approaches  and 
applications  can  be  found  in  Weems  et  al  (1998). 

Dynamic  Beam  Calculations  for  Whipping* 
Associated  Loads 

Once  the  sectional  impact  forces  are  computed,  the 
main  girder  responses  are  computed  in  LAMP  using 
a  non-uniform-section  dynamic  beam  method  in 
order  to  get  high-frequency  global  loads  associated 
with  whipping.  The  ship  is  modeled  either  as  a 
uniform  or  a  variable-mass  beam.  The  total  bending 
moment  is  obtained  by  combining  the  wave- 
frequency  and  the  high-frequency  bending  moments 
with  proper  phasing. 

Interface  to  Structural  Finite-Element  Analysis 

The  lamp"  System  calculates  the  pressure 
distribution  over  the  instantaneous  hull  surface 
below  the  incident  wave  surface.  The  hull  pressure 
information,  combined  with  the  acceleration  data, 
can  be  used  for  finite  element  structural  analysis.  A 
generic  interface  between  the  LAMP  motion  and 
load  calculations  and  structural  finite  element  codes 
has  been  developed.  The  interface  program  reads 
nodal  point  coordinates  and  connectivity  information 
(only  surface  nodes  are  needed)  used  in  the  finite 
element  code  and  computes  the  forces  acting  on  the 
nodal  points.  At  specified  time  steps,  the  interface 
program  writes  the  nodal  point  forces  and  ship 
acceleration  information  as  outputs  for  the  finite 
element  structural  analysis  program.  Other  output 
from  the  LAMP/FE  interface  includes  nodal  pressure 


history,  sectional  main  girder  loads  for  FE  analysis 
of  partial  ship  configurations,  and  external  forces 
{e.g,  control  surfaces)  that  were  modeled  in  the 
LAMP  simulation  but  are  not  included  in  the 
pressure  distribution.  The  latter  forces  must  be 
accounted  for  so  that  forces  and  accelerations  are 
properly  balanced  in  any  subsequent  structural 
analysis. 

NUMERICAL  EXAMPLES 

The  accuracy  and  convergence  of  the  mixed 
formulation  were  validated  for  a  wide  range  of 
geometry  including  various  ship  hull  forms  with  or 
without  forward  speeds.  The  results  including  the 
impulse  response  functions.  Response  Amplitude 
Operators,  local  wave  elevations,  and  time  history  of 
motions  and  loads  were  compared  with  either 
existing  experimental  results  or  the  results  obtained 
by  other  numerical  methods.  It  was  found  that  the 
present  method  performs  consistently  well. 

Selected  examples  are  presented  in  this  paper.  These 
results  include  a  flare  body  undergoing  large- 
amplitude  motions,  radiation  and  diffraction  waves 
of  a  large  offshore  platform,  steady  wave  pattern  of  a 
naval  surface  combatant,  the  U.S.  Navy  AEGIS 
cruiser  operating  in  storm  sea  conditions,  and  the 
motion  and  load  predictions  for  an  unconventional 
“tumblehome”  configuration  analyzed  in  a  recent 
design  effort. 

A  Flared  Body  with  Large-Amplitude  Motions 

To  illustrate  that  the  new  mixed  formulation  is 
suitable  (actually  better)  for  non-wall-sided  bodies, 
the  calculation  of  a  flared  body  undergoing  forced 
large-amplitude  heaving  motion  was  carried  out. 
This  axisymmetric  flared  body  was  constructed  and 
tested  by  Troesch  and  Wang  (1994)  in  their 
experimental  study  for  slamming  flow  and  green 
water  on  deck.  The  profile  of  this  body  is  given  in 
Figure  3  with  the  mean  position  of  the  body  located 
at  Z=0.0.  Numerical  results  were  generated  by  using 
the  body-nonlinear  approach  to  simulate  the  large- 
amplitude  body  motions.  The  history  of  the  large- 
amplitude  body  motion  is  illustrated  in  Figure  4  with 
the  three  figures  showing  the  mean,  the  lowest,  and 
the  highest  locations  of  the  periodic  body  motion. 
The  body  boundary  condition  is  satisfied  on  the 
exact  location  of  the  wetted  body  surface  (under  the 
mean  surface  in  this  case). 
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Figure  3:  Profile  of  the  flared  body 


Figure  4:  Position  of  a  flared  body  undergoing 
large-amplitude  motions 


frequency  oscillations  in  the  hydrodynamic  force  for 
this  non-wall-sided  body.  On  the  other  hand,  the 
calculated  hydrodynamic  force  obtained  from  the 
mixed  formulation  as  shown  in  Figure  6  agrees  quite 
well  with  the  experimental  result  and  the  fully 
nonlinear  result.  This  is  a  significant  improvement 
over  the  method  using  the  transient  Green’s  function 
in  terms  of  numerical  stability  and  robustness. 


^'l^ransient  Grccn-Function  Formulation 


Figure  5:  Time-history  of  the  hydrodynamic 
forces  using  the  original  formulation 


New  Mixed  Formulation 


Time 

Figure  6:  Time-history  of  the  hydrodynamic 
forces  using  the  new  mixed  source  formulation 


Wave  Field  around  A  Large  Oflshore  Platform 


Numerical  results  from  the  original  formulation 
(with  transient  Green’s  function  distributed  on  the 
body  surface)  and  the  new  mixed  formulation  are 
presented.  The  calculated  hydrodynamic  forces 
from  the  original  formulation  are  plotted  in  Figure  5 
together  with  the  measured  result  (Troesch  &  Wang, 
1994)  and  the  results  from  a  fully  nonlinear 
calculation  (Yue,  1997).  As  can  be  seen  in  the 
figure,  the  results  from  the  original  transient  Green’s 
function  formulation  gives  non-physical  high 


As  discussed  previously,  one  of  the  advantages  of 
the  mixed  formulation  over  the  original  formulation 
is  that  the  solution  on  the  local  free  surface  between 
the  body  surface  and  the  matching  surface  is  part  of 
the  total  solution.  In  other  words,  the  free  surface 
elevation  and  velocity  potential  come  out  directly  as 
part  of  the  solution,  and  no  additional  field  point 
memory  function  evaluations  are  required.  To 
illustrate  this  new  and  important  feature  of  the  mixed 
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formulation,  the  wave  field  around  a  free  floating 
large  offshore  platform  caused  by  incident  waves  is 
presented. 

The  platform  used  in  this  study  (as  shown  in  Figure 
7)  is  one  module  of  a  conceptual  design  by  the 
Bechtel  National  Corp.  for  the  Mobile  Offshore  Base 
(MOB)  platform  (Wung,  1999).  MOB  is  a  large 
offshore  platform  intended  for  landing  cargo  planes 
in  the  ocean.  The  platform  can  be  as  long  as  2 
kilometers  and  is  typically  composed  of  several 
modules.  The  platform  used  in  this  study  is  a  semi- 
submersible  type  platform  around  450  meters  long. 


Figure  7:  Geometry  of  one  module  of  the  Bechtel 
MOB  design.  (Geometry  was  provided  by  the 
Bechtel  National  Corp.) 

One  of  the  important  design  considerations  for  a 
MOB  platform  is  the  air  gap  between  the  wave 
surface  and  the  bottom  of  the  upper  deck  (this  is  true 
for  offshore  platform  in  general).  This  is  a  concern 
because  the  wave  diffraction  and  radiation  effects 
could  amplify  the  incident  waves  under  the  deck 
structure.  If  the  clearance  between  the  wave  surface 
and  the  deck  is  not  large  enough,  waves  may  hit  the 
bottom  of  the  deck  and  cause  structural  damages. 

A  sample  of  the  air  gap  results  is  given  here.  A  body 
fitted  free-surface  grid  is  utilized  for  all  of  the  results 
presented.  A  systematic  study  was  performed  to 
evaluate  several  key  issues  to  ensure  numerical 
convergence  using  the  fitted  free-surface  grid.  First 
the  free-surface  topology  was  determined  to  resolve 
the  multiple  waterline  intersections  with  the  body. 
The  number  of  panels  necessary  to  define  the  MOB 
geometry  proved  to  be  computationally  challenging 
for  evaluating  the  free-surface  elevations,  so  the 
body  and  free-surface  panel  resolution  W2is  varied  to 
determine  the  necessary  number  of  panels  to  obtain 
convergence  of  the  free-surface  elevation.  The 
effect  of  the  matching  surface  density,  size,  and 
shape  were  also  evaluated  to  ensure  stable  and 
converged  calculations 

Numerous  LAMP  computations  using  the  body  fitted 
free-surface  grid  were  performed  to  resolve  the  free- 


surface  elevations  for  a  free-floating  MOB  in  regular 
waves.  A  sample  result  of  maximum  free-surface 
wave  amplitude  is  shown  in  Figure  8  for  the  12- 
second  incident  wave  coming  from  the  right.  The 
size  of  the  computational  domain  is  650m.  x  160m. 
The  computation  was  run  for  800  time  steps  (216 
seconds)  and  consisted  of  2736  body  panels,  11200 
free-surface  panels,  and  800  matching  surface 
panels.  As  can  be  seen  in  the  figure,  the  wave  is 
amplified  significantly  between  the  fifth  and  the 
sixth  set  of  columns. 


Figure  8:  Maximum  wave  elevation  of  a  MOB 
platform  with  a  12-second  incident  coming  from 
the  right  -  LAMP  prediction 


The  LAMP  predictions  of  the  wave  elevation  at  the 
centerline  of  the  platform  in  this  case  are  compared 
with  results  from  WAMIT  and  MORA  in  Figure  9. 
Linear  free  surface  boundary  conditions  are  used  in 
all  three  computations.  LAMP  result  compares  fairly 
well  with  results  from  both  WAMIT  and  MORA. 
All  three  results  show  large  wave  amplification 
between  column  5  and  6. 
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Figure  9;  Comparison  of  free-surface  elevation 
among  LAMP,  WAMIT,  and  MORA  for  12- 
second  incident  wave.  (Results  from  WAMIT  and 
MORA  were  provided  by  Bechtel  National  Inc.). 


A  similar  comparison  is  given  in  Figure  10  where  the 
incident  wave  period  is  10  second.  As  can  be  seen, 
LAMP  predictions  are  again  compared  well  with 
results  from  both  WAMIT  and  MORA,  In  this  case, 
the  maximum  amplification  factor  is  around  1.5.  In 
general,  the  wave  amplification  factor  can  be  very 
different  at  different  incident  wave  conditions. 


Maximum  Elevation  Near  CL  (16  sac.  Head  Sea  Wave) 


Figure  10:  Maximum  wave  elevation  of  a  MOB 
platform  with  18-second  incident  wave.  (Results 
from  WAMIT  and  MORA  were  provided  by  the 
Bechtel  National  Inc.) 

Steady  Wave  Pattern  of  a  Surface  Combatant 

Calculations  were  performed  to  evaluate  the  ability 
of  the  mixed  source  formulation  for  predicting  the 
steady  wave  pattern  generated  by  a  ship  moving  with 
a  constant  forward  speed.  In  this  section,  the  steady 
ship  waves  for  the  DTMB  Model  5415  surface 
combatant  at  Froude  numbers  0.2755  is  presented 
and  compared  with  experimental  measurement 
(experiment  was  performed  at  NSWC  Carderock 
Division).  The  profile  view  of  the  5415  model 
geometry  is  shown  in  Figure  11.  The  flow  field 
around  this  particular  model  has  been  systematically 
studied  and  compared  with  results  from  several 
Reynold’s  Averaged  Navier  Stokes  and  potential 
flow  computation  methods  (Ratcliffe,  1998). 

In  the  current  study,  computations  were  also  done  by 
the  well-established  potential  flow  code  SLAW 
(Ship  Lift  and  Waves).  The  SLAW  code  system  is  a 
potential-flow  panel-method  code  for  steady  ship 
free-surface  flow  prediction  using  a  Dawson-type 
approach.  SLAW  has  been  extensively  validated  and 
applied  to  a  variety  of  hull  forms,  ranging  from  naval 
ships  to  commercial  tankers  to  America’s  Cup 
Yachts.  The  SLAW  results  were  used  as  a  guide  in 


developing  the  LAMP  free  surface  model  and  to 
evaluate  hull  and  free  surface  panel  models. 


Figure  11:  Geometry  of  Model  5415  (Picture  from 
the  web  site:  http ;//www50.dtnavy. mil/5415) 

The  LAMP  computations  of  the  steady  wave  pattern 
for  the  DTMB  Model  5415  surface  combatant  used 
896  hull  body  panels,  800  outer  boundary  panels,  and 
5300  free  surface  panels  in  an  O-grid  topology.  The 
0-grid  was  used  in  this  case  to  better  resolve  the 
region  near  the  transom  stem. 

In  Figure  12,  the  wave  elevations  at  the  waterline  are 
shown  for  both  the  experimental  data  and  the  LAMP 
calculation.  As  can  be  seen  in  the  figure,  the  LAMP 
calculation  significantly  under-predicts  the  waterline 
elevation  in  the  bow  region.  It  can  be  observed  in  the 
experiment  in  this  case  that  the  bow  wave  is  very 
steep  and  near  breaking.  It  is  believed  that  nonlinear 
free  surface  boundary  conditions  are  required  for 
more  accurate  prediction.  To  confirm  this  behavior, 
the  wave  elevation  prediction  was  done  by  SLAW. 
It  was  found  that  the  SLAW,  with  linearized  free 
surface  boundary  conditions,  gives  a  similar 
prediction  as  that  predicted  by  LAMP  in  the  bow 
region.  The  remainder  of  the  LAMP-calculated 
waterline  seems  to  reasonably  follow  the  elevation 
trend,  especially  in  the  stem  region.  It  may  be  noted 
that  LAMP  captures  the  trend  of  the  experimental 
data  well,  although  the  trough  and  peak  just  after  the 
bow  are  under-predicted.  More  details  of  wave 
pattern  prediction  for  this  hull  form  can  be  found  in 
Ratcliffe  (1998). 


Figure  11:  Wave  profile  comparison  along  the 
waterline  for  DTMB  Model  5415. 
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In  Figure  13  and  14,  the  free  surface  elevation 
contours  from  the  experimental  data  and  the  LAMP 
calculation  for  the  DTMB  Model  5415  are  shown. 
As  can  be  seen  in  the  Figure,  the  general  feature  of 
the  wave  pattern  predicted  by  LAMP  compares 
reasonably  well  with  experimental  measurement 
indicating  the  linear  free  surface  boundary  conditions 
are  adequate  for  most  of  the  flow  region. 


The  U.S.  Navy's  AEGIS  cruiser  (CG-47)  is  a  typical 
modem  combatant  hull  form  for  which  a  large 
amount  of  model  and  full-scale  motion  and  load  data 
is  available  (Hay,  et  al.,  1994).  A  view  of  the  CG-47 
cruiser,  with  its  fine  U-shaped  bow,  sonar  dome,  and 
large  bow  flare,  is  shown  in  Figure  15.  The 
penalization  of  this  hull  form  for  the  mixed 
formulation  is  show  in  Figure  16. 


JKXW 


Figure  13:  Wave  contours  for  the  DTMB  Model 
5415  at  constant  forward  speed  -  experiment 


Figure  14:  Wave  contours  for  the  DTMB  Model 
5415  at  constant  forward  speed  -  LAMP 


Naval  Cruiser  in  Storm  Waves 

Further  validation  of  the  method  is  performed  of  a 
modern  Navy  ship  (CG47)  traveling  in  storm  sea 
conditions.  This  case  was  studied  before  using  the 
original  transient  Green’s  function  formulation 
(Engle,  et  al  1991;  and  Weems,  et  al  1998).  It  is 
now  tested  again  using  the  new  mixed  formulation  to 
study  the  robustness  of  the  code  for  body  with  large- 
amplitude  motions. 


Figure  15:  CG-47  AEGIS  Cruiser  in  Waves 


Figure  16:  Numerical  grid  for  the  CG-47  hull 

Figure  17  shows  a  comparison  of  LAMP-1  results 
and  experimental  measurements  for  a  two-minute 
real  time  record  of  this  ship  moving  at  10  knots  in 
storm  sea  conditions.  In  the  top  plot,  which  shows 
the  incident  wave  elevation  at  the  ship's  center  of 
gravity,  it  can  be  seen  that  the  maximum  wave 
height  in  this  record  reaches  about  55  ft  (16.8m).  The 
remaining  three  plots  show  heave  and  pitch  motions 
and  the  vertical  bending  moment  at  Frame  174  of  the 
model,  which  is  located  just  forward  of  the 
deckhouse.  Except  for  an  initial  transient  period  in 
the  calculation,  the  motion  comparisons  are 
excellent.  However,  comparison  for  the  sectional 
vertical  bending  moment  is  not  as  good.  These 
typical  results  show  how  linear  hydrodynamics  are 
adequate  for  predicting  head  seas  motion  but  under¬ 
predict  peak  wave  loads,  especially  near  maximum 
sagging  situations. 


1.3-9 


i  AA  /l 

Frame  174 

_ y\  A  A 

fV 

V 

Time  (sec.) 


Figure  17:  Computation  vs.  Experiment  for  CG- 
47  AEGIS  Cruiser  in  Head  Storm  Seas 


Again,  to  illustrate  the  importance  of  nonlinear 
geometry  and  hydrodynamics,  LAMP-2  results  are 
shown  in  Figure  18  for  the  sagging  peak  at  T=100 
seconds.  These  results  include  the  bending  moment 
components  at  both  the  wave  frequency  and  high 
frequency  whipping  responses  due  to  impact.  Near 
the  peak  of  the  sagging  moment,  not  only  the 
magnitude  of  the  moment  is  comparable,  but  the 
frequency  and  amplitude  of  the  calculated  whipping 
response  agree  well  with  the  experimental  results. 
The  whipping  responses  are  mainly  caused  by 
impact  on  the  bow  flare.  The  whipping  responses 
significantly  increase  the  total  bending  moment 
during  the  sagging  cycle.  Similar  results  can  be 
obtained  using  a  LAMP-4  computation,  indicating 
that  hydrostatic  and  incident  wave  effects  dominate 
these  vertical  loads. 

It  is  worthwhile  to  note  that  in  the  computation  is 
about  40  times  faster  using  the  mixed  formulation 
compared  than  using  the  original  transient  Green's 
function  approach.  This  is  due  to  the  fact  that  the 
matching  surface  is  remained  the  same  in  the  mixed 
formulation  while  the  body  is  performing  large- 
amplitude  motions.  Therefore,  the  memory  functions 
in  the  convolution  integral  do  not  have  to  be  re¬ 
evaluated  from  at  beginning  at  every  time  step. 


Time  (sec.) 


Figure  18:  Time  History  of  Vertical  Bending 
Moment  Comparison  of  CG-47  at  Frame  174 


Wave  Piercer  Hull  Form  Design 

The  LAMP  System  was  employed  recently  for  a 
“wave  piercer”  high-speed  hull  form  concept  under 
development  at  Bath  Iron  Works  (General 
Dynamics/Marine).  Because  of  the  unconventional 
“tumblehome”  hull  configuration,  there  was 
considerable  concern  about  operability  and  loads  in 
extreme  seas.  We  are  also  interested  in  the  ability  of 
current  computation  techniques  to  evaluate  the  ship’s 
seakeeping  performance.  A  view  of  the  hull  is  shown 
in  Figure  19.  In  addition  to  the  tumblehome  bow 
shape,  this  ship  has  very  long  overhanging  stem. 


Figure  19:  Conceptual  ‘‘Wave  Piercer”  Geometry 

To  address  these  concerns,  a  seakeeping  study  was 
performed,  including  both  model  tests  at  the  U.S. 
CD-NSWC  and  computational  analysis  with  the 
LAMP  System.  Computations  using  the  original 
transient  Green’s  function  approach  were  done  with 
special  treatment  of  the  panels  on  the  long 
overhanging  stem.  In  this  region,  the  intersection 
angle  of  the  hull  geometry  and  the  free  surface  is 
small.  Transient  Green’s  function  distribution  on 
panels  in  this  area  exhibits  highly  oscillatory 
behavior.  Contributions  from  some  of  the  panels 
have  to  be  removed  to  avoid  unrealistic  solution. 
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The  new  mixed  formulation  was  used  to  re-examine 
the  computation  of  this  ship.  It  was  found  that  the 
numerical  scheme  was  very  robust  and  results  were 
very  stable.  The  results  of  the  original  coinputation 
can  be  found  in  Weems  (1998).  The  computation 
results  using  the  new  method  are  not  reproduced  in 
this  paper. 

CONCLUSION 

A  new  mixed  source  formulation  is  presented  here 
for  solving  3-D  ffee-surface  ship  and  platform 
hydrodynamic  problems  in  the  time  domain.  In 
addition  to  computing  linear  and  nonlinear  ship 
motions  and  wave  loads,  the  new  method  can  also  be 
used  to  calculate  the  local  free  surface  elevation. 
Examples  presented  in  the  paper  demonstrate  the 
robustness  and  effectiveness  of  the  new  method 
especially  for  non- wall-sided  geometry.  Further 
validation  of  the  new  method  is  currently  ongoing. 
The  mixed  formulation  is  developed  in  the 
framework  of  the  LAMP  System  to  provide  a 
systematic  and  integrated  solution  for  practical 
application  to  ship  and  platform  design,  evaluation, 
and  assessment, 
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ABSTRACT 

A  method  is  presented  for  the  solution  of  nonlinear  wave-body  interactions.  The  exact  free-surface  boundary  con¬ 
ditions  are  solved  in  a  Zakharov  framework  with  surface  piercing  bodies  and  forward  speed  effects.  This  potential 
flow  problem  is  solved  by  a  high-order,  geometry-independent,  BEM  in  a  Rankine,  time-domain  approach.  Low 
and  high-order  acceleration  schemes  reduce  computational  CPU  time  and  memory  costs,  which  allows  the  method 
to  be  used  for  large,  complicated  structures. 


INTRODUCTION 

Ocean  structures  and  ships,  subject  to  extreme  wave 
events,  often  possess  complicated  geometry  and  dy¬ 
namics.  While  linear  wave  theory  is  sufficient  in 
many  cases,  a  solution  of  the  exact  free-surface  and 
body  boundary  conditions  is  necessary  for  some  prob¬ 
lems.  However,  most  current  implementations  of 
fully  nonlinear  theory  have  been  restricted  to  simple 
bodies.  Engineering  applications  that  require  local  ac¬ 
curacy  over  large,  complicated  geometries  motivates 
a  search  for  a  stable,  efficient  simulation  of  nonlinear 
seakeeping. 

A  high-order,  geometry-independent,  boundary  el¬ 
ement  method  (BEM)  combined  with  order-iV  accel¬ 
eration  offers  a  numerical  solution  with  the  necessary 
efficiency  and  accuracy.  Using  this  high-order  dis¬ 
cretization,  a  stable  method  results  for  a  Zakharov 
formulation  of  the  exact  free-surface  conditions.  Ac¬ 
celeration  algorithms  make  this  method  suitable  for 
complicated  free-surface  problems. 

This  fully  nonlinear  formulation  uses  the  linear 
Rankine  theory  introduced  in  [1]  and  [2].  Its  numer¬ 
ical  solution  adapts  the  high-order  BEM  of  [3]  to  the 
Rankine  approach.  Elements  are  placed  on  the  el¬ 
evated  free  surface  and  the  wetted  body  surface  to 
discretize  the  boundary-integral  form  of  the  Laplace 
equation. 

This  nonlinear  Zakharov  formulation  differs  from 
previous  work  that  used  a  spectral  representation  of 
the  free  surface  and  considered  only  submerged  bod¬ 
ies  [4].  Spectral  methods  are  difficult  to  extend  to  sur¬ 


face  piercing  bodies,  but  the  method  presented,  here 
allows  surface  piercing  bodies,  forward  speed,  and 
varying  degrees  of  nonlinearity  in  the  boundary  con¬ 
ditions.  This  last  feature  provides  a  convenient  frame¬ 
work  for  gauging  the  significance  of  different  nonlin- 
eaiities. 

Using  a  conventional  iterative  procedure  for  solv¬ 
ing  the  boundary-integral  equation,  this  method  is 
only  practical  for  simple  problems.  The  large  and 
complex  problems  contemplated  here  require  so- 
called  “fast”  algorithms  such  as  fast-multipole  or  pre¬ 
corrected  Fast  Fourier  Transform  (pFFT)  to  make  the 
potential  solution  tractable.  Based  on  the  fast  summa¬ 
tion  techniques  used  in  many-particle  problems,  these 
algorithms  were  first  combined  with  BEM  for  electro¬ 
static  analysis  [5]  [6].  Applied  to  BEM,  these  fast  or 
“acceleration”  algorithms  effectively  render  the  dense 
linear  systems  sparse.  An  imaccelerated  or  dense  so¬ 
lution  technique  requires  order-iV^  cost  to  set  up  and 
iteratively  solve  the  linear  system,  where  N  is  the 
number  of  unknowns.  Fast  algorithms  avoid  all  but 
an  order- JV  subset  of  the  system  setup  and  pFFT,  for 
instance,  only  requires  order-iVlog(iV)  effort  for  the 
solve.  Since  the  solution  of  the  boundary-integral 
equation  is  the  dominant  computational  cost  in  these 
free-surface  problems,  acceleration  allows  for  com¬ 
plicated  problems  to  be  solved  in  a  reasonable  time. 

An  example  of  a  large  structure  that  requires  an  ac¬ 
celerated  solution  is  seen  in  the  Mobile  Offshore  Base 
(MOB)  project.  At  over  a  mile  in  length,  the  base 
must  operate  and  survive  in  the  most  extreme  envi¬ 
ronments  in  any  ocean.  One  concept  for  this  float- 
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ing  air  and  sea  port  consists  of  five  connected  semi- 
submersibles.  This  large,  complicated  geometry  in¬ 
cludes  a  total  of  fifty  vertical  columns  and  ten  hori¬ 
zontal  pontoons.  Even  a  linearized  analysis  of  such  a 
structure  is  computationally  challenging  by  classical 
BEM.  However,  this  structure  has  been  analyzed  by 
apFFT  accelerated,  linear,  frequency  domain  method 
using  almost  100,000  boundary  elements  on  an  engi¬ 
neering  workstation  [7]. 

This  paper  first  presents  the  Zakharov  nonlin¬ 
ear  formulation  and  discusses  the  implementation  of 
the  high-order,  geometry-independent  BEM.  Stabil¬ 
ity  and  convergence  of  the  method  are  demonstrated 
for  a  simple  body  in  heave  and  surge  using  the  dense 
solution.  The  paper  then  describes  solution  accelera¬ 
tion  algorithms  for  a  low  and  high-order  BEM.  A  unit 
of  the  MOB  is  simulated  in  heave  in  order  to  demon¬ 
strate  the  computation  advantage  of  acceleration.  For¬ 
ward  speed  capabilities  are  also  demonstrated. 

The  intent  of  the  present  study  is  to  demonstrate  a 
method  that  is  stable,  convergent,  and  applicable  to 
complicated  problems. 

NONLINEAR,  TIME-DOMAIN  SIMULATION 

The  following  nonlinear,  time-domain  method  con¬ 
siders  three-dimensional  potential  flow  with  the  exact 
free-surface  and  body  boundary  conditions.  Surface 
tension  and  viscous  effects  are  not  included  and  the 
wave  elevation  is  assumed  to  be  single  valued.  There¬ 
fore,  wave  breaking  and  spray  are  not  considered. 

This  section  presents  the  Zakharov  nonlinear  for¬ 
mulation  of  the  problem  and  its  numerical  implemen¬ 
tation  using  the  high-order  boundary  elements  of  [8] 
and  [3].  The  Rankine  approach  for  discretizing  the 
boundary  value  problem  in  the  time-domain  follows 
the  linear  theory  introduced  by  [1]. 

Formulation 

The  Laplace  equation  governs  the  velocity  potential, 

=  0  in  V,  (1) 

in  the  fluid  volume,  V,  bounded  by  the  elevated  free 
surface,  Spit),  and  wetted  body  surfaces,  Ssit). 

The  exact  free-surface  conditions,  with  the  wave  el¬ 
evation,  assumed  to  be  single  valued,  are 

posed  in  the  inertial  frame.  Here  z  represents  the  ver¬ 
tical  direction  and  a  gravitational  constant,  p,  is  as¬ 
sumed.  A  kinematic  condition  defines  the  motion  of 
the  material  free  surface, 

(^  +  Vi^-V)[^:-C(a:,2/,t)]  =0,  on«  =  C,  (2) 


and  a  dynamic  condition  poses  a  constant  pressure  at 
the  air- water  interface, 

86  1 

= -pc- onz  =  C.  (3) 

In  existing  methods,  this  is  sometimes  linearized 
through  a  perturbation  expansion  for  small  wave  slope 
about  the  mean  free  surface,  z  =  0,  with  a  basis  flow 
such  as  free  stream  or  double-body.  In  the  present 
method  the  exact  free-surface  conditions  are  imposed 
on  the  instantaneous  free  surface  at  2  =  C- 

The  exact  “no-flux”  body-boundary  condition 
states  that  the  normal  derivative  of  the  velocity  po¬ 
tential  must  be  equal  to  the  normal  component  of  the 
body  velocity,  over  its  entire,  instantaneous  wetted 
surface, 

V0-n  =  V  -  n.  (4) 

This  boundary  condition  can  be  linearized  by  a  Tay¬ 
lor  expansion  about  the  mean  body  surface  below 
2;  =  0.  A  variant  called  the  body-nonlinear  formula¬ 
tion  uses  a  linearized  free  surface  condition  but  retains 
the  exact  body-boundary  condition  below  z  =  0.  In 
the  present  fully-nonlinear  formulation  the  exact  body 
boundary  conditions  are  imposed  up  to  the  waterline 
2itz  =  (  defined  by  the  exact  free  surface. 

The  body  velocity  is  specified  for  radiation  or 
diffraction  problems,  or  it  can  be  determined  by  solv¬ 
ing  the  equations  of  motion  for  the  body  according  to 
[9],  [10],  or  [11]. 

A  radiation  condition  closes  the  problem.  Radi¬ 
ated  and  scattered  waves  are  absorbed  by  a  numerical 
beach  [1]  [12]. 

Zakharov  nonlinear  free-surface  conditions 

The  exact  free  surface  conditions  (2)  and  (3)  are  ap¬ 
plied  in  a  Zakharov  framework  that  tracks  the  poten¬ 
tial  at  a  point  that  follows  the  free  surface.  This  dif¬ 
fers  from  the  Eulerian  frame,  fixed  at  a  point  in  the 
volume,  and  the  Lagrangian  frame,  that  tracks  mov¬ 
ing  fluid  particles.  The  frame  of  reference  defines  the 
partial  time  derivative  which  has  important  numerical 
implications. 

An  Eulerian  point  does  not  follow  the  moving  free 
surface.  At  one  moment  a  Eulerian  point  may  be 
above  the  free  surface  and  at  the  next  moment  it  may 
be  below.  The  numerical  extrapolation  needed  to 
evaluate  the  time  derivative  from  one  Eulerian  point 
to  another  can  lead  to  non-covergence  in  the  temporal 
integration. 

The  Lagrangian  point  that  follows  a  physical  fluid 
particle  has  a  numerically  consistent  expression  for 
the  time  derivative,  but  creates  other  difficulties  since 
particles  may  gather  at  stagnation  points  or  violate 
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Figure  1:  Snapshots  of  free  surface  and  wetted  body  geometry  for  a  heaving  cylinder  through  one  period.  The 
cylinder  has  a  radius,  a,  and  depth,  0.5a.  The  heave  period  is  T  y/gjd  =  4.  Vertical  scale  xlO. 


material  boundaries.  Regridding  to  compensate  for 
these  problems  leads  to  numerical  error.  This  was 
one  reason  that  the  Zakharov  formulation  was  cho¬ 
sen  over  the  Mixed  Eulerian-Lagrangian  approach 
of  [13].  Other  reasons  for  this  choice  include  the  nu¬ 
merical  stability  properties  of  MEL  schemes  and  a  de¬ 
sire  to  avoid  wave  breaking  in  the  simulation. 

The  Zakharov  formulation  allows  a  consistent 
treatment  of  the  time-derivative  in  the  free-surface 
conditions  without  violating  boundary  conditions 
since  mathematical  points  can  be  constrained.  This 
method,  using  a  parametric  representation  of  the  flow 
and  geometry,  can  track  points  that  lie  on  a  moving 
waterline,  for  instance. 

The  Zakharov  formulation  has  been  implemented 
previously  in  a  spectral  method  study  of  nonlin¬ 
ear  wave  interactions  for  periodic  free-surface  do¬ 
mains  [4].  This  method  was  extended  in  [14]  to  in¬ 
clude  a  submerged  sphere.  A  mixed  spectral/BEM 
for  general  submerged  bodies  was  presented  in  [15]. 
These  methods  all  posed  a  series  of  integral  equations 
about  the  mean  free  surface  through  a  Taylor  expan¬ 


sion  of  the  vertical  flux,  <t>z- 
The  re-formulation  of  the  exact  free-surface  condi¬ 
tions  (2)  (3)  begins  by  defining  a  surface  potential,  (p, 
on  the  moving  free  surface. 


ip{x,y,t)  =  (j>{x,y,C(,x,y,t),t).  (5) 


This  surface  potential  is  equivalent  to  the  volume  po¬ 
tential,  <j),  at  ie  instantaneous  position  of  the  free  sur¬ 
face.  Its  purpose  is  to  provide  a  mathematical  marker 
on  which  to  apply  the  boundary  conditions.  By  apply¬ 
ing  the  chain  rule,  the  Eulerian  time-derivative  of  the 
volume  potential  can  be  consistently  modified  for  the 
partial  time-derivative  that  tracks  the  moving  free  sur¬ 
face.  This  is  a  Gallilean  transform  of  the  free-surface 
conditions  moving  along  a  vertical  column: 


^  A 


(6) 


Since  the  surface  potential  contains  no  information 
about  the  vertical  velocity  of  the  fluid,  must  be 
retained  in  the  conditions.  Through  another  applica¬ 
tion  of  the  chain  rule,  this  leads  to  a  type  of  stretching 
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for  the  horizontal  gradient  of  the  surface  potential  that 
depends  on  the  local  wave  slope: 


(7) 


Here,  the  gradient  for  the  surface  potential  is  under¬ 
stood  to  mean  only  the  horizontal  components. 

At  this  point,  a  modification  to  the  Zakharov  for¬ 
mulation  is  offered  in  order  to  allow  for  surface  pierc¬ 
ing  bodies.  Except  for  heaving  wall-sided  bodies,  a 
vertical  column  cannot  be  defined.  Looking  down  on 
the  free  surface,  the  waterline  defines  a  “footprint” 
that  changes  shape  as  a  function  of  body  and  wave 
motion.  To  account  for  this,  a  horizontal  Gallilean 
transformation  is  applied. 

A  parametric  space  {u,v),  which  is  fixed  for  all 
time,  is  defined  for  the  body  and  ffee-surface  ge¬ 
ometry.  The  physical  motion  of  any  geometric 
point  in  parametric  space  is  defined  through  a  three- 
dimensional  mapping  that  is  a  function  of  time.  The 
waterline  intersection  of  the  body  and  fi*ee  surface 
are  always  fixed  in  parametric  space  even  though  the 
physical  waterline  and  its  footprint  may  vary.  Para¬ 
metric  space  provides  the  frame  of  reference  in  which 
to  pose  the  free-surface  conditions.  The  Zakharov 
surface  potential  tracks  the  vertical  motion  and  the 
Gallilean  transform  tracks  the  horizontal  motion  at 
parametric  points, 
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dx{u,v^t) 


Vip{u,v,t) 


(8) 


A  similar  horizontal  Gallilean  transformation  is 
applied  for  the  wave  elevation,  On  the  body, 
where  only  the  volume  potential  is  defined,  the  three- 
dimensional  transform  is  used  for  the  temporal  deriva¬ 
tive. 

Forward  speed  for  the  entire  domain  can  also  be 
included,  so  that  the  total  motion  for  the  frame  of  ref¬ 
erence  at  any  point,  is  now  (W  +  ^).  This 

forward  speed,  W,  is  imposed  uniformly  at  all  points. 
If  there  are  multiple  bodies  moving  in  different  direc¬ 
tions,  an  inertial  frame  of  reference  must  be  used  and 
all  forward  speed  effects  will  be  in  the  time-dependent 
part  of  the  transform. 

An  important  implication  of  this  horizontal  motion 
is  that  both  the  body  boundary  and  free-surface  con¬ 
ditions  are  imposed  consistently  the  waterline.  This 
consistency  means  that  three  sources  of  numerical  er¬ 
ror  are  avoided.  First,  there  is  no  accumulation  of  er¬ 
ror  in  the  time  derivative  that  can  occur  with  an  Eu- 
lerian  scheme,  where  errors  at  each  time-step  of  or¬ 
der  AT  summated  over  n  =  1/(AT)  time-steps  lead 


to  global  errors  of  order  1.  Second,  there  is  no  nu¬ 
merical  regridding.  This  can  occur  when  Lagrangian 
points  are  interpolated  or  extrapolated  to  new  posi¬ 
tions  to  compensate  for  particles  that  collect  in  areas 
of  high  spatial  gradients  or  artificially  pierce  the  body. 
Third,  the  free  surface  and  body  boundary  conditions 
are  both  satisfied  at  the  waterline.  The  importance 
of  numerically  imposing  both  these  conditions  is  dis¬ 
cussed  in  [16]. 

Another  consideration  that  must  be  addressed  is 
the  presence  of  a  waterline  singularity  in  the  poten¬ 
tial  flow  formulation  for  impulsive  body  motion  per¬ 
pendicular  to  the  free  surface  [17].  This  issue  will 
be  discussed  with  the  numerical  results  for  a  surging 
body  since  it  depends  on  a  combination  of  theoretical, 
numerical,  and  practical  considerations. 

The  filial  form  with  surface-piercing  bodies  and 
forward  speed  follows  for  the  kinematic  free-surface 
condition: 

[|-(^+^)-V]C  =  (l  +  VC-VC)9iz 

-Vip  ■  VC,  on  z  =  C,  (9) 
and  for  the  dynamic  ffee-surface  condition: 

[|_(T^/  +  |£).V]^  =  -5C-^V<^-V¥> 

+i(l  +  VC-VC)^^  on  z  =  C.  (10) 

Boundary-integral  equation 


The  boundary  value  problem  for  the  velocity  po¬ 
tential,  <j>,  is  recast  as  a  boundary-integral  equation 
through  Green’s  second  identity. 


2-K<j>{x)  -  Jj 


Sf  US’s 


d4){x') 

dn 


G{x'-,x)dx' 


SfOSb 


<P(x')^^^^dx'  =  0  (11) 


where  G(f';  x)  is  the  Rankine  source  potential, 

This  Green  function  is  the  fundamental  solution  of  the 
governing  equation  and  also  satisfies  a  vanishing  po¬ 
tential  condition  in  the  fluid  domain  far  from  any  bod¬ 
ies.  In  this  time-domain  formulation,  (11)  is  solved 
as  a  mixed  first-  and  second-kind  Fredholm  equa¬ 
tion.  On  the  body  boundary  the  Neumann  condition 
is  specified  by  (4),  On  the  free  surface  the  Dirichlet 
condition  is  specified  by  the  wave  potential  from  the 
temporal  integration  of  the  free-surface  conditions  (9) 
and  (10). 
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Numerical  Implementation 

At  each  time  instant  after  the  startup,  two  compu¬ 
tational  procedures  are  undertaken.  First,  the  free- 
surface  conditions  are  numerically  integrated  in  time 
and  then  the  boundary-integral  equation  for  the  poten¬ 
tial  is  satished. 

Before  startup,  initial  conditions  are  specified  for 
the  wave  elevation  and  potential.  Typically,  these  are 
assumed  to  be  trivial.  The  startup,  at  f  =  O'*",  is  im¬ 
pulsive  and  the  boundary  integral  equation  is  satisfied 
to  obtain  the  vertical  flux,  that  forces  the  evolution 
of  the  ffee-surface  waves. 

Temporal  integration 

The  numerical  integration  of  the  Zakharov  ffee- 
surface  conditions  uses  the  same  mixed  explicit- 
implicit  Euler  scheme  used  for  the  linear  problem  [1]. 
In  this  scheme  the  kinematic  free-surface  condition  is 
integrated  with  an  explicit  Euler  integration  and  the 
dynamic  free-surface  condition  is  integrated  with  an 
partially-implicit  Euler  integration.  A  higher-order 
variant,  a  mixed  Trapezoidal-Leapfrog  scheme,  could 
also  be  used.  These  schemes,  designed  through  an 
error  analysis  for  the  propagation  of  waves  over  a  dis¬ 
crete  firee  surface,  result  in  a  neutrally  stable  free  sur¬ 
face  evolution  that  has  no  numerical  dissipation. 

The  linear  terms  in  the  dynamic  condition  are  con¬ 
sidered  implicitly,  which  is  necessary  for  numerical 
stability.  Ihe  nonlinear  terms  are  treated  explicitly  in 
both  the  kinematic  and  dynamic  condition.  The  weak 
nonlinear  terms  do  not  seem  to  affect  numerical  sta¬ 
bility.  This  combination  of  implicit  linear  terms  and 
explicit  nonlinear  terms  is  referred  to  as  “partially- 
implicit”. 

The  temporM  integration  scheme  for  the  Zakharov 
formulation  is, 

C'>+i=C«  +  Af[(W^  +  ^)-VC” 

+(l  +  VC"-VC”)^J-Vv>"-VC’*],  (13) 

and 

_  f)Sn 

= 

A 

+^(1  +  VC”+^  •  (14) 

The  spatial  discretization  of  the  unknowns,  C> 
and  <j)zy  are  expressed  by  arbitrary-order  B-splines 
consistent  with  the  basis  functions  used  to  solve  the 
governing  boundary-integral  equation. 


High-order,  geometry-independent  BEM 

With  the  wave  potential  obtained  from  the  evolution 
of  the  free-surface  conditions  and  the  normal  flux  ob¬ 
tained  from  the  body  boundary  conditions,  satisfying 
the  governing  boundary-integral  equation  closes  the 
problem  for  the  present  time-step. 

This  mixed  Neumann-Dirichlet,  boundary-integral 
equation  is  solved  using  a  high-order,  geometry- 
independent  BEM.  The  main  feature  of  this  spatial 
discretization  is  the  independent  treatment  of  the  fluid 
flow  and  body  geometry  by  parametric  mappings. 
This  allows  for  a  consistent  formulation  at  the  mov¬ 
ing  waterline. 

The  method  is  geometry-independent.  Unlike  a  tra¬ 
ditional  panel  method  there  is  no  fixed  relation  be¬ 
tween  the  discretization  of  the  fluid  flow  and  the  body 
geometry.  The  velocity  potential  on  the  body  is  ex¬ 
pressed  as  a  collection  of  arbitrary-order  B-splines  in 
parametric  space, 

M+k-l  iV+fc-l 

<l>{u,v)=  E  ^mnBm{u)Bn{v),  (15) 

m=l  n=l 

where,  M,  N  are  the  number  of  high-order  elements 
in  either  direction,  k  is  the  order  of  the  B-spline,  ^mn 
are  the  spline  coefficients,  and  B  are  the  basis  func¬ 
tions  of  order  k.  Clamped  splines  are  used  to  improve 
numerical  conditioning.  On  the  free  surface,  the  wave 
elevation,  C,  and  normal  flux,  0^,  are  treated  as  sepa¬ 
rate  unknowns  using  this  B-spline  form. 

There  are  no  restrictions  on  the  representation  of 
body  geometries.  The  method  only  requires  a  map¬ 
ping  from  the  parametric  to  the  physical  space  from 
which  the  physical  coordinates,  normal  vector,  and 
Jacobian  can  be  obtained.  The  body  geometry  can 
be  expressed  analytically  or  numerically,  through  a 
library  of  shapes,  a  CAD  package,  or  by  a  set  of 
NURBS,  for  example.  One  advantage  of  this  ap¬ 
proach  is  that  accuracy  now  depends  upon  the  dis¬ 
cretization  of  the  flow  alone  which  facilitates  au¬ 
tomatic  convergence  and  error  control.  The  map¬ 
ping  automatically  defines  the  wetted  body  surface 
at  each  time  step  through  an  intermediate  Gordon- 
Coon’s  mapping  [18]  that  trims  the  complete  struc¬ 
ture.  This  geometry-independent  approach  is  not  used 
on  the  free  surface  since  the  the  B-spline  for  the  wave 
elevation,  C,  defines  the  wave  geometry. 

The  the  boundary-integral  equation  is  solved  with 
a  Galerkin  procedure.  While  the  Galerkin  method 
has  the  same  asymptotic  convergence  rate  as  collo¬ 
cation,  it  is  usually  more  accurate,  for  both  local  and 
global  error  metrics,  for  a  given  discretization.  In  cou¬ 
pling  this  hydrodynamic  simulation  to  structural  anal¬ 
ysis  programs,  for  instance,  the  ability  of  the  BEM  to 
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have  good  local  accuracy  on  geometries  that  match 
the  structure  is  very  important.  For  the  Rankine  ap¬ 
proach,  high-order  discretization  of  the  flow  is  impor¬ 
tant  for  numerical  stability. 

At  forward  speed,  a  low-pass  spatial  filter  (as  de¬ 
veloped  for  the  linear  formulation)  is  applied  to  elim¬ 
inate  spurious  grid-scale  waves  that  have  the  wrong 
group  velocity.  These  short  waves  are  not  unstable  in 
the  sense  of  the  sawtooth  waves  of  MEL  schemes  and 
only  need  to  be  spatially  filtered  once  every  50  to  100 
time  steps.  At  zero  speed,  filters  are  never  used. 

Truncated,  vertical  cylinder 

The  high-order  BEM  has  been  implemented  with  the 
unaccelerated  (dense)  solution  of  the  boundary  inte¬ 
gral  equation.  Both  the  linear  and  fully  nonlinear 
ffee-surface  conditions  are  applied  for  a  truncated, 
vertical  cylinder  forced  to  heave.  The  results  are 
non-dimensionalized  for  a  cylinder  of  radius,  a,  and 
draft,  rf/a  =  0.5.  For  this  simulation,  a  period  of 
=  4  and  heave  ampltitude  of  A/a  =  0.25 
was  chosen.  The  heave  ampltitude  is  the  maximum 
that  keeps  at  least  part  of  the  cylinder  wet  at  all  times. 
The  method  was  tested  to  insure  that  the  nonlinear  re¬ 
sults  approach  the  linear  results  in  the  limit  of  small 
wave  steepness. 

The  simulation  of  heave,  illustrated  by  the  wave 
pattern  snapshots  shown  in  Figure  1,  was  run  for  ten 
periods,  at  which  point  the  wave  pattern  reached  the 
beach.  A  large  domain  of  radius,  18a,  was  chosen  for 
this  simulation  to  illustrate  the  wave  pattern  in  the  far 
field.  Sensitivity  studies  showed  that  a  much  smaller 
domain  could  be  used  if  the  solution  were  required 
only  on  the  body. 

The  spatial  convergence  of  the  heave  force  for 
the  fully  nonlinear  radiation  problem  of  Figure  1  is 
demonstrated  by  the  left  plot  in  Figure  2.  Three  dis¬ 
cretizations  are  shown,  using  20  x  4, 30  x  6,  and  40  x  8, 
quadratic  B-spline  elements  on  the  free  surface.  The 
total  number  of  elements  on  the  body  and  free  surface 
are  112,  252,  and  448,  for  the  three  discretizations. 
The  time-step  for  each  of  these  runs,  At  s/g/a  =  0.1, 
was  chosen  through  a  temporal  convergence  study. 

The  right  plot  in  Figure  2  compares  the  fully  non¬ 
linear  results  with  the  linear  results  (linearized  free- 
surface  and  body  boundary  conditions).  The  nega¬ 
tive  shift  in  the  force  is  due  to  the  introduction  of  the 
quadratic  velocity  component  in  the  nonlinear  pres¬ 
sure.  This  will  occur  with  any  surface  piercing  body, 
but  for  submerged  bodies,  the  difference  in  quadratic 
pressure  between  top  and  bottom  surfaces  creates  a 
positive  suction  towards  the  free  surface. 

Local  quantities  often  converge  more  slowly  than 
integrated,  global  quantities.  While  the  heave  force 


is  graphically  converged  for  the  coarsest  mesh,  the 
wave  elevation  requires  a  finer  discretization.  Fig¬ 
ure  3  demonstrates  the  convergence  of  the  wave  eleva¬ 
tion  along  a  cut  on  the  positive  x-axis.  In  this  figure 
the  cylinder  waterline  is  at  x/a  =  1  with  three  dis¬ 
cretizations  for  the  nonlinear  free  surface.  Only  the 
converged  result  is  shown  for  the  linear  free  surface. 
On  the  left,  a  snapshot  of  the  wave  profile  was  taken 
after  two  periods.  This  illustrates  the  the  sensitivity  of 
the  local  solution  to  discretization  and  nonlinearity. 
The  nonlinear  heave  force  differs  from  the  linear  by 
about  10%  while  the  nonlinear  wave  elevation  at  the 
waterline  differs  from  the  linear  by  almost  100%.  The 
plot  on  the  right  shows  that  some  difference  persists 
between  the  linear  and  nonlinear  results  away  from 
the  body. 

Surge  motion  must  be  considered  carefully  since  it 
can  generate  a  singularity  in  the  potenitial  flow  so¬ 
lution  at  the  waterline.  The  the  cylinder  was  started 
impulsively  at  f  =  0  into  a  surge  oscillation  of  period, 
^ y/F/o>  =  4.  Figure  5  shows  the  vertical  flux  along 
the  x-axis  just  after  the  impulsive  startup  at  f  =  0*^. 
Before  the  startup  this  flux  was  zero  everywhere.  Fig¬ 
ure  4  examines  the  surge  nonlinear  wave  run-up  near 
the  cylinder  after  steady-state  has  been  achieved.  A 
domain  of  radius,  9a,  was  used. 

The  surging  cylinder  is  an  impulsive  response,  sim¬ 
ilar  to  the  moving  two-dimensional  wall  problem  [17] 
which  has  a  log-type  singularity.  This  singularity  may 
not  be  as  severe  in  for  the  three-dimensional  cylinder, 
but  this  is  open  to  question.  The  numerical  solution 
converges  at  some  distance  away  from  the  cylinder 
wall,  but,  at  the  wall  at  <  =  O"*",  there  appears  to 
be  a  singularity.  As  the  solution  progresses  and  the 
startup  transients  decay,  the  wave  elevation  run-up  be¬ 
comes  well  behaved.  This  failure  of  convergence  at 
the  startup  at  the  waterline  does  not  cause  the  method 
to  break  down. 

Energy  at  length  scales  that  are  too  small  for  the 
discretized  free  surface  to  resolve  are  aliased  into 
larger  waves.  In  this  particular  case,  the  energy  in 
the  singularity  is  not  significant  for  the  global  solution 
since  the  method  is  convergent  after  the  transients  de¬ 
cay  or  at  locations  away  from  the  waterline.  For  the 
local  problem,  experimental  validation  for  cases  such 
as  this  would  be  useful.  The  evidence  may  indicate 
that  waterline  models  for  viscosity  or  surface  tension, 
for  instance,  are  necessary  for  an  accurate  analysis  of 
wave  runup  for  impuslive  problems. 
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Figure  2;  Heave  force  for  a  cylinder  heaving  at  period,  =  4.  Spatial  convergence  of  the  nonlinear 

simulation  and  the  converged  linear  result 


Figure  3:  Wave  elevation  along  a  radial  cut;  a;/a  =  1  is  the  cylinder  wall.  Spatial  convergence  of  the  nonlinear 
simulation  and  the  converged  linear  result. 


Figure  4:  Nonlinear  wave  pattern,  vertical  scale  xlO,  and  elevation  contours  for  a  cylinder  surging  with  period 
T  ^/gja  —  4.  The  wetted  body  is  shown  with  half  the  free  surface  cut  away. 


Figure  5:  Vertical  flux  on  the  free  surface  at  f  =  0"^  along  a  radial  cut  for  the  surging  cylinder. 


SOLUTION  ACCELERATION 

The  Rankine  formulation  of  the  (possibly  nonlinear) 
ff  ee-surface  problem  may  be  considered  as  an  interior 
problem  regardless  of  whether  it  is  closed  by  material 
surfaces  as  in  a  wave-tank  simulation  or  by  beaches 
and  a  bottom  or  decay  condition.  Therefore  either  sur¬ 
face  or  volume  methods  are  appropriate  avenues  for 
solution.  Volume  methods  such  as  FEM  or  FD  may 
be  preferred  over  classical  BEM  as  their  discretiza¬ 
tions  lead  to  sparse  linear  systems  of  equations.  Con¬ 
sider  that  n  elements  are  needed  for  each  spatial  di¬ 
rection  to  resolve  the  geometry  and  wavelengths  in 
the  problem.  Then  the  computational  cost  of  solving 
a  volume  formulation  may  be  as  low  as  while  that 
of  solving  a  classical  BEM  formulation  will  be  order 
n®  as  the  resulting  linear  system  is  dense.  However 
BEM  acceleration  algorithms  effectively  sparsify  the 
dense  linear  systems  of  equations  usually  associated 
with  these  methods.  For  instance,  the  fast-multipole 
algorithms  have  order-iV  cost,  where  N  is  the  total 
number  of  unknowns.  .This  means  that  in  the  context 
of  the  above  example  their  cost  is  order  v? ;  that  is, 
lower  than  a  volume  method. 

The  pFFT  method  is  a  newer  sparsification  algo¬ 
rithm  that  is  particularly  attractive  for  hydrodynamic 
applications  as  it  retains  its  low  asymptotic  cost  even 
for  wavy  Green  functions,  which  is  not  true  of  fast- 
multipole  methods.  For  the  acceleration  of  prob¬ 
lems  using  the  Rankine  kernel  as  addressed  here,  ei¬ 
ther  method  is  suitable.  The  pFFT  method  may  be 
preferred  even  though  its  asymptotic  cost  is  order 
iVlogiV  for  cpu  time  expended  (it  is  order  N  for 
memory  allocated)  as  the  constant  factors  are  lower 
than  for  fast-multipole.  For  the  size  of  problem  con¬ 
sidered  here,  pJFFT  is  probably  more  efficient. 

The  pFFT  algorithm  has  been  implemented  to  ac¬ 
celerate  both  low-  and  high-order  BEM  formula¬ 
tions.  Experiments  were  conducted  accelerating  the 
high-order  element  discrete  form  directly  and  time- 
integrating  the  high-order  element  form,  while  solv¬ 
ing  the  Laplace  problem  at  each  time  step  with  a 
derivative  low-order  element  form.  The  explanation 
of  the  pFFT  algorithm  is  most  comprehensible  in  the 
low-order  element  context  so  that  approach  is  covered 
in  detail.  Then  a  discussion  is  provided  on  how  the 
algorithm  must  be  modified  to  handle  high-order  el¬ 
ements  and  results  from  the  two  approaches  are  con¬ 
trasted. 

Low-Order  Element  Algorithm 

Consider  the  common  and  straightforward  method 
for  solving  (11)  on  general  three-dimensional  struc¬ 
tures  by  discretizing  the  surface  5b  U  ‘S'jF’  with  N  pla- 


Figure  6:  2-D  representation  of  the  steps  of  the 
precorrected-FFT  algorithm.  For  the  triangular  ele¬ 
ment  at  the  upper  left,  its  influence  on  nearby  ele¬ 
ments  (any  in  the  grey  area)  is  computed  directly  and 
precorrected,  its  influence  on  distant  elements  is  com¬ 
puted  via  the  FFT  on  the  uniform  grid. 

nar  elements  upon  which  the  potential  and  its  nor¬ 
mal  derivative  are  taken  to  be  constant  and  enforcing 
the  discrete  equation  at  N  collocation  points,  usually 
taken  to  be  the  element  centroids.  Proceeding  in  this 
manner,  there  will  be  a  linear  equation  system  to  solve 

(16) 

in  which  g  is  a  column  vector  with  elements  <l>  and 
(pn,  depending  on  which  surface  the  element  is  on  and 
P  is  a  matrix  of  influence  coefficients  that  appear  as 
source  or  dipole  distributions  over  the  elements.  The 
vector  jDg,  then,  may  be  viewed  as  a  potential. 

If  equation  (16)  is  sufficiently  well  conditioned,  it 
may  be  solved  by  an  iterative  method,  such  as  GM- 
RES  [19],  with  order-JV^  cost.  The  order-iV^  cost 
arises  from  the  dense-matrix  fill  of  D  and  the  applica¬ 
tion  of  D  to  g*  (k  denoting  the  fc-th  iterate)  to  arrive 
at  a  solution. 

The  acceleration  of  the  solution  of  (16)  is  accom¬ 
plished  by  filling  only  an  order- JV  subset  of  D  and 
computing  the  application  of  D  to  g*  in  two  parts, 
that  is: 

=  DsparseQ^  “b  P/ar 

and  with  D sparse  an  order-iV  subset  of  D  and 
computed  by  an  approximate  technique.  This  tech¬ 
nique  relies  on  the  fact  that  in  the  computation  of  any 
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Pi  =  P^i^i)  the  singularity  distributions  on  any  ele¬ 
ments  sufficiently  far  from  Xi  can  be  accurately  rep¬ 
resented  by  a  small  set  of  point  singularities  and  that 
this  accuracy  may  be  increased  by  simply  increasing 
the  number  of  point  singularities  associated  with  any 
given  element.  The  details  of  the  algorithm  are  avail¬ 
able  in  [6],  but  an  overview  is  presented  in  Figure  6,  a 
schematic  of  the  steps  in  the  algorithm  to  compute  p* . 
Instead  of  computing  all  interactions  directly,  there  is 
a  series  of  steps  as  follows: 

Grid  set-up:  Overlay  the  problem  geometry  with 
a  uniform  right-parallelepiped  grid  and  sort  the 
low-order  elements  into  the  cells  formed  by  the 
grid.  The  nearby  elements  of  a  given  element  are 
those  elements  in  the  27  cells  that  share  a  vertex 
with  the  given  element’s  cell  Set  point  singular¬ 
ities  on  the  grid  at  at  least  the  cell  vertices  (grid- 
order  =  2),  or  at  half  the  spacing  of  the  vertices 
(grid-order  =  3),  etc,  as  desired  for  accuracy. 

Projection  operators:  Numerically  evaluate  the  op¬ 
erators  (one  for  each  cell  that  contains  elements) 
that  can  replace  the  set  of  element  singularity 
distributions  in  the  cell  with  an  equivalent  set  of 
point  singularities  on  the  grid.  These  are  matri¬ 
ces  deduced  from  a  collocation  problem  for  each 
cell  that  matches,  at  a  set  of  test  points,  the  po¬ 
tential  due  to  the  singularities  at  the  points  on 
the  grid  with  the  potential  due  to  the  singularity 
distributions  on  the  elements. 

Interpolation  operators:  Numerically  evaluate  the 
interpolation  operators.  These  are  essentially  the 
transpose  of  the  projection  operators,  although 
not  precisely,  because  the  interpolation  is  done 
to  collocation  points,  not  element  distributions. 

Direct  interaction  and  precorrection:  Directly 
compute  the  small  number  of  nearby  influences 
for  each  element  using  the  same  algorithms  that 
would  be  used  in  a  conventional  approach.  Use 
the  projection  operators,  the  Green  function, 
and  the  interpolation  operators  to  precompute 
and  subtract  from  these  nearby  influences  the 
grid-based  influences  for  these  same  nearby 
elements  that  will  be  included  inaccurately  when 
the  far  influences  are  added  from  the  potential 
interpolated  off  the  grid. 

Projection:  Project  the  element  singularity  distribu¬ 
tions  to  point  singularities  on  the  uniform  grid  by 
applying  the  projection  operators  to  the  element 
singularity  distributions. 

Convolution:  Compute  the  potentials  at  the  grid 
points  due  to  the  singularities  at  the  grid  points 


according  to  the  Green  function  (12)  by  FFT- 
accelerated  convolution  [20]. 

Interpolation:  Interpolate  the  grid  point  potentials 
onto  the  elements  by  applying  the  interpolation 
operators  to  the  grid  potentials  and  add  these  to 
the  precorrected  direct  influences. 

High-Order  Element  Algorithm 

In  the  high-order  element  method  B-spline  basis  func¬ 
tions  represent  the  solution  and  the  boundary  condi¬ 
tions  and  the  problem  is  to  determine  the  unknown 
coefficients.  The  support  of  the  basis  functions  over¬ 
laps  the  element  boundaries  and  this  lack  of  a  one-to- 
one  correspondance  between  unknowns  and  elements 
makes  the  determination  of  the  division  between  the 
near  and  far  influence  for  any  evaluation  point  more 
complex  and  more  costly. 

The  high-order  acceleration  algorithm  follows  the 
same  principal  steps  for  grid  calculations  as  the  low- 
order  method  with  some  qualifications  and  exten¬ 
sions.  All  quadrature  rules  on  the  elements  in  the 
far  field  must  be  independent  of  the  distance  to  the 
evaluation  point.  Hence,  the  domain  of  the  direct 
calculation  has  to  include  all  sufficiently  close  ele¬ 
ments  to  properly  characterize  the  singular  nature  of 
the  kernel.  Unlike  the  low-order  element  algorithm 
the  determination  of  the  close  elements  is  not  based 
on  neighbor  cells  as  this  would  impose  undue  con¬ 
straints  on  the  pFFT  grid  size,  rather  it  is  based  on 
a  grid-independent  radius  centered  at  each  high-order 
element.  In  the  far-field,  function  values  at  quadra¬ 
ture  points,  instead  of  element  density  values,  are  pro¬ 
jected  to  and  interpolated  from  the  EFT  grid.  It  should 
be  noted  that  the  order  of  the  interpolation  and  projec¬ 
tion  methods  must  be  consistent  with  the  degree  of  the 
basis  functions  to  retain  the  high-order  convergence 
rate. 

The  Galerkin  procedure  and  the  high-order  ele¬ 
ments  themselves  result  in  a  higher  cost  for  the  com¬ 
putation  of  D sparse-  For  this  case,  the  sparse  matrix 
associated  with  the  direct  calculations  tends  to  be  less 
sparse  than  for  low  order  because  the  support  of  a  ba¬ 
sis  function  extends  over  several  elements.  Moreover, 
locating  the  entries  in  this  sparse  matrix  is  more  ex¬ 
pensive  than  in  the  low-order  case  due  to  the  lack  of 
a  one-to-one  correspondance  of  entries  to  elements. 
Consequently,  compared  to  low  order,  the  construc¬ 
tion  of  the  sparse  matrix  for  the  direct  part  of  the  com¬ 
putation  is  more  expensive  at  high  order. 

A  benefit  of  near  and  far  sorting  of  any  sparsifi- 
cation  algorithm  is  that  an  effective  preconditioning 
strategy  for  BEM  is  natural.  The  overlapping  block 
preconditioner  of  [21]  is  implemented  in  the  high- 
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order  acceleration  method  and  has  proved  to  be  ef¬ 
fective,  although  like  the  direct  computations  it  is  ex¬ 
pensive  to  compute. 

Since  high-order  methods  are  more  efficient  than 
low  order  to  begin  with,  the  efficiency  gains  from  ac¬ 
celerating  them  are  less  dramatic  than  for  low  order, 
at  least  for  the  size  of  problem  shown  here. 

Low  vs.  High-Order  Acceleration 


Above:  432  low-order  elements 
Below:  48  high-order  elements 
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Figure  7:  Comparison  of  absolute  error  for  low-  and 
high-  order  acceleration  schemes  for  a  floating  sphere 
in  heave  at  f  =  O'*". 

There  are  three  issues  to  weigh  in  the  choice  of  low 
versus  high-order  BEM  schemes.  First,  there  is  a  bal¬ 
ance  in  the  local  accuracy  of  the  problem  at  any  in¬ 
stance  in  time.  Second,  iere  is  the  global  accuracy 
of  the  problem  as  it  progresses  in  time.  Global  ac¬ 
curacy  is  a  question  about  numerical  stability  when 
the  BEM  is  used  in  the  evolution  of  the  discrete  free 
surface.  These  first  two  issues  are  the  same  when  con¬ 
sidering  the  unaccelerated  solution.  The  third  issue  is 
computational  efficiency,  which  depends  upon  the  im¬ 
plementation  of  the  low  and  high-order  acceleration 
schemes. 


The  high-order  method  has  a  faster  convergence 
rate  and  better  local  accuracy  for  a  given  number  of 
elements,  but  this  is  offset  by  a  need  for  more  com¬ 
putations  per  element.  Numerical  experiments  have 
found  that  nine  low-order  elements  produced  a  com¬ 
parable  accuracy  to  one  quadratic  spline  element  for 
a  typical  free-surface  problem.  This  is  illustrated  in 
Figure  7,  which  compares  the  accelerated  solutions  to 
the  analytic  solution  for  a  floating  sphere  that  moves 
impulsively  in  heave  at  f  =  0.  The  maximum  local 
error  is  comparable  in  these  two  results. 

Global  accuracy  is  considered  through  numerical 
stability.  Linear  analysis  holds  that  a  low-order  (con¬ 
stant)  discretization  of  the  free  surface  cannot  produce 
a  neutrally  stable  integration  in  time.  Only  a  high- 
order  discretization  can  produce  a  stable  scheme. 
However,  for  the  present  study  a  hybrid  method  was 
developed  to  test  the  efficiency  of  the  low-order  accel¬ 
eration  scheme.  In  the  scheme,  the  free-surface  condi¬ 
tions  are  discretized  with  a  high-order  B-spline  while 
the  boundary-integral  equation  is  solved  by  low-order 
acceleration.  A  Galerkin  interpolation  is  used  to  pass 
the  solution  between  the  high-  and  low-order  dis¬ 
cretizations. 

This  hybrid  method  is  stable  for  the  linear  free  sur¬ 
face,  but  is  only  stable  for  the  nonlinear  free  surface 
with  submerged  bodies.  The  high-order  accelerated 
method  is  expected  to  be  stable  for  surface  piercing 
bodies  but  it  has  only  been  fully  implemented  for 
the  linear,  frequency-domain  problem  and  for  the  im¬ 
pulsive  startup  which  can  be  solved  with  Neumann 
conditions.  It  has  not  been  extended  to  the  mixed 
Neumann-Dirichlet  conditions  needed  for  the  nonlin¬ 
ear,  time-domain  problem  yet. 

In  this  study,  a  body-nonlinear  problem  for  a  MOB 
semi-submersible  and  a  fully-nonlinear  problem  of  a 
sub  moving  with  forward  speed  are  solved  using  the 
hybrid  scheme  to  demonstrate  the  advantages  of  ac¬ 
celeration. 


CPU  (sec) 

Memory  (MB) 

Low  dense 

11000 

3800 

Low  accel. 

400 

600 

High  dense 

3800 

200 

High  accel. 

200 

30 

Table  1:  Computational  time  and  memory  costs  for 
one  time-step  with  5,000  high-order  (quadratic)  ele¬ 
ments  or  50,000  low-order  (constant)  elements  on  a 
433Mhz  Alpha  workstation. 

As  an  example  of  the  capabilities  of  acceleration, 
a  generic  BEM  example  can  be  considered.  For  the 
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high-order  scheme,  estimates  of  computational  time 
and  memory  requirements  are  interpolated  from  the 
linear,  frequency-domain  problem.  The  costs  for  the 
dense,  low-order  solution  are  projections.  Table  1 
compares  5,000  high-order  elements  to  50,000  low- 
order  elements  which  can  be  considered  to  give  com¬ 
parable  accuracy.  This  is  the  number  of  elements  that 
would  produce  good  local  accuracy  for  a  typical  ship 
or  offshore  platform  problem  and  represents  the  time 
needed  for  each  time-step  in  a  simulation.  Typical 
simulations  range  from  100  to  1000  time-steps  de¬ 
pending  upon  the  application. 

Low-order  elements  tend  to  benefit  more  from  ac¬ 
celeration  than  high-order  elements  since  the  gains 
over  dense  methods  scale  as  order  N  and  N  is  larger 
using  low-order  elements.  Also,  the  high-order  accel¬ 
eration  scheme  has  a  higher  constant  factor  from  its 
implementation.  Even  so,  the  high-order  scheme  has 
some  advantages,  especially  in  memory  usage.  Com¬ 
putational  efficiency  and  the  need  for  numerical  sta¬ 
bility  dictate  that  the  high-order  scheme  is  preferred. 

Semi-Submersible 

A  260m  long  semi-submersible,  one  part  of  a  five  unit 
MOB  concept,  is  simulated  in  heave  using  the  body- 
nonlinear  simulation.  The  hybrid  high-order  free  sur¬ 
face,  low-order  acceleration  scheme  was  applied.  The 
linear  free-surface  condition  was  used  with  the  body- 
nonlinear  condition  since  the  hybrid  method  became 
unstable  using  the  fully  nonlinear  free  surface.  The 
body-nonlinear  simulation  requires  the  same  number 
of  boundary-integral  evaulations  as  the  fully  nonlin¬ 
ear  simulation  so  it  gives  an  indication  of  the  compu¬ 
tational  efficiency  to  be  gained  from  acceleration. 

The  steady-state  wave  pattern  is  illustrated  in  Fig¬ 
ure  8.  The  body  consists  of  sixteen  separate  B-spline 
patches  and  the  free  surface  has  twenty-three.  Even 
though  no  continuity  is  specified  between  free-surface 
patches,  the  boundary-integral  formulation  provides  a 
smooth  transition  across  their  boundaries.  This  260m 
semi-sub  is  heaving  at  a  period  of  6  seconds,  A  snap¬ 
shot  of  the  wave  pattern  was  taken  30  seconds  after  an 
impulsive  startup. 

Three  discretizations  were  run  for  this  structure  us¬ 
ing  roughly  17000,  36000,  and  63000  low-order  el¬ 
ements.  Tliis  corresponds  to  1900,  4000,  and  7000 
quadratic  elements  respectively.  No  planes  of  sym¬ 
metry  were  used  since  these  would  not  be  available  in 
the  nonlinear  diffraction  or  free  motion  simulations. 
The  wave  elevation  contours  converge  to  about  1%. 
Figure  9  shows  the  convergence  of  the  heave  force  for 
this  problem.  Convergence  is  better  for  this  global  in¬ 
tegrated  quantity  than  for  the  wave  elevation. 

The  fully  nonlinear,  dense  solution  was  run  for  the 


coarsest  discretization  for  less  than  one  period  and  did 
not  exhibit  signs  of  instability  It  was  not  run  longer 
or  run  with  a  finer  discretization  because  the  com¬ 
putational  cost  was  prohibitive.  For  the  finest  mesh 
with  a  30  second  simulation  time  (300  time- steps), 
the  total  computational  time  for  the  accelerated  so¬ 
lution  was  40  hours,  and  required  800  megabytes  of 
memory  on  a  433Mhz  Alpha  workstation.  For  this 
case,  the  direction  solution  with  low-order  elements 
would  require  1800  hours  (2.5  months)  and  7.5  giga¬ 
bytes  of  memory;  the  high-order  dense  solution  would 
require  600  hours  and  400  megabytes  of  memory.  The 
high-order  acceleration  scheme,  when  implemented, 
is  expected  to  reduce  the  memory  and  time  require¬ 
ments  even  farther  than  the  low-order  scheme  and  al¬ 
low  for  fully  nonlinear  free-surface  computations.  For 
the  fine  iriesh,  it  would  require  only  20  hours  of  com¬ 
putation  time  and  less  than  50  megabytes  of  memory. 

Submarine  With  Forward  Speed 

For  fully  submerged  bodies,  the  hybrid  method 
proved  to  be  stable  at  forward  speed  with  the  spatial 
filtering  adapted  from  linear  theory. 

Figure  10  shows  a  steady-state  wave  pattern  from 
the  nonlinear  simulation  for  a  sub  travelling  at  a 
Froude  number  of  17/ =  0.3,  where  U  is  the  for¬ 
ward  speed  and  L  is  the  length  overall.  The  vertical 
scale  has  been  magnified  by  a  factor  of  ten  to  high¬ 
light  the  wave  elevation,  but  the  scale  of  the  sub  has 
been  not  been  magnified.  Its  depicted  depth  of  sub¬ 
mergence  is  also  not  to  scale.  Its  centerline  is  1.6  hull 
radii  below  the  mean  free  surface. 

Figure  1 1  shows  the  wave  elevation  at  a  cut  along 
the  axis  of  travel  centered  on  the  sub.  There  is  rel¬ 
atively  little  difference  between  the  linear  and  non¬ 
linear  wave  elevations.  For  surface  piercing  ships, 
the  difference  is  expected  to  be  larger.  However,  the 
differences  in  the  linear  and  nonlinear  resistance  is 
quite  significant.  The  linearized  calculation  used  the 
Kelvin,  free  stream,  basis  flow.  A  linearization  that 
uses  the  double-body  flow  may  have  a  much  better 
agreement  with  the  nonlinear  results.  The  Kelvin 
model  contains  no  component  of  the  quadratic  pres¬ 
sure,  which  is  known  to  be  important  in  wave  resis¬ 
tance  studies. 

The  point  of  this  nonlinear  study  is  not  to  demon¬ 
strate  nonlinear  effects,  but  to  prove  that  the  numer¬ 
ical  solution  is  convergent  and  can  be  obtained  at  a 
reasonable  computational  cost. 
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Figure  8:  Body-nonlinear  wave  pattern  and  wave  elevation  contours  for  a  MOB  semi-sub  heaving  at  period,  T  =  6 
sec.  Vertical  scale  x2. 


Figure  9:  Convergence  of  heave  force  for  a  MOB  semi-sub  in  heave  motion. 


Figure  10:  Nonlinear  steady  wave  pattern  for  a  submarine  travelling  at  Froude  number  Ul\/^  =  0.3.  Vertical 
scale  xlO. 


Figure  11:  Linear  and  nonlinear  Wave  Elevation  cut  along  axis  of  motion  centered  above  sub  (left  plot),  and 
convergence  of  Wave  Resistance  after  impulsive  startup  for  Froude  number,  0.3  (right  plot).  The  sub  spans  (bow 
to  stem),  x/L  =  0.5  to  x/L  =  —0.5 


CONCLUSION 


REFERENCES 


A  nonlinear,  time-domain,  free-surface  BEM  has 
been  developed  using  a  dense  solution,  of  the 
boundary-integral  formulation  that  is  numericaHy 
stable.  A  semi-Lagrangian  Zakharov  formulation 
avoids  some  of  the  reported  difficulties  of  the  Mixed 
Eulerian-Lagrangian  schemes  and  considers  both  sur¬ 
face  piercing  bodies  and  forward  speed  effects.  The 
high-order,  geometry-independant  implementation  is 
accurate  and  well-suited  for  use  with  structural  anal¬ 
ysis  or  other  physical  models.  However,  the  dense  so¬ 
lution  can  only  be  applied  to  simple  bodies  such  as  a 
floating  cylinder  for  a  reasonable  computational  cost. 

Acceleration  was  added  to  the  BEM  to  make  it 
practical  for  large,  complicated  geometries  such  as 
ships  and  offshore  structures.  An  existing  low-order 
acceleration  scheme  has  been  added  to  the  high-order 
free-surface  discretization  in  a  hybrid  scheme  and 
work  has  begun  on  implementing  an  existing  high- 
order  acceleration  procedure. 

For  these  realistic  problems,  acceleration  can  offer 
decreases  of  up  to  two  orders  in  magnitude  in  CPU 
time  and  memory  requirements.  More  importantly, 
larger  problems  can  be  solved,  up  to  150,000  high- 
order  elements  with  one  gigabyte  of  memory. 

This  initial  work  has  proven  that  the  presented 
BEM  is  convergent  and  efficient  for  nonlinear  radia¬ 
tion,  but  it  requires  further  validation.  By  identifying 
some  strongly  nonlinear  effects,  appropriate  experi¬ 
mental  validation  studies  can  be  chosen.  After  this 
validation  and  the  implementation  of  the  high-order 
acceleration  scheme,  the  BEM  will  be  a  good  can¬ 
didate  for  nonlinear  seakeeping  studies.  To  address 
seakeeping,  the  nonlinear  diffraction  and  free  motion 
problems  must  be  solved  for  open  ocean  conditions. 
The  nonlinear  incident  waves  and  computational  do¬ 
main  of  [11]  or  the  wave-generating  singularities  of 
[22]  offer  some  direction  towards  this  goal. 

Some  possible  applications  for  a  nonlinear  sea¬ 
keeping  method  include  the  analysis  of  structural 
loads,  wave  run-up,  wave  and  added  resistance,  slam¬ 
ming,  and  transom  stem  and  lifting  effects.  This 
method  may  also  be  suitable  for  coupling  to  near- 
body  viscous  solvers. 

ACKNOWLEDGEMENTS 

This  work  is  supported  by  ONR  Grant  N00014- 
97-1-0827,  under  the  direction  of  NFESC;  and  by 
the  industry  consortium:  Numerical  Analysis  of 
Wave  Loads  on  Offshore  Structures,  with  partic¬ 
ipants:  Chevron,  DNV-Software,  Exxon,  Mobil, 
Norsk-Hydro,  NSWC-CD,  OTRC,  Petrobras,  Saga, 
Shell,  and  Statoil. 


1.  Nakos,  D.  E.,  Kring,  D.  E.  and  Sclavounos, 

P.  D.  “Rankine  panel  methods  for  time-domain  free 
surface  flows,”  6th  Int.  Conf.  on  Numerical  Ship 
Hydrodynamics,  Iowa  City,  1993. 

2.  Sclavounos,  P.  D.,  Kring,  D.  C.,  Huang,  Y., 
Mantzaris,  D.  A.,  Kim,  S.  and  Kim,  Y.,  “A  ship  flow 
computational  method  as  an  advanced  cfd  tool  of  de¬ 
sign,”  SNAME  Transactions,  1997. 

S.Danmeier,  D.  G.,  A  higher-order  panel 
method  for  large-amplitude  simulations  of  bodies  in 
waves.  PhD  thesis,  Massachusetts  Institute  of  Tech¬ 
nology,  Cambridge,  1994. 

4.  Dommermuth,  D.  G.  and  Yue,  D.  K.  P., 
“A  high-order  spectral  method  for  nonlinear  gravity 
waves,”  J.  Fluid  Mechanics,  Vol.  184, 1987,  pp.  267— 
288. 

5.  Nabors,  K.,  Korsmeyer,  F.  T.,  Leighton,  F.  T. 
and  White,  J.,  “Preconditioned,  adaptive,  multipole- 
accelerated  iterative  methods  for  three-dimensional 
first-kind  integral  equations  of  potential  theory,” 
SIAM  J.  Sci.  Comp.,  Vol.  15,  No.  3,  1994,  pp.  713- 
735. 

6.  Phillips,  J.  R.  and  White,  J.  K.,  “A 
precorrected-FFT  method  for  electrostatic  analysis 
of  complicated  3-d  structures,”  IEEE  Trans,  on 
Computer-Aided  Design,  Vol.  16,  No.  10,  1997, 
pp.  1059-1072. 

7.  Korsmeyer,  T.,  Klemas,  T.,  Phillips,  J.  and 
White,  J.  “Fast  hydrodynamic  analysis  of  large  off¬ 
shore  structures,”  ISOPE*99,  Brest,  1999. 

8.  Maniar,  Hiren  Dayalal,  A  three  dimensional 
higher  order  panel  method  based  on  b-splines.  PhD 
thesis,  Massachusetts  Institute  of  Technology,  Cam¬ 
bridge,  MA,  1995. 

9.  Kring,  D.  C.  and  Sclavounos,  P.  D.,  “Numer¬ 
ical  stability  analysis  for  time-domain  ship  motion 
simulations,”  J.  Ship  Research,  Vol.  39,  No.  4, 1995, 
pp.  313-320. 

10.  Beck,  R.  F.,  Cao,  Y.  and  Lee,  T.-H.  “Fully 
nonlinear  water  wave  computations  using  the  desin- 
gularized  method,”  6th  Int.  Conf.  on  Numerical  Ship 
Hydrodynamics,  Iowa  City,  1993. 

11. Ferrant,  Pierre  “Simulation  of  strongly  non¬ 
linear  wave  generation  and  wave-body  interactions 
using  a  3D  MEL  model,”  Proceedings  of  the  21st 
Symposium  on  Naval  Hydrodynamics,  Trondheim, 
Norway,  Jun  1996,  pp.  226-241 . 

12.  Cointe,  R.,  “Nonlinear  simulations  of  tran¬ 
sient  free  surface  flows,”  5th  Inti.  Conf.  on 
Numerical  Ship  Hydrodynamics,  1989. 

13.  Longuet-Higgins,  M.  S.  and  Cokelet,  E.  D., 


1.4-15 


‘The  deformation  of  steep  surface  waves  on  water” 
Proc.  Roy.  Soc.,  Vol.  Series  A,  350, 1976,  pp.  1-26. 

14.  Liu,  Y.,  Dommermuth,  D.  G.  and  Yue,  D. 
K.  R,  “A  high-order  spectral  method  for  nonlin¬ 
ear  wave-body  interactions,”  J.  Fluid  Mechanics, 
Vol.  245, 1992,  pp.  115-136. 

15.  Thomas,  Gregory  Robert,  A  combined 
high-order  spectral  and  boundary  integral  equation 
method  for  modeling  wave  interactions  with 
submerged  bodies.  PhD  thesis,  Massachusetts 
Institute  of  Technology,  Cambridge,  MA,  1996. 

16.  Raven,  H.  C.,  “Nonlinear  ship  wave  calcula¬ 
tions  using  the  RAPID  method,”  6th  Inti.  Conf.  on 
Numerical  Ship  Hydrodynamics,  1993. 

17.  Roberts,  A.  J.,  ‘Transient  free  surface  flows 
generated  by  a  moving  vertical  plate,”  J.  Mech.  Appl. 
Math.,  Vol.  40, 1986,  pp.  129-158. 

18.  Gordon,  W.  J.,  “Blending  function  methods  of 
bivariate  and  multivariate  interpolation  and  approxi¬ 
mation,”  Siam  J.  Num.  Anal.,  August  1971. 

19.  Saad,  Y.  and  Schultz,  M.  H.,  “GMRES:  A 
generalized  minimal  residual  algorithm  for  solving 
nonsymmetric  linear  systems,”  SIAM  J.  Sci.  Stat. 
Comp.,  Vol.  7,  No.  3,  July  1986,  pp.  856-869. 

20.  Van  Loan,  C.,  Computational  Frameworks 
for  the  Fast  Fourier  Transform,  SIAM,  Philadelphia, 
1992. 

21.  Vavasis,  S,  A.,  “Preconditioning  for  bound¬ 
ary  integral  equations,”  SIAM  Journal  of  Matrix 
Analysis  and  Applications,  Vol.  13,  No.  3,  July  1992, 
pp.  905-925. 

22.  Clement,  A.  ‘The  spinning  diople:  an  effi¬ 
cient  unsymmetrical  numerical  wavemaker,”  14th 
Inti.  Workshop  on  Water  Waves  and  Floating  Bodies, 
Port  Huron,  Michigan,  1999. 


1.4-16 


FREE  SURFACE  VISCOUS 

FLOWS 

Chairmen  :  T.Hino,  F.Noblesse. 


NUMERICAL  SIMULATION  OF  SHIP  FLOW  IN  RESTRICTED  WATER 


R  Bet^  N.  Stuntz^,  D.  Hanel^  S.D.  Sharma^ 

^Institute  of  Combustion  an  Gasdynamics;  ^Institute  of  Ship  Technology 
Gerhard-Mercator-University  Duisburg,  D-47048  Duisburg,  Germany 


ABSTRACT 


The  paper  presents  a  numerical  solution  method  for  the  three-dimensional  Euler  and  Navier-Stokes  equations  for 
the  prediction  of  ship  flow  in  unbounded  and  restricted  water.  A  Finite  Volume  discretisation  is  applied  to  body 
conform,  structured  grids  with  a  level-set  method  for  tracking  the  free  surface. 

The  algorithm  is  based  on  the  concept  of  artificial  compressibility  which  enables  the  application  of  efficient  al¬ 
gorithms  originally  developed  for  compressible  flows.  The  integration  in  time  is  accomplished  by  an  explicit 
Runge-Kutta  multi-stage  time  stepping  scheme. 


INTRODUCTION 

A  task  of  major  concern  in  the  field  of  ship  hydrody¬ 
namics  is  the  accurate  calculation  of  the  drag  forces 
of  a  ship  and  its  characteristic  features  of  propulsion, 
to  make  obligatory  predictions  of  these  characteris¬ 
tics  in  the  state  of  project.  Due  to  the  high  complexity 
of  the  real  flow  around  a  ship’s  body  and  due  to  the 
interaction  of  the  ship  and  the  moving  water  surface 
one  still  depends  on  small-scale  experiments  in  water 
channels.  Maintaining  the  Froude-similarity  in  exper¬ 
imental  setups  leads  generally  to  a  violation  of  the 
Reynolds-similarity.  Thus  the  experimental  results 
are  generally  not  similar.  The  traditional  decompo¬ 
sition  of  the  total  drag  into  two  independent  parts  due 
to  waves  and  friction  is  physically  inadequate  due  to 
the  correlations  between  waves  and  the  viscous  flow 
around  the  ship.  In  addition,  the  empirical  correc¬ 
tion  of  friction  in  shallow  water  commonly  used  is 
too  inaccurate  to  transfer  solution  from  the  model  to 
the  real-scale  prototype. 

The  present  work  intends  to  overcome  the  weak¬ 
nesses  of  small-scale  experiments  (high  costs,  time 
consuming,influence  of  scale)  by  the  determination  of 
a  most  possible  commonly  valid  theoretical  solution 
using  means  of  modem  computational  fluid  dynamics 
(CFD). 

Our  interest  is  directed  to  the  development  of  ef¬ 
ficient  and  accurate  algorithms  for  the  incompress¬ 
ible  Navier-Stokes  equations  with  applications  to  flow 
around  ships  in  restricted  water.  The  algorithmic  de¬ 


velopment  is  based  on  previous  experiences  with  the 
artificial  compressibility  concept  [1]  and  on  multi¬ 
grid  acceleration  [2].  The  numerical  formulation  of 
free  surfaces  influences  remarkably  the  accuracy  and 
efficiency  of  the  computation.  Several  attempts  exist; 
a  review  about  them  is  given  by  e.g.  Mijata  [3]. 

In  the  following  the  solution  method  and  some  com- 
putional  relults  will  be  presented. 

METHOD  OF  SOLUTION 


The  governing  equations  are  the  Navier-Stokes  equa¬ 
tions  for  an  incompressible  fluid  influenced  by  grav¬ 
ity.  Normalised  by  the  length  of  the  body  L,  the 
undisturbed  flow  velocity  U,  the  fluid  density  p,  and 
viscosity  z/,  the  equations  can  be  written  as  follows: 


du  dv  dw 
dy’^  dz 


(1) 


du  duu  dvu  dwu  ,  1 

dt  dx  dy  dz  dx  Re 

dv  duv  dvv  dwv  dp  1  ^ 

dw  duw  dvw  dww  dp  1  ^  ... 


with  p  denoting  the  total  pressure,  which  consists  of 
a  static  part  (ps)  and  a  geodetic  part,  both  normalised 


with  p  • 


(5) 
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where  y  is  the  coordinate  in  direction  of  gravity. 

The  Froude  number  based  on  the  reference  value  is 
defined  as  Fn  =  U/y/^,  and  the  corresponding 
Reynolds  number  is  Re  =  UL/u  where  u  represents 
the  kinematic  viscosity  of  water. 

The  viscous  terms  a  are  defined  as  follows: 
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The  equations  are  transformed  to  general  coordinates 
as  sketched  in  figure  1: 

^  =  'nix.y.z),  C{x,y,z) 
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(^xxCx  “b  O'xyCy  "b  CxzCz 
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with 


^  +  V^y  + 

y  =  UTjx  +  VT)y  +  WT}z 

W  =xuCx+  V(y  +  wCz 

The  metric  factors  are  defined  as: 


and  are  discretized  by  a  finite-volume  method  in  a 
node-centred  airangement  on  block-structured  curvi¬ 
linear  grids. 

The  transformed  equations  can  be  written  as: 


^  ^  ^  ^ 

dt  d^  ^  dr]  dC 

where: 
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Figure  1 :  Discrete  Control  Volume  and  Co¬ 
ordinate  System 


^x=J  (y77«<  -  y^z,,)  Vx  =  J  [ziVc  -  z^y^) 
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and  with  the  Jacobian  determinante: 

J-^  =  x^  {y„ZQ  -  yt^Zr,)  +  Xr,  {z^y^  -  z^y{)  + 

(y«2i,  -  z^y,,) 

Concept  of  Artificial  Compressibility 

The  pressure  in  a  rigourous  incompressible  flow  acts 
like  a  relaxation  parameter  to  satisfy  the  continuity 
equation  V  •  v  =  0. 

A  possible  way  to  determine  the  pressure  field  is  the 
coupling  of  mass  and  momentum  equations  by  the 
concept  of  artificial  compressibility  in  analogy  of  the 
compressible  flow  [4].  This  is  applied  here  based  on 
previous  computations  in  [5]  for  steady  and  unsteady 
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incompressible  flows. 

The  original  continuity  equation  (1)  is  modified  by 
adding  an  artificial  time  derivative  of  pressure  repre¬ 
senting  the  artificial  compressibility: 


where  ^  acts  as  a  compressibility  parameter. 
Equation  (7)  can  be  deduced  from  the  continuity 
equation  for  compressible  fluids,  by  using  the  equa¬ 
tion  of  state: 


p  =  0^p 


(8) 


The  modified  inviscid  system  of  partial  differential 
equations  reads  now: 
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with: 
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The  system  is  of  hyperbolic  type,  in  analogy  to  the 
compressible  case.  Its  eigenvalues  in  the  $  —  f  plane 
are  e.g.: 

Aa  =  ^  A2  =  ^  A3  =  U'-f-c  A4  =  i7-c(10) 


The  value  of  c  is  given  by: 


+  +  (11) 

A  comparison  with  the  eigenvalue  of  the  Euler  equa¬ 
tions  for  a  compressible  fluid  shows  that  c  corre¬ 
sponds  to  an  artificial  speed  of  sound. 

In  analogy  to  the  compressible  case,  an  artificial 
Mach-number  can  be  defined  by  the  relation  of  the 
flow  velocity  to  the  artificial  speed  of  sound: 


Mak  = 


U 

c 


_ U _ 

(^>0) 


<  1 
(12) 


Small  disturbances  in  pressure  propagate  in  an  in¬ 
compressible  fluid  with  infinite  velocity.  The  artifi¬ 
cial  compressibility  limits  the  propagation  speed  and 


in  contrast  to  an  incompressible  fluid,  the  effects  of 
disturbances  will  be  delayed.  The  degree  of  delay 
depends  on  the  value  of  J3.  For  yS  >  0  the  pseudo- 
compressible  flow  is  comparable  to  subsonic  flows. 
The  solution  of  the  system  with  modified  continuity 
equation  is  unphysical  for  transient  flows  but  how¬ 
ever,  at  steady-state  the  time-derivative  ^  vanishes 
and  the  original  continuity  equation  for  incompress¬ 
ible  fluids  will  be  remained. 

The  propagation  speed  of  a  pressure  wave  in  a 
pseudo-compressible  flow  is  influenced  considerably 
by  the  selection  of  the  parameter  An  increase  of  the 
parameter  /3  results  in  a  disturbance  spreading  faster 
into  the  zone  of  flow,  and  the  solution  will  approach 
more  closely  to  the  solution  of  a  completely  incom¬ 
pressible  flow. 

Thus  the  selection  of  a  suitable  value  for  p  is  subject 
to  certain  restrictions.  An  upper  boundary  can  be  cal¬ 
culated  from  the  relation  K  between  the  maximum 
and  the  minimum  eigenvalue  of  the  differential  equa¬ 
tion  system: 


u-j- 
u  — 


(13) 


In  the  literature  different  models  exist,  where  the 
value  of  yS  is  assumed  to  be  proportionally  to  the  local 
flow  velocity  [6],  [7]: 

=7-max[(u^ (14) 

where  the  parameter  7  is  a  factor  of  the  order  of  mag¬ 
nitude  1. 

The  value  for  ^  received  from  equation  (14)  is  a  local 
variable.  This  can  lead  to  difficulties  in  convergence 
since  the  flow  rate  can  become  locally  very  large  and 
thus  the  parameter  p  also  increases. 

A  reasonable  lower  boundary  for  /?  can  be  estimated 
from  the  condition  that  artificial  pressure  waves  prop¬ 
agate  faster  than  the  viscous  effects. 

Suitable  values  for  yS  lay  between  0.4  and  2.0  depend¬ 
ing  on  the  flow  problem  exaimed  in  the  context  of  this 
word.  Figure  2  shows  the  convergence  behaviour  of  a 
two  dimensional  laminar  boundary  layer  flow  at  dif¬ 
ferent  values  of  the  parameter 


Numerical  Flux  Discretisation 

The  similarity  of  the  modified  system  equations  (9) 
to  a  system  for  subsonic  flow  enables  the  construc¬ 
tion  of  numerical  fluxes  corresponding  to  well  proved 
shock-capturing  schemes  developed  for  compressible 
flow.  Therefore  several  upwind  formulations  of  the 
artificial  compressibility  concept  were  derived  and 


2.1-3 


Treatment  of  Free  Surface 
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Figure  2:  Comparison  of  the  convergence  behaviour 
of  the  solution  procedure  at  differently  values  of  the 
parmeter 


The  free  surface  corresponds  to  the  phase  boundary 
between  water  and  air  which  is  moving  according  to 
the  flow  velocity  v. 

The  free  surface  can  be  defined  by  isolines  of  a  func¬ 
tion  tp{x,y,z,t)  =  -00  =  0.  The  total  differential 
of  this  function  yields  to  the  transport  equation  of  the 
position  of  the  surface  which  satisfies  the  kinematic 
condition  at  the  surface: 


d'l})  dip  dip  dip 


(15) 


The  dynamic  condition  describes  the  continuity  of 
stress  across  the  phase  boundary.  Neglecting  the  vis¬ 
cous  terms  at  the  surface  and  the  surface  tension  the 
dynamic  condition  reduces  to  the  condition  of  con¬ 
stant  pressure  normal  to  the  interphase 


tested  in  previous  studies,  like  AUSM  splitting,  flux- 
vector  splitting  or  Roe  splitting.  Among  them,  Roe’s 
flux-difference-splitting  has  found  to  be  well  suited  to 
achieve  a  close  coupling  between  the  continuity  and 
momentum  equations.  The  flux  splitting  is  derived 
from  a  diagonal  transformation  of  the  flux  Jacobian 
matricies  (for  example  in  the  ^  direction) 


P{‘<Poix,y,Z,t))  =pa 

where  pa  is  the  atmospheric  pressure.  The  boundary 
condition  of  the  total  pressure  reads  now: 

P  =  +  ^  (16) 


A  =  ^  =  R  •  A  •  R-^ 


The  combination  of  equation  (15)  with  the  system  (6) 
leads  to  the  following  system  of  equations: 
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.  . 

,E  = 

* 

.  Vtp  . 

A  =  diag.  (u,  U,U  +  c,U-^ 
in 


~ 

F  = 

.  . 

,G  = 

.  Wil>  . 

A  =  A+-f-A' 

An  efficient  variant  of  the  Roe  splitting  at  a  cell  inter¬ 
face  i  +  I  is  used  in  the  form 

^  (Qi+1/2)  (Oi+1/2  “  Ci+1/2) 
if  >  0 

^i-l-1/2  =  -^i+1/2  (Qt+l/2  “  Qt+1/2) 

li  IJ<0 


The  additional  equation  for  ip  has  no  influence  on  the 
eigenvalues  A1...4  (10)  of  the  system.  Just  a  further 
eigenvalue  Xs  =U  was  introduced. 

The  function  ip{x,y,z)  divides  the  integrational  do¬ 
main  into  three  sections  as  shown  in  Figure  3. 

Ip  >  0  Air 
<0  =  0  — >  Surface 
Ip  <  0  -¥  Water 

The  initial  condition  for  ip  is  chosen  as: 


where  (Q)  =  R  •  •  R“^  is  the  Jacobian  matrix 

build  with  its  positive  and  negative  eigenvalues,  re¬ 
spectively  which  are  formed  with  the  averaged  quan¬ 
tities  Q  =  (Q“^+0”’)i+i/2-  A MUSQL extrapolation 
is  used  for  the  left  and  right  extrapolated  values 
to  achieve  second  order  accuracy. 


with  yij^k  and  ho  being  the  distance  of  each  point 
to  the  undisturbed  free  surface  and  its  height  respec¬ 
tively. 

The  new  position  of  the  free  surface  is  calculated  by 
linear  interpolation  of  ipi,j,k  after  every  integration 
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Figure  3:  Position  of  the  Free  Surface  into  the  Com¬ 
putational  Grid 


time  step. 

As  far  as  the  air  phase  is  of  no  interest,  the  corre¬ 
sponding  grid  points  can  be  used  as  dummy  points 
to  set  the  dynamic  boundary  condition  given  by  Eq. 
(16)  at  the  free  surface  which  is  satisfied  at  =  0  by 
an  extrapolation  of  p  sketched  in  Figure  4.  This  con- 
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Figure  4:  Interpolation  Law  to  Calculate  the  New  Lo¬ 
cation  of  the  Free  Surface 


cept  is  similar  to  the  level-set  approach  in  [8].  with  its 
main  advantages: 

•  The  level  set  ip  is  differentiable  over  the  surface. 

•  There  is  no  interruption  of  the  calculations  over 
the  surface. 

•  Arbitrary  surface-inclination  up  to  braking  may 
be  possible. 

•  Immiscible  fluid-fluid  interaction  can  be  calcu¬ 
lated.  (e.g.  oil-water). 

Turbulence  Model 

For  turbulent  boundary  layer  computations  the  lami¬ 
nar  viscosity  u  is  replaced  by 

^eff  = 


where  the  turbulent  viscosity  ut  is  computed  by  using 
a  standard  k  -  uj  model  [9].  Using  Ae  summation 
convention  the  two  equations  for  the  detemination  of 
A;  and  a;  have  the  following  form: 


dk  dk  i.  t  ^ 


duj  duj  —  2  ^ 


The  production  term  P  read  as  follows: 

\dxk  dxj )  dxk 
The  turbulent  viscosity  is  given  by: 


(18) 

duj 

dxk 

(19) 


(20) 


k 

i/t-  - 


(21) 


and  the  constant  coefficients  are: 


Cl 

C2 

c-jb 

0.55 

0.075 

0.09 

0.5 

0.5 

The  turbulent  transport  equations  (18)  and  (19)  con¬ 
tain  time  scales  much  samller  than  the  characteris¬ 
tic  scales  of  the  flow.  So  the  explicit  solution  of  the 
System  would  proceed  with  significant  smaller  time 
stepe,  prescribed  by  the  numerical  stability.  To  avoid 
this,  an  operator  splitting  is  employed  to  the  turbulent 
equations: 


with  the  vector  of  the  turbulent  transport  properties 


the  convective-diffusive  part 


Li  (<5^"))=iTV4-V 

and  the  dissipative  part: 


— P  4-  Cfik(jJ 
—CiPu  -1-  C2(jJ^ 


y 


(25) 


Equation  (22)  now  is  an  equation  of  transport  only 
and  can  be  solved  by  a  standard  upwind  method  while 
equation  (23)  contains  all  source  terms  which  are 
solved  implicitly  in  order  to  obtain  a  more  stable  be¬ 
haviour  of  the  solution. 
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Boundary  Conditions 

Figure  5  shows  the  principle  anangment  for  ship  flow 
calculations  and  the  position  of  the  coordinate  system. 
The  x-coordinate  coincides  with  the  ship’s  length  di¬ 
rection  from  bow  to  stem,  the  y-coordinate  is  psoitive 
upwards  and  the  z-coordinate  defines  the  transverse 
direction. 

The  ship  hull  is  fixed  durig  the  calculation  i.e.  so 
far  sinkage  and  trim  are  not  taken  into  account.  The 


integrational  domain  is  bounded  by  different  types 
of  boundaries  as  they  are  free  surfaces,  walls,  in¬ 
flow/outflow  boundaries  and  a  symmetry  plane. 

The  boundary  conditions  at  the  free  surface  are  set  ac¬ 
cording  the  description  above. 

Walls  are  defined  by  a  zero  velocity  in  normal  direc¬ 
tion: 

Vn  =  0 

In  viscous  flow  all  velocity  components  are  set  to  zero 
according  to  Stokes  no-slip  condition. 

Wr  =  0  ,  =  0  ,  Wr  =0 

Values  of  pressure  at  a  wall  have  to  be  deducted 
from  compatibility  conditions.  For  walls  with  high 
Reynolds  numbers  Re  the  pressure  gradient  can  be 
neglected  because  of  the  boundary  layer  character  of 
the  flow  near  to  the  wall,  so  that  on  the  boundary  the 
pressure  can  be  extrapolated  from  the  flow  field  with: 


At  inviscid  flows  over  curved  walls  e.g.  in  [10]  and 
[11],  the  pressure  gradient  at  the  wall  is  not  zero.  In 
this  case  the  wall  pressure  is  updated  by  extrapolation 
from  the  interior. 

At  inflow  and  outflow  boundaries  the  effect  of  fric¬ 
tion  is  neglected.  Then  boundary  conditions  can  be 
derived  from  the  characteristic  solution  W  of  the  cor¬ 
responding  Euler  equations,  with: 

W{xn,t)  =  W{xn-Xt) 


where  Xn  is  the  coordinate  normal  to  the  boundary 
and  A  is  the  eigenvalue  in  that  direction. 

The  boundary  conditions  at  the  inflow  edge  (index  r) 
are  determined  by  the  formulation  of  the  variables  W 
with  the  inflow  conditions  ( index  oo)  and  by  compat¬ 
ibility  conditions  (index  e  ),  which  are  determined  by 
extrapolation  from  the  field. 

For  the  inflow  boundary  follows 

^  _  Poo  ~  Pe  +  (^CX3  +  Uc)  y/ 

2  (Ue  -  Woo)  y/ul  +  0^ 

Pr  =  poo  ~  (^r  “  +  \/ 

Vr  =  0 
Wr  =0 

At  the  outflow  boundaries  a  non-reflecting  condi¬ 
tion  for  the  pressure  is  used  permitting  disturbance 
waves  to  pass  the  boundary  without  reflecting  [12]: 

^[p-v„y/^+W) +Oi{p-poo)  =  0  (26) 

where  Vn  is  the  velocity  component  normal  to  the 
boundary.  The  square  root  term  y/m  represents  the 
artificial  speed  of  sound  at  the  boundary  and  a  is  an 
iteration  parameter  with  the  value  0.1 4-  0.2.  All  other 
variables  at  the  outflow  are  extrapolated. 

At  the  symmetry  plane  the  gradients  normal  to 
the  symmetry  plane  habe  to  be  zero  and  further 
the  normal  velocity  components  vanish  comletely 
(Vn  =  0). 

Integration  in  Time 

Equation  (6)  is  integrated  in  time  by  an  explicit 
Runge-Kutta  multi-stage  scheme.  Equation  (9)  can 
be  written  in  a  semi-discrete  form: 

dQ 

-^^ResiQ)^0  (27) 

where  Res{Q)  is  the  discrete  space  approach  of  equa¬ 
tion  (9).  The  multi-stage  time  stepping  scheme  is  for¬ 
mulated  as: 

Q°  =  Q’' 

Q^=Q°-  Qi[(5i]AtRes  (q®) 

Q"  =  (?“  -  a2[<52]AtRes 

-  Q™[J„]AiRes  (<5”-^) 

Q-'+^  =  0”^ 
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The  coefficients  (an)  are  chosen  to  maximise  the  sta¬ 
bility  of  the  system  and  the  optional  coefficients  (5n) 
are  employed  in  the  equation  for  V'  to  allow  an  indi¬ 
vidual  optimisation  towards  best  stability. 


A  five  stage-scheme  with  three  evaluations  of  the 
level-set  equation  has  been  found  to  be  particularly 

effective.  Its  coefficients  are: 

ai  =  1/4 

Si 

=  0 

02  =  1/6 

82 

=  0 

03  =  3/8 

Sz 

=  1 

04  =  1/2 

Si 

=  1 

05  =  1 

Sz 

=  1 

COMPUTATIONAL  RESULTS 

A  number  of  calculations  of  viscous  and  inviscid 
flow,  mainly  in  2-D,  were  performed  to  validate  the 
present  solution  concept  and  the  treatment  of  free 
surfaces  [10]. 

In  the  following,  two  classical  3-D  examples  are 
presented  which  enable  the  comparison  with  other 
results,  in  particular  for  the  wave  pattern.  To  enable 
direct  comparisons  with  inviscid  computations  in  [6] 
and  to  eliminate  effects  of  insufficient  turbulence 
modelling,  the  following  calculations  are  performed 
likewise  for  inviscid  flow. 

The  flow  past  the  wigley  hull  and  the  serie-60 
ship  are  presented  here  as  computational  examples, 
since  for  both  configurations  many  numerical  and 
experimental  results  are  available  [6]  [13]. 


Figure  6:  Blocksplitting  for  the  Shallow  Water 
Channel  Geometric,  Wigley-Hull 

For  the  simulation  of  ship  flow  in  restricted  water  the 
geometry  of  the  Duisburg  towing  tank  was  modeled. 
In  this  case  the  meshing  proceedure  becomes  more 


difficult  so  the  grids  are  generated  with  the  commer¬ 
cial  ICEM  CFD/CAE  Hexa  code  which  provides  dif¬ 
ferent  meshing  topologies.  Figure  6  shows  the  princi¬ 
ple  block  splitting  of  the  flow  domain  for  the  wigley 
hull  shallow  water  channel.  The  block  faces  are  pro¬ 
jected  onto  the  geometry  surfaces  and  after  a  pre¬ 
liminary  grid  generation,  the  grid  was  improved  by 
smoothing  operations. 


Figure  7 :  Calculations  Grid  for  Wigley-Hull  Com¬ 
putation  in  Deep  Water 


Figure  8:  Calculations  Grid  for  Serie-60  Model 
Computation  in  Deep  Water 

The  Figures  7  and  8  show  portions  of  the  generated 
grids.  The  grid  points  are  clustered  near  the  bow  and 
stem  in  the  x-direction,  near  the  free  surface  in  the  y- 
direction  and  near  the  ship  hull  in  the  z-direction.  The 
grid  extends  a  half  ship  length  upstream  from  the  bow, 
l|  ship  lengths  downstream  from  the  stem,  l|  ship 
lengths  in  the  transverse  direction  and  1  ship  length 
down  below  the  undisturbed  free  surface  for  the  deep 
water  case  and  ^  ship  length  for  the  shallow  water 
case  respectively. 
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Figure  9  shows  the  calculated  wave  patterns  of  the 
serie-60  model  at  a  Froude  number  Fn  =  0.316,  the 
wigley-hull  at  a  Froude  number  Fn  =  0.250  and 
Figure  10  shows  the  wave  patterns  for  the  wigley-hull 
in  the  shallow  water  channel  at  a  Froude  number 
Fn  =  0.250  with  a  depth  to  draft  ratio  of  h/T  =  2.0- 


Figure  11:  Computed  Surface  Elevation,  Wigley- 
Hull,  Deep  and  Shallow  Water 


Figure  12:  Computed  Surface  Elevation  Serie60 
Model,  Deep  Water 


Figure  9:  Wave  Patterns  for  the  Serie-60  Model 
at  Fn  =  0.316  (Top)  and  for  the  Wigley-Hull  at 
Fn  =  0.250  (Bottom)  (Wave  Heights  are  3  times 
magnified) 


Figure  10:  Wave  Patterns  for  the  Wigley-Hull 
in  the  Shallow  Water  Channel  at  Fn  =  0.250, 
h/T  =  2.0  (Wave  Heights  are  3  times  magnified) 

The  surface  elevations  along  the  ship  hulls  compared 
with  experimental  results  [14]  are  shown  in  Figure  1 1 
and  12.  For  the  shallow  water  case  the  wave  elevation 
is  plottet  against  the  deep  water  calculation. 


Figure  14  and  Figure  13  show  the  comparison  of 
the  computed  and  measured  wave  resistance  with 
Cw{exp)  =  0.821-10“^  forthewigley  hull  in  deep  and 
shallow  water  and  C^(exp)  =  2.6  •  10“^  for  the  serie- 
60  model  in  deep  water.  TTie  overhead  wave  profiles, 
computed  for  both  ship  configurations,  are  presented 
in  Figure  15.  Further  shallow  water  calculations  for 
will  be  presented  on  the  conference. 


Figure  13:  Computed  vs.  Experimental  Wave  Resis¬ 
tance,  Wigley-Hull,  Deep  and  Shallow  Water 


•  MM  lOM*  IMM  MM*  MM 

Trmesteps 


Figure  14:  Computed  vs.  Experimental  Wave  Resis¬ 
tance,  Serie-60  Model,  Deep  Water 
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Figure  15:  Computed  Overhead  Wave  Profiles,  Serie- 
60  Model,  Fn  =  0.319  (a),  Deep  Water,  Wigley-Hull, 
Fn  =  0.250,  Deep  Water  (b),  Wgley-Hull,  Fn  — 
0.250,  Shallow  Water  h/T  =  2.0  (c) 


The  simulation  of  viscous  flow  with  free  surface  is 
of  particular  interest.  In  order  to  validate  the  model 
calculations  with  and  without  free  surface  have  been 
performed. 

An  example  of  a  viscous  flow  with  free  surface  is  re¬ 
presented  in  figure  16.  The  deformation  of  the  free 
water  surface,  which  is  due  to  the  formation  of  the 
boundary  layer  in  the  flow  at  a  flat  partly  immersed 
plate,  is  shown.  The  friction  coefficient  c/  is  given 
at  different  water  levels  in  figure  17.  The  difference 
relative  to  the  theoretical  (Blasius)  value  is  very  small 
at  large  distance  from  the  free  water  surface,  only  near 
to  the  free  surface  the  values  differ  considerably.  This 
difference  is  a  consequence  of  the  interaction  of  the 
free  surface  with  the  boundary  layer. 


Figure  16:  Boundary  layer  and  wave  Patterns  for  a 
flat  plate  at  Re  =  1000.  (Wave  Heights  are  3  times 
magnified) 


Figure  17:  c/  vs.  Rex  comparison  between  calcula¬ 
tion  and  theory  (Blasius) 
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ABSTRACT 


Large  Eddy  Simulations  of  turbulent  channel  flow  with  and  without  free  surface  are  performed.  Unsteady  Navier 
Stokes  equations  are  numerically  resolved  by  a  spatial  second  order  difference  scheme  on  non-staggered  grid; 
time  integration  is  obtained  by  a  second  order  two  steps  semi-implicit  Runge-Kutta  scheme.  Both  iterative  Suc¬ 
cessive  Over  Relaxed  Gauss-Seidel  scheme  and  FACR  technique  are  employed  to  resolve  the  Poisson  equation 
for  the  pressure,  which  resolution  is  required  only  at  the  final  sub-step  of  the  integration  algorithm.  Smagorinsky 
eddy  viscosity  approach  is  adopted  to  model  subgnd— scale  stress  tensor.  Calculations  are  performed  at  Reynolds 
number  equal  to  180  (based  on  wall  shear  velocity,  channel  half  height  and  kinematic  viscosity).  Agreement  with 
DNS  data  for  channel  flow  and  free  surface  effects  on  turbulent  structures  are  emphasised. 


NOMENCLATURE 


Xi  i  =  1,2,3 

Cartesian  Coordinate 

x,y,z 

Cartesian  Coordinate 

t 

Time 

II 

CO 

Velocity  Components 

u,v,w  ' 

Velocity  Components 

P 

Pressure 

N{ui) 

Convective  Terms 

L(ui) 

Diffusive  Terms 

_d_ 

dxi 

Discrete  Difference  Operator 

Re 

Reynolds  Number 

At 

lime  Stepping 

vt 

Eddy  Mscosity 

~) 

Large  Eddy  Quantities 

(•)' 

Subgrid  Quantities 

(*)rms 

Root-Mean-Square  Value 

nj  Subgrid— Scale  Stress  Tensor 

Large-Scale  Strain  Tensor 

Ur  Friction  Velocity 

(.)+  Wall  Unit  Non-Dimensionalized 

Quantities 

A  Filter  Width 

Wall  Dumping  Function 
Cs  Smagorinsky  Constant 

A  Model  Constant 

INTRODUCTION 

Interaction  of  turbulent  structures  with  a  free-surface 
is  one  of  the  major  problems  in  the  field  of  the  nu¬ 
merical  simulations  of  naval  flows.  Most  CFD  codes 
exploit  turbulence  models  developed,  calibrated  and 
tested  for  aeronautical  applications;  these  models  do 
not  take  into  account  the  effects  of  the  moving  bound¬ 
ary,  which  strongly  influences  the  coherent  structures 
of  turbulence  [1,  2].  In  this  paper  we  begin  to  anal¬ 
yse  this  interactions  by  a  numerical  studies  of  a  fully 
developed  channel  flow  with  a  free  surface;  our  atten¬ 
tion  is  essentially  pointed  to  verify  global  behaviour 
of  turbulence  fluctuations  near  a  free  surface,  which 
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are  already  noted  by  [1,  2]  in  the  case  of  juncture 
flows.  Unsteady  Navier-Stokes  equations  are  solved 
by  a  second  order  centred  scheme.  Particular  atten¬ 
tion  is  pointed  to  develop  a  scheme  with  low  memory 
storage  and  computational  cost;  these  intentions  have 
been  reached  by  the  use  of  a  second  order  semi  im¬ 
plicit  time  integration  scheme  of  Runge-Kutta  genre, 
with  the  Poisson  equation  solved  only  at  the  final  sub¬ 
step.  The  method  is  explained  in  the  first  section. 
Validation  and  capabilities  of  the  scheme  are  tested 
considering  the  case  of  turbulent  channel  flow  where 
DNS  results  are  available.  Finally  the  test  case  of  tur¬ 
bulent  channel  flow  bounded  at  the  top  by  a  rigid  lid 
is  analysed. 

MATHEMATICAL  AND  NUMERICAL  MODEL 


The  flow  of  an  incompressible  fluid  is  mathemati¬ 
cally  modelled  by  the  Navier-Stokes  and  the  conti¬ 
nuity  equations,  that  can  be  written  as: 


dui  duiUj 
dt  dxj 


dp  ^  1 


dxi  Redxjdxj 


(1) 


(2) 


which  have  been  non-dimensionalized  by  a  charac¬ 
teristic  length  and  velocity  (channel  half  height  and 
friction  velocity,  are  used). 


Numerical  Model 


Time  integration  of  (1)  is  achieved  by  means  of  a 
two  step  Runge-Kutta  semi-implicit  scheme;  present 
method,  originally  developed  by  Chorin  [3],  is  a  mod¬ 
ification  of  that  presented  in  [4].  Actual  scheme  is 
composed  by  a  first  fully  explicit  step: 


=u^  +  At  [iV  (u^)  +  L  (uH  - 
and  a  second  semi-implicit  one: 


5xi 


(3) 


^n+l  _  +U? 


2 


6xi 


(4) 


In  the  previous  equations  the  non-linear  (convective) 
and  linear  (diffusive)  operators  have  been  indicated 
with  N  and  L: 


^  ReSxjSxj 


(5) 


and  the  finite  difference  operator  with  S/5xi.  Second 
order  centred  discretization  on  non-staggered  grid  is 
used  for  both  convective  and  diffusive  terms  Implicit 
treatment  of  diffusive  terms  provides  a  higher  time 
step,  which  is  limited  by  the  the  explicit  treatment 
of  the  advective  terms;  the  stability  limit,  CFL  = 
Af  max(u/Aa:  +  v/Ay  -h  w/^z),  is  1.  Overall  ac¬ 
curacy  is  second  order  in  time  and  space.  As  can  be 
noted,  explicit  calculations  of  the  pressure  is  needed 
only  at  the  final  step.  Fractional  step  technique  is  em¬ 
ployed  for  the  final  step;  first  a  non  solenoidal  velocity 
field  is  evaluated  eliminating  the  pressure  term  in  (4): 


(1) 


-f  uj' 
2 


+ 


Af 

2 


[iv(uW)+L(^f))] 


(6) 


The  divergence  free  velocity  field  is  then  calculated 
by  projecting  the  non  solenoidal  field  by  means  of  a 
scalar  function  <j>: 


y»+l  _  y(2)  _ 

'  2  6xi 


(7) 


Equation  (6)  is  solved  by  a  implicit  factorization  writ¬ 
ten  in  delta  form: 


Sui  -f  L  {Sui)  cz 


and  then: 

+  6ui  (9) 

Taking  the  divergence  of  the  equation  (7),  and  enforc¬ 
ing  (2),  i.e.  the  solenoidal  condition  for  the  velocity 
at  n  -f- 1  time  level,  a  Poisson  equation  for  the  scalar 
function  <f>  is  obtained: 


S<lP  _  ^Su) 


(2) 


SxjSxj  2  5xj 

This  scalar  function  is  related  to  the  pressure  field  by 
the  following  relation: 

At. 


n^+l  - 


-L(0) 


(11) 


Poisson  Solvers 


Solution  of  the  Poisson  equation  (10)  has  been  ob¬ 
tained  by  means  of  either  a  successive  over  relaxed 
method  of  the  Gauss-Seidel  type  (in  conjunction 
with  a  multigrid  acceleration  technique)  or  a  FACR 
(Fourier  Analysis  and  Cyclic  Reduction)  method 
(see  [5]  and  [6]  for  more  details). 
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Turbulence  Model 


Large  Eddy  Simulation  idea  is  to  decompose  the  flow 
field  into  a  large  scale  part,  which  is  resolved  and  a 
small  scale  part,  the  subgrid  scale,  which  is  modelled. 
This  decomposition  is  obtained  applying  a  filter  op¬ 
eration  in  the  domain;  in  a  finite  difference  frame¬ 
work  the  filter  function  is  simply  a  top-hat  filter,  with 
length  corresponding  to  the  grid  size  itself: 


/(®i)  = 


Aa;iAx2Aa:3 


Jv 


(12) 


In  the  equation  (1 8)  has  been  considered  a  wall  dump¬ 
ing  function  for  the  eddy  viscosity: 

/(z+)=  (20) 

where  A  =  0.04  and  is  the  distance  from  the  wall, 
non-dimensionalized  by  viscosity  and  friction  veloc¬ 
ity.  In  what  follows  bar  over  filtered  variables  will  be 
omitted,  explicit  notations  will  be  used  where  doubts 
can  occur. 

RESULTS 


where  /  is  the  variable  to  be  filtered,  with  /  its  filtered 
part  and  /'  its  subgrid  part;  V  is  the  control  volume, 
that  is  the  finite  difference  cell. 

Applying  the  filter  operation  to  the  incompressible 
equations  (1)  and  (2),  the  equations  for  the  resolved 
field  are  obtained: 

duj  dujUj  ^  ^  (13) 

dt  dxj  dxi  Re  dxjdxj  dxj 

The  subgrid-scale  stress  tensor: 

Tij  —  ujuj  —  UiUj  (15) 

represents  the  effect  of  the  small  scale  (that  are  fil¬ 
tered  out)  upon  the  filtered  quantities;  it  involves 
quantities  that  are  unknown,  and  therefore  has  to 
be  modelled  in  order  to  close  the  system.  In  the 
present  work  the  simply  Smagorinsky  eddy  viscosity 
model  [7]  has  been  used;  the  subgrid-scale  stress  ten¬ 
sor  is  modelled  as: 


'  nj  -  =  -2utSis  (16) 

The  trace  of  the  subgrid-scale  stress  tensor  is  incorpo- 
rated  in  the  pressure  terin.  In  the  previous  Sij  is  the 
resolved  scale  strain  rate  tensor: 


"  2  \dxj  dxij 


(17) 


where  vt  is  the  Smagorinsky  eddy  viscosity: 

ut  =  {C,Af\S\f{z+)  (18) 


and  where  |S|  =  Sy  is  ±e  magnitude  of  the 

large-scale  strain  rate  tensor,  Cg  is  the  Smagorinsky 
constant  (Cs  =  0.1  has  been  adopted),  and  A  is  the 
filter  width,  that,  for  finite  difference  discretization, 
is: 

A  =  {AxAyAz)^  ‘  (19) 


In  this  section  some  results  about  fully  developed  tur¬ 
bulent  channel  flow  and  free  surface  flow  are  pre¬ 
sented.  Focused  case  is  characterised  by  a  physi¬ 
cal  domain  with  extensions  of  (5/2)7r5,  {l/2)irS  and 
25  (for  channel  flow,  5  for  free  surface  flow)  along 
streamwise  (x),  spanwise  (y)  and  normal  to  wall  (z) 
direction  respectively.  The  flow  is  periodic  along 
stream  and  spanwise  direction;  in  the  normal  direc¬ 
tion,  no-slip  wall  is  present  at  the  bottom  for  both  test 
cases,  whereas  at  the  top,  either  a  no-slip  wall  (chan¬ 
nel  flow)  or  a  rigid  lid  (free  surface  flow)  is  present. 
The  rigid-lid  boundary  conditions  is  often  used  as  a 
representation  of  a  free  surface  boundary  with  negli¬ 
gible  waves.  Mass  flow  is  maintained  by  a  constant 
forcing  term  on  a:-component  of  momentum  equa¬ 
tion.  Reynolds  number  based  on  wall  shear  velocity 
Ur,  half  channel  height  5  and  kinematic  viscosity  u  is 
1 80,  which  correspond  to  a  Reynolds  number  of  about 
3300  based  on  mean  centerline  velocity  Uc,  half  chan¬ 
nel  height  and  kinematic  viscosity.  Physical  domain 
is  uniformly  discretized  along  x-  and  y-directions, 
whereas  non-uniform  mesh  is  used  in  the  ^-direction; 
hyperbolic  tangent  function  is  used  to  cluster  points 
near  the  wall.  In  the  case  of  free  surface  flow,  a  power 
law  is  also  adopted  in  order  to  cluster  points  also  on 
the  top  rigid  lid.  The  initial  condition  used  in  the 
present  work  for  the  velocity  field  is  the  theoretic  lin- 
log  turbulent  profile  with  random  fluctuations  super¬ 
imposed.  The  intensities  of  the  fluctuations  are  mod¬ 
ulated  by  the  value  of  the  mean  velocity.  The  numer¬ 
ical  simulations  are  carried  until  a  statistically  steady 
condition  is  reached,  which  is  identified  by  a  linear 
profile  of  the  total  shear  stress;  time  average  statistics 
are  then  computed  over  ten  non-dimensional  unit  of 
time.  Mean  profile  are  obtained  averaging  in  time  and 
along  the  homogeneous  directions.  In  order  to  reduce 
the  computational  cost,  the  extension  of  the  physical 
domain  is  less  then  the  similar  test  case  considered  by 
J.  Kim  et  al.  [8];  as  a  consequence  the  turbulent  fluc¬ 
tuations  are  not  completely  uncorrelated  at  a  distance 
of  one  half  period  in  the  streamwise  and  spanwise  ho¬ 
mogeneous  directions  (see  figures  (1)  and  (2)).  How- 


2.2-3 


Figure  1:  Two-points  stream  wise  correlations.  Up¬ 
per:  close  to  the  wall;  down:  close  to  the  centerline. 

ever,  as  demonstrate  by  J.  Jimdnez  et  al.  [9],  physical 
domain  is  wider  enough  to  provide  good  agreement  in 
the  statistical  quantities. 

Channel  Flow 

r 

In  this  section  some  results  about  fully  developed  tur¬ 
bulent  channel  flow  are  presented  in  order  to  both 
show  the  capabilities  of  the  scheme  and  setting  model 
constant  Cs.  Finest  grid  is  composed  by  66  x  66  x  65 
points;  the  distance  from  the  wall  of  the  first  point 
is  0.1  wall  unit;  about  20  points  are  within  30  wall 
unit  from  the  solid  boundary.  Streamwise  and  span- 
wise  discretization  steps  are  about  Ax"*"  ^  22  and 
4,4  wall  unit  respectively.  In  order  to  set  the 
Smagorinsky  constant,  some  simulations  were  per¬ 
formed  for  different  values  of  in  figure  (3)  log¬ 
arithmic  profile  for  these  simulations  are  presented. 
As  it  can  be  noted,  good  agreement  with  the  theo¬ 
retic  lin-log  law  is  obtained  for  Cs  =  0.10,  which  is 
the  value  used  for  all  the  following  simulations,  if  not 
otherwise  specified.  Comparing  the  logarithmic  pro¬ 
file  obtained  with  Cs  =  0.10  and  without  small-grid 
scale  model,  it  can  also  be  noted  that  the  grid  con- 


Figure  2:  Two-points  spanwise  correlations.  Upper: 
close  to  the  wall;  down:  close  to  the  centerline. 

sidered  in  this  work  is  not  enough  refined  in  order  to 
perform  direct  numerical  simulations.  However  com¬ 
parison  with  a  coarser  grid  (figure  (4))  shows  that  the 
grid  employed  is  refined  enough  for  large  eddy  sim¬ 
ulations.  Capabilities  of  the  presented  scheme  and  of 
the  sub-grid  scale  model  adopted  are  tested  by  com¬ 
parisons  with  DNS  data  of  [8].  Logarithmic  profile 
obtained  with  the  finest  grid,  is  in  very  good  agree¬ 
ment  with  DNS  data  (not  reported  here)  and  with  the¬ 
oretic  law  (see  figure  (4));  moreover  good  agreement 
can  be  observed  for  root-mean-square  velocity  fluc¬ 
tuations  and  Reynolds  shear  stresses,  reported  in  fig¬ 
ure  (5)  and  (6).  Poorer  agreement  can  be  observed  for 
the  X  component  of  velocity  root-mean-square  fluc¬ 
tuations,  particularly  in  the  peak  value:  this  can  be 
due  to  the  subgrid-scale  model. 

Free  Surface  Flow 

In  this  section  results  obtained  considering  the  pres¬ 
ence  of  a  free  surface  at  the  centerline  of  the  channel 
are  presented.  A  rigid  lid  is  used  as  model  for  the  free 
surface,  thus  null  gradient  of  tangential  velocity  and 
pressure,  and  zero  normal  velocity  are  enforced  on 
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Figure  3:  Logarithmic  profiles  for  different  values  of 
C,;  grid  66  x  66  x  65. 


Figure  4:  Logarithmic  profiles  for  different  grid; 
Cs  =  0.10. 

the  upper  boundary.  Numerical  simulations  were  car¬ 
ried  out  on  a  66  X  66  X  65  grid,  uniformly  distributed 
along  homogeneous  directions;  in  the  transversal  di¬ 
rection  the  points  are  clustered  in  the  solid  wall  region 
and  in  the  rigid  lid  boundary  by  means  of  hyperbolic 
tangent  function  and  power  law.  The  distance  of  the 
first  point  from  the  rigid  wall  is  =  0.1  wall  unit 
and  more  then  25  points  are  within  30  wall  unit  firom 
the  solid  boundary.  Instead  from  the  rigid  lid,  the  first 
point  is  located  at  a  distance  of  about  Ci  1.0 
wall  unit.  Streamwise  and  spanwise  discretization 
steps  are  about  Acc"*"  22  and  Aj/"^  Cii  4.4  wall 
unit  respectively.  Attention  is  pointed  on  the  differ¬ 
ence  between  the  results  on  the  two  test  case,  such  to 
evidence  the  interaction  between  turbulent  structures 
with  a  free  surface.  Such  presence  is  already  evident 
on  the  mean  and  the  logarithmic  profiles  (figures  (7) 
and  (8)),  where  the  presence  of  a  free  surface  seems 
to  have  a  dissipative  behaviour  on  mean  quantities. 


Figure  5:  Comparison  with  DNS  data:  root-mean- 
square  velocity  fluctuations. 


Figure  6:  Comparison  with  DNS  data:  total  shear 
(-u'ti?  +  and  Reynolds  {—u*w*)  stresses. 


Similar  behaviour  can  be  noted  on  the  fluctuations  in 
the  near  wall  region;  in  fact  (see  figure  (9))  the  peak 
value  of  root-mean-fluctuations  is  reduced.  In  the 
same  figure  can  be  also  observed,  near  the  free  sur¬ 
face,  an  intensification  of  the  fluctuations  of  the  tan¬ 
gential  component  velocities  and  a  great  dissipation 
of  the  normi  component,  leading  to  a  bidimensional- 
ization  of  the  turbulence  structures.  The  net  behaviour 
is  pointed  out  in  figure  (10)  where  the  turbulent  ki¬ 
netic  energy  profile  is  presented;  while  a  dissipation 
is  present  near  the  wall,  a  production  of  turbulent  fluc¬ 
tuations  are  evident  near  the  free  surface.  These  ef¬ 
fects  are  in  agreement  with  what  has  been  observed 
numerically  by  Sreedhar  et  al.  [2]  and  experimentally 
by  Longo  et  al.  [10]  in  the  case  of  solid/rigid-lid  junc¬ 
ture. 
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Figure  7:  Stramwise  mean  velocity  profiles:  compar¬ 
ison  between  channel  and  free  surface  flow. 


Figure  8:  Logarithmic  profiles:  comparison  between 
channel  and  free  surface  flow. 

CONCLUSIONS 

Large  eddy  simulations  of  fully  developed  channel 
turbulent  flow  with  and  without  free  surface  has  be 
performed.  Numerical  capabilities  of  the  scheme 
and  subgrid  scale-model  has  been  validated  by  com¬ 
parisons  with  DNS  data;  good  agreement  has  been 
shown.  Numerical  results  about  free  surface  flow 
have  been  shown  qualitative  agreement  with  both 
available  numerical  and  experimental  observations. 
Further  development  and  analysis  are  required  in  or¬ 
der  to  better  understand  interactions  between  free  sur¬ 
face  and  turbulent  structures. 


Figure  9:  Root-mean-square  profiles:  comparison 
between  channel  and  free  surface  flow. 


Figure  10:  Turbulent  kinetic  energy:  comparison  be¬ 
tween  channel  and  free  surface  flow. 
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ABSTRACT 

The  free  surface  viscous  flow  around  a  ship  model  moving  steadily  straight  ahead  is  computed  by  solving  the 
Reynolds-averaged  Navier-Stokes  equations  (RANSE)  Avith  a  finite-volume  method.  Reynolds-stresses  are  mod¬ 
elled  with  the  fe  -  cj  turbulence  model,  and  the  free  surface  is  captured  with  a  Level  Set  technique  considering  a 
two-phase  flow.  The  dynamic  sinkage  and  trim  are  not  yet  taken  into  account.  After  describing  the  mathematical 
model  and  its  numerical  implementation,  results  for  the  Series  60  ship  Cb  =  0.6  at  =  5.27  *  10® ,  ==  0.316 

are  presented  and  compared  with  available  experimental  data. 

INTRODUCTION  MATHEMATICAL  MODEL 


One  of  the  major  interests  in  numerical  ship  hydrody¬ 
namics  is  the  computation  of  the  viscous  free  surface 
flow  around  a  ship  aiming  to  avoid  model  tests,  which 
suffer  from  empirical  corrections  and  scaling  prob¬ 
lems.  Computations  at  model  scale  neglecting  the  free 
surface  (double-body  flow)  are  state  of  the  art.  The 
accuracy  achieved  is  sufificient  for  ship  hull  improve¬ 
ment.  In  comparison,  methods  which  take  into  ac¬ 
count  the  free  surface  are  still  in  development.  Meth¬ 
ods  for  determining  the  free  surface  can  be  classified 
in  two  groups:  i)  Methods  in  which  one  boundary  of 
the  computational  domain  coincides  with  the  fi*ee  sur¬ 
face  and  the  grid  is  moved,  stretched  and  compressed 
during  the  iteration  process  and  ii)  Methods  in  which 
the  numerical  grid  is  fixed  and  the  firee  surface  is  de¬ 
fined  by  some  kind  of  scalar  function.  This  function 
divides  the  domain  into  grid  zones,  which  are  either 
filled  with  water  or  not.  We  chose  a  method  of  the 
second  type,  because  of  its  potential  to  handle  compli¬ 
cated  ship  forms  (e.g.  protruding  bulbous  bows,  barge 
stems)  and  flow  phenomena  such  as  breaking  waves 
or  spray.  Among  the  existing  algorithms  of  this  type 
we  chose  a  two-phase  flow  formulation  and  the  Level 
Set  technique  to  ‘capture’  the  free  surface  as  the  in¬ 
terface  between  water  and  air. 

We  will  describe  the  Level  Set  method  and  its  numer¬ 
ical  implementation.  The  results  obtained  for  the  flow 
around  the  Series  60  model  will  be  presented  and  dis¬ 
cussed,  and  goals  and  limits  of  the  method  indicated. 


Mass  and  Momentum  Conservation 

We  consider  the  free  surface  flow  around  a  ship  as 
the  flow  of  one  fluid  with  two  immiscible  phases  (wa¬ 
ter  and  air).  The  interface  between  both  phases  rep¬ 
resents  the  fi’ee  surface.  Because  each  phase  is  in¬ 
compressible,  the  global  flow  can  as  such  be  han¬ 
dled  as  incompressible.  The  governing  equations  are 
the  Reynolds-averaged  Navier-Stokes  equations,  in 
which  die  eddy  viscosity  approach  is  used  for  approx¬ 
imating  the  Reynolds-tensor,  and  the  continuity  equa¬ 
tion: 

dvi  d(viVj)  _  cosai  1  8(p4“2/3ri  fc) 
n  Si* 

(1) 


All  variables  have  been  nondimensionalised  by  the 
ship  speed  Uo,  the  ship  length  L  and  the  water  den- 
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sity  pyj.  The  surface  tension  has  not  been  taken  into 
account  in  equation  (1). 

Vi  is  the  mean  velocity  component  in  the  cartesian  di¬ 
rection  i  and  x'^  the  corresponding  cartesian  coordi¬ 
nate.  The  directional  cosine  of  the  gravity  force  re¬ 
ferred  to  the  cartesian  direction  i  is  denoted  by  cos  at, 
p  is  the  mean  pressure,  k  the  turbulent  kinetic  energy 
and  t  the  time.  The  eddy  viscosity  i/t  is  determined  by 
using  the  A;  —  w  turbulence  model  from  Wilcox  [17]. 
n  =  p/pu,  and  the  ratios  between  the 

local  density  and  kinematic  viscosity  and  the  corre¬ 
sponding  values  for  water.  These  ratios  have  constant 
values  pilpvi  and  vi/vyj  in  air,  pi  and  being  the 
density  and  viscosity  of  air,  and  both  equal  one  in  wa¬ 
ter.  Fn  =  UolVF^  is  the  Froude  number,  g  denoting 
the  acceleration  due  to  gravity,  and  Rn  =  Uo  Lfi/yj  is 
the  Reynolds  number. 

Instead  of  solving  the  two  corresponding  conservation 
equations  for  the  density  and  viscosity,  which  would 
cause  numerical  difficulties,  p  and  u  are  determined 
by  the  Level  Set  technique  (see  below). 

In  reality,  the  transition  from  water  to  air  occurs  sud¬ 
denly,  at  the  interface  between  the  fluids.  Neverthe¬ 
less,  it  is  advantageous  from  a  numerical  point  of 
view,  to  smooth  this  transition  to  some  extent.  For 
this  reason,  a  thin  region  in  the  neighbourhood  of  the 
interface  is  considered,  in  which  the  density  and  the 
viscosity,  i.e.  ri  and  r2,  are  interpolated  between  the 
values  for  water  and  air.  An  important  feature  of  the 
Level  Set  method  used  in  this  work  is  that  the  thick¬ 
ness  of  this  region  can  be  prescribed,  making  it  possi¬ 
ble  to  choose  it  just  large  enough  for  stability. 

When  deriving  equation  (1)  from  the  usual  equation 
for  one  phase,  the  variability  of  the  density  was  not 
taken  into  account  in  the  diffusion  term.  Although 
this  and  other  simplifications  made  in  the  transition 
region  do  not  seem  to  deteriorate  the  results,  their 
consequences  have  yet  not  been  analysed  in  detail. 
The  conservation  equations  (1)  and  (2)  are  solved 
throughout  the  computational  domain.  No  special 
treatment  is  necessary  for  the  different  phases.  The 
continuity  of  the  velocity  and  pressure  fields  enforced 
in  this  way  at  the  slightly  smeared  interface  substi¬ 
tutes  the  usual  boundary  conditions  when  considering 
only  one  phase.  This  continuity  also  avoids  numeri¬ 
cal  problems  when  solving  the  equations  of  the  turbu¬ 
lence  model  used  (see  below),  for  which  the  smooth¬ 
ness  of  the  numerical  grid  and  the  discrete  approxi¬ 
mation  of  the  solution  is  very  important. 

Turbulence  Model 

The  eddy  viscosity  is  determined  with  the  A:  -  a?  tur¬ 
bulence  model  from  Wilcox  [17].  In  this  model  ut  is 
defined  as  the  quotient  of  the  turbulent  kinetic  energy 


k  and  its  specific  dissipation  rate  a;,  for  which  two 
additional  conservation  equations  have  to  be  solved: 


afc  djvik)  ^ 


/  7*2  ^  .  .dk 


(3) 


+ 


(  dvi  dvj  \  dvi 


du  d{viu;)  _  d 
dt  dx^ 


/  7*2  ,  .  du 


(4) 


+  7 


/  dvi  dvj  \  dvi  2 

0x*j  dxi  ^ 


All  variables  are  nondimensionalised  in  the  same 
manner  as  in  the  momentum  equations.  The  model 
constants  are: 


o-*=a  =  0.5,  /3*=0.09,  /3  =  0.075, 7  =  0.555 

The  usual  equations  for  one  phase  have  been  slightly 
modified  here  by  introducing  the  ratio  r2  in  the  diffu¬ 
sion  terms  to  account  for  the  two  phases.  The  variabil¬ 
ity  of  the  density  in  these  terms  was  again  neglected. 
Despite  the  non-physical  modifications  affecting  the 
(rather  thin)  transition  region  between  water  and  air, 
the  turbulence  model  behaves  as  expected  in  this  re¬ 
gion  and  yields  good  results  overall  (see  explanation 
of  figure  4,  TESTCASE). 

To  make  things  easier,  we  decided  to  use  wall  func¬ 
tions  in  our  first  applications  of  the  method  to  cal¬ 
culate  free  surface  ship  flows,  making  it  possible  to 
choose  a  much  coarser  grid  resolution  at  the  ship  wall. 
It  should  be  noted  that  no  changes  are  necessary  in 
the  eqtiations  of  the  turbulence  parameters  (3)  and  (4) 
when  using  wall  functions. 

The  law  of  the  wall,  written  in  nondimensional  form 
and  our  two-phase  flow  notation,  is  used  to  determine 
the  magnitude  of  the  wall  shear  stress  assuming  a 
known  velocity  field: 


U  is  the  component  of  the  velocity  parallel  to  the  wall 
and  n  the  distance  to  the  wall  from  the  first  cell  center 
next  to  the  wall.  In  every  new  iteration  step,  the  ar¬ 
gument  of  the  logarithmic  fimction  is  evaluated  using 
the  previous  value  of  Tyj.  Once  Tyj  has  been  calcu¬ 
lated,  the  values  of  the  turbulence  parameters  in  the 
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(10) 


first  cell  center  and  the  wall  shear  stress  field  (for  out¬ 
put  purposes)  are  determined  with  the  following  for¬ 
mulae,  instead  of  solving  (3)  and  (4): 


y.2  =  —  =  (1  -  c)  —  +  c 

■  I'm 


k  = 

3.333  — 

(6) 

n 

U)  = 

1 

(7) 

0.123  n\ri 

Ti  = 

Vi 

(8) 

Level  Set  Technique 

The  Level  Set  Method  from  Osher  <S:  Sethian  [6]  is 
used  to  capture  the  interface  between  water  and  air. 
This  technique  was  further  developed  and  applied  for 
the  computation  of  (2D)  fi-ee  surface  flows  by  Suss‘ 
man  et  al  [12,  13].  Vogt  [16]  applied  the  method  to 
calculate  the  flow  around  submerged  profiles,  getting 
better  results  than  with  a  moving  grid  technique. 

At  each  point  of  time,  the  interface  can  be  expressed 
in  an  implicit  way  as  t)  =  0.  This  is  also  true  if 
the  interface  has  a  complicated  shape,  e.g.  in  the  case 
of  breaking  waves.  Therefore,  the  material  derivative 
of  ^  is  zero  on  all  points  of  the  interface.  In  the  Level 
Set  technique,  a  scalar  field  $  having  a  zero  level  set 
(isosurface  $  =  0)  coinciding  with  the  interface  is  de¬ 
fined  throughout  the  computational  domain.  Extend¬ 
ing  the  condition  ^  =  0  to  all  points  of  the  domain 
leads  to  the  transport  equation  for  the  level  set  func¬ 
tion: 


d{vi  ^) 


(9) 


Due  to  the  continuity  of  the  Level  Set  Function  $ 
at  the  interface,  no  numerical  difficulties  arise  when 
solving  this  equation  with  usual  convection  schemes. 
In  every  point  (cell  center)  of  the  computational  do¬ 
main,  the  initial  value  of  #  is  chosen  to  be  the  dis¬ 
tance  (with  sign)  to  the  initial  position  of  the  inter¬ 
face.  According  to  equation  (9),  $  is  exclusively 
transported  by  convection  and  always  remains  posi¬ 
tive  in  one  phase  and  negative  in  the  other. 

The  density  would  be  p  =  (water)  for  $  >  0  and 
p  =  p/  (air)  for  $  <  0.  In  the  same  way,  the  molec¬ 
ular  viscosity  of  the  fluid  would  suddenly  change  its 
value  when  ^  changes  its  sign,  both  affecting  the  sta¬ 
bility  and  the  convergence  of  the  numerical  method. 
In  order  to  smooth  these  discontinuities,  density  and 
viscosity  are  determined  with  the  following  formulae: 


ri  =  —  =  (1  -  c)  —  +  c 
Pw 


$  >  Q  (water) 

$  <  -a  (air) 

—a  <^<CL 

The  parameter  a  allows  for  prescribing  the  thickness 
of  the  transition  region.  As  long  as  $  is  the  nondi- 
mensionalised  distance  from  the  considered  point  to 
the  interface,  this  thickness  is  2  a,  as  can  be  seen  in 
(10).  We  choose  a  so  it  roughly  equals  the  vertical 
grid  spacing  near  the  waterline  of  the  ship  at  rest. 
During  the  time  marching  process  (see  NUMERICAL 
METHOD),  the  velocity  equations  (momentum  con¬ 
servation),  the  pressure-correction  equation  (derived 
from  mass  conservation)  and  the  equations  of  the 
turbulence  parameters  are  solved  first,  assuming  a 
known  §  distribution.  After  that,  a  new  approxima¬ 
tion  of  $  is  calculated  with  equation  (9).  This  equa¬ 
tion  moves  the  interface  correctly  but  $  does  not  re¬ 
main  a  distance  function.  Keeping  $  as  a  distance  is 
crucial  for  keeping  the  thickness  of  the  interface  con¬ 
stant,  which  is  important  for  stability  and  for  limiting 
mass  losses.  Thus,  it  is  recommendable  to  ‘reinitial¬ 
ize’  $  before  starting  a  new  time  step. 

Reinitialization 

The  reinitialization  is  simply  the  replacement  of  the  $ 
distribution  resulting  from  (9)  by  another  distribution 
which  in  each  point  again  represents  the  distance 
to  the  interface  and  behaves  better  than  Because 
in  all  points  on  the  interface  the  distance  is  zero,  the 
interface  remains  imchanged  while  doing  so,  i.e.  the 
isosurfaces  4  =  0  and  # = 0  coincide. 

Theoretically,*  the  reinitialization  could  be  done  in  a 
geometric  way.  This  would  demand  an  enormous 
CPU  time  and  would  in  addition  be  unfavourable 
from  a  numerical  point  of  view,  due  to  the  result¬ 
ing  non-smooth  distribution.  An  elegant  alternative  to 
perform  the  reinitialization  consists  in  determining  4 
as  the  steady  state  solution  of  the  following  equation, 
with  the  initial  condition  4(x%  0)  =  f): 


dr 


+  I  \/  Q^i 


(11) 


5($)  =  ^  g2  is  a  smoothed  sign  function. 

Following  Sussman  et  ah  [13]  we  choose  e  to  be 
roughly  as  large  as  o..  When  the  steady  state  is 
achieved,  the  first  term  in  (1 1)  vanishes.  Thus,  it  must 
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Figure  1:  2D  test  for  reinitialization  algorithm.  Initial 
distribution  (top)  and  achieved  distance  distribution 
(bottom). 


be  I  V4|  =  1.  This  is  exactly  the  constraint  which  must 
be  fulfilled  by  $  to  be  a  distance  function.  Strictly 
speaking,  the  reinitialization  has  nothing  to  do  with 
the  flow.  Therefore,  usual  convection  schemes  are  not 
suitable  for  the  discretisation  of  equation  (11).  The 
1st  order  ENO  scheme  described  in  [12,  13]  was  ex¬ 
tended  here  for  3D  curvilinear  grids,  and  the  explicit 
Euler  method  is  used  for  integrating  (1 1)  in  time. 

Figure  1  shows  the  result  of  a  2D  test  of  the  imple¬ 
mented  reinitialization  technique.  The  initial  values 
of  4  (upper  picture)  were  chosen  to  be  4  =  —1  in¬ 
side  of  the  square,  4  =  1  outside  of  it,  and  4  =  0 
on  the  square  contour,  which  plays  the  role  of  Ae  in¬ 
terface.  The  lower  picture  shows  isolines  of  4  after 
achieving  the  steady  state  solution  of  equation  (11) 
after  some  hundreds  steps.  Despite  grid  and  bound¬ 
ary  effects,  the  solution  represents  satisfactorily  the 


Figure  2:  Wetted  area  and  transition  zone  on  the  hull 
of  the  Series  60  ship  at  Fn  =  0.316, 

distance  to  the  square  contour. 

It  is  not  necessary  in  practice  to  solve  (11)  exactly. 
Moreover,  a  few  steps  are  usually  sufficient,  because 
4  must  be  reinitialized  in  the  neighbourhood  of  the 
interface  only  and,  when  solving  (1 1),  the  solution  is 
first  achieved  at  the  interface  and  then  at  more  and 
more  distant  points  [7].  Additionally,  the  initial  val¬ 
ues  of  4  are  much  better  in  practice  than  in  this  test. 
Thus,  only  three  steps  were  sufficient  in  our  compu¬ 
tations  to  keep  the  chosen  thickness  of  the  interface 
constant,  as  can  be  seen  from  the  ‘wetted*  area  on 
the  hull  of  the  Series  60  ship  shown  in  figure  2.  The 
white  band  represents  the  transition  region  between 
water  and  air,  i.e.  the  region  in  which  -a  <§  <a. 
When  integrating  equation  (11),  the  nondimension- 
alised  time  step  was  chosen  to  be  a/ 10.  The  reini¬ 
tialization  hardly  increased  the  CPU  time.  The  most 
probable  explanation  is  that  the  behavior  of  the  Level 
Set  function  improves  with  reinitialization,  leading  to 
less  iterations  needed  for  solving  equation  (9). 
Despite  the  implemented  reinitialization,  global  mass 
conservation  cannot  be  guaranteed.  Nevertheless, 
mass  losses  were  not  relevant  in  all  computed  steady 
flow  cases.  The  difference  between  the  mass  fluxes  at 
inlet  and  outlet  of  the  computational  domain  is  typi¬ 
cally  less  than  10""*,  the  mass  flux  at  the  inlet  being 
of  order  one. 

NUMERICAL  METHOD 

The  conservation  equations  are  discretised  on  a  non- 
orthogonal  body  fitted  grid  by  using  a  finite  volume 
method.  All  unknowns  (pressure,  velocities,  turbulent 
parameters  and  Level  Set  function)  are  defined  at  the 
cell  centers.  The  Diffusion  terms  are  approximated 
with  the  Central  Differencing  Scheme  (CDS)  and  the 
convected  velocities  in  the  momentum  fluxes,  with  the 
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Linear  Upwind  Differencing  Scheme  (LUDS).  The 
mass  fluxes  are  calculated  by  the  techmque  of  Rhie 
d  Chow  [8].  The  SIMPLE  algorithm  is  used  to  solve 
the  resulting  non-linear  equations  set.  This  method 
is  similar  to  the  method  described  in  [1].  Except  for 
the  implementation  of  the  Level  Set  technique  in  the 
Navier-Stokes  solver  NEPTUN,  only  minor  changes 
were  necessary  to  extend  the  method  for  two-phase 
flows. 

The  boundary  conditions  on  the  boundaries  of  the 
computational  domain  have  remained  almost  un¬ 
changed  compared  to  the  double-body  flow  computed 
in  the  past.  The  no-slip  condition  on  the  hull  is  en¬ 
forced  indirectly,  through  the  wall  functions.  The 
centerplane  represents  a  plane  of  symmetry.  There¬ 
fore,  the  free-slip  condition  is  set  there  and  both  the 
convection  and  diffusion  fluxes  are  set  to  zero  in  the 
turbulence  equations.  At  the  inlet,  undisturbed  flow 
is  assumed.  Thus,  velocities  and  turbulence  parame¬ 
ters  are  prescribed  there.  At  the  outlet,  zero  gradient 
conditions  are  used  for  all  these  variables,  while  the 
pressure  is  assumed  to  be  undisturbed.  Because  the 
gravity  is  taken  into  account  in  the  momentum  equa¬ 
tions,  the  undisturbed  pressure  corresponds  to  a  hy¬ 
drostatic  distribution  referred  to  the  waterline  of  the 
ship  at  rest.  At  the  outer  lateral  boundary,  a  free-slip 
condition  is  set.  The  boundary  conditions  on  the  up¬ 
per  boundary  of  the  computational  domain  are  not  im¬ 
portant  now,  because  the  grid  is  extended  as  much  to¬ 
wards  the  main  deck  as  necessary  to  prevent  the  water 
from  reaching  this  boundary.  Moreover,  the  clearance 
between  the  interface  and  the  upper  boundary  should 
be  large  enough  to  avoid  wall  effects  and  convergence 
problems.  Boundary  conditions  are  not  necessary  on 
every  boundary  for  the  Level  Set  function,  because 
the  transport  equation  (9)  is  a  hyperbolic  rather  than 
an  elliptic  equation.  The  values  of  #  are  prescribed  at 
the  inlet,  but  are  extrapolated  on  to  all  other  bound¬ 
aries. 

Due  to  the  changes  made  in  the  momentum  equations 
to  account  for  the  two  phases,  slight  modifications  had 
to  be  made  in  the  Rhie  d  Chow  term  of  the  mass 
fluxes,  as  well  as  in  the  coefficients  of  the  pressure- 
correction  equation  and  in  the  formulae  for  the  cor¬ 
rection  of  velocities  and  mass  fluxes.  These  changes 
simply  involve  adding  the  density  ratio  ri  to  the  de¬ 
nominators  of  the  corresponding  terms. 

As  opposed  to  double-body  flow  computations,  which 
are  performed  by  using  a  steady  iteration  process, 
free  surface  flow  computations  are  performed  with  a 
(pseudo)  time  marching  process.  Integration  in  time 
is  achieved  with  the  backward  Euler  scheme  for  all 
time  derivatives. 

Because  the  time  integration  simply  represents  an 


aid  to  achieve  the  steady  state  solution,  the  govern¬ 
ing  equations  are  solved  approximately  in  every  time 
step.  The  momentum  and  mass  conservation  equa¬ 
tions  (1)  and  (2),  the  latter  one  via  the  pressure- 
correction  equation,  are  solved  first.  Then,  the  equa¬ 
tions  (3)  and  (4)  for  and  u;  are  solved,  completing 
a  SIMPLE  loop.  After  that,  the  transport  equation 
(9)  for  the  Level  Set  function  is  solved  and  the  reini- 
tidization  (1 1)  completes  the  time  step.  For  stability 
reasons,  more  than  one  SIMPLE  loop  are  sometimes 
necessary  during  certain  periods  of  the  time  march¬ 
ing  procedure.  Additionally,  very  small  time  steps  are 
necessary  to  avoid  divergence,  both  making  the  so¬ 
lution  procedure  much  less  effective  than  the  usual 
procedure  for  double-body  flows  (see  TESTCASE). 

To  avoid  the  generation  of  waves  due  to  a  violation 
of  mass  and  momentum  conservation  by  the  initial 
values,  computations  usually  start  from  rest.  The 
Level  Set  function  is  initialized  with  the  distance  to 
the  water  surface.  The  ship  is  then  accelerated  until 
it  reaches  the  desired  speed.  The  velocity  at  the  inlet 
plane  is  currently  updated  and  an  inertial  force  acts 
during  the  acceleration  period,  which  typically  takes 
a  third  of  the  total  number  of  time  steps. 

Several  types  of  non-reflecting  boundary  conditions 
to  prevent  wave  reflections  (especially  at  the  inlet  and 
outlet  planes)  have  been  tested,  but  none  of  them  were 
really  satisfactory  yet.  For  the  time  being,  a  numerical 
beach,  consisting  in  damping  waves  in  the  far  field  by 
a  fictive  vertical  force  implemented  in  the  momentum 
equation  in  vertical  direction,  is  used.  Although  this 
does  not  completely  avoid  reflections,  it  has  proved  to 
be  helpful  in  reducing  them. 

For  the  accuracy  of  the  computed  forces  on  the  hull, 
it  is  important  that  the  gravitational  forces  balance 
the  pressure  forces  in  the  momentum  equations.  In 
the  case  of  an  undisturbed  flow  with  hydrostatic  pres¬ 
sure  distribution,  e.g.,  these  forces  should  cancel.  The 
usual  interpolation  technique  does  not  guarantee  this 
balance  on  curvilinear  grids.  Therefore  a  secondary 
flow  will  arise  affecting  the  prediction  of  forces  on  the 
hull  clearly.  A  special  treatment  of  the  gravity  force 
terms  reduces  this  problem. 

TESTCASE 

One  testcase  is  presented  and  compared  with  the  de¬ 
tailed  flow  measurements  of  [14],  [15]  and  [1 1].  It  is 
the  flow  around  a  Series  60  ship  model  with  length 
3.048m  (scale  1  :  40),  block  coefficient  0.6  and  a 
Froude  number  of  0.316  which  results  in  a  Reynolds 
number  of  5.27  •  10®.  Trim  and  sinkage  were  fixed. 
First  attempts  to  calculate  the  free  surface  flow  on 
a  block-structured  grid  with  non-matching  interfaces 
led  to  steps  in  the  wave  elevation  near  to  those  inter- 
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Figure  3 :  Views  of  the  numerical  grid  with  proper  res¬ 
olution  for  the  computation  of  free  surface  flow.  Per¬ 
spective  view  along  the  hull  (above),  partial  view  in  a 
cross  section  (below). 


faces.  To  avoid  such  problems  we  decided  to  discre- 
tise  the  numerical  domain  with  a  single  block  struc¬ 
tured  grid  with  a  length  of  approx.  3L,  depth  L  and 
width  X,  see  figure  3.  The  grid  has  an  0-topology 
on  transverse  grid  surfaces  and  H-topology  on  longi¬ 
tudinal  radial  grid  surfaces.  Due  to  the  symmetry  of 
the  flow  only  the  port  side  of  the  hull  is  meshed.  The 
computational  domain  is  shaped  like  a  quarter  of  a 
cylinder.  In  addition  to  the  usual  high  spatial  resolu¬ 
tion  at  the  hull  to  resolve  the  boundary  layer,  a  fine 
and  regular  grid  resolution  beside  and  behind  the  hull 
as  well  as  in  the  neighbourhood  of  the  expected  free 
surface  is  required  to  capture  the  waves  well.  These 
requirements  yield  a  grid  of  121  •  60  •  55  =  399300 
cells  in  longitudinal,  radial  and  lateral  direction  re¬ 
spectively.  At  the  hull,  the  thickness  of  the  cells  re¬ 
sults  in  a  nondimensionl  wall  distance  «  200. 
The  grid  used  allows  for  resolving  one  wave  lenght 
with  about  45  cells  and  the  wave  height  with  20  cells. 
Former  calculations  with  wider  domains  showed  that 
no  channel  effect  is  expected  in  this  domain. 

Through  testing  we  found  the  thickness  of  the  transi¬ 
tion  zone  2  a  «  3  to  be  sufficient  for  numerical 


stability,  Az  being  the  the  vertical  grid  spacing. 

The  ratios  of  densities  and  viscosities  were  chosen  to 
Pi/Pw  =  0.0012  and  vijv^  =  15,  which  correspond 
to  usual  conditions.  Additional  computations  were 
carried  out  on  a  coarse  grid  with  half  the  resolution 
in  space  and  also  on  the  fine  grid  neglecting  the  vis¬ 
cosity. 

Calculations  on  the  fine  grid  were  carried  out  over 
5000  time  steps,  starting  with  the  ship  at  rest.  The 
ship  speed  was  then  accelerated  until  time  step  1500. 
The  time  step  was  5t  =  0.003  and  could  not  be  cho¬ 
sen  much  larger  because  of  stability.  For  the  same  rea¬ 
son  we  needed  two  SIMPLE  loops  in  every  time  step 
and  this  yielded  a  total  CPU  time  of  about  150h  on  a 
medium  HP  workstation.  Viscous  and  inviscid  flow 
computations  demanded  roughly  the  same  CPU  time. 
On  the  coarse  grid  a  time  step  of  5t  =  0.005  was  suf¬ 
ficient,  and  3000  time  steps  were  used.  In  both  cases 
the  number  and  magnitude  of  time  steps  yielded  the 
same  covered  distance  of  15  X  for  the  ship  at  design 
speed. 

Some  general  features  of  the  technique  used  to  deter¬ 
mine  the  interface  are  shown  in  figures  2, 4,  and  5.  In 
these  figures  the  small  transition  zone  around  the  free 
surface  is  plotted  showing  the  isolines  ^  =  —a,  0,  a. 
The  wall  shear  stress  practically  vanishes  in  air  be¬ 
cause  of  its  very  low  density  and  varies  smoothly,  but 
rapidly  in  the  transition  zone  as  expected,  figure  4.  In 
a  steady  flow,  the  velocity  vector  field  (as  well  as  the 
wall  shear  stress  field)  is  tangential  to  the  interface, 
which  can  be  seen  in  figure  4  and  in  a  cut  near  the 
bow,  figure  5.  The  thickness  of  the  transition  zone 
is  kept  constant  throughout  the  domain.  This  is  im¬ 
portant  to  attain  convergence  and  to  avoid  too  strong 
smearing  of  the  interface.  Figure  2  shows  the  band¬ 
width  of  the  interface  along  the  hull.  Somewhat  un¬ 
expected,  the  overall  features  of  the  Level  Set  method 
and  of  the  two-phase  flow  model  seem  to  be  satisfac¬ 
tory  from  a  physical  and  numerical  point  of  view. 
Figure  6  shows  the  resulting  frictional,  pressure  and 
total  resistance  coefficients  Cf,  Cp  and  Ct,  on  the 
coarse  and  bn  the  fine  grid.  All  coefficients  are  built 
with  the  wetted  area  of  the  hull  at  rest,  the  water  den¬ 
sity  and  the  design  speed  of  the  ship  (model).  The 
pressure  resistance  includes  the  viscous  pressure  and 
wave  resistance  and  is  determined  by  integration  of 
the  pressure  on  the  hull.  The  frictional  resistance 
is  obtained  by  integration  of  the  wall  shear  stresses. 
The  integration  was  performed  over  the  ‘wetted’  part 
of  the  hull  (^  >  0).  It  was  found  that  the  resis¬ 
tance  is  less  sensitive  to  the  size  of  the  integration 
domain.  Extending  the  integration  to  the  whole  hull 
yields  practically  the  same  results,  because  of  the  very 
low  density  of  air.  Even  if  the  integration  is  carried 
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Figure  4:  Partial  view  of  the  wall  shear  stress  field  on 
the  bow  in  the  neighbourhood  of  the  interface.  The 
white  band  represents  the  transition  region. 


Figure  5:  Velocity  vectors  near  the  free  surfece.  Iso¬ 
lines  represent  ^  =  —a,  0,  a. 

out  only  up  to  the  lower  bound  of  the  transition  zone 
($  =  a),  the  total  resistance  on  the  fine  grid  is  pre¬ 
dicted  just  3%  smaller. 

We  can  see  as  a  general  characteristic  an  oscillation 
of  the  pressure  resistance,  figure  6,  which  is  caused 
by  long  waves  of  very  small  amplitudes,  which  are 
trapped  inside  the  computational  domain.  They  are 
reflected  at  the  inlet  and  outlet  boundaries  and  van¬ 
ish  very  slowly  in  time.  These  waves  are  damped  by 
the  numerical  beach  near  the  boundaries.  Neverthe¬ 
less,  we  did  not  achieve  a  fully  steady  solution  after 
5000  time  steps,  respectively  3000  steps.  Accelerat¬ 
ing  the  ship  speed  at  the  beginning  of  the  computa¬ 
tion  was  found  to  be  helpful  to  reduce  the  amplitude 
of  the  trapped  waves:  The  slower  the  acceleration,  the 
smaller  the  wave  height  The  oscillations  are  more  se¬ 
vere  on  the  fine  grid  than  on  the  coarse  grid,  because 
waves  are  damped  numerically  stronger  on  the  coarse 
grid  anyway. 

Determining  the  mean  resistance  values  at  the  end  of 
the  computation,  we  recognize  that  the  coarse  grid 
solution  xmderestimates  the  frictional  resistance  and 
overestimates  the  pressure  resistance.  This  explains 
the  relatively  small  difference  in  total  resistance  when 
comparing  the  solutions  on  the  coarse  and  fine  grid. 


The  results  on  the  fine  grid  are  still  far  from  a  grid 
independent  solution.  The  pressure  resistance  com¬ 
puted  on  the  fine  grid  Cp  =  2.05*10’‘^  includesan er¬ 
ror  caused  by  numerical  diffusion  of  about  0.35  •  10*"^ 
which  was  estimated  by  an  inviscid  computation  ne¬ 
glecting  the  free  surface.  Theoretically  no  resistance 
is  expected  for.this  case  (D’ Alambert’s  paradox).  The 
predicted  frictional  resistance  coefiicient  on  the  fine 
grid  Cf  =  3.25  •  10”^  is  close  to  the  empirical  value 
Cf  =  3.36  •  10“^  yielded  by  the  ITTC57  formula.  A 
further  grid  refinement  would  lead  to  a  clear  decrease 
of  the  pressure  resistance  and  a  slight  increase  of  the 
frictional  resistance. 

The  total  resistance  of  Ct  =  5.95  •  10"^  reported  in 
[15]  seems  not  to  be  very  reliable  considering  other 
experimental  data.  Several  measurements  reported 
in  [4]  give  a  range  of  the  total  resistance  coefficient 
varying  from  Ct  =  5.15  to  5.80  •  with  em¬ 
phasis  on  the  smaller  values,  for  models  which  were 
free  to  trim  and  sink.  Results  for  the  total  resistance 
with  a  fixed  model  (as  in  our  calculation)  would  be 
even  smaller  because  of  the  neglected  sinkage.  Hav¬ 
ing  all  this  in  mind  the  result  of  the  computation  of 
about  Ct  =  5.30  •  is  reasonable,  but  not  accu¬ 
rate  enough  for  practical  use.  The  fine  grid  used  is 
still  too  coarse,  although  the  geometry  of  the  slender 
Series  60  hull  is  simple.  For  an  estimation  of  the  nu¬ 
merical  error,  a  computation  on  a  much  finer  grid  with 
e.g.  3  200  000  cells  would  be  necessary. 

Figures  7  and  8  compare  the  wave  pattern  of  an  in¬ 
viscid  and  viscous  flow  computation  on  the  fine  grid 
(at  time  step  5000)  with  the  measurements  of  [15]. 
Temporary  changes  in  wave  pattern  are  very  small  at 
the  end  of  the  computation,  and  only  indirectly  visi¬ 
ble  in  the  resistance  curves,  so  the  depicted  wave  pat¬ 
tern  should  be  considered  as  stationary.  The  numeri¬ 
cal  prediction  is  accurate  from  the  ship  stem  to  2/3  L 
behind  it  for  both  viscous  and  inviscid  flow  compu¬ 
tations.  In  fiiis  area  viscous  effects  are  negligible. 
The  results  of  the  inviscid  flow  computation  tend  to 
overpredict  slightly  the  first  wave  trough.  From  2/3  X 
on  the  agreement  between  measurement  and  compu¬ 
tations  becomes  poorer,  due  to  numerical  diffusion 
which  damps  the  waves.  The  stem  wave  is  computed 
more  accurately  by  the  viscous  flow,  because  the  more 
realistic  (smaller)  pressure  recovery  at  the  stem  re¬ 
duces  the  stem  wave  distinctly. 

Figure  9  compares  the  wave  profile  on  the  hull  and 
centerplane,  and  the  two  wave  cuts  at  yfB  =  1.057 
and  y/B  2.039  with  the  experimental  data.  The 
agreement  of  the  wave  profile  on  the  hull  is  quite 
good,  but  the  results  deteriorate  with  increasing  dis¬ 
tance  to  the  hull.  Outer  cuts  tend  to  underpredict  wave 
elevations  and  suffer  from  a  larger  phase  lag.  Both  ef- 
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Figure  6:  Resistance  coefficients  for  the  Series  60  ship  computed  on  the  coarse  (left)  and  on  the  fine  (right)  grid, 
=  5.27  •  10^  Fn  =  0.316. 


fects  are  typically  caused  by  numerical  diffusion  on  a 
coarse  grid. 

The  comparison  with  another  method  developed  at 
the  HSVA  is  very  interesting.  It  is  a  Volume  of  Fluid 
(VOF)  method  for  a  single  phase  fluid,  [9]  and  [10]. 
In  this  method  the  numerical  treatment  of  the  free  sur¬ 
face  is  much  more  complicated  than  here.  A  strict 
subdivision  in  filled,  partially  filled  and  empty  cells 
which  are  treated  in  different  ways  is  necessary.  Both 
the  VOF  method  and  the  current  method  practically 
coincides  in  the  liquid  phase.  At  the  beginning  of 
the  development  we  thought  that  the  mbcture  of  wa¬ 
ter  and  air  in  the  transition  zone  and  the  application 
of  the  Level  Set  method  would  cause  a  strong  damp¬ 
ing  of  waves.  This  assumption  proved  to  be  true  on 
coarse  grids,  but  not  on  finer  grids  (like  the  one  used 
here)!  We  assume  that  with  increasing  resolution  the 
weak  part  of  the  algorithm  for  resolving  the  waves  is 
no  longer  the  treatment  of  the  free  surface/interface 
itself,  but  the  discretisation  of  the  convective  terms 
in  the  momentum  equations.  These  terms  are  discre- 
tised  in  the  same  way  in  both  methods.  While  the 
VOF  method  still  shows  some  advantages  concerning 
stability  and  CPU  time,  the  Level  Set  method  offers 
advantages  concerning  the  turbulence  modelling. 
Figure  10  shows  the  nondimensional  pressure  distri¬ 
bution  Cp  =  (p -  P9z)I{\pwUq)  on  the  hull,  and  the 
predicted  free  surface  depicted  as  a  black  line.  The  re¬ 
sults  are  comparable  to  the  measurements  of  [  1 1]  with 
a  Froude  number  of  0.3,  which  show  similar  contours 
of  isobars  at  the  bow  and  amidship. 

Figures  11  and  12  compare  the  computed  velocity 
fields  in  the  two  cross  sections  at  0.9  L  and  1.0  L  from 


the  forward  perpendicular  with  the  measurements  of 
[15].  The  agreement  is  quite  good  at  0.9  L.  Despite 
the  wall  functions  used,  the  A;  -  a;  model  works  well 
for  this  slender  ship.  Nevertheless,  the  agreement  be¬ 
comes  less  accurate  in  the  wake,  as  can  be  seen  at 
1.0  L.  This  is  probably  due  to  the  rather  coarse  grid 
resolution  in  this  region  and  the  omission  of  the  pro¬ 
peller  bossing  in  the  numerical  description  of  the  hull, 

CONCLUDING  REMARKS 

A  Navier-Stokes  solver  has  been  further  developed  for 
the  computation  of  free  surface  viscous  ship  flows. 
The  method  described  yielded  in  most  aspects  accu¬ 
rate  results  for  the  Series  60  model  at  Fn  —  0.316.  In 
particular  the  quality  of  predicted  waves  is  compara¬ 
ble  to  moving  grid  methods,  but  the  Level  Set  method 
has  several  advantages  for  handling  more  compli¬ 
cated  geometries.  The  grids  used,  containing  roughly 
400000  cells  are  still  too  coarse  for  quantitative  accu¬ 
rate  resistance  predictions.  Computational  time  and 
stability  are  not  currently  acceptable  for  practical  use, 
and  these  items  will  be  the  subject  of  future  research. 
We  have  some  additional  computational  experience 
with  other  hull  forms,  e.g.  full  tankers,  which  of¬ 
ten  lead  to  breaking  bow  waves.  Wave  breaking  did 
not  affect  the  stability  of  the  method.  These  tests 
showed  that  for  the  typical  small  Froude  numbers  of 
such  ships,  the  spatial  resolution  presently  used  is  too 
coarse  in  relation  to  the  wave  length.  Thus,  waves  are 
not  resolved  sufficiently.  We  hope  to  improve  these 
results  and  present  them  in  the  near  future. 
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Figure  7:  Computed  (top)  and  measured  (bottom)  wave  pattern.  Contour  interval  0.001 15.  Series  60,  inviscid 
flow,  Fn  =  0.316. 


Figure  8:  Computed  (top)  and  measured  (bottom)  wave  pattern.  Contour  interval  0.001 15.  Series  60,  viscous  flow, 
Rn  =  5.27  •  10® ,  Fn  =  0.316. 
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Figure  9;  Wave  elevation  on  the  hull,  at  yfB  =  1.057  and  y/B  =  2.039  (from  top  to  botton).  Symbols  repre¬ 
sent  measurements,  lines  represent  viscous  flow  computation.  Forward  and  aft  perpendiculars  at  x— 0  and  x— 1, 
respectively,  z-axis  shows  downward. 
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Figure  11;  Computed  (top)  and  measured  (bottom)  Figme  12:  Computed  (top)  and  measured  (bottom) 
velocity  field  in  a  cross  section  at  0.9L  from  F.P.  Se-  velocity  field  in  the  propeller  plane.  Series  60,  i?„  = 
ries  60,  =  5.27  •  10® ,  =  0.316.  5.27  •  10® ,  Fn  =  0.316. 
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ABSTRACT 

A  two-phase  level  set  formulation  and  a  one-phase  level  set  formulation  are  used  to  compute  two-dimensional 
free  surface  flows  around  a  submerged  wing  section  by  solving  the  incompressible  Reynolds  averaged  Navier- 
Stokes  equations.  The  interface  between  the  water  and  the  air  i.e.  the  free  surface  is  identified  as  the  zero  level  set 
of  a  smooth  function.  In  the  two-phase  method  the  computational  domain  includes  both  water  and  air  regions 
while  in  the  one-phase  method  only  the  water  flow  is  simulated.  In  the  latter  method  dynamic  boundary  con¬ 
ditions  are  applied  at  the  free  surface.  Spatial  discretization  is  based  on  a  finite  volume  method  and  velocity  and 
pressure  are  coupled  in  a  fractional  step  manner.  Reynolds  stresses  are  modelled  with  the  model  with  wall 
functions.  Results  from  inviscid  and  viscous  calculations  of  the  wave  profile  as  well  as  predictions  of  the  onset  of 
breaking  for  various  Froude  numbers  with  both  methods  are  compared  to  experiments. 


NOMENCLATURE 
Roman  symbols 

bj  Jacobian  matrix  of  the  coordinate  transfor¬ 
mation 

c  Chord  length  of  the  foil 

d  Normal  distance  to  the  free  surface 

ejj  Rate  of  strain  tensor 

Fn  Froude  number 

g  Gravitational  acceleration 

Contravariant  metric  tensor 
H  Heaviside’s  unit  function 

J  Jacobian  of  the  coordinate  transformation 

k  Turbulent  kinetic  energy 

L  Characteristic  length 

n,'  Unit  normal  vector 

p  Total  pressure 

q  von  Karman  constant 

Re  Reynolds  number 

s  Submergence  of  the  foil 

t  Time 

Hme  of  acceleration 

Ui  Contravariant  velocity  components 

Uq  Free  stream  velocity 

ui  Cartesian  velocity  components 

^  Presently  at  Hamburg  ship  model  basin 
Bramfelder  Str.  164,  D-222  305  Hamburg,  Germany 
Fax:  +  49  40-69  203  345;  E-Mail:  vogt@hsva.de 


Up  Velocity  parallel  to  the  wall 
Friction  velocity 
Non-dimensional  velocity 
u  Velocity  vector 

We  Weber  number 

Xi  Cartesian  coordinates 

X  Cartesian  coordinate  vector 

y„  Distance  to  the  wall 

Non-dimensional  wall  distance 
Greek  symbols 

a  Half  the  prescribed  width  of  the  band  where 
the  physical  properties  change 
P  Sign  function  smoothing  parameter 

Y  Damping  function 

o  Dirac  delta  function 

5j^  Kronecker  delta 

e  Dissipation  rate  of  k 

T|  Wave  elevation 

K  Curvature  of  the  free  surface 

X  Relation  between  the  properties  in  air  and 
water 

|i  Dynamic  viscosity 

V  Kinematic  viscosity 
Curvilinear  coordinates 

p  Density 

<5  Surface  tension  coefficient 

T  Pseudo  time 

Stress  tensor 
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Shear  stress  at  the  wall 
(j)  Level  set  function 

Pressure  excluding  hydrostatic  pressure 
CO  Filter  smoothing  parameter 

INTRODUCTION 

It  is  well  known  that  the  wave  resistance  cannot  be 
correctly  predicted  without  a  method  that  can  accu¬ 
rately  compute  the  wavy  surface  and  that  the  total 
resistance  is  not  predictable  if  the  viscosity  is  not 
taken  into  account*  Concerning  the  wave  resistance, 
panel  methods  including  non-linear  free  surface 
techniques  for  steady  state  flow  in  calm  water  are 
sufficiently  accurate  for  qualitative  judgements  of 
hull  shape  changes  for  many  hull  forms.  However, 
the  calculated  magnitude  of  the  wave  resistance  can¬ 
not  be  relied  upon  due  to  viscous  effects  mainly  near 
the  stem  and  even  negative  values  of  the  wave  resist¬ 
ance  are  possible  numerical  solutions  [1]. 

There  are  many  methods  developed  for  viscous 
flows  with  moving  boundaries  and  for  those 
intended  for  free  surfaces  the  following  problems 
have  to  be  considered: 

The  component  of  ship  resistance  associated  with  a 
breaking  wave  at  the  bow  can  be  substantial  [2]  and 
the  wave  system  behind  a  multihull  tends  to  break  at 
certain  speed  ranges.  So,  it  is  of  interest  to  be  able  to 
capture  the  major  features  of  the  breaking  phenome¬ 
non  within  a  numerical  method. 

Further,  since  the  density  and  the  viscosity  change 
sharply  at  the  free  surface,  the  two-phase  schemes  in 
which  the  momentum  equations  are  solved  both  in 
the  water  and  in  the  air  will  either  incur  excessive 
numerical  diffusion  when  solving  the  convection 
equations  for  the  density  and  the  viscosity  or  give  the 
surface  a  finite  thickness  with  a  mixture  of  air  and 
water,  which  is  an  unphysical  approximation  too. 

Also,  for  CFD  to  be  a  useful  tool  in  practical  ship 
hydrodynamics  a  converged  solution  must  be 
reached  in  the  order  of  hours.  In  recent  years  the  rate 
of  increase  of  processor  speed  has  decreased  but  par¬ 
allel  computing  has  become  a  common  way  to 
increase  the  overall  performance  of  numerical  cdcu- 
lations.  Hence,  it  is  an  advantage  if  the  free  surface 
formulation  is  suitable  for  implementation  on  a  par¬ 
allel  computer. 

Lastly,  the  no-slip  condition  that  is  imposed  on  a  sur¬ 
face  piercing  body  may  conflict  with  the  kinematic 
condition  on  the  free  surface  and  inhibit  the  rise  of 
the  free  surface  along  the  side  of  the  hull.  This  prob¬ 
lem  is  out  of  the  scope  of  this  investigation. 

One  of  the  earliest  numerical  algorithms  for  viscous 
flow  to  treat  free  surfaces  is  the  marker-and-cell 
(MAC)  method  which  was  introduced  by  Harlow 
and  Welch  [3].  Massless  marker  particles  are  distrib¬ 
uted  to  define  the  liquid  region  and  the  interface. 
These  markers  are  then  used  in  a  Lagrangian  sense. 


to  trace  the  motion  of  fluid  particles  at  the  free  sur¬ 
face  and  within  the  fluid. 

In  the  volume-of-fluid  (VOF)  [4]  method  a  step 
function  advected  by  the  flow  in  the  Eulerian  grid  is 
used  instead  of  marker  particles.  The  step  function  is 
unity  everywhere  in  one  fluid  and  zero  in  the  other. 
The  average  value  of  the  step  function  in  each  cell 
then  represents  the  fraction  of  each  cell  containing 
the  first  fluid.  At  any  time,  the  interface  can  be 
reconstructed  from  these  volume  fractions. 

Advantages  of  these  methods  include  the  ability  to 
treat  complex  interfacial  shapes  of  the  surface,  fixed 
grid  formulations  and,  so,  easier  implementation  of 
adaptive  mesh  refinement.  However,  they  define  the 
different  regions  of  fluids  instead  of  the  exact  inter¬ 
face  and  the  determination  of  intrinsic  geometric 
properties  such  as  normal  vectors  and  curvature 
requires  a  large  computing  effort. 

Today  the  moving  grid  method  [5]  is  commonly  used 
for  viscous  hydrodynamics  calculations.  The  grid  is 
fitted  to  the  boundaries  and  moves  with  the  free  sur¬ 
face.  This  facilitates  the  implementation  of  boundary 
conditions  there  and  the  interface  stays  sharp.  The 
system  of  equations  are  solved  in  either  the  physical 
domain  or  they  are  transformed  into  a  uniform  rec¬ 
tangular  computational  domain.  For  the  latter,  the 
singular  transformation  that  occurs,  i.e.  for  breaking 
waves  and  merging,  needs  special  treatment  and 
regridding  around  practical  hull  forms  are  computa¬ 
tionally  expensive. 

A  modem  Eulerian  approach  based  on  a  fixed  grid  is 
the  level  set  technique  [6].  The  method  has  had  a 
large  number  of  applications  but  has  only  recently 
been  applied  to  free  surface  waves  [7,8].  In  this 
method  the  subset  with  a  value  of  zero  of  a  level  set 
function  that  moves  with  the  fluid  defines  the  free 
surface.  Even  though  this  interface  may  change 
topology,  break  and  merge,  the  level  set  function 
itself  always  remains  a  function.  So,  geometric  prop¬ 
erties  of  the  free  surface  are  easily  determined  from 
this  function.  Since  the  level  set  technique  is  derived 
to  follow  the  motion  of  an  N-1  dimensional  surface 
in  N-dimensional  space  there  are  no  significant  dif¬ 
ference  between  two  and  three  dimensions.  How¬ 
ever,  for  water  wave  problems  the  free  surface  has  to 
be  given  a  finite  thickness. 

This  leads  to  objective  of  this  study.  A  level  set  for¬ 
mulation  in  which  the  two  fluids  are  treated  simulta¬ 
neously  is  compared  to  a  formulation  in  which  the 
momentum  equations  are  solved  in  the  water  region 
only.  In  the  latter  the  level  set  function  is  still  used  to 
capture  the  free  surface  at  which,  however,  boundary 
conditions  are  applied. 

In  the  next  two  Sections,  the  mathematical  models 
for  the  two-  and  one-phase  methods  respectively  are 
formulated.  Then  the  numerical  method  and  the  solu¬ 
tion  procedure  are  described.  After  that,  discussions 
of  numerical  results  for  flows  around  a  submerged 
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wing  are  presented  and  finally,  concluding  remarks 
are  provided. 

TWO-PHASE  FORMULATION 

In  this  section  the  mathematical  model  of  a  two- 
phase  formulation  of  the  level  set  technique  is 
described,  including  governing  equations,  reinitiali¬ 
zation  procedure,  turbulence  model  and  boundary 
conditions. 

Governing  Equations 

A  level  set  function,  (|)(;c,f) ,  where  x  =  (x^^2)  a 

Cartesian  coordinate  vector,  is  a  smooth  scalar  func¬ 
tion  defined  in  the  whole  domain  including  both  flu¬ 
ids.  At  any  time  the  free  surface  T  coincides  with 
the  subset  with  a  value  of  zero  of  this  function  i.e. 

nt)  =  {i:(l)(i,0  =  0}.  (1) 

Initially,  ^  is  set  equal  to  the  distance  with  sign  from 
the  interface  such  that  (j)  is  positive  in  the  water 
region  and  negative  in  the  air  region, 


d, 

'  0, 

.  -d. 


xgQ^ 
XG  T 
xe  Q.^ 


(2) 


where  d  is  the  distance  from  the  free  surface  and 
and  Cf  denote  the  water  and  air  regions  respectively. 
Then  the  level  set  function  moves  with  the  fluid  as 
an  extra  quantity  and  the  free  surface  may  always  be 
found  from  the  location  of  the  zero  level  set,  even 
under  topological  changes.  Depending  on  the  sign  of 
the  level  set  function  the  density  and  the  viscosity 
are  given  appropriate  values. 

and  denote  the  dynamic  viscosity  of  water  and 
air  respectively  and  and  are  the  corresponding 
properties  of  the  density.  For  viscous  incompressible 
immiscible  fluids  the  equations  of  motion  are  the 
Reynolds  Averaged  Navier-Stokes  equations  and  the 
conservation  of  mass  is  enforced  by  the  continuity 
equation.  Non-dimensionalized  by  the  reference 
length  L,  the  free  stream  velocity  and  the  density 
and  viscosity  of  water,  the  system  of  equations  to  be 
solved  are  written  in  Cartesian  tensor  notation  form 
as 


du; 


,•  9  ,  .  _  1  1  dp 

Fn'^  dx:  D(<b)9x; 


dt  dx, 
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where  m,-,  is  the  velocity,  p  is  the  pressure  and  x^  is  the 
Cartesian  coordinate  system  where  the  horizontal  Xr 
axis  is  pointing  to  the  right  and  the  vertical  Xi-axes  is 
positive  upwards.  Re  =  C/^Lp^/p^  is  the  Rey¬ 
nolds  number,  Fn  =  the  Froude  number 

and  We  =  p^LI/^/a  is  the  Weber  number,  g  is  the 

gravitational  acceleration,  a  is  the  surface  tension 
coefficient,  K  is  the  curvature  of  the  free  surface  and 
6  is  the  Dirac  delta  function.  v{^)  =  p(<|>)/p(<t))  is 
the  kinematic  viscosity  and  Reynolds  stresses  are 
related  to  the  mean  rate  of  strain  through  an  isotropic 
kinematic  eddy  viscosity  V;,  here  determined  with  a 
k-t  turbulence  model. 

The  variable  non-dimensional  viscosity  and  density 
fields  p((t))  and  p((t))  respectively  are  determined 
from: 


n((t>)  =  x^+(i-yf/((|)) 

p((t))  =  Xp  +  (i-Xp)/f(<i)) 

where  and  X,p  =  p^/p^  are  the 

ratios  between  air  and  water  properties  for  the  vis¬ 
cosity  and  density  respectively  and  is  Heavi¬ 
side’s  unit  function. 

The  density  changes  sharply  at  the  free  surface,  is 
very  small  and  the  Dirac  delta  function  in  the  surface 
tension  force  term  in  equation  (3)  is  difficult  to  han¬ 
dle  numerically.  Therefore,  the  free  surface  is  given 
a  finite  thickness,  2a.  Now,  physical  properties  that 
are  smoothed  across  the  free  surface  can  be  intro¬ 
duced.  This  is  done  by  using  the  following  Heaviside 
function 


1/1  4>  1  • 

-(1  ■i-~  +  -sin 
2  a  7C 


<j)<-a 

l<t)|  <  a  •  (2) 


1  (t)>a 


The  smooth  Dirac  delta  function  follows  from  the 
definition  8((1))  =  dH{<^)/d^  which  yields 
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sw  = 


(13) 


W'"  .  (8) 

0  otherwise 

The  curvature  is  obtained  jfrom  the  divergence  of  the 
unit  noimal  vector  to  the  free  surface 


1  a 


{JUj)  =  0 


9/  ^>9^. 


=  0 


(14) 


drij 

«♦)  =  (9) 

where 

rij  =  (d^/xj)/^(s^/dx^  .  (10) 

Or,  if  the  normal  vectors  are  not  computed  and 
stored,  equation  (9)  can  in  non-conservative  form  in 
two  dimensions  be  rewritten  as 


where  b\  -  di;,j/dx-  is  the  matrix  of  the  coordinate 
transformation,  J  =  det(bjy^  is  the  Jacobian  of 


the  coordinate  transformation,  g‘j  =  ^  are 

contravariant  components  of  the  metric  tensor, 
~  ^l(Pk  contravariant  components  of  veloc¬ 
ity  and  =  bl^/  b^^  . 

*  *9^,  '"9^„ 


m  = 


'xy'^x'Ty 

((t.2  +  <t)2)3/2 


ryy'^x 


(11) 


here  the  subscript  x  and  y  denotes  derivatives  in  the 
Xr  and  X2-directions  respectively.  It  follows  from  the 
definition  of  ^  that  the  normal  vector  is  pointing  into 
the  water  region. 

The  equations  are  partially  transformed  from  the 
physic^  domain  in  Cartesian  coordinates  x^  into  the 
computational  domain  in  body  fitted  non-oi^ogonal 
curvilinear  coordinates  is  taken  in  the  longitu¬ 
dinal  direction  from  the  leading  edge  to  the  trailing 
edge  of  the  wing  section  and  ^2  in  die  normal  direc¬ 
tion  from  the  body  surface  or  from  the  centre  line  in 
front  of  the  leading  edge  and  behind  the  trailing  edge 
to  the  bottom  and  top  boundaries.  Velocity  compo¬ 
nents  are  retained  in  Cartesian  coordinates  and  only 
the  independent  variables  are  transformed  [9].  The 
momentum  (3)  and  continuity  (4)  equations  and  the 
convection  equation  for  the  level  set  function  (5)  are 
now  written  as 


pii?)We  *9^J- 


(12) 


Reinitialization 

It  is  seen  in  equations  (6)-(10)  that  the  density  and 
viscosity,  which  are  smoothed  around  the  free  sur¬ 
face  in  a  band  that  has  a  uniform  thickness  as  well  as 
the  normal  vector  and  the  curvature  are  dependent 
upon  the  level  set  function  being  a  distance  function. 
If  a  steep  gradient  arises  in  the  level  set  function  i.e. 
|3(1)/3a:J  is  much  larger  than  one,  a  steep  gradient 

will  be  introduced  in  the  density  and  the  viscosity, 
opposite  to  the  intention  with  the  smoothed  physical 
properties  and  with  numerical  difficulties  as  a  result. 
Equation  (5)  moves  the  zero  level  set  ((>  =  0  accord¬ 
ing  to  the  velocity  field  but  the  level  set  function  (j) 
will  no  longer  be  a  distance  function.  Therefore,  the 
level  set  function  is  reinitialized  i.e.  (j)  is  given  new 
values  everywhere  but  on  the  free  surface  as  follows. 
Define  a  function  d(x-,  t)  and  solve  the  equation 


(15) 


with  the  initial  conditions  d(x-,  0)  =  /)  where 

5  is  a  smooth  sign  function 


(16) 


and  d^(x-)  =  d{x-,0)  to  steady  state  [10].  Now, 
d{x^,  t)  is  a  distance  function.  Its  gradient  is  equal  to 
one  and  it  has  the  same  zero  level  set  as  (t>(;c.,  t) , 
Then,  let  (j)  take  the  values  of  d  i.e.  set 
(t)(x t)  =  ^(jc .,  t)  and  the  level  set  function  is  reini¬ 
tialized.  Note  that  the  time  x  is  an  artificial  pseudo 
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time  different  from  the  global  time  t  in  the  momen¬ 
tum  equations.  Figure  1  shows  contours  of  the  level 
set  function  for  free  surface  waves  generated  by  a 
submerged  wing  section.  First  waves  are  generated 
with  reinitialization.  Then  the  computation  is 
restarted  with  and  without  reinitialization  for  another 
03T  where  T  is  time  units.  The  dashed  lines  in  figure 
1  indicate  the  bandwidth  with  the  free  surface  in  the 
middle. 


Figure  1.  Waves  generated  by  a  submerged  hydro¬ 
foil,  the  last  0  3T  still  with  reinitialization  (top)  and 
without  reinitialization  (bottom). 


Without  reinitialization  the  level  set  function  does 
not  remain  a  distance  function,  especially  not  in  the 
air  region.  The  bandwidth  will  not  be  constant  nei¬ 
ther  in  space  nor  in  time  and  the  free  surface  will  be 
distorted.  In  figure  2  the  free  surface  heights  from 
figure  1  are  compared.  The  dashed  line  shows  the 
waves  with  reinitialization  and  the  solid  line  the 
waves  when  reinitialization  is  taken  away.  It  is  seen 
that  already  sdter  0,3T  the  wave  profile  has  changed. 


Figure  2.  Comparison  of  wave  heights  of  the  waves 

shown  in  figure  1.  * - ’  without  reinitialization  and 

‘ — ’  with  reinitialization  the  last  0.3T. 


'Dirbulence  Model 

So  far,  no  turbulence  model  exists  that  can  be  suc¬ 
cessfully  applied  to  turbulent  flows  in  general,  so  the 
model  has  to  be  selected  from  case  to  case.  It  has 
been  shown  that  the  Baldwin-Lomax  model  is  unsta¬ 
ble  combined  with  free  surface  boundary  conditions 
[11].  These  are  not  needed  in  the  two-phase  level  set 
formulation  but  will  be  partly  applied  in  the  one- 
phase  formulation.  Even  though  the  standard  k-e 
model  is  not  the  best  two-equation  model  for  predic¬ 
tions  of  the  turbulence  in  flows  with  pressure  gradi¬ 
ents  e.g.  flows  over  curved  surfaces,  it  is  widely  used 
and  reasonably  stable,  at  least  with  wall  functions. 
The  better  stability  properties  due  to  wall  functions 
mainly  follow  from  the  fact  that  the  aspect  ratio  of 
cells  close  to  a  wail  gets  smaller  when  wall  functions 
are  used.  Further,  it  is  not  obvious  how  to  determine 
the  value  of  e  at  the  a  wall,  so  difficulties  arise  when 
the  E-equation  is  inte^ated  up  to  the  wall  boundary 
and  also  since  the  details  of  the  boundary  layer  are  of 
less  interest  in  this  investigation  a  k-e-model  with 
wall  fonctions  [12]  is  implemented. 

k-E  model 

In  the  k-e  model  the  eddy  viscosity  is 

v,  =  (17) 


and  the  equations  for  the  kinetic  energy  k  and  its  dis¬ 
sipation  rate  e  are 
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Boundary  Conditions 
Inlet  Boundary 


dt 
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where 


/3tt.  3wa3m; 


(20) 


A  uniform  flow  u,  =  1  and  =  0,  dp/dn  =  0  where 
d/dn  is  the  normal  derivative  and  extrapolation  of  (j) 
from  inside  the  computational  domain  are  imposed,  k 
and  e  are  set  to  a  small  value  different  from  zero. 

Outlet  Boundary 

To  avoid  reflections  from  the  outlet  boundary  the 
computational  domain  is  extended  with  a  dissipation 
zone  [13,14].  Here,  fictitious  damping  forces  are 
added  to  the  level  set  function  and  the  grid  is  made 
coarser  towards  the  outlet.  The  level  set  function  is 
damped  with  an  artificial  wave  damping  function,  y, 
as  follows 


and  the  constants  to  close  the  problem  are  Cg=0.09, 
Cei=1.44,  C£2=1.92,  ajt=1.0  and  a£=1.3. 


3(|) 

Jt 
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Wall  functions 


where 


In  the  viscous  sublayer  where  <  11.63,  the  friction 
velocity,  is  given  by  the  near  wall  linear  law 


(21) 
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0  otherwise 
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and  for 


+ 

J 


>  1 1.63  ,  is  given  by  the  log  law 


^  MEy^] 


(22) 


where  y  ,  y^  is  the  normal  distance 

to  the  solid  boundary,  Up  the  velocity  component  par¬ 
allel  to  the  wall,  E  —  9  and  q  —  0.41,  the  von  Karman 
constant. 

Under  the  assumption  that,  in  the  near  wall  region, 
the  production  of  kinetic  energy  equals  its  dissipa¬ 
tion  rate,  the  turbulent  quantities  are  related  to  the 
friction  velocity  at  the  furst  node  adjacent  to  the  wall 
as 


Tj  is  the  wave  elevation,  A  is  a  constant,  x^,  is  the  Xy- 
coordinate  at  the  outflow  boundary  and  is  defined 

as  Xj  =  -  2nFn^ .  With  no  waves  at  the  outlet  it 

is  appropriate  to  use  Neumann  condition  for  the 
velocity  field  du^/dn  -  0  and  for  the  pressure 

dp/dn  =  0  and  (j),  k  and  e  are  extrapolated. 

Bottom  Boundary 

At  the  bottom  U2  =  0,  Bu^/dn  =  0,  the  pressure  is 
extrapolated,  dk/dn  =  0  and  3e/3n  =  0 . 

Top  Boundary  (air  region) 

du/dn  =  0 ,  the  pressure  is  extrapolated. 


k  = 


ln[£y^] 


(23) 


dk/dn  =  0  and  3e/3n  =  0 . 
Body  Boundary  (viscous) 


Very  close  to  the  wall  there  is  no  balance  between 
production  and  dissipation  and  the  first  grid  point 
adjacent  to  the  wall  must  not  be  closer  than  approxi¬ 
mately  y  =  40 . 


Uj  =  0  and  according  to  the  boundary  layer  theory  the 
pressure  gradient  near  the  body  surface  is  zero, 
dp/dn  =  0 .  Wall  functions  are  used  for  k  and  €. 
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Body  Boundary  (inviscid) 

Neglecting  curvature  effects  the  normal  component 
of  the  velocity  must  vanish  •  n .  =  0 .  For  inviscid 

flows  the  pressure  gradient  is  not  zero  close  a  curved 
wall,  so  the  pressure  is  extrapolated. 

The  level  set  function  is  introduced  and  used  to  cap¬ 
ture  the  free  surface  and  to  smooth  the  density  and 
viscosity  around  the  free  surface.  Nowhere  else  in 
space  must  the  level  set  function  be  known.  There¬ 
fore,  (j)  is  updated  and  reinitialized  only  in  a  region 
around  the  free  surface.  This  means  that  boundary 
conditions  for  ^  are  just  needed  at  the  in-  and  outlet. 

ONE-PHASE  FORMULATION 

Since  ship  flow  calculations  mostly  concern  the 
water  flow  only,  and  due  to  the  fact  that  the  introduc¬ 
tion  of  a  band  in  which  the  physical  properties 
change  is  an  unphysical  approximation,  it  is  favoura¬ 
ble  to  keep  the  air  domain  and  the  band  width  to  a 
minimum.  It  is  shown  in  [7]  that  for  stationary  non¬ 
breaking  waves  at  least  three  cells  are  required  in  the 
band  in  the  normal  direction  to  the  free  surface.  The 
air  domain  only  needs  to  be  about  10  cells  from  the 
free  surface  and  thus  does  not  affect  the  computa¬ 
tional  cost  significantly  if  the  wave  height  is  approx¬ 
imately  known  apriori.  The  band  in  which  the 
physical  properties  change  has  little  influence  on  the 
wave  profile  when  the  thickness  relative  the  cu^a- 
ture  is  small.  However,  for  breaking  waves  the  thick¬ 
ness  relative  to  the  curvature  will  usually  no  longer 
be  small.  Level  set  contours  of  the  free  surface  and 
the  band  borders  of  an  overturning  wave  are  shown 
in  figure  3.  The  water  volume  of  the  fluid  -  the  vol¬ 
ume  inside  the  inner  contour  -  in  the  tongue  must  not 
be  much  smaller  than  the  volume  inside  the  free  sur¬ 
face  (middle)  contour  to  be  a  representative  of  a 
water  tongue. 


Figure  3,  Bandwidth  around  a  breaking  wave. 


Even  though  a  turbulence  model  is  included  in  the 
level  set  formulation  the  stresses  close  to  the  free 
surface  might  not  be  correct  since  the  density  and  the 
viscosity  are  artificial  near  it.  To  get  forces  on  a  sur¬ 
face  vessel  the  pressure  is  integrated  over  the  wetted 
surface.  However,  the  hydrostatic  pressure  does  not 
vary  linearly  from  the  free  surface  and  through  the 
band.  These  disadvantages  of  the  level  set  method 
presented  in  the  last  section  can  be  related  to  one 
problem  -  the  smooth  density  and  viscosity  distribu¬ 
tion  through  the  free  surface.  For  this  reason  a  level 
set  method  with  a  sharp  free  surface  is  presented  in 
this  and  partially  the  next  sections. 


Governing  Equations 


Let  the  computational  domain  be  a  fixed  grid  cover¬ 
ing  both  water  and  air  regions  as  before.  The  idea  is 
to  solve  the  equations  of  motion  in  the  water  domain 
only  and  still  capture  the  free  surface  with  the  zero 
level  set  of  a  level  set  function.  The  coupling 
between  the  level  set  function  and  the  equations  of 
motion  is  not  accomplished  by  a  level  set  formula¬ 
tion  of  the  equations  of  motion  but  instead  through 
boundary  conditions  at  the  free  surface. 


Now,  the  bulk  flow  is  governed  by 


du-  a 


dt 


- 


dx;  dx, 


a 


+  V 


3m- 


dt  '3X; 


where  =  p  +  X2/Fn^  is  the  pressure  with  the 
hydrostatic  pressure  excluded  and  is  the  kine¬ 
matic  (v  =  |x/p)  eddy  viscosity.  In  the  two-phase 
formulation  the  pressure,  \|/,  cannot  be  used  because 
of  the  different  hydrostatic  pressure  in  air  and  water. 

Reinitialization 

Since  the  equations  of  motion  are  solved  only  in  the 
water  domain,  boundary  conditions  are  needed  at  the 
free  surface.  It  is  convenient  to  use  the  level  set  func¬ 
tion  to  get  the  distance  to  the  free  surface  when  these 
conditions  are  implemented  and  when  to  decide 
whether  a  node  is  inside,  here  in  the  water,  or  outside 
the  free  surface.  The  level  set  function  is  then  reini¬ 
tialized  to  keep  it  a  distance  function  to  facilitate 
implementation  of  boundary  conditions  and  not  to 
smooth  the  density  and  the  viscosity.  The  reinitiali¬ 
zation  procedure  is  the  same  as  described  in  the  two- 
phase  formulation. 
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l\irbulence  Model 

The  k-z  turbulence  model  often  referred  to  as  the 
standard  ^-8  turbulence  model  with  wall  functions  is 
used  here. 


where  the  stress  tensors  X-j  and  are 


The  kinematic  eddy  viscosity  is 


The  transport  equations  for  k  and  e  are 


(27) 


.  ,  .  3w,. 

for  water  and  air  respectively,  e..  =  ^  ^  is  the 

dxj  dx- 

rate  of  strain  tensor  and  5^  is  the  Kronecker  delta. 
Neglecting  viscous  stresses  in  the  air,  equation  (30) 
written  in  normal  and  tangential  components  give 
the  two  dynamic  conditions 


dt 


(28) 


V<”; 


(31) 


3e  3e 

■5^  +  M  -rr - 

^dX; 


Inviscid  boundary  conditions  are  obtained  under  the 
additional  assumption  that  viscous  stresses  in  the 
water  are  negligible  whereupon  equations  (31) 
reduce  to 


dx^Re  Cj^JdxJ 


(29) 


P 


= 


K 

We‘ 


where  the  production  and  the  constants  are  the 
same  as  in  the  two-phase  formulation 


/3m;  du-\du- 


and  C(1=0.09,  Cepl.44,  €^2=1.92,  0^=1. 0  and 
Ce=1.3. 


This  is  not  a  very  crude  assumption  since  the  stresses 
are  proportional  to  l/Re.  With  the  atmospheric  pres¬ 
sure  p*  set  to  zero,  the  dynamic  boundary  condition 
for  y]f  at  the  free  surface  is 

^  f„2  We 


du/dn  =  0 ,  dk/dn  =  0  and  dt/dn  =  0 . 


For  a  description  of  the  wall  functions,  see  the  two- 

phase  formulation.  NUMERICAL  METHOD 


Boundary  Conditions 


Momentum  Equations 


Below,  only  the  boundary  conditions  different  from 
those  given  above  are  presented. 

Top  Boundary 

No  boundary  conditions  are  needed  at  the  top  bound¬ 
ary. 


The  continuity  and  momentum  equations  are  solved 
with  a  fractional  step  method  using  a  finite-volume 
formulation.  Time  integration  is  carried  out  with 
Euler  forward  differencing,  convective  terms  are 
approximated  by  a  third  order  upwind  scheme  while 
other  spatial  derivatives  are  discretized  by  second 
order  central  differences. 


Free  Surface  Boundary  Condition 

At  the  free  surface  the  difference  between  normal 
stresses  across  the  interface  are  proportional  to  the 
surface  tension  and  tangential  stresses  and  tangential 
velocity  components  are  continuous  across  the  inter¬ 
face  [15].  In  the  absence  of  surfactants  this  yields  a 
boundary  condition  at  the  interface  between  the  two 
fluids 


(30) 


The  momentum  equations  are  written  with  discrete 

operators  in  explicit  form  for  the  velocity  vector  m” 
and  implicit  form  for  the  pressure  as 

,*n  +  1  _  j.n 

^  (32) 

where  p  is  Y  or in  the  one-  or  two-phase  formula- 
tions  respectively,  P(w")  is  the  combined  convective 
and  diffusive  operator  in  the  one-phase  formulation, 
the  combined  convective  and  diffusive  operator 
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including  surface  tension  and  gravitational  forces  in 
the  two-phase  formulation  and  n  is  the  number  of  the 
timestep.  Define  the  intermediate  velocity 

ii  =  m'*  +  ArF(M'*)  and  rewrite  equation  (32) 

1  =  w  -  ArVp”  ^ .  (33) 

The  corrector  equation  is 

H*  =  tt-AtV/?'*,  (34) 

Taking  the  difference  of  the  last  two  equations, 
defining  the  pressure  difference 

dp  =  p”  +  ^  -  p"  (35) 

and  using  V  •  m”  ^  =  0  will  provide  the  Poisson 
equation  for  the  pressure  difference 

V2(cfp)  =  ^(V  •  «*)  (36) 

p""^^  is  given  by  equation  (35)  and  by  equation 
(33). 

Acceleration 


dd  dd  . 


(39) 


where 


W,  =  S(d^) 


dd  y 


\dd 


dx. 


(40) 


Equation  (39)  is  a  nonlinear  hyperbolic  equation.  To 
reduce  both  dissipation  and  dispersion  errors  even  in 
the  presence  of  large  gradients,  a  second  order 
upwind  ENO  scheme  [16]  is  used  for  the  spatial 
derivatives.  Equation  (15)  is  solved  by  iterating 

+  1  _  _  ^xS(.dg)G(,d"‘)  (41) 


to  steady  state.  G(,d’")  is  the  discrete  ENO  operator 
applied  to  |3£(/3x^|  -  1 


G(d’")  = 


D*  S(d„)>0 

D~  S(d^)<0 
0  Sid^)  =  0 


(42) 


To  decrease  start-up  transients  the  following  smooth 
acceleration  of  the  flow  field  is  used:  where 


(37) 


(38) 


f  -  Oy  is  the  time  of  acceleration  -  typically  one 

time  unit,  and  f  is  the  time  at  time  level  n.  The  grav¬ 
itational  force  in  the  two-phase  formulation  is  accel¬ 
erated  likewise  since  it  appears  explicitly  in  the 
equations. 


D*  =  |^OTflx((4} +|A}|)^(Af-|AJ|)^)i  + 

/^flJ:((A|  +  |a||  )2,  (A|  -  |Af  I  )2)i]  -  1 

D~  =  ^maA:((A}-|A{|)^(Af  +  |A?|)^)^  + 
maj:((A|-|A||)2  (A|  +  |A|)2)ij  -1  (43) 


Level  Set  Function 

The  level  set  function,  equation  (5),  is  solved  with  a 
finite-difference  scheme.  Convection  terms  are 
approximated  by  a  third  order  upwind  scheme.  Cen- 
trsd  differences  are  used  at  boundaries  to  avoid 
dummy  nodes.  As  for  the  momentum  equations 
Euler  forward  is  used  for  discretization  in  time. 

Reinitialization 


where 


Q(x,y)  = 


^«/W^lyl  xy>0 

y  if  W  >  \y\ 


(45) 


Equation  (15)  may  be  written  in  the  form 


0  xy<Q 
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is  the  switch  function  that  turns  higher  order  differ¬ 
encing  off  when  a  chock  is  detected  and  the  super¬ 
script  k  and  c  denotes  the  order  and  kind  of 
differencing,  c  means  second  order  central  differenc¬ 
ing.  One  k  means  first  order  while  two  k  {kk)  means 
second  order  differencing  and  b  is  backward  and /is 
forward  differencing  as 


bl>0, 

r=  1.3 

b{<0, 

r  =  2,4 

bi<0, 

r=  1,3 

bJ>0, 

r=2,4 

Figure  5.  After  a  few  steps  of  reinitialization  of  the 
level  set  function  in  figure  4. 


This  means  that  the  direction  of  the  upwind ing  is 
influenced  by  the  sign  of  the  coefficient  of  the  Jaco¬ 
bian  matrix  of  the  coordinate  transformation  b\ . 

Figure  4  demonstrates  the  effectiveness  of  the  reini¬ 
tialization  procedure.  Initially,  the  value  of  the  level 
set  function  (j)  is  one  in  the  space  between  the  wing 
boundary  and  the  zero  level  set,  the  ellipse,  and 
minus  one  outside  the  ellipse.  Figure  5  shows  the 
contours  of  (j)  after  a  few  iterations.  It  is  seen  that  ^ 
first  becomes  a  distance  function  close  to  the  zero 
level  set.  Thus,  since  the  density  and  the  viscosity 
are  smoothed  around  the  free  surface  and  nowhere 
else,  (j)  does  not  have  to  be  defined  in  the  whole 
domain  or  if  ^  is  defined  in  the  whole  domain  it  is 
not  necessary  to  reach  a  steady  state  solution.  The 
unevenness  at  the  two  fronts  just  indicates  that 
steady  state  has  not  been  reached.  After  another  few 
iterations  steady  state  is  reached,  figure  6.  Initially  <j) 
was  not  at  all  a  distance  function.  In  a  real  flow  sim¬ 
ulation  (j)  is  reinitialized  every,  or  say  every  tenth, 
iteration  and  the  function  to  be  reinitialized  is  close 
to  a  distance  function.  So,  typically  only  one  to  three 
iterations  are  needed  to  reach  steady  state.  The  zero 
level  set  plotted  as  a  dotted  line  in  figures  5-6  coin¬ 
cide  totally  with  the  reinitialized  ^  and  is  therefore 
not  visible  in  the  figures. 


Figure  4.  The  zero  level  set  around  a  wing  section. 


Free  Surface  Boundary  Conditions 

In  the  one-phase  formulation  boundary  conditions 
are  to  be  applied  at  the  free  surface.  However,  since  a 
fixed  grid  is  used  the  free  surface  usually  does  not 
coincide  with  neither  the  positions  of  the  variables  in 
question  nor  a  gridline,  so  boundary  conditions  at  the 
free  surface  have  to  be  implemented  with  care. 

Pressure  Condition 

The  pressure  is  defined  in  the  cell  centre  and  the 
pressure  free  surface  boundary  condition  is  to  be 
applied  e.g.  at  point  k  in  figure  7. 
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Figure  7,  Definitions  for  pressure  free  surface 
boundary  condition  implementation. 


Taylor  expand  \\f  around  k  in  the  normal  direction  to 
the  free  surface 

V/.  =  ¥*  +  +  0{hh .  (47) 


y  / 


Figure  8.  Definitions  for  pressure  free  surface 
boundary  condition  implementation. 

li  which  is  parallel  to  rii  and  shall  go  through  point  k 
is  expressed  as 

jc.  =  xf  +  rn^  (49) 


The  value  of  the  pressure  at  the  free  surface  is 
known.  Neglecting  curvature  effects  it  is 

V/s  =  T]  =  ^1  “ 

the  pressure  at  kA  is  interpolated  from  Yw  Ve 
figure  7.  With  central  differences  for  both  first  and 
second  derivatives  and  non-equidistant  grid  spacing 
equation  (47)  is 


and  li  as 

Xi  =  a^  +  sxf'>  (50) 

where  -oo  <  r,  ^  <  <»  and  aj  =  .  r  and  s  are 

,  •  k 

given  from  xf  +  rn-  =  example 


which  yields  an  equation  for  Yjk-  But  k2  and  the  posi¬ 
tion  kA  has  to  be  found.  Find  the  intersection  points 
between  the  line  normal  to  the  free  surface  li  and  the 
two  dashed  lines  I2  and  shown  in  figure  8,  take  ^-1 
to  the  intersection  point  nearest  k  and  set 

h2  =  kk-l .  It  is  not  known  beforehand  between 

which  two  pressure  points  ^-1  lies.  So,  if  is  the 
dotted  line  in  figure  8,  i.e.  the  free  surface  has  a 
steeper  slope,  the  pressure  points  to  interpolate  from 
will  be  k^^  and 


«i(a|-x|)  +  n2(xf-a]) 


Applying  s  to 


equation  (50)  yields  the  intersection  point  between  /j 
and  I2.  Then  the  intersection  point  between  and 
is  found  in  the  same  way  and  all  is  set  for  calculating 
the  pressure  boundary  condition  at  point  k. 


Normal  derivatives 


Normal  derivatives  at  the  free  surface  are  approxi¬ 
mated  by  weighting  the  contravariant  components  of 
the  normal  vector  to  the  free  surface  and  the  distance 
to  three  neighbour  points,  figures  9  and  10. 
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Figure  9.  Definitions  for  implementation  of  normal 
derivatives  at  the  free  surface. 


For  any  scalar /defined  e.g.  in  the  cell  centre 


IWh 


(51) 


where 


N,  =  b\n. 


is  the  contravariant  normal  vector  and 


Extrapolation 

In  the  one-phase  formulation  the  system  of  equations 
is  solved  in  the  water  region  only  and  the  level  set 
function  is  used  to  capture  the  free  surface  that  is 
now  a  sh^  interface.  However,  to  get  the  zero  level 
set,  velocities  on  both  sides  of  the  zero  level  set  i.e. 
water  and  air  velocities  are  needed.  The  values  in  the 
air  are  extrapolated  in  the  normal  direction  to  the 
free  surface  in  a  similar  manner  as  the  normal  deriv¬ 
atives  are  calculated.  The  level  set  function  in  the  air 
is  updated  by  the  reinitialization. 


and 


^-3  = 

can  lie  in  the  plane  between  Nj  and  n-  or  between 


N2  and  M/,  compare  figure 
calculated  from 


IWlI 


h 


?  and  10.  Therefore,  is 

Li  £2 

otherwise 


where  denotes  normalized  components. 


Free  Surface  Outlet  Condition 

In  the  wave  damping  term  in  equation  (24)  r|  is  the 
wave  elevation.  The  level  set  function  is  a  distance 
function  so,  is  the  normal  distance  with  sign 

from  the  free  surface  to  the  initial  flat  free  surface 
iffs  and  the  wave  elevation  T)  = 

way  the  level  set  function  does  not  have  to  be  found 
explicitly  to  apply  the  damping  function  at  the  outlet. 
Since  iffs  does  not  necessarily  coincide  with  a  node, 
is  calculated  by  linear  interpolation.  The 

damping  function  7(xj)  is  calculated  once  and 
stored. 

Filtering 

It  is  obvious  that  the  normal  vector  plays  an  impor¬ 
tant  role  in  computing  boundary  conditions  at  the 
free  surface  in  the  one-phase  formulation.  Therefore, 
a  smooth  distribution  of  the  normal  vector  is 
required  for  the  methods  of  applying  boundary  con¬ 
ditions  at  the  free  surface  as  described  in  the  last  sec¬ 
tion  to  be  accurate.  The  normal  vector  is  expressed 
in  terms  of  the  level  set  function,  equation  (10), 
which  is  a  smooth  function.  However,  in  numerical 
computations  this  may  not  always  be  true.  For  exam¬ 
ple  at  large  curvature  in  relation  to  the  resolution  i.e. 
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cell  sizes.  If  the  level  set  function  then  includes  high 
frequency  dispersion  errors  not  really  visible  when 
judging  the  shape  of  the  level  sets  the  normal  vector 
will  be  influenced  by  these.  Usually,  the  small  fluc¬ 
tuations  in  the  normal  vector  field  will  be  damped  by 
numerical  diffusion  but  in  the  worst  case  they  will 
not  and  the  oscillations  will  increase  and  the  compu¬ 
tation  will  crash.  To  avoid  this  the  level  set  function 
can  be  filtered.  Here  the  following  equation  is  solved 

$  +  coV2$  =  (|).  (52) 

where  $  is  the  filtered  level  set  function,  is  the 
discrete  laplacian  operator  and  co  is  a  smoothing 
parameter,  typically  the  size  of  the  cell.  The  filtered 
level  set  function  is  a  new  quantity  and  does  not 
replace  the  original  level  set  function.  It  is  used  only 
to  compute  the  normal  vector  and  curvature  and  for 
nothing  else.  So,  the  introduction  of  a  filtered  level 
set  function  will  not  affect  the  capturing  of  the  free 
surface  i.e,  this  will  not  be  smoothed. 


log(R) 


Figure  11.  The  residual  of  the  acceleration. 


RESULTS 

Profiles  of  the  waves  generated  by  a  submerged 
NACA0012  hydrofoil  have  been  extensively  meas¬ 
ured  by  Duncan  [17].  The  case  is  two-dimensional 
and  in  the  present  work  a  submerged  NACA0012 
wing  section  with  an  angle  of  attack  of  5  degrees  is 
simulated.  For  Frt=0.567,  /?^1.62*10^  and  the  non- 
dimensional  depth  of  submergence  s/c= 1.034  some 
prior  checking  of  the  code  has  been  carried  out  and 
the  free  surface  height  for  stationary  waves  com¬ 
puted.  The  onset  of  breaking  was  preicted  for  three 
speeds,  Fn=0.425,  Fn=0.567  and  Fn=0.709.  'Nfiscous 
flows  were  computed  with  both  methods  and  invis- 
cid  flows  with  the  two-phase  method.  The  computa¬ 
tional  domain  extended  five  chord  lengths  in  front  of 
the  foil  and  between  seven  and  twelve  chord  lengths, 
including  damping  zone,  behind  the  foil  depending 
on  the  speed.  Note  the  position  and  scaling  of  the  foil 
in  the  figures  below. 

Prior  checking 

The  residual,  F,  is  here  defined  as  a  weighted  L2- 
norm  of  the  acceleration 


To  get  an  estimation  of  the  order  of  the  scheme  com¬ 
putations  on  three  different  grids  successively 
refined  a  factor  two  finer  in  all  directions  can  be 
compared.  A  weighted  L2-nonn  of  a  vector  valued 

function  u  =  is  defined  as 


N 

^  I  ((«?)'+(«!)') 
'y  k=i 


(54) 


and  of  a  scalar  9  as 


Iie|l2  = 


N 


k=  1 


(55) 


Denote  the  fields  u^\  and 

M**,  superindexed  by  the  spatial  resolution  and 
the  time  steps  used  are  4At,  2At  and  At  respec¬ 
tively.  Let  the  difference  in  L2-norm  be 


2  N 

r 

N  i=U=l 

(53) 

*  =  1  or 

where  N  is  the  number  of  grid  nodes.  The  residual  is 
shown  in  figure  11.  There  are  no  fundamental  differ¬ 
ences  in  the  solution  algorithm  between  the  two 
methods  and  the  residuals  of  the  two  methods 
behaves  in  a  similar  manner. 


In  table  1  and  table  2  these  differences  and  the  con¬ 
vergence  obtained  are  given  for  the  velocity,  the 
pressure  and  the  level  set  function  for  the  two-  and 


2.4-13 


one-phase  methods  respectively.  In  the  two-phase 
formulation  only  the  water  region  is  considered. 


Variable 

order 

u 

8.53  •  10-2 

3.16-10-2 

1.43 

P 

6.43  •  10-2 

2.76  •  10-2 

1.22 

5.69  •  10-2 

1.84  ■  10-2 

1.63 

Table  1.  Order  of  convergence  for  the  velocity,  the 
pressure  and  the  level  set  function  for  the  two-phase 
formulation. 


Variable 

* 

** 

order 

u 

3.37  ■  10-2 

1.41 

p 

6.64  •  10-2 

2.97  •  10-2 

1.16 

f 

5.90  •  10-2 

2.00  •  10-2 

1.53 

Table  2.  Order  of  convergence  for  the  velocity,  the 
pressure  and  the  level  set  function  for  the  one-phase 
formulation. 


The  convergence  rates  for  the  velocity  field  and  the 
level  set  function  is  close  to  1.5  and  for  the  pressure 
a  little  bit  better  than  1.  The  values  are  slightly  lower 
with  the  one-phase  formulation  than  with  the  two- 
phase  formulation.  Even  though  essentially  all  parts 
contributing  to  the  spatial  convergence  are  at  least 
second  order  accurate  the  total  order  of  convergence 
is  far  from  that.  Skewed  cells,  cells  with  high  aspect 
ratio  and  influences  from  boundary  conditions  are 
examples  of  effects  that  yield  a  lower  order  conver¬ 
gence. 

Pressure  and  velocity  contours  beneath  the  free  sur¬ 
face  and  the  velocity  field  around  the  foil  computed 
with  the  one-phase  method  and  turbulence  model  are 
shown  in  figures  12-14. 


Stationary  waves 

Stationary  waves  have  been  investigated  for 
Fn=0.567  and  depth  of  submergence  5/0=1.034.  It  is 
seen  in  figures  15  and  16  that  results  from  the  two 
methods  are  almost  on  top  of  each  other  even  though 
the  one-phase  formulation  under  predicts  the  wave 
heights  a  little  more  than  the  two-phase  formulation 
for  both  in  viscid  and  viscous  solutions.  Figure  17 
shows  inviscid  and  viscous  one-phase  formulation 
results.  The  RANSE  wave  amplitude  is  noticeably 
lower  than  the  Euler  wave  amplitude  which  was  also 
observed  by  other  investigators  [18].  It  should  be 
pointed  out  that  the  pretty  pictures  shown  in  this  sub¬ 
section  are  snapshots  of  the  profile  of  waves  that  has 
not  mathematically  speaking  reached  steady  state  but 
a  rather  periodic  state.  Start  up  transients  and  reflec¬ 
tions  from  mainly  the  outlet  and  inlet  boundaries  are 
bouncing  back  and  forth  between  the  boundaries 
which  are  not  completely  non-reflecting.  Two  wave 
profiles  at  time  t  and  t-^dt  could  not  be  separated  by 
inspection  of  the  wave  amplitude  covering  the  whole 
screen.  Also,  two  wave  profiles  at  time  t  and  t-¥ndt 
where  n  is  of  the  order  of  hundred  (explicit  scheme) 
and  n  happens  to  be  the  periodicity  would  coincide. 
Avoiding  the  periodic  n  the  difference  might  be  visi¬ 
ble  see  figure  18.  However,  all  comparisons  are  at 
least  made  at  the  same  time  t. 


Figure  12.  Pressure  contours. 
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Figure  15.  Comparison  between  in  viscid  one-  and 
two-phase  methods. 


Figure  16.  Comparison  between  viscous  one-  and 
two-phase  methods. 


Figure  17.  Comparison  between  inviscid  and  viscous 
results  with  the  one-phase  method. 
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Figure  18.  Oscillating  wave  amplitude. 


Figure  19  shows  a  close  up  of  Euler  and  RANSE 
velocity  vectors  around  the  free  surface  computed 
with  the  two-phase  method.  The  largest  gra^ents 
appear  in  the  air  at  the  interface  between  the  band 
and  the  air  due  to  the  relatively  largest  changes  in  the 
density  there.  For  the  viscous  calculation  these  gradi¬ 
ents  are  a  little  less  pronounced. 


Figure  19.  Velocity  vectors  around  the  free  surface, 
viscous  top  and  inviscid  bottom. 


Onset  of  breaking 

The  onset  of  breaking  has  been  numerically  investi¬ 
gated  for  three  different  Froude  numbers,  Fn=0.425, 
Frt=0.567  and  Fn=0.709  solving  the  Euler  and 
RANS  equations  with  the  two-phase  formulation  and 
the  Euler  equations  with  the  one-phase  formulation. 
Computations  were  carried  out  for  different  depths 
of  submergence  s/c  of  the  foil  in  whole  steps  in  the 
second  decimal  of  s/c.  At  the  lowest  Froude  number 
Fn=0.425  the  onset  of  breaking  is  generally  well  pre¬ 
dicted.  The  inviscid  two-phase  method  over  predicts 
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the  depth  of  submergence  of  the  foil  for  the  two 
higher  speeds  i.e.  waves  are  breaking  for  deeper 
depths  than  measured,  figure  20. 
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Figure  22.  Wave  breaking  predictions  as  a  function 
of  foil  submergence  and  speed  for  inviscid  and  vis¬ 
cous  two-phase  method. 


Figure  20.  Wave  breaking  predictions  as  a  function 
of  foil  submergence  and  speed  with  inviscid  two- 
phase  method. 


For  viscous  calculations  both  methods  under  predict 
the  depth  of  submergence  and  the  discrepancies  are 
getting  larger  with  higher  Froude  number,  figure  21. 
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Figure  21.  Wave  breaking  predictions  as  a  function 
of  foil  submergence  and  speed  with  viscous  one-  and 
two-phase  methods. 


Duncan  found  that  for  Fn=0.567  steady  state  was 
obtained  for  s/c=0.950.  For  j/c=0.951  no  breaking 
occurred  if  no  disturbances  were  added  but  with  dis¬ 
turbances  (a  cloth  was  used  in  front  of  the  foil  at  the 
firee  surface)  the  waves  broke.  Wi\h  such  large  differ¬ 
ences  in  depths  between  various  runs  as  used  in  the 
present  work  there  were  tree  kinds  of  wave  profiles 
observed.  Plunging  breaking,  a  sort  of  cyclic  slightly 
overturning  breaking  and  no  breaking.  A  typical 
plunging  breaking  with  a  break-off  of  a  ‘water  drop’ 
is  shown  in  figure  23  for  Fn=0.425  and  4/c=0.50 
computed  with  the  two-phase  method. 


Figure  22  shows  the  difference  between  viscous  and 
inviscid  computations  with  the  two-phase  method. 
The  viscous  results  are  under  predicted  and  the  invis¬ 
cid  results  are  slightly  over  predicted.  The  trend  that 
viscous  results  are  imder  predicted  follows  the  one 
observed  for  stationary  waves,  compare  figure  17. 


Figure  23.  Overturning  wave  and  the  break-off  of  a 
‘water  drop’,  F/i=0.425  and  j/c=0.5. 


The  resolution  in  figure  23  is  far  from  satisfactory 
and  this  wave  profile  has  probably  little  to  do  with 
real  wave  shapes  for  this  case.  Later,  the  overturning 
wave  merges.  Figure  24  shows  a  merged  overturning 
wave  computed  with  the  one-phase  method  at 
Fn=Q.567  and  5/c=0.88.  Values  at  dummy  nodes 
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were  not  implemented  in  a  general  way  so,  merging 
will  not  be  correctly  treated  even  though  it  is  possi¬ 
ble  to  compute.  However,  the  divergence  is  large, 
many  more  than  three  iterations  were  needed  to  rein¬ 
itialize  the  level  set  function  and  filtering  was 
required. 


Figure  24.  Merging  overturning  wave,  Fn=0.567  and 
s/c=0.88. 


In  figure  25  one  cycle  (in  order:  solid,  dashed  dot, 
dashed,  dashed  dot  dot,  dotted  and  long  dashed)  of 
the  slightly  overturning  breaking  wave  with  the  two- 
phase  method  at  Fn=0.567  and  s/c=0.93  is  shown. 
Two  kinds  of  breaking,  shown  in  figures  23  and  25 
were  observed.  It  was  such,  obvious  whether  break¬ 
ing  occurred  or  not. 


Figure  25.  Slightly  overturning  breaking  wave, 
Fi^=0.567  and  s/c^.93. 


CONCLUSIONS 

Two  variations  of  a  finite  volume  method  solving  the 
Reynolds  averaged  Navier-Stokes  equations  for  two- 
dimensional  free  surface  flows  on  fixed  grids  are 
presented  here.  The  level  set  technique  is  used  to 


capture  the  free  surface  in  both  a  two-phase  formula¬ 
tion  and  in  a  one-phase  formulation.  In  the  latter, 
dynamic  boundary  conditions  are  applied  at  the  free 
surface.  Also  the  k-t  turbulence  model  is  formulated 
in  the  level  set  formulation. 

In  the  two-phase  method,  the  possibility  for  the  free 
surface  to  change  topology  is  embedded  in  the  for- 
mulatioa  This  is  achieved  at  the  expense  of  an  inter¬ 
face  with  a  finite  thickness,  in  terms  of  number  of 
cells  around  the  free  surface.  To  avoid  this  disadvan¬ 
tage  a  sharp  free  surface  level  set  method  has  been 
developed.  However,  in  this  method  the  flexibility  is 
so  far  restricted  and  it  is  more  complicated  to  imple¬ 
ment  which  applies  particularly  to  the  extension  to 
three  dimensions. 

The  computed  wave  profiles  of  steady  waves  gener¬ 
ated  by  a  submerg^  wing  section  with  the  two 
methods  are  close  to  each  other  for  both  inviscid  and 
viscous  flows  and  the  inviscid  results  are  in  better 
agreement  with  experiments  than  viscous  results  are. 

Regarding  predictions  of  the  onset  of  breaking  the 
depths  at  which  breaking  waves  were  predicted  were 
compared  to  experiments  for  three  different  Froude 
numbers.  For  viscous  flows,  predictions  with  both 
methods  agree  well  with  experiments  for  the  lowest 
Froude  number  F/i=0.425  and  are  more  and  more 
underpredicted  with  higher  speeds.  Euler  computa¬ 
tions  were  carried  out  with  the  two-phase  formula¬ 
tion  and  compared  to  RANSE  solutions.  The  Euler 
solutions  are  in  better  agreement  with  experiments 
but  over  predicts  the  depth  of  submergence  for  the 
higher  Froude  numbers  Fn=0.567  and  Fn=0.709. 

The  two  variations  show  similar  results  for  the  cases 
computed.  So,  the  benefit  with  the  sharp  free  surface 
method  can  be  argued.  In  case  the  effects  of  the  free 
surface  boundary  layer  are  important,  on  one  hand,  a 
sharp  interface  should  represent  the  free  surface  bet¬ 
ter  than  one  including  a  mixing  of  water  and  m.  On 
the  other  hand,  boundary  conditions  are  imple¬ 
mented  at  an  interface  not  coinciding  with  a  gridline 
and  the  method  is  slightly  less  accurate,  see  table  1 
and  2,  than  the  two-phase  method. 
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APPENDIX 


Volume  computation 

To  take  the  difference  between  the  mass  flow  at  the 
in-  and  outlet  is  one  way  to  check  the  global  conser¬ 
vation  of  an  incompressible  stationary  solution.  This 
should  be  appropriate  if  the  boundary  conditions  are 
correctly  implemented.  But  if  a  free  surface  is 
present,  first,  the  mass  in-  and  outflow  through  the 
surface  may  not  always  be  numerically  zero,  so  even 
if  the  difference  between  the  mass  flow  at  the  in-  and 
outlet  is  zero  this  does  not  necessarily  imply  global 
conservation.  Second,  as  the  solution  proceeds  in 
time  the  net  mass  flow  might  be  negligible.  How¬ 
ever,  if  the  number  of  time  steps  needed  to  reach  a 
stationary  solution  is  large  and  the  sign  of  the  differ¬ 
ence  between  the  mass  flow  at  the  in-  and  outlet  does 
not  oscillate  i.e.  the  differences  are  not  cancelling 
each  other  the  total  or  in  time  integrated  mass  differ¬ 
ence  might  be.substantial.  This  means  leakage  or  fill¬ 
ing  of  mass  into  the  domain  before  a  stationary 
solution  is  reached  which  could  be  the  correct  solu¬ 
tion,  but  if  not,  only  checking  the  difference  of  mass 
between  the  in-  and  outlet  could  be  misleading. 
Another  way  to  check  global  conservation  is  to  com¬ 
pute  the  volume  of  the  fluid  domain.  With  a  free  sur¬ 
face  cutting  cells  in  a  fixed  grid  there  are  three  kinds, 
in  2D,  of  partially  filled  cells  at  the  surface,  a)  one 
node  in  the  water  region  and  three  nodes  in  the  air 
region,  b)  two  nodes  in  both  the  water  and  air 
regions  and  c)  three  nodes  in  the  water  region  and 
one  node  in  the  air  region.  The  volume  fraction  of 
water  vfw  is  here  for  the  three  cases: 


a)  vfw 
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see  figure  A1  and 


r  =  detiap\  where  aj  at  point  c  is  interpolated 

ir^sJie  Ji&re  rid  sjS" 


Figure  A2.  Definitions  for  volume  calculation  of  free 
surface  cells. 


The  coordinates  of  the  poin*®  where 

SLtion  this  yields  exactly  the  position  of  the  free 

surface  at  the  cell  faces. 
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ABSTRACT 


The  importance  of  model  5415  stems  from  the  facts  that  it  represents  an  important  class  of  existing  ships  and  detailed 
experimental  data  are  available  for  validating  Computational  Fluid  Dynamics  (CFD)  codes.  The  code  UNCLE  incorpo¬ 
rates  an  algorithm  for  tracking  unsteady  free  surface  flows  in  a  time  accurate  manner.  In  this  algorithm,  to  facilitate  the 
tracking  of  the  free  surface,  a  background  grid  is  employed.  Using  the  background  grid  the  free  surface  grid  points  are 
forced  to  move  along  predetermined  paths  in  order  to  simplify  the  grid  regeneration  process  at  the  new  time  level.  New¬ 
ton’s  method  is  used  to  find  the  intersection  of  the  background  grid  lines  with  the  free  surface.  This  allows  the  preserva¬ 
tion  of  the  shape  of  the  free  surface  during  various  grid  operations  at  a  given  time  level.  The  governing  equations  of  the 
flow  field  are  cast  with  respect  to  an  unsteady  Eulerian  coordinate  system  and  solved  using  the  modified  artificial  com¬ 
pressibility  method.  The  kinematic  condition  has  been  formulated  from  first  principles  such  that  it  is  valid  for  breaking 
waves  up  to  the  point  of  reentry.  The  resulting  numerical  algorithm  is  implicit  and  time  accurate  and  is  formulated  based 
on  a  finite  volume  approach.  Roe’s  formulation  is  used  for  obtaining  the  first  order  inviscid  numerical  fluxes  and  van 
Leer’s  MUSCL  approach  is  used  for  obtaining  higher  order  (third)  corrections.  Central  differencing  is  used  for  the  viscous 
terms  and  a  two  point  backward  Euler  formula  is  used  for  the  time  derivative.  The  same  algorithm  is  also  used  for  implic¬ 
itly  solving  the  free  surface  kinematic  condition  which  is  cast  with  respect  to  surface  curvilinear  coordinates.  The  numeri¬ 
cal  results  are  compared  with  the  experimental  results.  The  flow  conditions  are  Fr  =  0.2756  and  Re  =  12,020,000.  This  set 
of  parameters  correspond  to  the  so  called  wetted  transom  case  which  is  difficult  to  compute.  The  results  are  quite  encour¬ 
aging. 


1.  INTRODUCTION 

Fluid  flow  over  a  full  scale  ship  involves  very  high 
Reynolds  number  and  may  involve  physical  phenomena 
such  as  wave  breaking.  So  far,  the  approach  adopted  for  de¬ 
signing  a  ship  to  operate  under  such  conditions  is  mainly 
based  on  experimental  data  and  experience.  Experiments  are 
usually  conducted  at  a  scaled  down  Reynolds  number.  On 
the  other  hand,  the  computational  tools  currently  being 
employed  in  ship  design  use  approximations  that  simplify 
the  equations  that  represent  the  physical  model.  These  tech¬ 
niques  are  robust  and  fast  but  may  not  be  reliable.  CFD  tech¬ 
niques  usually  involve  solving  the  Reynolds  averaged  Navi- 
er-Stokes  equation  which  can  provide  more  accurate  and 
reliable  solution.  As  a  step  towards  using  such  codes  in  ship 


design,  one  needs  to  validate  them  against  known  experi¬ 
mental  results.  Since  much  work  needs  to  be  done  in  under¬ 
standing  the  physics  of  unsteady  flows  at  very  high  Reynolds 
number  and,  since  one  may  want  to  use  the  codes  for  condi¬ 
tions  for  which  one  may  not  be  able  to  conduct  experiments, 
the  validation  of  codes  against  known  experimental  results 
is  crucial  in  their  acceptance  as  a  design  tool. 

Numerical  approaches  for  solving  the  free  surface 
flows  can  be  divided  into  two  categories  based  upon  the 
frame  in  which  the  governing  equations  are  solved.  Meth¬ 
ods,  such  as  the  Marker  and  Cell  approach  (Harlow  and 
Welch  [1])  as  well  as  the  volume  of  fluid  approach  (Hirt  and 
Nichols  [2])  cast  the  governing  equations  in  an  inertial 
frame.  The  recently  developed  level  set  approach  (Osher  and 
Sethian  [3])  also  casts  the  governing  equations  in  an  inertial 
frame.  Thus  in  all  these  approaches  a  grid  that  is  fixed  in  time 


2.5-1 


a  =  ^(Vu  +  V^u)  (2.3) 

where,  \i  =  fxV^o>  is  the  non-dimensional  coefficient  of 
viscosity.  The  superscript ’T’  in  Eq.  (2.3)  denotes  the  trans¬ 
pose  operation. 


I  =  constant  surface 
( increasing  from  the 
inflow  boundaiy  to  the 
outflow  boundary  ) 

Ti  lines! 

( increasing  from  the 
bottom  boundary  to 
the  top  ) 


5  lines 


( increasing  from  the 
body  to  the  outer 
side  boundary  ) 

Fig.  1.  Schematic  illustrating  the  Cartesian  and 
curvilinear  coordinates  chosen. 


Casting  the  governing  equations  (2.1)  and  (2.2) 
with  respect  to  a  curvilinear  coordinate  system  ( §,  t],  g,  t ) 
and  using  the  so-called  partial  transformation  in  which  the 
vectors  and  tensors  that  appear  within  the  divergence  opera¬ 
tor  are  expressed  with  respect  to  the  underlying  Cartesian 
coordinates  whereas  the  divergence  operator  itself  is  ex¬ 
pressed  in  terms  of  the  curvilinear  coordinates,  one  can  ob¬ 
tain  the  so-called  numerical  vector  form  which  is  as  follows: 


dx 


iG  .  dH 


dri 


(2.4) 


where, 


Q=yg 


p'" 

Pu' 

u 

F=  v/g 

u(u'  +  10  +  P'lx 

V 

V(u'  +  10  +  p'ly 

w 

w(u'  +  10  + 

0 


pv 


yi 


4"  CJxy^y  "I"  Oxz^z 

Oxy^X  +  Oyyly  + 

"b  Oyz^y  +  Cfzz^z 


u‘  =  u|x  +  v|y  +  W^2 


u,  V,  and  w,  are  the  components  of  the  absolute  velocity 
vector  with  respect  to  a  Cartesian  coordinate  system,  o^x, 
etc.,  are  the  Cartesian  components  of  the  Stokes  tensor, 
ly  and  are  the  Cartesian  components  of  the  con- 
travariant  base  vector  grad  §.  Expressions  for  G  and  H  are 
similar  to  F  and  can  be  obtained  from  F  by  replacing  ^  by  ti 
and  ^  respectively.  Similarly  G''  and  H''  can  be  obtained 
from  F^.  Figure  1  indicates  the  coordinate  systems  chosen. 

Equation  (2.4)  is  the  system  of  non-linear  equa¬ 
tions  to  be  solved  numerically,  using  a  set  of  physical  and  nu¬ 
merical  boundary  condidons.  The  physical  boundary  condi¬ 
tions  include  the  noslip  condition  (v  =  0=t»u  =  — ^on 
the  body  and  the  kinematic  and  dynamic  free  surface  bound¬ 
ary  conditions. 


The  kinematic  condition  used  in  this  work  can  be 
derived  as  follows.  Assume  that  the  free  surface  is  repre¬ 
sented  by  the  function  <()  =  0.  Then  the  kinematic  condition 
implies  [12] 

d(t) 

-^  +  u  •  V(l)  =  0  (2.5) 

In  terms  of  a  set  of  inertial  curvilinear  coordinates 
(4>  =  0)»  Eq*  (2.5)  can  be  written  as 


(2.6) 


where  the  contravariant  velocity  component  u*  is  defined 
below  Eq.  (2.4)  and  u^  and  u^  can  be  similarly  defined.  On 
the  other  hand,  in  terms  of  a  set  of  non-inertial  curvilinear 
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is  used  and  the  free  surface  is  allowed  to  move  between  grid 
points.  Thus,  locating  the  free  surface,  maintaining  it  as  a 
sharp  discontinuity  as  well  as  imposing  the  boundary  condi¬ 
tions  on  it,  are  not  trivial  in  these  approaches.  On  the  other 
hand,  the  second  approach  which  has  been  variously  called 
moving  grid  approach,  alternate  Lagrangian— Eulerian  for¬ 
mulation  and  unsteady  Eulerian  coordinates,  uses  a  non— in¬ 
ertial  frame  and  the  free  surface  coincides  with  a  grid  surface 
exactly  at  all  times.  Thus,  application  of  the  boundary  condi¬ 
tions  on  the  free  surface  as  well  as  tracking  the  free  surface 
in  time  is  straight  forward.  However,  this  approach  involves 
grid  regeneration  at  every  time  step  which  may  not  be  feasi¬ 
ble  for  all  cases. 

Some  of  the  precursory  works  in  free  surface  flow 
computations  about  surface  ships  were  performed  by  Miyata 
and  Nishimura  [4],  Kodama  [5],  Hino  [6]  and  Farmer  et  al 
[7].  Recent  works  are  that  of  Tahara  and  Stem  [8]  and  Bedd- 
hu  et  al  [9],  [10],  [1 1].  Tahara  and  Stem  use  a  Poisson  equa¬ 
tion  for  pressure  and  use  the  pressure-implicit  split-operator 
(PISO)  algorithm  to  solve  the  mean  flow  equations  and  the 
Beam  and  Wanning  approach  with  artificial  dissipation  for 
solving  the  free  surface  equation.  They  use  the  so-called  fi¬ 
nite  analytic  method  to  discretize  the  governing  equations. 
In  addition,  they  use  separate  grids  for  solving  the  mean  flow 
and  the  free  surface  and  use  interpolation  for  transferring 
data  between  the  grids.  Beddhu  et  al  [10]  use  the  modified 
artificial  compressibility  approach,  introduced  earlier  in 
Beddhu  et  al  [9],  for  the  mean  flow  equations  and  use  an  ex¬ 
plicit  method  for  calculating  the  free  surface  motion.  They 
use  a  finite  volume,  implicit  scheme  patterning  their  numeri¬ 
cal  scheme  after  compressible  flow  solvers.  Thus,  Roe 
scheme  is  used  for  obtaining  first  order  numerical  fluxes  and 
van  Leer’s  MUSCL  approach  is  used  to  obtain  third  order 
corrections.  The  viscous  terms  are  approximated  using  sec¬ 
ond  order  central  differences  and  the  time  derivative  is 
approximated  using  either  first  order  or  second  order  back¬ 
ward  differences. 

In  [1 1],  Beddhu  et  al  use  an  implicit  method  for  cal¬ 
culating  the  free  surface.  The  method  was  chosen  to  be  the 
same  as  the  one  used  for  the  mean  flow.  In  addition,  a  novel 
way  of  tracking  the  free  surface  in  time  was  introduced 
which  preserves  the  shape  of  the  free  surface  at  each  time 
step  during  various  grid  operations.  Since  the  geometries  of 
actual  ships  are  very  complex  such  an  approach  is  necessary 
for  advancing  the  free  surface  along  curvilinear  coordinates. 
In  essence,  a  background  grid  was  used  which  is  fixed  in 
time.  Grid  points  on  the  free  surface  are  allowed  to  move 
along  a  particular  family  of  coordinate  lines,  chosen  a  priori, 
of  the  background  grid.  The  portion  of  the  coordinate  lines 
below  the  free  surface  is  then  used  to  rebuild  the  actual  grid 


at  the  next  time  level  using  the  arclength  distribution  of  the 
actual  grid  line  at  the  current  time  level. 

In  the  present  paper  a  consistent  formulation  of  the 
free  surface  kinematic  boundary  condition  using  surface  cur¬ 
vilinear  coordinates  applicable  to  breaking  waves  up  to  the 
point  of  reentry  is  given  from  first  principles.  The  formula¬ 
tion  differs  from  other  published  formulations  in  that  the  cur¬ 
vilinear  coordinates  are  introduced  on  a  curved  surface  as 
opposed  to  a  flat  surface.  The  results  presented  herein  sup¬ 
plement  and  complement  those  presented  in  [1 1]. 

The  rest  of  the  paper  is  organized  as  follows:  In  Sec¬ 
tion  2,  the  governing  equations  and  boundary  conditions  are 
presented.  In  Section  3,  numerical  methods  for  solving  the 
mean  flow  equations  and  the  free  surface  kinematic  condi¬ 
tion  are  presented.  In  Section  4,  the  method  of  updating  the 
free  surface  and  the  interior  grid  is  presented.  In  Section  5, 
results  are  presented  and  in  Section  6,  conclusions  are  drawn. 

2:  GOVERNING  EQUATIONS 

The  governing  equations  in  this  work  are  cast  with 
respect  to  a  non-inertial  frame.  In  tensor  invariant  form  the 
continuity  equation  in  the  modified  artificial  compressibility 
method  (Beddhu  et  al  [9],  [10])  is  given  by 

A 

+  P  divu  =0  (2.1) 

where  P  is  the  artificial  compressibility  parameter.  The 
momentum  equation  for  viscous,  incompressible  flows  in  a 
non-inertial  frame  of  reference,  in  a  gravitational  field,  in 
non-dimensional,  vector  invariant  form  is  given  by  (Bedd¬ 
hu  etal  [9],  [10]) 

+  V  [vu  +  p1-^a]  =  0  (2.2) 

yg  dt  I-  r  Keo 

In  Eqs.  (2.1)  and  (2.2),  u  =  uV^o*  is  the  non-<iimensional 
absolute  velocity  vector,  y  =  u  +  w  is  the  non-dimen¬ 
sional  relative  velocity  vector,  w  is  the  non-dimensional 
grid  velocity  vector,  x  =  tUo/L,  is  the  non-dimensional 
time,  5,  is  the  Stokes  tensor  and  p'  =  p  +  where 
p  =  (p*  -  po)/poUj,  is  the  non-dimensional  pressure  and 
y  is  the  body  force  potential  due  to  gravity.  Reo  is  the  Re¬ 
ynolds  number,  Reo  =  PoUoL  /  where,  po  is  a  refer¬ 
ence  density,  Uq  is  a  reference  velocity,  L  is  a  reference 
length,  and,  Po  is  a  reference  coefficient  of  viscosity.  Fr  is 

the  Froude  number  given  by  Fr  =  Uq/  7^,  where,  a  is  the 
acceleration  due  to  gravity.  Note  that  when  the  positive  y- 
direction  is  aligned  in  the  direction  opposite  to  the  gravity 
vector,  one  obtains  x  ~  y*  ^  tilde  over  a  quantity  denotes 
that  it  is  a  tensor  and  an  underscore  denotes  that  it  is  a  vec¬ 
tor.  The  Stokes  tensor  is  given  by 
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coordinates  (<!>  =  (t)(|(t),T)(t),5(t),T) ;  (x  =  t)),  Eq.  (2.5) 
can  be  written  as 


^  +  (u'  +  w')||  +  (u^  +  +  (u^  +  =  0 

(2.7) 


where  w^  w^  and  w*^  are  the  contravariant  components  of 
the  grid  velocity  vector.  Choosing  T]  =  y,  Eq.  (2.7)  be¬ 
comes 


^  +  w')^  +  +  (u^  +  w^)^  =  0 


(2.8) 


Up  to  this  point  the  notion  of  surface  curvilinear  coordi¬ 
nates  is  not  needed.  Note  that  there  is  no  restriction  placed 
on  the  coordinates  ^  and  g.  In  general,  |  =  |(x,  y,  z,  t)  and 
5  =  y,  z,  t).  Now,  let  the  surface  (J>  =  0  be  represented 
by 


<!>(?.  y,  5.  t)  =  y  -  Y(|,  g,  t)  =  0  (2.9) 

Substituting,  Eq.  (2.9)  in  Eq.  (2.8),  one  obtains 

^  +  (u'  +  w')||  +  (u^  +  w’)|^  -  V  =  0  (2.10) 

In  Eqs.  (2.9)  and  (2.10)  the  curvilinear  coordinates  |  and  g 
need  to  be  interpreted  as  surface  curvilinear  coordinates. 
However,  ^  and  g  are  still  of  the  form  §  =  §(x,  y,  z,  t)  and 
g  =  g(x,y,z,t).  The  velocity  components  u^  and  u\  and, 
the  grid  velocity  components  w^  and  w^  are  now  surface 
contravariant  components. 


Fig.  2.  Breaking  wave  representation. 
Y(x)  is  multi  -  valued  for  Xq  x  <  Xi. 
Y(^)  is  however  single  —  valued  until  reentry. 


[7]  is  that  Farmer  et  al  [7]  introduce  the  curvilinear  coordi¬ 
nates  on  a  flat  surface  (i.e.  xz-plane)  whereas  the  present  for¬ 
mulation  introduces  them  on  the  actual  free  surface. 

Any  book  on  differential  geometry,  Warsi  [13]  for  exam¬ 
ple,  can  be  consulted  for  obtaining  the  metrics  of  the  sur¬ 
face  curvilinear  coordinates  using  which  the  surface  con¬ 
travariant  velocity  components  used  in  Eq.  (2.10)  can  be 
obtained.  Briefly,  at  any  point  on  the  free  surface,  one  can 
obtain  the  covariant  base  vectors 


br 


(2.11) 


where  r  is  the  position  vector.  From  aj  and  §3  one  obtains 
the  surface  contravariant  base  vectors  a*  and  a'^  using  stan¬ 
dard  tensor  operations  [13]. 


The  surface  contravariant  components  of  the  flow  velocity 
and  the  grid  velocity  can  now  be  obtained  as  follows: 


u*  =  u  *  a^ ;  u^  =  u  •  a^ 


w^ 


drz 


(2.12) 

(2.13) 


Since,  Eq.  (2.10)  is  cast  in  terms  of  curvilinear  coordinates, 
the  numerical  scheme  for  solving  it  can  be  patterned  after 
that  ofEq.  (2.4). 

In  the  absence  of  surface  tension,  continuity  of  the 
stress  vector  across  the  interface  is  the  exact  dynamic  free 
surface  boundary  condition  that  one  needs  to  impose.  This 
condition  was  originally  obtained  by  Hirt  and  Shannon  [14]. 
An  efficient  way  of  implementing  these  exact  conditions  is 
outlined  in  Beddhu  et  al  [15].  However,  in  the  present  study 
exact  dynamic  boundary  conditions  are  not  used.  Since  the 
external  tangential  stresses  are  neglected  and  only  the  atmo¬ 
spheric  pressure  is  considered  in  the  normal  stress  compo¬ 
nent  and  also  since  the  grid  near  the  free  surface  is  not  fine 
enough  to  resolve  the  weak  surface  layer,  the  dynamic 
boundary  condition  has  been  approximately  implemented 
by  many  authors  for  computing  ship  related  flows.  For  exam¬ 
ple,  commonly  used  approximate  conditions  are 


in 

bz 


=  0  ; 


bz 


bz 


Note  that  Eq.  (2.10)  is  identical  in  form  to  the  one 
obtained  by  Farmer  et  al  [7].  However,  they  have  explicitly 
assumed  that  ^  =  §(x,  z)  and  g  =  g(x,  z).  The  formulation 
introduced  here  is  completely  general  and  is  valid  as  long  as 
Y  remains  a  single  valued  function  of  %  and  g.  Thus,  the  for¬ 
mulation  introduced  here  is  valid  for  tracking  breaking 
waves  up  to  the  point  of  reentry  ( see  Fig.  2).  The  conceptual 
difference  between  the  present  formulation  and  that  of  Ref. 


where,  z  is  the  direction  opposite  to  the  direction  of  the 
gravity  vector.  In  the  present  work,  a  characteristic  variable 
based  approach  is  used  which  can  be  outlined  as  follows. 
First,  every  term  in  Eq.  (2.4)  is  neglected  except  the  un¬ 
steady  term  and  the  inviscid  term  in  the  1]-  direction.  The 
resultant  equation  is  linearized  and  cast  in  a  diagonal  form 
as  outlined  in  Taylor  [16].  Thus,  one  obtains 


(2.14) 
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where,  W  =  ‘  Q  is  the  characteristic  variable  vector. 

To  ^  is  the  left  eigenvector  of  the  flux  Jacobian  dG/BQ  and 
A  is  the  diagonal  matrix  containing  the  eigenvalues  of  the 
flux  Jacobian  BG/BQ.  The  subscript  ’0’  in  T^^  denotes  that 
it  is  treated  as  a  constant  matrix.  The  eigenvalues  are  given 
by 

>•1,2  =  lit  +  UTlx  +  VTIy  + 

>-3  =  UT]x  +  VYly  +  WT]z  +  ki/2  +  C 

X4  =  UT]x  4*  VT)y  +  WT]j  -  kt/2  —  c 
where, 

c  =  +  vr]y  4-  wT]^  4-  r\j2)^  +  P(tiJ  4-  tiJ  +  ^l) 

On  a  T|  =  K\nax  boundary  which  is  typically  chosen  as  the 
free  surface,  Xj  and  X2  are  zero,  X3  is  positive  and  X4  is 
negative.  Thus  the  characteristic  variable  W4  needs  to  be 
prescribed  and  W3  needs  to  be  extrapolated  from  within 
the  computational  domain.  However,  since  Xi  and  X2  are 
zero  one  can  either  extrapolate  or  specify  Wi  and  W2.  In 
this  work,  W2  and  W3  are  extrapolated  from  within  the 
computational  domain,  and  instead  of  prescribing  W  i  and 
W4  one  uses  the  conditions  +  u'Hx  +  =  0 

and  p'  =  y/Frl  A  3x3  matrix  is  solved  for  the  velocity 
components  at  each  grid  point  using  W2 ,  W3  and  the  kine¬ 
matic  condition.  Even  though,  this  is  an  in  viscid  approxi¬ 
mation  to  the  exact  viscous  dynamic  boundary  condition,  it 
works  quite  well  for  the  cases  considered  and  very  good 
agreement  has  been  obtained  with  measured  wave  profiles. 

The  numerical  boundary  conditions  are  imposed  on 
artificial  (outer)  boundaries  which  are  introduced  to  truncate 
the  computational  domain  to  a  finite  size  so  that  the  resulting 
problem  can  be  solved  using  a  computer.  The  assumption  is 
that  the  artificial  boundaries  are  far  removed  from  the  physi¬ 
cal  body  that  they  won’t  affect  the  accuracy  of  the  solution 
in  the  vicinity  of  the  body.  In  this  work  the  fluid  flow  is  as¬ 
sumed  to  be  along  the  positive  x  direction  with  the  body 
fixed  at  the  origin.  Thus,  far  upstream  of  the  body  one  uses 
a  characteristic  variable  based  inflow  boundary  condition 
and  a  characteristic  variable  based  outflow  boundary  condi¬ 
tion  far  downstream  of  the  body.  The  upstream  and  down¬ 
stream  boundaries  are  located  at  least  at  5  body  lengths  each 
from  the  origin.  At  the  far  away  side  boundary  and  the  bot¬ 
tom  boundary  either  characteristic  variable  based  inflow  or 
outflow  boundary  condition  is  used  depending  upon  the  local 
velocity  vector.  The  side  boundary  and  the  bottom  bound¬ 
aries  are  located  at  5  body  lengths  from  the  origin.  At  the 
z  =  0  boundary,  flow  symmetry  is  imposed.  In  addition,  the 
computational  domain  is  subdivided  into  arbitrary  sub— do¬ 
mains  and  at  the  boundaries  of  these  domains  a  two  point 
symmetry  condition  is  used. 


The  following  procedure  is  used  to  advance  the 
solution  from  time  step  n  to  time  step  n+1 : 

1)  Solve  for  the  interior  of  the  flow  field  using  the  Discre¬ 
tized  Newton  Relaxation  method. 

2)  Update  the  boundary  conditions  on  the  flow  variables  on 
all  surfaces. 

3)  Use  the  kinematic  condition  to  find  the  new  position  of 
the  free  surface. 

4)  Find  the  intersection  of  the  background  T|  lines  with  the 
updated  free  surface. 

5)  Recreate  the  volume  grid  from  the  free  surface  obtained 
in  step  4. 

6)  Obtain  the  new  metric  coefficients  and  grid  speeds. 

7)  Update  the  free  surface  dynamic  boundary  condition 
once  again.  This  is  done  since  the  shape  of  the  free  surface 
has  changed  (in  step  2  the  free  surface  at  the  previous  time 
level  n  was  used)  and  is  found  to  enhance  the  stability  of 
the  scheme. 

8)  go  to  step  1. 

An  integral  quantity  of  immense  practical  interest 
is  the  total  resistance  of  a  ship.  The  total  resistance  is  calcu¬ 
lated  using  the  following  expression: 

Fx  =  I  -  (p'  -  ^)n,yilVsld|dTi 

+  f(Txxnx  +  T,yny  +  T„n,)yilV5ld|d'n 


where 


T„  =  +  ..)  ; 


Txz  =  ^(Ux  +  Wx) 


In  the  actual  computation,  the  integral  is  replaced 
by  summation  over  all  the  surface  grid  cells.  Ilx  is  the  com¬ 
ponent  of  the  unit  normal  in  the  x  direction  at  any  point  on 
the  body.  The  quantity  lVgld|dTi  is  the  surface  elemental  area 

where  iVgl  =  Jql  +  gj  4-  gl.  Note  that  the  body  is  repre¬ 
sented  by  a  g  =  constant  surface  everywhere  except  the 
transom  surface  which  is  a  §  =  constant  surface.  This  fact 
is  properly  accounted  for  in  the  result  presented  in  Fig.  16. 


3:  NUMERICAL  PROCEDURE 

The  numerical  scheme  used  in  this  study  is  similar 
to  that  proposed  by  Pan  and  Chakravarthy  [17]  and  is  dis¬ 
cussed  in  detail  by  Taylor  [16],  and,  Whitfield  and  Taylor 
[18].  An  extensive  discussion  of  the  methodology  has  been 
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presented  by  Whitfield  and  Taylor  [19]  applicable  to  two  di¬ 
mensional  flows.  The  approach  taken  in  this  work  is  to  solve 
Eq  (2,4)  implicitly  using  the  Discretized  Newton-Relax¬ 
ation  (  DNR  )  scheme  of  Whitfield  and  Taylor  [18],  where 
the  fluxes  at  the  cell  faces  are  obtained  using  the  Roe  scheme 
[20]  with  higher  order  accuracy  achieved  using  the  MUSCL 
approach  (van  Leer  [21];  Whitfield  and  Taylor  [19].  Writing 
Eq.  (2.4)  in  discrete  form, 


+ 


~  4-  H-  H"-^!  -  + 

*7  j+i  J-i  k+T  ^  o 


i+i  ~  F  i-i.  +  G  J+I  “  G''  i  +  H'’  I 
2  2  •'2  ^2  ^^2 


H''"*!  =  0 
^  2 


(3.1) 


where  F";,'  =  PCQ?*' ,  Q^' ,  Q|’+' ,  and 

2 

so  on.  Note  that  for  a  higher  order  flux  representation 

depends  on  and  as  well.  If  Eq.  (3.1)  is  ex- 
*■^2 

panded  for  each  grid  cell,  a  system  of  algebraic  equations 
are  obtained  in  terms  of  q^'^^at  each  grid  cell  where 

qn+i  _  Qn+y  Strictly  speaking  is  a  function 

of  both  q"*^*  and  the  metrics  at  n+1.  Since  the  metrics  at 
n+1  are  known,  no  linearization  needs  to  be  done  with  re¬ 
spect  to  the  metrics.  Hence  Eq.  (3.1)  is  regarded  as  a  func¬ 
tion  of  q"*^^  alone.  In  functional  form,  Eq.  (3.1)  can  be 
represented  as 

X(q"^*)  -  0  (3.2) 

Solving  Eq.  (3,2)  involves  finding  the  roots  of  a  sys¬ 
tem  of  non-linear  algebraic  equations.  Using  Newton’s 
method,  the  solutions  of  Eq.  (3.2)  are  obtained  from  the  fol¬ 
lowing  linear  equations: 

n+  l.ra 

(^n+l.m+I  _  qn+l.m)  ^  X(q""’^-'")  (3.3) 


(dX 


In  order  to  limit  the  band  width  of  the  matrix,  the 
operator  (dX/ dq)  is  obtained  using  higher  order  fluxes  in  a 
special  manner  and  is  rearranged  along  the  lines  of  Whit¬ 
field  and  Taylor  [19],  into  a  strong  diagonal  form.  The  vis¬ 
cous  flux  Jacobians  are  obtained  using  the  thin  layer  approxi¬ 
mation  whereas  the  residue  X(q"'^^  ™)  contains  all  the 
viscous  terms.  Within  each  Newton  iteration  symmetric 
Gauss-Seidel  passes  are  used.  The  resulting  algorithm  is 
termed  the  Discretized  Newton-Relaxation  (  DNR  )  proce¬ 
dure.  When  the  iteration  in  m  converges,  q""^*  is  obtained 


and  the  calculation  procedure  is  extended  to  the  next  time 
level.  As  the  iteration  in  m  converges,  the  LHS  of  Eq  (3.3) 
goes  to  zero.  Hence  time  accuracy  is  introduced  into  the 
scheme  by  multiplying  the  local  time  derivative  term  in 
X(qn+i.m)  ^  conditioning  matrix  Ig  where  Ig  = 
diag(0,  1,  1,  1).  The  inviscid  fluxes  on  the  RHS  of  Eq  (3.3) 
are  obtained  using  a  third  order  MUSCL-type  flux  and  the 
viscous  fluxes  using  a  second  order  central  differencing. 


Fig.  3.  Schematic  illustrating  the  need  for  the 
intersection  approach  near  the  body 


4.  FREE  SURFACE  UPDATE  AND  GRID  REGEN¬ 
ERATION 

The  present  approach  utilizes  an  initial  grid  that  has 
a  flat  free  surface.  It  has  been  sub-divided  into  several  sub- 
domains  or  blocks.  Blocks  that  have  the  free  surface  as  a 
boundary  are  called  free  surface  blocks  and  the  rest  are  bot¬ 
tom  blocks.  By  extending  the  free  surface  blocks  well  above 
the  flat  free  surface  ( or  the  y  =  0  plane )  the  so-called  back¬ 
ground  grid  is  constructed.  Thus  part  of  the  background  grid 
is  below  the  free  surface  and  part  of  it  is  above  the  free  sur¬ 
face.  The  only  purpose  of  the  background  grid  is  to  help  in 
the  grid  regeneration  process  once  the  free  surface  is  allowed 
to  evolve. 

At  each  time  step  the  free  surface  kinematic  condi¬ 
tion  is  solved  to  find  the  incremental  AY  that  needs  to  be  ap¬ 
plied  at  each  point  on  the  free  surface  and  then  the  free  sur¬ 
face  is  updated  as  mentioned  in  the  previous  section.  A 
smoothing  technique  as  mentioned  in  Beddhu  et  al  [10]  is 
used  to  smooth  the  newly  updated  free  surface.  This  method 
is  originally  due  to  Miyata  et  al  [22].  In  general,  grid  points 
on  the  new  free  surface  will  not  lie  on  the  T)  lines  of  the  back- 
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ground  grid.  This  is  because  the  TJ  lines  of  the  background 
grid  need  not  be  aligned  along  the  y-direction.  Since,  the 
grid  regeneration  process  expects  the  free  surface  points  to 
be  on  the  background  r|  lines  one  needs  to  find  the  intersec¬ 
tion  of  the  background  T]  lines  with  the  current  free  surface. 
Another  motivation  for  using  the  intersection  approach 
comes  from  the  following  observation.  In  Fig.  3,  assume  that 
the  free  surface  at  two  consecutive  time  steps  are  as  shown. 
Also,  assume  that  the  shape  of  the  body  is  as  shown.  Since, 
the  free  surface  points  are  moved  by  applying  the  corre¬ 
sponding  AY,  the  point  at  the  intersection  of  the  free  surface 
and  the  body  has  moved  inside  the  body  after  an  increment 
in  time.  Thus,  in  order  to  find  the  correct  point  of  intersection 
of  the  free  surface  with  the  body  at  the  new  time  level  one 
has  to  resort  to  techniques  that  are  similar  to  the  one  de¬ 
scribed  below. 

A  grid  point  on  the  free  surface  has  two  curvilinear 
coordinate  values  i  and  k  corresponding  to  ^  and  g  respec¬ 
tively.  Initially,  the  background  r\  line  through  that  point  has 
the  same  i  and  k  values.  After  an  increment  in  time  the  Y  val¬ 
ue  of  the  grid  point  changes  and  it  may  no  longer  lie  on  the 
background  t]  line  through  (i,  k).  In  order  to  find  the  intersec¬ 
tion  of  the  background  r\  line  through  (i,  k)  with  the  free  sur¬ 
face,  a  search  algorithm  is  used  such  that  one  finds  the  line 
segment  between  consecutive  points  ( i,  jc>  k )  and 
( i,  jc  +  ^ background  r\  line  that  intersects  the 

new  free  surface  at  the  quadrilateral  ( is,  jo»  ks ), 
( is  +  jo.  ks  X  ( is  +  jo.ks  +  1  )  and  (  is,  Jo,  ks  +  1  ) 
where  jo  is  the  ri  value  of  the  free  surface.  The  position  vector 
r^  of  an  intermediate  point  on  the  line  segment  is  given  by 

fih)  =  Ic  +  (Ic+I  -  Ec  )  (4.1) 

where  Tq  is  the  position  vector  of  the  point  ( i,  Jc,  k ), 
rc+ 1  is  the  position  vector  of  the  point  ( i,  Jc  +  U  k )  and  t2 
is  a  parameter  ( 0  <  t2  ^  1 ).  Using  bilinear  interpolation 
or  the  so-called  tensor  product  form  (Thompson  et  al  [23]), 
the  position  vector  r^  of  an  interior  point  within  the  above 
quadrilateral  is  given  by 
E®(ti>t3)  =  (1  -  t,)  (1  -  t3)r(is,  jo,  ks) 

+  t,  (1  -  t3)r(is  +  l,jo,ks) 


+  (1  -  tj)  ts  r(is  +  1,  jo,  ks  +  1) 

+  tit3T(is,  jo,  ks  +  1)  (4.2) 

where  tj  and  are  two  parameters  such  that 
(0  <  tj,  t3  <  1 ).  At  the  point  of  intersection,  one  has, 

N(t)  s  r*(t„t3)  -  =  0  (4.3) 

where  t  =  (t,,  ta,  13).  Equation  (4.3)  is  solved  using  New- 
ton’s  method  as  described  in  the  previous  section.  Suppose, 
the  value  of  one  or  more  parameters  exceeds  the  upper  or 
lower  limits  then  the  Newton’s  algorithm  is  continued  in  an 
adjacent  quadrilateral  or  line  segment  indicated  by  that  pa¬ 
rameter  until  the  convergence  criterion  is  met.  Thus,  if 
exceeds  1  then  kg  is  incremented  by  one  and  Newton’s  it¬ 
eration  is  continued  in  that  quadrilateral. 

The  purpose  of  the  search  algorithm  is  to  provide  a 
good  initial  guess  for  the  Newton’s  algorithm.  This  is  espe¬ 
cially  true  for  points  near  the  body  and  in  particular  in  the  vi¬ 
cinity  of  the  bow.  This  is  because  the  bow  wave  has  a  large 
gradient  and  rises  sharply.  Thus,  the  angle  between  the  quad¬ 
rilaterals  on  the  free  surface  and  the  t]  lines  of  the  back¬ 
ground  grid  can  become  very  small.  In  such  regions,  if  a  good 
initial  guess  is  not  provided  then  the  Newton’s  algorithm 
may  not  converge. 

Since  the  time  step  Ax  is  small,  the  increment  AY 
would  also  be  small  and  hence  the  new  Y  value  of  the  point 
(i,  k)  would  be  in  the  neighborhood  of  the  old  value.  Hence 
the  search  is  limited  on  the  free  surface  to  a  patch  of  ±  5 
points  on  either  side  of  (i,  k).  However,  the  entire  back¬ 
ground  line  is  included  in  the  search.  Through  consecutive 
points  on  the  t]  line,  straight  lines  are  constructed.  This 
means  that  in  Eq.  (4.1)  the  parameter  t2  is  allowed  to  take  all 
possible  values.  On  the  free  surface,  on  every  quadrilateral 
the  point  ( ig  +  1,  jo,  kg  +  1  )  is  ignored  and  through  the 
remaining  three  points  a  plane  is  constructed.  The  point  of 
intersection  of  a  straight  line  with  a  plane  is  straight  forward 
to  obtain.  Then,  it  is  checked  to  find  whether  the  x  and  z  val¬ 
ues  of  each  of  the  intersection  points  lie  within  the  rectangle 
constructed  by  using  the  minimum  and  maximum  x  and  z 
values  of  the  vertices  of  the  corresponding  quadrilateral.  By 
the  way  the  background  grid  is  constructed  such  a  point  al¬ 
ways  exits.  Once  that  point  is  found,  its  normalized  projec¬ 
tions  on  the  line  segments  r(  is,  jo>  kg  )r(  is  +  1,  jo.ks ), 


2.5-7 


and  r(  ig,  jp,  ks  )r(  is,  jo,  ks  +  1  )  are  used  as  the  initial  val¬ 
ues  for  ti  and  13. 


Bow  region 


Bow  region  -  Free  surface 

Fig  4.  DTMB  5415  -  Bow  Region 


Once  the  points  of  intersection  are  found  for  all  the 
i  and  k  values,  then  the  process  of  grid  regeneration  is  quite 
simple.  One  uses  a  simple  arclength  redistribution  method 
that  preserves  the  normalized  arclength  of  the  original  rigid 
lid  grid. 


5.  RESULTS 


Stem  region 


Stem  region  -  Free  surface 


In  the  vicinity  of  the  bow  wave  and  in  the  blocks  be¬ 
hind  the  transom  the  following  procedure  is  found  to  be  more 
stable.  Instead  of  finding  the  intersection  of  the  background 
T|  line  with  the  free  surface,  one  can  alternately  find  the  inter¬ 
section  of  the  I  lines  on  the  free  surface  with  the  | = constant 
surfaces  of  the  background  grid.  Thus,  one  obtains  a  curve 
that  lies  on  the  §  =  constant  surface.  Then,  in  order  to  distrib¬ 
ute  points  on  this  curve  in  the  5  direction  one  computes  the 
intersection  of  the  t]  lines  on  the  ^  =  constant  surface  with 
it. 


Fig  5.  DTMB  5415  -  Stem  Region 

The  code  UNCLE  incorporates  the  method  present¬ 
ed  in  Sections  3  and  4  and  has  been  used  to  compute  the  flow 
field  over  a  variety  of  geometries.  Results  for  Wigley  hull 
can  be  found  in  [10]  and  for  Series  60  Cq  =  0,6  hull  can  be 
found  in  [24].  In  the  present  paper  it  is  used  to  compute  the 
flow  field  around  DTMB  Model  5415  which  has  a  sonar 
dome  and  a  transom  stern.  Two  sets  of  experiments  corre¬ 
sponding  to  Froude  numbers  of  0.2756  and  0.4136  respec- 
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lively  were  conducted  for  this  model  in  a  towing  basin  at 
DTMB  (David  Taylor  Model  Basin  at  Carderock,  MD).  The 
experimental  Reynolds  number  based  on  model  length  is 
12.02  million  for  the  Fr  =  0.2756  case.  The  case  correspond¬ 
ing  to  Fr  =  0.2756  is  supposed  to  be  computationally  more 
challenging  since  it  involves  a  wetted  transom  as  opposed  to 
the  Fr  =  0.4143  case  which  has  a  dry  transom.  The  geometry 
file  for  the  model  was  provided  by  DTMB. 

The  grid  consists  of  twenty-six  blocks  with  ten  free 
surface  blocks.  Two  of  the  free  surface  blocks  are  behind  the 
transom.  The  spacing  off  the  wall  for  this  grid  was  chosen  to 

be  1.  X  10  This  spacing  yields  a  minimum  y  value 
of  0.3  off  the  solid  surface.  The  upstream  boundary  was 
placed  at  x=-5.0  and  the  downstream  boundary  was  placed 
at  x=6.0.  The  lateral  and  bottom  boundaries  were  placed  at 
locations  corresponding  to  the  model  basin  dimensions. 
Thus  the  bottom  boundary  was  placed  at  y=-l  .2  and  the  side 
boundary  is  placed  at  z=l  .36.  The  grid  structure  is  shown  in 
Figs.  4  and  5. 


Figure  6  shows  a  comparison  of  the  computed 


Fig.  6.  Comparison  of  experimental  and  computed  hull 
profiles  (first  grid) 

wave  profile  along  the  hull  with  the  experimental  wave  pro¬ 
file.  An  error  bar  of  ±  0.1  inches  was  added  to  the  experi¬ 
mental  profile  by  DTMB.  It  can  be  seen  that  the  computed 
profile  mostly  falls  within  the  error  bars.  An  important  flow 
feature  of  free  surface  flows  is  the  Kelvin  wave  like  struc¬ 
ture,  A  comparison  between  the  experimental  and  computed 
wave  structures  is  shown  in  Fig.  7  for  the  first  grid  .  Again 
the  agreement  seems  to  be  reasonable. 


Fig.  7.  Comparison  of  experimental  and  computed 
wave  contours 


Fig.  8.  Comparison  of  experimental  and  computed  lon¬ 
gitudinal  wavecuts  at  z  =  0.108 

A  comparison  of  this  longitudinal  wavecut  with  the 
computed  wavecut  is  presented  in  Fig.  8  which  shows  rea¬ 
sonable  agreement  with  the  experimental  results. 

In  Fig.  9,  comparisons  of  experimental  and  com¬ 
puted  wavecuts  in  the  transverse  direction  at  various  x  loca¬ 
tions  in  the  bow  region  are  presented.  In  each  row  of  these 
figures  the  scale  for  the  vertical  axis  is  the  same  as  the  left¬ 
most  figure.  From  these  transverse  wavecuts,  it  can  be  seen 
that  the  agreement  between  experiment  and  computation  is 
quite  good. 

In  the  next  set  of  figures,  detailed  comparisons  are 
shown  in  the  stem  region  which  is  shown  in  Fig.  10.  First  is 
a  comparison  of  the  wave  contours  shown  in  Fig.  11.  Next  is 
a  set  of  detailed  comparisons  at  various  transverse  locations 
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Fig.  10.  DTMB  Model  5415  -  Initial  Free  Surface 
Grid  (Transom  Region) 

0.95  <  a:  <  1.2  ;  0.0  <  y  <  0.1 


Fig.  11.  Comparison  of  experimental  and  computed 
stem  wave  contours 


Fig.  9.  Comparison  of  experimental  and  computed 
transverse  wavecuts  near  the  bow 

from  X  =  1 .025  to  X  =  1 .22  shown  in  Fig.  12.  Dimensional  val¬ 
ues  are  used  in  this  figure.  It  can  be  seen  from  these  figures 
that  the  comparison  is  quite  reasonable  given  the  difficulties 
associated  with  tracking  the  free  surface  and  generating  a 
volume  grid  in  the  stem  region. 

So  far,  detailed  comparisons  of  the  free  surface 
computations  with  the  experimental  data  have  been  shown. 
In  the  next  set  of  figures  computed  velocity  field  is  compared 
with  the  measured  velocity  field.  In  the  experiments,  the  ve¬ 
locity  field  was  measured  at  the  propeller  plane  which  is  of 
immense  interest.  The  propeller  itself  was  not  included  in 


these  measurements.  A  comparison  of  the  contours  of  the  u 
component  of  velocity  is  shown  in  Figs.  13.  Comparison  of 
the  contours  of  cross  plane  velocity  magnitude  is  shown  in 
Fig.  14  and  that  of  cross  plane  velocity  vectors  is  shown  in 
Fig.  15.  These  comparisons  show  that  the  flow  field  has  been 
computed  quite  reasonably  and  that  the  two  equation  turbu¬ 
lence  model  chosen  does  a  reasonably  good  job  in  predicting 
the  mean  flow. 

Finally,  in  Fig  16  the  comparison  of  experimental 
and  computed  total  resistance  is  shown.  The  comparison  is 
quire  good. 

CONCLUSION 

As  mentioned  in  the  introduction,  a  necessary  con¬ 
dition  for  an  unRANS  code  to  be  considered  for  design  ap- 
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Fig.  12.  Comparison  of  experimental  and  computed 
transverse  stem  wave  contours 


Experiment  Computation 

Fig.  13.  Comparison  of  experimental  and  computed 
u  component  of  velocity  on  the  x  =  0.935  plane. 


plications  is  that  it  reproduce  known  experimental  results 
with  reasonable  accuracy.  Series  60  Cb  =  0.6  and  Model 
5415  are  two  important  geometries  which  have  been  studied 
extensively  using  experiments.  In  [24]  the  UNCLE  solver 
has  been  shown  to  reproduce  the  flow  field  around  Series  60 
Cb  =  0.6  at  the  Froude  number  of  0.316  fairly  accurately 
when  compared  against  the  experimental  results  obtained  at 


Experiment  Computation 


Fig.  14.  Comparison  of  experimental  and  computed 
cross  plane  velocity  magnitude  contours  on  the  x  = 
0.935  plane. 


Experiment  Computation 

Fig.  15.  Comparison  of  experimental  and  computed 
cross  plane  velocity  vectors  on  the  x  =  0.935  plane. 


University  of  Iowa.  In  the  current  work,  the  UNCLE  solver 
is  shown  to  reproduce  the  experimental  results  of  Model 
5415  fairly  accurately  for  the  wetted  transom  case.  Current¬ 
ly,  efforts  are  underway  to  validate  the  UNCLE  solver 
against  other  available  experimental  results.  Efforts  are  also 
underway  to  make  the  free  surface  algorithm  more  robust 
and  to  parallelize  the  solver.  These  will  be  reported  in  the  fu¬ 
ture. 
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Fig.  16.  Experimental  and  Computed  Total  Re¬ 
sistance  vs  Froude  Number 
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ABSTRACT 

This  paper  presents  a  coupling  method  for  the  numerical  simulation  of  steady  ffee-surface  flow  past  ship  hull.  The 
fluid  domain  in  the  neighbourhood  of  the  hull  is  divided  in  two  overlapping  zones.  Reynolds  Averaged  Navier- 
Stokes  Equations  (RANSE)  are  solved  near  the  ship  hull  with  a  fully  coupled  method  for  the  velocities,  pressure 
and  free  surface  elevations  discrete  unknowns  [1].  In  the  external  domain  potential  flow  theory  with  linearized 
free-surface  conditions  is  used  to  provide  boundary  condition  for  the  RANSE  solver  and  to  calculate  free-surface 
wave  pattern.  The  Fourier-Kotchin  method  [2][3]  (based  on  the  Fourier-Kotchin  formulation),  which  defines  the 
velocity  field  in  a  potential  flow  region  in  terms  of  the  velocity  distribution  at  a  boundary  surface  is  used  for  that 
purpose.  Numerical  simulations  are  presented  on  serie  60  CB=0.6  hull,  for  two  differents  Froude  numbers  and 
mesh  refinements. 


INTRODUCTION 

The  main  features  of  the  flow  around  ship  hull  are 
the  existence  of  a  three  dimensional  turbulent  bound¬ 
ary  layer,  the  presence  of  a  free-surface  wave  pat¬ 
tern  and  its  interaction  with  the  boundary  layer  and 
the  wake.  The  viscous  and  wave  effects  can  be  cal¬ 
culated  using  Reynols  averaged  Navier-Stokes  equa¬ 
tions  (RANSE)  with  appropriate  free-surface  bound¬ 
ary  conditions.  However  this  computation  requires  a 
large  number  of  grid  nodes  and  amount  of  CPU  time 
to  achieve  resolution  of  the  entire  flow  field.  More¬ 
over  the  solution  is  perturbed  by  the  decreasing  con¬ 
centration  of  nodes  away  from  the  hull.  Since  viscous 
effects  are  confined  to  a  small  region  surrounding  the 
hull  and  the  wake,  a  zonal  approach  which  conbines 
viscous  flow  near  the  hull  and  inviscid  theories  away 
from  the  ship  can  therefore  be  an  effective  method  to 
solve  ship  free-surface  problems. 

This  solution  was  already  used  by  Tahara  and  Stern 
for  a  Wigley  hull  [4].  The  RANSE  method  was 
coupled  with  a  source  doublet  Dawson  method.  A 
displacement-body  concept  was  used  to  account  for 
viscous  effects  in  the  potential  calculation,  but  this 
method  can  not  be  used  in  the  presence  of  flow  separa¬ 
tion.  Campana  et  al.  [5]  discretized  the  RANSE  by  a 
finite  volume  method  in  the  neighbourhood  of  the  hull 
and  used  the  linearized  model  of  Dawson  in  the  invis¬ 


cid  domain.  The  external  flow  is  splitting  in  a  double 
model  flow  and  a  perturbation  term.  So  they  first  com¬ 
pute  an  iterative  RANSE/potential  double-body  solu¬ 
tion,  then  the  free-surface  flow  is  computed.  This  so¬ 
lution  is  consistent  with  the  potential  formulation,  but 
requires  iterating  RANSE  and  potential  calculations 
twice;  first  the  double-body  calculation  and  then  with 
the  free-surface  effects  accounted  for.  Moreover  only 
the  normal  component  of  the  velocity  on  the  match¬ 
ing  surface  is  computed  from  the  viscous  flow  solu¬ 
tion,  then  used  as  Neumann  condition  for  the  potential 
flow  problem.  Chen  et  al.  [6]  use  the  same  solution, 
but  they  iterate  with  the  complete  (with  free  surface) 
RANSE  and  potential  solutions  from  the  beginning, 
using  the  complete  RANSE  velocity  on  the  match¬ 
ing  surface  as  boundary  condition  for  the  double-body 
and  free  surface  potential  calculations.  This  proce¬ 
dure  requires  only  one  iterating  calculation,  but  veloc¬ 
ities  used  as  boundary  condition  for  the  double-body 
calculation  are  no  longer  “double-body”  velocities. 

In  the  present  paper  steady  free-surface  flow  past 
ship  hull  are  stucfied  RANSE  are  solved  by  a  folly 
coupled  velocity,  pressure  and  free-surface  elevation 
method  in  the  internal  domain.  In  the  external  do¬ 
main  the  Fourier-Kotchin  method  [2]  [3]  (based  on  the 
Fourier-Kotchin  formulation),  which  defines  the  ve¬ 
locity  field  in  a  potential  flows  region  in  terms  of  the 
velocity  distribution  at  a  boundary  surface,  is  used. 
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The  great  advantage  of  this  method  is  that  the  three 
components  of  the  velocity  on  the  boundary  surface 
are  used  to  provide  the  fluid  caracteristics  in  the  po* 
tential  domain.  So  this  method  seems  to  be  well  suited 
to  make  the  coupling  successful.  The  fluid  domain  is 
divided  in  two  overlapping  zones.  In  the  inner  do¬ 
main,  RANSE  and  continuity  equation  are  written 
through  partial  transformation  from  cartesian  space 
(a:')  to  curvilinear  space  fitted  to  the  hull  and 
the  free-surface  at  each  time.  General  discretization 
method  is  based  on  second  order  (in  space  and  time) 
implicit  finite  differences.  The  fully  coupled  system 
is  solved  by  iterative  algorithm  using  matrix  precon- 
ditionning.  The  fluid  domain  is  then  re-gridded  us¬ 
ing  the  new  free-surface  wave  pattern.  In  the  poten¬ 
tial  flow  domain,  the  Fourier-Kotchin  formulation  of 
Green  function  satisfying  this  linearized  free-surface 
condition  is  used  to  provide  boundary  condition  for 
the  RANSE  calculation.  The  velocity  components  on 
5^  are  computed  from  the  viscous  flow  solution  (fig¬ 
ure  1),  and  used  as  velocity  distribution  at  the  bound¬ 
ary  surface  of  the  inviscid  domain.  Potential  calcu¬ 
lation  provide  wave  field  pattern  in  the  outer  region 
and  velocities  and  pressure  on  the  viscous  boundary 
surface  S°, 

In  the  following  sections,  the  viscous  and  inviscid 
solver  are  described  and  some  numerical  examples 
are  discussed  and  compared  with  experimental  data 
and  with  fully  viscous  calculations. 


Inner  and  outer 


Potential  flow  domain 


Figure  1 :  sketch  of  the  coupling  surfaces 

RANSE  SOLVER 
Governing  equations 

The  convective  form  of  Reynolds  Averaged  Navier- 
Stokes  Equations  are  written  through  partial  transfor¬ 
mation  from  cartesian  space  to  curvilin¬ 


ear  space  fitted  to  the  hull  and  the  free  sur¬ 

face  at  each  iteration.  Free  surface  elevation,  the  three 
cartesian  velocity  components  (t/*),  pressure  (p)  in¬ 
cluding  gravitational  effects  {pgx^)  and  turbulent  ki¬ 
netic  energy  {2/3pk)  are  the  dependant  unknowns. 

Mean  momentum  transport  equations  are  written  in 
a  moving  referential  attached  to  the  hull : 

+  {a\  (u*  -  «• )  -  P  -  aiut,iaij  u“. 

+7«aP.ife  -  +  qi  =  0 

.  ^  .. 

Where  (a'j  is  the  contravariant  basis,  [g^^)  the 

contravariant  metric  tensor  ,  (/*)  the  control  grid 
functions  and  (u* )  the  grid  velocity  which  traduces 
the  displacement  of  the  mesh.  Inertia  forces  due  to 
non  galilean  referential  (rotating  motion,  accelerated 
translation)  are  taking  into  account  in  the  {qi)  terms. 
In  translation  case  (with  or  without  drift  angle)  inertia 
forces  are  expressed  as  follows  where  Ua  is  the  hull 
velocity : 

=  Qd  =  cos  (6) 

q^  =qj  =  Ua,t  sin  {9)  (2) 

g3  =  g3  ^  0 

Mass  conservation  is  expressed  as  the  classical 
continuity  equation  : 

<4^:  =  0  (3) 

To  close  the  equation  set  we  use  a  classical  k  —  oj 
model  proposed  by  Wilcox  [7]  [8]  [9],  introducing  a 
specific  dissipation  rate  tu  without  low  Reynolds  for¬ 
mulation  requirement.  Transport  equation  of  turbu¬ 
lent  kinetic  energy  and  dissipation  rate  are  written  as 
follows : 

(ti’  -  ti*)  -  (i/  +  a*vt)  /•  - 

-  (j/  +  a-'ut)  -Pr  +  +  fc «  =  0 

(4) 

(a^  («•  -  ti* )  -  (i/  +  avt)  f'  -  aicn>t,iai^  t37,j 
-  {v  +  <7i>t)  -  'yzjPr/k  +  =  0 

(5) 

with  : 

=  (6) 

XX7 

and  : 

P  =  3/40;  a  =  0.5;  7  =  5/9 
/?*  =  0.09;  =  0.5;  7*  =  1 
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Free  surface  conditions 

Free  surface  boundary  conditions  are  one  kinematic 
condition,  two  tangential  dynamic  conditions  and  one 
normal  dynamic  condition.  The  kinematic  condition, 
coming  from  the  continuity  hypothesis,  expresses  that 
the  fluid  particles  of  the  free  surface  stay  on  it : 


h,t  +  (4  Kp) 


-  u" 


0  (8) 


where  are  the  bi-dimentional  contravariant  basis. 

Dynamic  conditions  are  given  by  the  continuity  of 
strains  at  the  free  surface.  If  the  pressure  is  assumed 
to  be  constant  above  free  surface,  normal  dynamic 
condition  is : 


p-  pgh-2^aUyjuik 


(9) 


where  7  is  the  superficial  tension  coefficient  (that 
is  a  physical  way  to  smooth  free  surface  near  the  hull) 
and  r  the  free  surface  medium  curvature  radius.  Tan¬ 
gential  dynamic  conditions  are  simply  given  by  a  lin¬ 
ear  combinaison  of  first  order  velocities  derivatives : 


(10) 


Discretization 

General  discretization  is  based  on  second  order  (in 
space  and  time)  implicit  finite  differences.  Discrete 
unknowns  are  distributed  on  a  structured  curvilinear 
grid  fitted  to  the  hull  and  the  free  surface.  Velocity 
cartesian  components,  kinetic  turbulent  energy,  and 
specific  dissipation  rate  are  located  on  the  grid  nodes. 
Pressure  is  located  on  the  center  of  each  elementary 
volume  and  free  surface  elevation  is  located  on  the 
center  of  free  surface  interfaces. 

Convection  terms  are  computed  using  an  upwind 
second  order  sheme  that  needs  a  13  nodes  cell.  Diffu¬ 
sion  terms  need  7  nodes  for  second  order  derivatives 
and  12  nodes  to  express  cross  second  order  derivatives 
(equation  1)  while  pressure  gradient  requires  8  nodes 
for  each  component  [1][10]. 

Concerning  free  surface  calculation,  it  has  been 
shown  that  classical  way  using  normal  dynamic  con¬ 
dition  as  Dirichlet  condition  on  the  pressure  and  un¬ 
coupled  kinematic  equation  as  transport  equation  to 
compute  free  surface  elevation  induces  some  prob¬ 
lems  connected  to  difficulties  to  exactly  solve  mass 
conservation  under  free  surface  [1].  Efficient  solu¬ 
tion  consists  in  using  fully  coupled  algorithm  [1]  that 
requires  at  each  iteration  the  linear  solution  of  mean 


momentum  equations,  continuity  equation  and  whole 
boundary  conditions  including  free  surface  condition. 
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Unfortunately  the  most  efficient  iterative  algo¬ 
rithms  (CGSTAB+ILU,  Multigrid)  are  unable  to  in¬ 
vert  this  system  because  of  the  very  bad  matrix  condi- 
tionning  of  pressure  block  M33 .  The  solution  consists 
in  modifying  the  system  using  free-surface  boundary 
conditions  to  express  the  flux  through  free  surface.  In 
this  case,  conditionning  number  decreases  and  fully 
coupled  system  becomes  invertible  by  iterative  algo¬ 
rithms.  Resulting  linear  system  for  velocity  (U)  and 
pseudo  velocity  components,  pressure  (P)  and 
free  surface  elevation  (H)  is  written  as  follows  : 
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POTENTIAL  SOLVER 
General  formulation 


Figure  2:  sketch  of  the  potential  region 

We  consider  a  ship  advancing  at  constant  speed 
along  a  straight  path  in  water  of  effectively  infinite 
depfli  and  lateral  extent.  Steady  waves  are  analysed 
within  the  classical  linear  potential-flow  theory,  based 
on  a  free-surface  boundary  condition  linearized  about 
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the  uniform  stream  opposing  the  forward  speed  of  the 
ship.  Moreover  the  free-surface  Green  function  sat¬ 
isfying  this  linearized  free-surface  condition  is  used. 
Non  dimensional  coordinates  time  t, 

velocity  potential  (j>  and  related  flow  variables  are  de¬ 
fined  with  respect  to  the  ship  length  L,  the  accelera¬ 
tion  of  gravity  g,  and  the  density  of  water  p  as  basic 
reference  units.  The  flow  is  observed  from  a  mov¬ 
ing  system  of  coordinates  {x,  z)  in  steady  transla¬ 
tion  with  the  mean  forward  speed  U  of  the  ship.  The 
Froude  number  is  defined  as  F  =  U/y/^.  The  x 
axis  is  along  the  path  of  the  ship  and  points  toward 
the  bow.  The  z  axis  is  vertical  and  points  upward, 
and  the  undisturbed  free  surface  is  taken  as  the  plane 
2  =  0. 

The  velocity  potential  satisfies  the  linear  free- 
surface  boundary  condition 

[F^.dl  +  d,]<i>  =  0  (13) 

The  Green  function  G  ,  associated  with  the  bound¬ 
ary  condition  (13),  is  expressed  as  the  sum  of  a  Rank- 
ine  term  and  a  free-surface  component : 

G  =  G^  +  G^  (14) 

is  defined  as  : 

with  : 


Fourier-Kotchin  formulation 

Practical  calculations  involve  distributions  of  singu¬ 
larities  of  the  form : 

where  Pq  stands  for  a  hull  panel  or  a  waterline  seg¬ 
ment  near  a  point  ^  =  {xo,yo,zo)  (in  presents  cal¬ 
culations  x^  stands  for  the  middle  of  the  hull  panel) 
and  a  and  T  =  {5x,Sy,Sz)  are  source  and  dipole 
densities,  respectively.  In  usual  approach  G  and  VG 
are  evaluated  using  (16)  and  integrated  over  a  panel 
or  a  segment  as  in  (18).  However  the  space  integra¬ 
tion  (with  respect  to  the  point  '^)  can  be  performed 
first  and  the  Fourier  integration  (with  respect  to  the 
Fourier  variables  a  and  /3)  last.  Thus  the  Green  func¬ 
tion  is  not  evaluated  directly  in  this  approach,  which  is 
based  on  a  Fourier  representation  of  the  free  surface 
component  of  the  velocity  potential.  This  approach 
corresponds  to  the  classical  method  used  by  Kotchin 
[1 1][  12]  for  the  problems  of  steady  flow  about  a  ship. 
Thus  the  free-surface  component  is  given  by  the 
double  Fourier  integral 

47r>^  =\wa.  /  r — - ^ ^ 

F^.a^ —k  —  t.e.sign{a) 

(19) 

where  (X,  r,  Z  <  0)  =  (?-xo,7?- j/o,C  +  «o) 
and  5  is  the  spectrum  function  defined  as 


1  R'^sjix-d'  +  i.y-ri)  +2  {z  +  cf 

G^  is  given  by  the  Fourier  superposition  of  ele¬ 
mentary  waves : 


47r^G^  =  lim 


F^.a^  -k  -  i.e.sign  (a) 
(16) 


with : 


[X,Y,Z  <  0)  =  (^-a;,7/--y,C  +  ^) 

(x,2/,2  <  0)  and  (^,7?,  C  £  0)  respectively  stand 
for  the  singularity  and  flow-observation  point. 
Furthermore,  D  is  the  dispersion  function 

D  =  {F.af  -  k  (17) 


i.a.6.+ihy  +  k.5.  } 

with  €  = 

For  coupling  problems,  sources  and  dipoles  densi¬ 
ties  are  evaluated  on  the  boundary  surface  5*  and  on 
its  intersection  curve  with  the  mean  free-surface 
plane  2  =  0,  using  the  Green  identidy.  Moreover 
these  densities  can  be  expressed  as  functions  of  the 
velocity  components  on  and  F'  (figure  2).  Specifi¬ 
cally,  the  function  5  (a,  /?)  is  given  by 


5(a,/3)  = 

/pi  g-fc.zo+t.(a(x-xo)+/3.(i/-vo))^2^ 

(21) 

where  dA  and  dL  stand  for  the  differential  ele¬ 
ments  of  area  and  arc  length  of  the  surface  5*  and 
the  curve  F*.  Functions  ^4*^*  and  A^'  are  defined  as  : 


A^'  =l^.rf -i-i. 


(22) 
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A^'  =  (23) 

Near-field  and  far-field  components 


Here  (a,6,c)  =  F^{a,l3,k),  K  is  the  function 
(25),  E'^  are  localizing  functions  defined  as 

/A  (3Q) 

5,  So  and  stand  for  : 


It  is  shown  in  [2],  [13]  and  [14]  that  the  double  Fourier 
integral  (19)  can  be  expressed  as  the  sum  of  a  wave 
component  ,  which  is  dominant  in  the  far  field, 
and  a  local  component  negligible  in  the  far  field 
but  significant  in  the  near  field. 

=  +  (24) 

For  steady  free-surface  flows,  the  dispersion  func¬ 
tion  D  defines  two  dispersion  curves,  which  are  sym¬ 
metric  with  respect  to  both  a  =  0  and  =  0.  The 
dispersion  curves  Z)  =  0  are  given  by  Oi  =  ±otd  {P) 
where  the  function  ad  {P)  is  defined  by  = 


F  =  l/2  + v/l/4-h"62  (25) 

and  -oo  <  h  -  F^,p  <  +oo.  The  wave 
component  p^  and  the  local  component  (24)  of 
the  free-surface  potential  (19)  can  be  represented  in 
terms  of  the  speed-scale  coordinates  (X^,  Z")  = 

{X,Y,Z)IF\ 

The  wave  component  is  given  by : 


w 

= 


[erf{X^)-l] 


L 


do. — ====. 
„  ^0.26+ 


The  local  component  can  be  expressed  as  : 


(26) 


S  =  S{a/F^,blF‘^) 


5o  =  5(0,0) 

=  S  (±Vk I F\blF‘^'^ 

MATCHING  CONDITIONS 

The  boat  starts  from  rest  and  accelerates  until  its  fi¬ 
nal  velocity.  The  coupling  procedure  uses  the  (jreen 
function  for  steady  flow,  so  the  first  coupling  is  com¬ 
puted  when  the  hull  has  reached  his  final  velocity. 
During  the  first  part  of  the  computation,  the  RANSE 
solver  is  used  with  a  very  large  grid.  After  the  first 
coupling  the  surface  5®  is  the  outer  boundary,  and  the 
condition  is  given  by  the  potential  flow  calculation; 
The  velocity  components  on  5*  ,  given  by  RANSE 
method,  are  used  to  calculate  the  viscous  flow  (ve¬ 
locity  and  pressure)  in  internal  domain  on  5®  and  the 
wave  field  in  the  outer  region.  Once  this  calculation 
is  made,  a  new  time  step  of  the  RANSE  calculation 
is  performed  with  the  updated  boundary  condition  on 
5^ 

In  practical  computation  surface  5^  and  its  intersec¬ 
tion  curve  r*  with  the  mean  free  surface  are  divided 
in  panels  and  segments  (figure  2).  The  velocity  is  as¬ 
sumed  constant  on  each  panels  and  segments,  then  the 
spectrum  function  can  be  expressed  as  a  sum  on  pan¬ 
els  and  segments . 


2.7^. F\p^  =  I^+  ,  '  - 

J  ( +  (y“)^  +  (z/  - 

(27) 

where  So  =  S  (0, 0)  is  the  value  of  the  spectrum 
function  S  at  the  origin  of  the  Fourier  plane,  v  is  a 
real  positive  number,  and  is  given  by  the  double 
Fourier  integral : 


/+00  roo 

-oo  Jo 


with  A  defined  as 


■A 

(28) 


S  {a,  5)  =  EJii  /s- 
_F2  r  . 

(31) 

with ; 


ujj  =  L  (a  {x  -  xoj)  +P-iy-  yoj)) 

np  and  ns  represents  respectively  number  of  panels 
on  5*  and  number  of  segment  on  r\ 

Moreover  functions  and  are  written  as 
functions  of  velocity  components  on  each  panels  and 
segments : 


A=  —5 - 

—  c  c  /9Q\ 

/  E-.S+  _  g+.5-  \  ^  ^ 

Vl  +  46^  \o  —  a+y/Kj 


—  +  i.  ^  .Syj  .tyj) 

’^^  'k  ~  tZj  Aj  .Sxj)  Uj.tj 


(32) 
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(33) 


By  inverting  sums  on  np  and  ns  (31)  with  integrals 
in  a  and  b  (26)(28),  the  far-field  and  near-field  com¬ 
ponents  can  be  expressed  as  the  sum  of  functions  of 
the  velocity  on  surface  5*  and  on  waterline  r\  mul¬ 
tiplying  influence  coefficients.  These  influence  co¬ 
efficients  only  depend  on  panels  geometry  and  on 
flow-observation  points.  Thus  they  are  evaluated  at 
the  beginning  of  the  computation.  When  the  outer 
boundary  condition  on  5°  is  updated,  only  functions 
of  the  velocity  are  re-evaluated.  Calculations  of  the 
free-surface  elevations  in  the  potential  flow  domain 
present  in  the  next  section,  are  not  necessary  for  the 
RANSE  computation,  but  they  allow  us  to  observe 
connexions  between  the  two  computations. 


RESULTS 


In  order  to  valid  the  method,  a  self-constitancy  cal¬ 
culation  is  first  performed.  Then  a  serie  60  CB=0.6 
merchant  ship  is  used  for  all  the  calculations.  Only 
symetric  cases  are  studied,  hence  one  half  of  the  fluid 
domain  around  the  ship  is  discretized.  For  the  calcu¬ 
lations  two  0-0  grids  were  used  (fig  3).  The  coarse 
grid  has  33  nodes  in  streamwise  direction,  33  nodes  in 
normal  direction  and  17  nodes  in  girth  wise  direction. 
The  fine  grid  has  89  nodes  in  streamwise  direction, 
65  nodes  in  normal  direction  and  33  nodes  in  girth- 
wise  direction.  Calculations  were  made  on  the  coarse 
grid  with  a  Froude  nuihber  of  0.316  and  on  the  fine 
grid  with  Froude  number  of  0.316  and  0.2.  More¬ 
over  with  this  last  Froude  number  the  coupling  was 
made  with  two  differents  coupling  surfaces.  Nondi- 
mensional  values  are  defined  with  respect  to  the  ship 
length  X,  the  acceleration  of  gravity  p,  the  density  of 
water  p  and  the  hull  velocity  Ua. 

Self-consistancy  test 

In  a  first  step  the  problem  of  steady  flow  past  a  source 
is  solved  with  the  Fourier-Kotchin  formulation  of  the 
Green  function.  Green  function  and  velocity  are  com¬ 
puted  on  the  free  surface  and  on  a  surface  surround¬ 
ing  the  source.  In  a  second  step,  velocity  components 
on  the  surface  surrounding  the  source  are  used  to  dis¬ 
tribute  sources  and  dipoles  panels  over  this  surface. 
Both  far-field  and  near-field  flow  are  then  computed 
using  the  Fourier-Kotchin  coupling  method  explained 
in  section  2.  This  second  step  is  then  similar  to  a  cou¬ 
pling.  The  computed  free-surface  elevations  behind 
the  source  panels  for  the  two  steps  are  then  compared. 
The  figure  4  and  5  show  far-field  and  near-field  com¬ 
ponents  of  the  Green  function  on  the  firee  surface  due 


Figure  3;  Partial  view  of  the  coarse  grid  around  serie 
60 

to  a  source  advancing  at  constant  speed.  On  figures  4, 
5,  6  results  of  the  self-constitancy  test  are  presented 
for  differents  numbers  of  panels.  This  figures  show 
the  Green  function  in  the  wake  of  the  source  (y=0)  on 
the  free  surface  (z=0)  at  several  location  in  the  x  di¬ 
rection.  The  source  is  located  at  x=0  and  the  vertical 
line  show  the  position  of  the  coupling  surface  in  the 
y=0  plane.  The  coupling  calculation  is  valid  only  in 
the  outer  domain  behind  the  source  (x  <  —  0.4  ). 


Figure  4:  self-consistancy  test  on  far-field  component 


Figure  5:  self-consistancy  test  on  near-field  compo¬ 
nent 

The  self-consistancy  test  show  a  good  agreement 
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Figure  6:  self-consistancy  test  on  total  free-surface 
component 

between  the  two  calculations,  the  wave  crests  and 
holes  are  at  the  same  location  in  the  x  direction  for 
the  two  calculations  (fig  4  and  6).  We  notice  small 
differences  on  the  waves  magnitudes  between  the  two 
calculations.  Nevertheless  the  self-consistancy  calcu¬ 
lations  confirming  the  validity  of  the  Fourier-Kochin 
method  for  the  flow  computation  in  the  inviscid  do¬ 
main  and  on  the  outer  coupling  surface. 

We  notice  that  the  near-field  component  is  only  sig¬ 
nificant  in  a  small  domain  near  the  coupling  surface 
(fig  5).  Moreover  the  far-field  component  converges 
faster  than  the  near-field  component;  The  far-field 
component  converges  for  495  panels,  while  we  no¬ 
tice  differences  between  near-field  calculations  with 
495  and  1000  panels.  For  these  reasons,  the  near-field 
component  will  not  be  used  in  coupling  computations. 

Coupling  on  coarse  grid  Fn  =  0.316 

In  this  section,  numerical  results  of  the  coupling  pro¬ 
cedure  are  compared  with  RANSE  calculations  and 
with  experiments.  The  calculations  are  performed 
on  a  serie  60  CB=0.6  hull,  for  a  Froude  number 
Fn  =  Ua/y/^  =  0.316,  a  Reynolds  number  Rn  = 
Ua.L/v  =  2.5.10®  and  a  non  dimensional  time  step 
=  0.078.  The  ship  reaches  its  final  velocity 
after  75  time  steps,  and  the  first  coupling  is  performed 
after  180  time  steps  and  then  every  five.  The  inner 
and  outer  coupling  surfaces  are  the  fifteenth  and  nine¬ 
teenth  surfaces  in  the  normal  direction,  and  the  inner 
coupling  surface  is  discretized  in  300  panels. 

On  figure  17  pressure  on  the  firee-surface  is  repre¬ 
sented  for  the  RANSE  calculation  on  the  top  side  and 
for  RANSE  calculation  with  coupling  on  the  bottom 
side.  The  two  black  curves  represent  sights  of  inner 
and  outer  coupling  surfaces  on  the  free  surface.  On 
this  figure  we  can  see  the  good  connexion  between  the 
viscous  and  potential  calculations  on  the  outer  cou¬ 
pling  surface  and  the  numerical  damping  away  from 
the  hull  with  RANSE  calculation. 

On  figure  7  free-surface  elevation  on  the  hull  with 


Figure  7:  Free-surface  elevation  on  the  hull  (coarse 
grid,  Fn  =  0.316) 

the  coupling  approach  is  compared  with  results  of 
RANSE  calculation  and  with  experimental  dau  [15]. 
The  crest  and  hole  are  better  estimated  with  the  cou¬ 
pling  method  than  with  the  RANSE  method.  For 
this  calculation  we  use  a  very  coarse  grid,  numeri¬ 
cal  damping  is  then  important,  the  coupling  method 
provides  boundary  conditions  without  damping  in  the 
inner  region,  which  leads  to  more  accurate  results  on 
the  waterline. 


Figure  8:  Number  of  solver  iteration  versus  time  iter¬ 
ation  (coarse  grid,  Fn  =  0.316) 

Figures  8  and  9  represent  numbers  of  iterations  of 
the  solver  at  each  time  step  and  CPU  time  per  time 
step  versus  the  number  of  iteration  in  time,  respec¬ 
tively.  These  figures  show  that  number  of  solver  iter¬ 
ations  and  CPU  time  decrease  when  the  coupling  pro¬ 
cedure  is  used.  After  the  first  coupling  the  RANSE 
domain  is  smaller,  the  fully  coupled  system  to  solve 
is  then  smaller. 

Coupling  on  fine  grid  Fn  =  0.316 

As  in  the  previous  section,  numerical  results  of  the 
coupling  procedure  are  compared  with  RANSE  cal- 
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Figure  9:  CPU  time  in  second  versus  time  iteration 
(coarse  grid,  Fn  =  0.316) 


culations  and  with  experiments.  The  calculations  are 
performed  with  the  same  Froude  and  Reynolds  num¬ 
bers  and  non  dimensional  time  step.  The  ship  reaches 
its  final  velocity  after  75  time  steps,  and  the  first  cou¬ 
pling  is  performed  after  150  time  steps  and  then  every 
five.  The  inner  and  outer  coupling  surfaces  are  the 
thirty-fifth  and  forty-fifth  surfaces  in  the  normal  di¬ 
rection,  and  the  inner  coupling  surface  is  discretized 
with  300  panels. 

On  figure  18  we  notice  a  good  connexion  between 
the  potential  and  viscous  calculations  on  the  outer 
coupling  surface.  Figure  10  shows  free-surface  ele¬ 
vation  on  the  hull.  RANSE  calculation  and  RANSE 
with  coupling  calculation  are  very  closed.  The 
RANSE  with  coupling  ffee-surface  elevation  is  close 
to  the  previous  calculation  with  a  coarse  grid  (fig  7), 
while  the  fully  RANSE  calculation  curve  gets  closer 
to  the  RANSE  with  coupling  curve.  Pressure  and 


Figure  10:  Free-surface  elevation  on  the  hull  (fine 
grid,  Fn  =  0.316) 

streamlines  on  the  hull  are  represented  on  figure  19. 
Results  of  the  two  calculations  are  very  close,  and 
show  that  the  coupling  procedure  does  not  perturb  the 


RANSE  solution  on  the  hull  when  the  mesh  is  suf¬ 
ficiently  refined.  Figures  11  and  12  represent  num¬ 
bers  of  iterations  of  the  solver  at  each  time  step  and 
CPU  time  per  time  step  versus  the  number  of  iteration 
in  time,  respectively.  Moreover  figure  12  shows  that 
number  of  solver  iterations  and  CPU  time  decrease  of 
a  factor  two  when  the  coupling  procedure  is  used. 


Figure  11:  Number  of  solver  iterations  versus  time 
iteration  (fine  grid,  Fn  =  0.316) 


Figure  12:  CPU  time  in  second  versus  time  iteration 
(fine  grid,  Fn  —  0.316) 


Coupling  on  fine  grid  Fn  =  0.2 

In  this  section,  we  compare  numerical  results  of  the 
coupling  procedure  for  two  couples  of  inner  and  outer 
coupling  surfaces.  In  the  first  calculation  the  inner 
and  outer  coupling  surfaces  are  respectively  thirty 
fifth  and  forty  fifth  surfaces  in  the  normal  direction, 
while  the  thirtieth  and  thirty  fifth  surfaces  are  used 
in  the  second  computation.  The  calculations  are  per¬ 
formed  for  a  Froude  number  Fn  =  Uafy/^  =  0.2, 
a  Reynolds  number  Rn  =  Ua.L/v  =  2.5.10®  and 
a  non  dimensional  time  step  =  0.078.  The 

ship  reaches  its  final  velocity  after  75  time  steps,  and 
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the  first  coupling  is  performed  after  180  time  steps 
and  then  every  five.  The  inner  coupling  surface  is  dis¬ 
cretized  in  300  panels. 

Figures  20  and  21  show  pressure  levels  on  the  free- 
surface.  Potential  solver  has  a  great  infiuence  in  the 
second  computation.  In  the  first  computation  the  in¬ 
ner  coupling  surface  seems  to  be  too  far  of  the  hull. 
Velocity  components  used  for  the  potential  calcula¬ 
tions  are  then  softened.  Waves  elevations  are  smaller 
in  the  outer  region  (fig  20  and  21)  and  outer  compu¬ 
tation  has  no  infiuence  on  the  inner  domain  (fig  13). 
In  the  second  computation  the  inner  coupling  surface 
and  the  hull  are  closer,  RANSE  calculations  are  then 
modified  by  potential  solution  (fig  14  and  22).  Fig- 


Figure  15:  CPU  time  in  second  versus  time  iteration 
(fine  grid,  Fn  =  0.2,  coupling  surfaces  (35;  45)) 


Figure  13:  Free-surface  elevation  on  the  hull  (fine 

grid,  Fn  =  0.2,  coupling  surfaces  (35;  45))  Figure  16:  Number  of  solver  iterations  versus  time 

iteration(fine  grid,  Fn  =  0.2,  coupling  surfaces 
(35;  45)) 


Figure  14:  Free-surface  elevation  on  the  hull  (fine 
grid,  Fn  =  0.2,  coupling  surfaces  (30;  35)) 

ures  15  and  16  show  that  the  coupling  calculation  di- 
crease  CPU  time  of  a  factor  two,  while  the  number  of 
solver  iterations  remains  roughly  constant. 

CONCLUSION 

An  iterative  numerical  method  which  combines 
the  Reynolds  Averaged  Navier-Stokes  equations 


(RANSE)  and  a  free-surface  potential  flow  calcula¬ 
tion  is  presented  here.  RANSE  are  solved  by  a  fully 
coupled  velocity,  pressure  and  free-surface  elevation 
mefiiod,  while  Fourier-Kotchin  formulation  of  Green 
function  is  used  in  the  potential  domain. 

On  coarse  grid,  the  coupling  approach  dicrease  nu¬ 
merical  damping,  which  leads  to  more  accurate  re¬ 
sults  in  the  RANSE  domain.  On  fine  grid  the  coup- 
ing  approach  dicrease  of  a  factor  two  CPU  time  for 
each  time  step,  but  modify  wave  elevation  and  pres¬ 
sure  on  the  hull  for  Fn  =  0.2.  Further  numerical 
experiments  are  needed  to  study  the  behaviour  of  the 
algorithm  with  this  Froude  number.  Nevertheless  cal¬ 
culations  performed  on  a  serie  60  hull  form  for  two 
Froude  numbers  and  mesh  refinements  show  the  abil¬ 
ity  of  the  method.  Moreover  the  coupling  approach 
can  be  generalized  for  the  study  of  diffraction  and  ra¬ 
diation  flow  around  structures,  and  for  ship  motion  in 
waves,  which  is  the  main  aim  of  this  method. 
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Figure  17:  Pressure  levels  on  free-surface.  RANSE 
calculation  (top  halO  and  RANSE  calculation  with 
coupling  (bottom  halO  for  the  coarse  grid  Fn  = 
0.316. 


Figure  1 8:  Pressure  levels  on  free-surface  for  the  fine 
grid  Fn  =  0.316.  RANSE  calculation  (top  halO  and 
RANSE  calculation  with  coupling  (bottom  halO- 


Figure  19:  Pressure  levels  and  streamtraces  on  the 
hull  (fine  grid,  Fn  =  0.316).  RANSE  calculation 
(top  halO  and  RANSE  with  coupling  calculation  (bot¬ 
tom  halO 


Figure  20:  Pressure  levels  on  free-surface  for  the 
fine  grid  Fn  =  0.2  and  coupling  sufaces  (35;  45). 
RANSE  calculation  (bottom  halO  and  RANSE  calcu¬ 
lation  with  coupling  (top  halO- 


Figure  21:  Pressure  levels  on  free-surface  for  the 
fine  grid  Fn  =  0.2  and  coupling  sufaces  (30;  35). 
RANSE  calculation  (bottom  halO  and  RANSE  calcu¬ 
lation  with  coupling  (top  halO- 


Figure  22:  Pressure  levels  and  streamtraces  on  the 
hull  (fine  grid,  Fn  =  0.2,  coupling  surfaces  (30;  35)). 
RANSE  calculation  (top  halO  and  RANSE  with  cou¬ 
pling  calculation  (bottom  halO 
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ABSTRACT 

Results  of  numerical  simulations  of  flows  above  a  submerged  hydrofoil  are  presented.  The  computations 
were  performed  using  a  finite  volume  method  with  block-structured  or  unstructured  meshes  and  either  an 
interface-tracking  or  an  interface-capturing  scheme  to  determine  the  shape  of  the  free  surface.  In  the  case  of 
small  submergence  depths  and  high  Froude  numbers,  wave  breaking  occurred  above  the  hydrofoil.  The  effects 
of  hydrofoil  velocity  on  the  breaking  pattern  for  a  given  submergence  were  investigated.  Comparisons  were  also 
made  with  the  flow  around  hydrofoil  in  deep  water. 


INTRODUCTION 

Hydrofoils  are  often  used  to  generate  lift  for  marine 
vessels.  When  a  hydrofoil  is  close  enough  to  the  free 
surface  and  when  its  velocity  exceeds  a  certain  level, 
waves  are  generated  at  the  free  surface  above  it;  they 
can  be  smooth  or  they  may  undergo  breaking.  The 
smooth  waves  are  usually  steady  (when  the  hydrofoil 
moves  at  a  constant  speed),  while  breaking  waves  can 
be  both  quasi-steady  and  fully  unsteady. 

The  wave  breaking  causes  fluctuations  of  both  drag 
and  lift;  this  can  lead  to  vibrations  on  board  of  the 
vessel  and  may  also  cause  structural  damage.  It  is 
therefore  of  great  practical  importance  to  be  able  to 
predict  the  flow  around  submerged  hydrofoils. 

The  lift  created  by  submerged  hydrofoils  in  the 
presence  of  smooth,  non-breaking  waves  can  be  pre¬ 
dicted  -  often  with  an  accuracy  sufficiently  high  for 
practical  purposes  —  using  potential  flow  methods. 
However,  breaking  waves  require  the  use  of  methods 
based  on  the  Navier-Stokes  equations. 

The  computation  of  flow  around  a  hydrofoil  close 
to  a  free  surface  requires  also  that  the  shape  and  posi¬ 
tion  of  the  free  surface  be  computed.  There  are  basi¬ 
cally  two  classes  of  methods  that  can  be  used  for  this 
purpose:  interface^tracking  and  interface-capturing 
methods. 

Interface-tracking  methods  compute  the  flow  of 
water  only,  treating  thereby  the  free  surface  as  the 
(unknown)  boundary  of  the  solution  domain.  The  nu¬ 


merical  grid  is  fitted  to  the  free  surface  and  moves 
with  it  as  it  changes  its  position  and  shape.  The  loca¬ 
tion  of  the  free  surface  is  usually  found  by  using  the 
kinematic  boundary  condition,  which  requires  that  no 
flow  occurs  through  the  free  surface.  This  approach 
is  usually  used  only  when  the  free  surface  does  not 
deform  beyond  certain  limits  so  that  the  initial  grid 
topology  can  be  used  throughout  the  simulation;  oth¬ 
erwise,  complicated  re-griding  operations  are  neces¬ 
sary.  Examples  of  such  methods  are  described  in  [1- 
4]. 

Interface-capturing  methods  compute  usually  the 
flow  of  both  air  and  water  on  a  grid  which  is  only 
adapted  to  the  shape  and  position  of  solid  boundaries 
but  which  does  not  deform  or  move  as  a  result  of  free- 
surface  movement.  There  are  many  variants  of  this 
class  of  methods;  the  most  widely  used  are  the  MAC- 
method  [5],  the  VOF-method  [6]  and  the  schemes  that 
treat  both  air  and  water  as  a  single  fluid  with  variable 
properties  [7-11].  These  methods  can  handle  both 
breaking  waves  and  isolated  air  bubbles  in  water  or 
water  drops  in  air. 

We  present  here  computations  of  flows  around 
submerged  hydrofoils  for  two  configurations:  one 
that  was  studied  experimentally  by  Duncan  [12]  with 
non-breaking  waves,  to  which  both  kinds  of  solution 
methods  could  be  applied,  and  one  with  breaking 
waves,  for  which  no  experimental  data  is  available 
and  where  only  the  interface-capturing  approach  can 
be  employed.  The  two  solution  methods  are  first 
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briefly  described,  before  the  results  of  computations 
are  presented  and  discussed. 


NUMERICAL  SOLUTION  METHOD 

Both  solution  methods  employed  in  this  study  are 
based  on  the  same  discretization  procedure,  which 
will  be  described  first  before  the  features  specific  to 
each  method  are  described.  More  details  about  these 
two  methods  can  be  found  in  [4]  and  [11]. 

The  Basic  Method 


The  starting  point  are  the  mass  and  momentum  con¬ 
servation  equations,  which  read  in  integral  form: 

^  J^pdV  +  j^p{\-yb)-ndS  =  0  ,  (1) 

^  [  puidV  -i-  f  /)itiV-ndS  = 
cli  Jy  Js 

I  {Tijij  -  PU)  •  n d5  +  /  pbidV  ,  (2) 

Js  Jv 

where  V  is  the  CV- volume  bounded  by  a  closed  sur¬ 
face  S  with  a  unit  normal  vector  n  directed  outwards, 
V  is  the  fluid  velocity  vector,  p  is  fluid  density,  p  is 
the  pressure,  bi  are  the  body  forces  per  unit  mass 
(here  the  gravity),  and  Tij  are  the  effective  stresses 
(the  sum  of  viscous  and  Reynolds-stresses,  the  lat¬ 
ter  being  modeled  using  the  standard  k-e  model  based 
on  the  eddy- viscosity  approach;  only  incompressible 
flows  are  considered): 


with  /ieflF  =  /i  +  /it  being  the  effective  dynamic  vis¬ 
cosity  of  the  fluid. 

When  the  grid  is  moving  (either  due  to  the  move¬ 
ment  of  the  solid  walls  or  due  to  its  adaptation  to  the 
free  surface),  the  so  called  space  conservation  law 
must  also  be  considered: 


ciy-^pvb-nd5  =  0.  (4) 

In  the  case  of  turbulent  flows,  additional  transport 
equations  for  the  turbulent  kinetic  energy  and  its  dissi¬ 
pation  rate  (which  will  not  be  given  here)  are  solved; 
their  form  is  similar  to  that  of  the  momentum  equa¬ 
tions  and  they  can  be  discretized  and  solved  using  the 
same  principles. 

The  solution  domain  is  first  subdivided  into  a  finite 
number  of  non-overlapping  control  volumes  (CVs), 
which  in  principle  can  be  of  any  shape;  for  accuracy 


reasons,  hexahedral  CVs  are  used  whenever  possible. 
The  CVs  can  be  locally  refined  by  subdividing  an  ex¬ 
isting  CV  into  several  smaller  ones;  in  this  case  the 
non-refined  neighbor  CVs  -  although  geometrically 
still  of  hexahedral  shape  -  have  to  be  treated  as  poly- 
hedra,  since  some  of  their  faces  are  then  replaced  by 
several  smaller  faces  common  to  the  non-refined  CV 
and  the  newly  created  smaller  CVs.  Also,  grid  blocks 
of  different  fineness  and  topology  can  be  “glued”  to¬ 
gether,  and  the  grids  do  not  have  to  match  at  the  in¬ 
terface,  cf.  Fig,  1.  The  numerical  grid  is  therefore 
unstructured;  the  number  of  neighbors  can  vary  from 
CV  to  CV  and  has  no  upper  limit. 


Fig.  1:  An  example  of  a  two-dimensional  grid  with  local  re¬ 
finement  and  a  non-matching  block  interface,  showing  one 
quadrilateral  CV  centered  around  node  C,  which  is  treated 
as  a  hexagon  since  it  has  six  neighbors,  Ni  to  Ne. 

The  conservation  equations  are  applied  to  each  CV, 
with  the  aim  to  derive  one  algebraic  equation  per  CV 
and  variable,  linking  the  unknown  at  the  CV  center 
C  with  those  at  k  immediate  neighbor  CVs,  Ni  to 
Njt.  To  this  end,  three  levels  of  approximation  are 
employed: 

•  Surface,  volume,  and  time  integrals  are  approxi¬ 
mated  using  midpoint  rule,  i.e.  replacing  the  in¬ 
tegral  with  a  product  of  the  integrand  evaluated 
at  the  center  of  the  integration  domain  (cell-face 
center  k,  cell  center  C,  or  time  instant  tn)  and  the 
integration  domain  (surface,  volume,  or  time  over 
which  the  integration  takes  place). 

•  Since  all  quantities  are  either  prescribed  (like  fluid 
properties)  or  computed  at  the  CV  center  C  only, 
they  need  to  be  interpolated  to  other  locations 
at  which  they  are  needed,  e.g.  cell-face  centers. 
Here,  linear  interpolation  in  space  and  linear  or 
quadratic  interpolation  in  time  are  used. 

•  The  derivatives  of  variables  are  computed  using 
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approximations  which  are  equivalent  to  central 

differences  of  second  order. 

More  details  on  these  and  other  possible  approxima¬ 
tions  are  given  in  [13].  Deferred-correction  approach 
is  used  to  reduce  the  implicit  part  of  the  discretized 
equations  to  the  nearest  neighbors  only;  the  difference 
between  the  simplified  and  full  approximations  is  in¬ 
cluded  at  the  right-hand  side  of  the  algebraic  equa¬ 
tions,  This  makes  the  matrix  of  the  algebraic  equation 
system  smaller  and  allows  the  use  of  simpler  iterative 
solvers  [11,13]. 

When  the  grid  is  moving,  the  volume  swept  by  a 
cell  face  over  one  time  step  is  used  to  represent  the 
velocity  of  the  CV  surface;  see  [13,14]  for  more  de¬ 
tails  on  the  conservative  treatment  of  moving  grids. 

Since  the  equations  are  both  non-linear  and  cou¬ 
pled,  an  iterative  solution  method  is  necessary.  Here, 
the  widely  used  SIMPLE-type  approach  [15]  is  used 
to  solve  the  linearized  momentum  equations  sequen¬ 
tially  and  then  correct  the  velocities  and  pressure  by 
applying  a  pressure  correction  derived  from  an  equa¬ 
tion  obtained  by  combining  the  discretized  mass  and 
momentum  equations.  This  sequence  is  called  an 
outer  iteration',  it  is  repeated  within  each  time  step 
until  the  residual  norms  of  mass  and  momentum  are 
reduced  below  prescribed  level  (typically  three  to  four 
orders  of  magnitude  compared  to  the  initial  level). 
Linear  equation  systems  are  solved  using  ICCG  (for 
synunetric  matrices)  or  BI-CGSTAB  [16]  (for  non- 
symmetric  matrices)  solvers  from  the  conjugate  gra¬ 
dient  family  {inner  iterations).  Here,  it  is  sufficient  to 
reduce  the  residual  levels  by  one  order  of  magnitude. 

Interface-Tracking  Method 

In  the  interface-tracking  version  of  the  method,  the 
initial  interface  location  is  prescribed  and  the  dynamic 
boundary  condition  is  used  to  prescribe  the  pressure  at 
the  current  free-surface  location  (the  effects  of  surface 
tension  and  shear  are  neglected  here): 


where  n  describes  the  local  coordinate  normal  to  the 
free  surface,  and  vt  are  the  velocity  components 
in  the  direction  normal  and  tangential  to  the  free  sur¬ 
face,  respectively,  and  the  subscripts  “1”  and  “g”  de¬ 
note  liquid  and  gas.  Often  the  normal  viscous  stresses 
can  also  be  neglected,  meaning  that  the  pressure  on 
the  liquid  side  of  the  free  surface  is  equal  to  the  at¬ 
mospheric  pressure.  Velocities  are  extrapolated  to  the 


free  surface  when  they  are  needed  there,  while  the 
pressure  is  treated  as  known. 

The  prescribed  pressure  is  used  in  the  momentum 
equations  and  provides  a  Dirichlet  boundary  condi¬ 
tion  for  the  pressure-correction  equation.  However, 
since  the  pressure  at  CV  centers  is  corrected,  there 
result  corrections  of  the  velocity  components  at  the 
free  surface  so  that  the  kinematic  condition  is  not 
necessarily  satisfied  upon  solving  the  momentum  and 
pressure-correction  equations: 


•ndS  =  Thfs  #  0  . 


(7) 


In  order  to  enforce  the  kinematic  condition  at  the  free 
surface,  it  is  moved  so  that  the  displacement  vol¬ 
ume  compensates  the  previously  computed  volume 
flux,  rhfs/p.  This  means  that  the  ffee-surface  veloc¬ 
ity  is  corrected.  More  details  on  this  technique  can  be 
found  in  [4]. 


Interface-Capturing  Method 

In  the  interface-capturing  method,  the  solution  do¬ 
main  covers  both  water  and  air  regions.  Both  fluids 
are  considered  as  an  effective  fluid  with  variable  prop¬ 
erties,  which  are  at  any  spatial  location  determined 
according  to  the  volume  fraction  of  one  constituent 
fluid  (e.g.  water).  The  volume  fraction  c  is  obtained 
by  solving  the  corresponding  conservation  equation, 
which  reads: 

^  f  cdV+  f  cv-nd5  =  0.  (8) 

df  Jv  Js 

The  discretization  of  this  equation  requires  special 
attention.  The  usual  higher-order  schemes  violate 
the  boundedness  requirement,  which  demands  that 
0  <  c  <  1;  on  the  other  hand,  numerical  diffusion  of 
low-order  schemes  must  be  avoided  in  order  to  retain 
a  sharp  interface  between  the  two  fluids.  Here,  the 
high-resolution  interface-capturing  scheme  (HRIC)  is 
used,  which  computes  the  cell-face  value  of  c  as  a 
blend  of  the  upwind,  downwind,  and  centered  interpo¬ 
lation;  see  [11]  for  a  detailed  description.  The  choice 
of  the  blending  factor  depends  on  the  local  value  of 
the  Courant  number. 


00=5^:^,  (9) 

Vc 

where  Sk  is  the  area  of  the  CV-face  k,  Vc  is  the  vol¬ 
ume  of  the  cell  centered  around  node  C,  and  At  is 
the  time  step.  The  Courant  number  indicates  how 
much  of  one  fluid  is  available  in  the  donor  cell  and  the 
scheme  is  tuned  not  to  allow  to  drain  more  fluid  out 
of  one  CV  within  one  time  step  than  was  available  in 
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it.  Another  important  factor  is  the  orientation  of  the 
interface  relative  to  the  CV-face.  The  normal  to  the 
interface  -  which  is  assumed  to  lie  where  the  volume 
fraction  has  the  value  c  =  0.5  ~  is  obtained  by  com¬ 
puting  the  gradient  of  c;  it  is  equal  to  zero  everywhere 
except  in  the  interface  region. 

Finally,  the  cell-face  value  of  c  is  computed  as: 

Ck  =  ICC  +  (1  -  7)CNt  ,  (10) 

where  7  is  a  non-linear  function  of  the  profile  of  c, 
Courant  number,  and  the  orientation  of  the  interface, 
and  C  and  Na;  denote  the  nodes  on  either  side  of  the 
CV-face  k.  For  more  details,  see  [1 1]. 

With  this  approach,  the  interface  is  usually  smeared 
across  two  or  three  cells.  The  fluid  properties  are 
computed  as: 

p  =  PlC  +  Piil-c)  ,  p.  =  piC  +  P2{l-c)  ,  (11) 

where  subscripts  1  and  2  denote  the  two  fluids  (e.g. 
liquid  and  gas).  If  one  CV  is  partially  filled  with  one 
and  partially  with  the  other  fluid  (i.e.  0  <  c  <  1),  it  is 
assumed  that  both  fluids  have  the  same  velocity  and 
pressure. 

The  free  surface  does  not  represent  a  boundary  and 
no  boundary  conditions  need  to  be  prescribed  at  it.  If 
surface  tension  is  significant  at  the  free  surface,  this 
can  also  be  taken  into  account  by  transforming  the 
resulting  surface-tension  force  into  a  body  force  [8,9]. 

RESULTS  OF  COMPUTATIONS 

The  computations  were  performed  for  two  configura¬ 
tions  with  a  NACA0012  hydrofoil  under  the  free  sur¬ 
face:  one  with  non-breaking  and  one  with  breaking 
waves.  They  are  described  in  the  following  two  sec¬ 
tions. 

Non-Breaking  Waves 

The  flows  around  a  submerged  hydrofoil  that  were 
studied  experimentally  by  Duncan  [12]  are  often  used 
as  test  cases  for  methods  designed  to  compute  free- 
surface  flows.  The  hydrofoil  with  a  NACA0012  pro¬ 
file  had  the  chord  length  of  Ic  =  203  mm;  the  max¬ 
imum  thickness  of  25.4  mm  was  located  61  mm  be¬ 
hind  the  nose.  The  hydrofoil  was  towed  at  an  angle 
of  attack  of  5®  at  several  submergence  depths.  The 
towing  velocity  was  0.8  m/s.  We  present  here  results 
of  computations  for  the  submergence  depth  of  210 
mm,  in  which  case  the  waves  did  not  break  so  that 
both  interface-tracking  and  interface-capturing  meth¬ 
ods  could  be  applied.  The  Froude  number  based  on 
foil  speed  and  chord  length  was  Fr  =  0.567. 


In  both  cases  the  computations  start  with  a  flat  free 
surface  and  proceed  to  the  steady-state  solution  by 
time  marching.  Both  inviscid  (Euler  equations)  and 
viscous  (turbulent)  flows  were  computed;  the  differ¬ 
ences  in  wave  profiles  were  of  the  order  of  few  per 
cent,  with  wave  amplitudes  being  lower  in  the  viscous 
case.  The  grid  used  in  the  interface-tracking  method 
is  shown  in  its  final  shape  in  Fig.  2. 


Fig.  2:  Numerical  grid  used  to  compute  the  flow  around  a 
submerged  NACA0012  hydrofoil  by  the  interface-tracking 
method  at  the  final,  steady  state. 

The  computations  were  performed  using  four  sys¬ 
tematically  refined  grids  with  1004,  4016,  16064, 
and  64  256  CVs,  respectively,  in  order  to  assess  the 
discretization  errors.  Figure  3  shows  the  wave  pro¬ 
files  computed  on  the  four  grids  using  the  interface¬ 
tracking  method,  compared  with  experimental  data 
of  Duncan  [12].  The  difference  between  solutions 
on  subsequent  grids  is  reducing  with  grid  refinement, 
indicating  convergence  towards  a  grid-independent 
solution.  The  comparison  with  experimental  data 
shows  that  the  grid-independent  numerical  solution 
will  still  appreciably  differ  firom  experimental  obser¬ 
vation.  While  the  maximum  elevation  appears  to  be 
almost  the  same  in  the  experiment  and  in  the  simula¬ 
tion,  the  trough  depths  and  the  wavelength  are  smaller 
in  the  simulation  than  in  the  experiment.  This  obser¬ 
vation  was  also  made  by  other  authors  who  computed 
these  flows  [1];  an  explanation  might  lie  in  slight  dif¬ 
ferences  between  boundary  conditions  in  the  simula¬ 
tion  and  in  the  experiment. 

The  comparison  of  solutions  obtained  using  the  two 
methods  on  the  same  grid  (whereas  for  the  interface¬ 
capturing  method  an  additional  grid  block  is  added 
for  the  air  region  above  the  free  surface)  shows  only 
minor  differences,  cf.  Figs.  3  and  4.  This  was  found 
also  in  other  applications,  see  [11]. 

When  the  wave  breaking  takes  place,  the  interface¬ 
tracking  method  can  not  be  used.  However,  the 
interface-capturing  method  can  be  applied  even  for 
extreme  situations,  as  will  be  shown  below. 

Breaking  Waves 

A  series  of  computations  was  conducted  using  the 
NACA0012  hydrofoil  with  chord  length  of  1 000  mm, 
submergence  depth  of  140  mm  (measured  from  the 
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Fig.  3:  The  free-surface  profile  in  the  flow  around  a  sub¬ 
merged  NACA0012  hydrofoil  computed  by  the  interface¬ 
tracking  method  on  four  systematically  refined  grids,  com¬ 
pared  to  experimental  data  of  Duncan  [12]. 


Fig.  5:  Locally  refined  numerical  grid  around  the  hydrofoil 
that  was  used  to  compute  flows  with  breaking  waves. 


Fig.  4:  The  free-surface  profile  in  the  flow  around  a  sub¬ 
merged  NACA0012  hydrofoil  computed  by  the  interface- 
capturing  method  on  the  third  grid  from  Fig.  3  (16064  CV 
plus  an  additional  2000  CVs  in  the  air  region  above  free 
surface),  compared  to  experimental  data  of  Duncan  [12]. 


mid-point  on  the  profile  nose),  and  various  speeds. 
The  grid  extends  five  chord  lengths  ahead  and  seven 
chord  lengths  behind  the  foil;  three  chord  lengths 
were  covered  above  and  below  the  foil.  Figure  5 
shows  the  grid  around  the  foil;  it  was  locally  refined  in 
regions  of  large  velocity  changes  and  expected  break¬ 
ing  waves,  and  was  kept  coarse  far  from  the  hydrofoil. 
The  grid  consists  of  21 503  CVs. 

For  the  foil  speed  of  0.2  m/s,  no  appreciable  waves 
appeared  in  the  simulation. 

For  the  speed  of  0.5  m/s,  an  unsteady  breaking 
wave  occured.  The  water  accelerates  over  the  suc¬ 
tion  side  of  the  foil  and  the  Froude  number,  based  on 
the  water  velocity  and  free-surface  distance  from  the 
wall,  becomes  greater  than  unity.  The  flow  becomes 
supercritical  and  continues  to  accelerate;  the  water 
depth  over  hydrofoil  reduces  and  the  Froude  number 


reaches  nearly  the  value  of  1.3.  However,  since  the 
foil  tail  is  submerged  227  mm  below  the  still  water 
level,  the  acceleration  can  not  continue  all  the  way 
along  the  suction  side  -  the  downstream  conditions 
require  a  change  in  the  flow  regime.  Therefore,  a  hy¬ 
draulic  jump  takes  place,  with  a  violent  wave  break¬ 
ing,  at  about  mid-chord  distance  from  the  nose.  Fig¬ 
ure  6  shows  velocity  vectors  and  free-surface  shapes 
at  two  time  instants  0.4  seconds  appart.  Due  to  the 
sudden  slowing  down  of  water  flow  behind  the  break¬ 
ing  wave,  a  vortex  is  generated  on  the  suction  side 
of  the  foil  near  trailing  edge,  which  interacts  with 
the  breaking  wave  and  results  in  vortex  shedding  and 
build-up. 


Fig.  6:  Computed  velocity  vectors  (in  a  coordinate  frame 
attached  to  the  foil)  and  free-surface  shapes  at  two  time  in¬ 
stants  for  the  foil  speed  of  0.5  m/s. 

When  the  speed  of  hydrofoil  is  further  increased, 
the  wave-breaking  region  moves  towards  the  trail- 
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ing  edge.  Figure  7  shows  velocity  vectors  and  free- 
surface  shapes  at  four  time  instants  from  the  simula¬ 
tion  for  the  foil  speed  of  1  m/s.  The  hydrofoil  starts 
suddenly  moving  at  full  speed;  this  leads  to  a  build-up 
of  a  very  steep,  but  smooth  wave  just  above  the  trail¬ 
ing  edge.  This  wave  then  overturns,  as  indicated  in 
the  top  figure  of  Fig.  7.  After  that,  the  breaking  region 
moves  slightly  forward  and  remains  in  the  range  be¬ 
tween  0.8  and  0.9  chord  lengths  from  the  nose.  In  the 
initial  stage  of  simulation,  some  vortex  shedding  at 
the  trailing  edge  is  observed;  later,  the  flow  becomes 
smooth  all  around  the  hydrofoil.  Note  that  the  veloc¬ 
ity  scale  is  not  the  same  in  all  figures,  and  that  in  the 
breaking  region  the  velocities  are  very  low. 

The  dark-colored  region  represents  volume  frac¬ 
tions  around  0.5;  where  the  interface  is  sharp,  this 
region  is  narrow.  Large  spreading  of  this  region  in 
the  wave-breaking  area  indicates  (although  this  is  not 
accurately  modelled)  intensive  mixing  of  water  and 


Fig.  7:  Computed  velocity  vectors  (in  a  coordinate  frame 
attached  to  the  foil)  and  free-surface  shapes  at  four  time  in¬ 
stants  about  one  second  appart,  for  the  foil  speed  of  1.0  m/s. 

Finally,  the  hydrofoil  speed  was  increased  to  1.5 


m/s.  Figure  8  shows  free-surface  shapes  and  veloc¬ 
ity  vectors  at  six  time  instants  during  the  simulation. 
Again,  one  steep  wave  builds  up  first  and  overturns 
(top  figure).  The  splash  caused  by  the  overturning 
wave  hiting  the  free  surface  is  seen  in  the  second  fig¬ 
ure  of  the  sequence  shown  in  Fig.  8.  At  later  times,  vi¬ 
olent  wave  breaking  with  air  entrainment  takes  place 
in  a  region  extending  from  the  trailing  edge  to  about 
half  chord  length  behind  the  foil.  Also,  the  crest  of  the 
wave  that  forms  above  the  leading  edge  starts  break¬ 
ing  at  the  later  stage  of  the  simulation. 


Fig.  8:  Computed  velocity  vectors  (in  a  coordinate  frame 
attached  to  the  foil)  and  free-surface  shapes  at  six  time  in¬ 
stants  about  one  second  appart,  for  the  foil  speed  of  1.5  m/s. 

The  analysis  of  velocity  distribution  and  distance  to 
free  surface  above  the  hydrofoil  reveals  that  the  criti¬ 
cal  Froude  number  is  reached  at  about  15%  of  chord 
length;  before  the  breaking  starts,  the  Froude  number 
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of  about  2.0  is  reached. 

The  predicted  turbulent  kinetic  energy  is  very  low 
in  water,  except  in  the  wave-breaking  region;  the  tur¬ 
bulence  appears  to  be  high  only  in  the  air  above  wave¬ 
breaking  regions,  cf.  Fig.  9.  However,  while  this 
appears  plausible,  there  is  no  guarantee  that  the  tur¬ 
bulence  quantities  from  this  simulation  are  quantita¬ 
tively  correct. 


Fig.  9:  Predicted  distribution  of  the  turbulent  kinetic  energy 
at  one  time  instant  for  the  hydrofoil  under  the  free  surface 
at  the  speed  of  1.5  m/s. 

The  flow  around  hydrofoil  close  to  the  free  surface 
is  substantially  different  from  the  flow  around  hydro¬ 
foil  with  large  submergence.  Computations  were  also 
performed  at  hydrofoil  speed  of  1.5  m/s  in  deep  wa¬ 
ter;  in  this  case,  a  steady  solution  was  obtained.  The 
difference  in  flow  patterns  for  the  two  different  sub¬ 
mergences  are  best  ilustrated  by  looking  at  the  pro¬ 
files  of  the  streamwise  and  vertical  velocity  compo¬ 
nent  along  the  lines  at  y  =  45  mm  (above  hydrofoil) 
and  at  y  =  —101  mm  (below  hydrofoil),  from  one 
chord  length  ahead  to  one  chord  length  behind  the 
foil  (the  coordinate  origin  is  at  the  midpoint  of  the 
foil  nose). 


Fig.  10:  Comparison  of  predicted  profiles  of  the  streamwise 
velocity  component  along  the  line  at  y  =  45  mm  and  y  =  - 
101  mm  for  the  hydrofoil  in  deep  water  and  under  the  free 
surface  at  the  speed  of  1.5  m/s. 

In  the  case  of  deep  water,  the  streamwise  velocity 


at  y  =  45  mm  drops  from  1.5  m/s  to  about  1.46  m/s 
above  the  stagnation  point  and  rises  then  sharply  to  a 
maximum  of  about  2.15  m/s  at  5%  of  chord  length. 
Thereafter,  the  velocity  reduces  steadily  over  the  suc¬ 
tion  side  until  it  reaches  about  1.45  m/s  at  the  trailing 
edge.  Further  downstream  the  velocity  rises  again  un¬ 
til  it  reaches  the  foil  velocity  of  1.5  m/s. 

Along  the  line  y  =  -101  mm,  the  streamwise  ve¬ 
locity  drops  to  about  1.2  m/s  below  the  stagnation 
point  and  then  rises  to  a  maximum  of  about  1.6  m/s 
at  about  40%  of  chord  length.  It  drops  then  again 
to  a  second  minimum  at  about  70%  of  chord  length, 
increases  again  towards  trailing  edge,  reduces  again 
slightly  and  thereafter  increases  steadily  until  the  foil 
speed  is  reached  further  downstream. 

When  the  hydrofoil  is  close  to  the  free  surface,  the 
water  level  rises  ahead  of  it  and  the  velocity  reduces; 
as  Fig.  10  shows,  the  streamwise  velocity  at  y  =  45 
mm  drops  substantially  in  front  of  the  hydrofoil  and 
is  only  1  m/s  above  the  stagnation  point.  At  this  loca¬ 
tion,  the  water  level  has  risen  to  about  191  mm  (from 
140  mm  in  the  undisturbed  state).  The  velocity  rises 
then  sharply,  but  much  less  than  in  the  case  of  deep 
water;  after  reaching  about  1.3  m/s  over  a  short  dis¬ 
tance,  the  velocity  continues  rising  at  a  slower  pace 
along  the  whole  suction  side.  The  line  y  =  45  mm 
crosses  the  free  surface  at  about  x  =160  mm,  which 
can  be  recognized  in  Fig.  10  by  a  sudden  drop  in  ve¬ 
locity  from  about  1.83  m/s  (at  the  free  surface)  to 
about  0.4  m/s  (in  air).  There  follows  the  breaking 
wave  region  with  very  low  velocities;  further  down¬ 
stream  the  velocitiy  rises  again. 

Along  the  line  y  =  -101  mm,  the  situation  in  front 
of  the  hydrofoil  is  just  oposite  to  the  deep-water  case: 
now,  the  streamwise  velocity  drops  only  slightly  to 
about  1.3  m/s.  From  here  on  the  profile  has  a  very 
similar  shape  to  that  in  the  deap- water  case,  only  at  a 
higher  level.  In  particular,  a  higher  velocity  is  reached 
at  the  trailing  edge,  and  it  continues  to  rise  for  a  short 
distance  behind  it,  while  in  the  deep-water  case  the 
velocity  was  reducing  after  the  trailing  edge.  The  line 
y  =  -101  mm  passes  just  14  mm  below  the  trailing 
edge.  In  the  deep-water  case,  the  streamwise  veloc¬ 
ity  on  the  suction  side  is  at  the  trailing  edge  much 
lower  than  on  the  pressure  side,  so  a  mixing  layer  is 
created;  it  leads  to  a  reduction  of  velocity  below  and 
increase  above  the  trailing-edge  level  further  down¬ 
stream.  When  the  foil  is  close  to  the  free-surface,  the 
velocity  on  the  suction  side  is  larger  than  on  the  pres¬ 
sure  side  and  the  mixing  layer  behind  the  trailing  edge 
has  now  the  oposite  profile:  the  upper  layer  is  decel¬ 
erated  and  the  lower  layer  is  accelerated. 

Figure  11  shows  profiles  of  the  vertical  velocity 
along  the  same  lines  as  in  Fig.  10  for  the  two  sub- 
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Fig.  11:  Comparison  of  predicted  profiles  of  the  vertical 
velocity  component  along  the  lines  at  y  =  45  mm  and  y  = 
-101  mm  for  the  hydrofoil  in  deep  water  and  under  the  free 
surface  at  the  speed  of  1.5  m/s. 

mergences.  The  profiles  have  a  similar  shape  in  both 
cases,  but  the  quantitative  differences  are  large.  In 
particular,  the  peak  at  y  =  45  mm  just  after  the  lead¬ 
ing  edge  is  much  more  pronounced  in  the  deep-water 
case,  where  the  vertical  velocity  component  reaches 
about  50%  of  the  foil  speed,  while  in  the  free-surface 
case,  the  peak  is  much  lower.  Also,  in  the  free-surface 
case,  the  vertical  velocity  components  reduces  first 
approaching  the  leading  edge  along  both  lines,  while 
it  is  increasing  in  the  deep-water  case.  The  minimum 
shortly  after  trailing  edge  on  the  line  y  =  -101  mm 
is  lower  in  the  free-surface  case,  while  at  the  trailing 
edge,  almost  the  same  velocity  prevails  in  both  cases. 
In  the  free-surface  case,  the  velocity  oscillates  in  the 
breaking- wave  region. 

Figures  10  and  1 1  show  instantaneous  velocity  pro¬ 
files  in  the  case  of  free-surface  flow;  since  this  flow  is 
unsteady,  the  velocities  vary  in  time,  but  the  profiles 
shown  indicate  the  typical  features  and  highlight  the 
differences  compared  to  the  deep-water  case.  Another 
appreciation  of  the  different  flow  patterns  for  the  two 
submergences  is  provided  in  Fig.  12,  which  shows  the 
velocity  vectors  around  the  nose  section  of  the  hydro¬ 
foil.  In  the  case  of  deep-water  flow,  the  stagnation 
point  is  located  on  the  lower  foil  surface  and  the  flow 
approaches  it  at  an  angle  of  about  20°,  measured  from 
the  direction  of  undisturbed  flow.  In  the  case  of  low 
submergence,  the  stagnation  point  moves  to  the  upper 
foil  surface  and  the  flow  direction  changes  to  about 
-6°. 

The  changes  in  velocity  distribution  around  the 
foil  are  reflected  in  different  pressure  and  shear  stress 
distributions,  thus  leading  to  different  drag  and  lift 
forces.  Figures  13  and  14  show  the  drag  and  lift 
coefficient  for  the  free-surface  and  deep-water  case 


Fig.  12:  Computed  velocity  field  around  the  hydrofoil  nose 
in  deep  water  (above)  and  under  the  free  surface  (below)  at 
the  speed  of  1.5  m/s. 


Fig.  13:  Comparison  of  predicted  drag  coefficient  as  a  func¬ 
tion  of  time  for  the  hydrofoil  in  deep  water  and  under  the 
free  surface  at  the  speed  of  1.5  m/s. 

as  a  function  of  time.  The  deep-water  case  has  a 
steady  solution,  so  these  coefficients  are  constant;  the 
free-surface  case  is  unsteady  and  both  coefficients 
vary  with  time,  especially  the  lift  coefficint.  However, 
while  the  drag  coefficient  is  almost  five  times  large 
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Time  (s) 

Fig.  14;  Comparison  of  predicted  lift  coefficient  as  a  func¬ 
tion  of  time  for  the  hydrofoil  in  deep  water  and  under  the 
free  surface  at  the  speed  of  1.5  m/s. 

in  the  free-surface  case  due  to  the  wave  generation, 
the  lift  coefficient  varies  between  the  value  obtained 
in  the  deep-water  case  and  a  30%  higher  value.  The 
simulated  period  is  not  long  enough  to  evaluate  the 
mean  frequency  of  the  drag  oscillation;  the  high- 
frequency  oscillations  may  also  be  due  to  numerical 
effects  and  their  analysis  is  not  so  meaningfull, 
unless  a  real  three-dimensional  direct  or  large-eddy 
simulation  of  the  turbulent  flow  is  conducted. 

DISCUSSION 

The  results  of  computations  presented  in  preceeding 
sections  demonstrate  the  capabilities  of  the  interface- 
capturing  method  to  compute  flows  around  sub¬ 
merged  hydrofoils  under  severe  wave-breaking  con¬ 
ditions.  Although: 

•  no  experimental  data  is  available  for  the  wave¬ 
breaking  cases  studied  here  to  validate  the  simu¬ 
lations, 

•  no  grid-  and  time-step-dependence  tests  have  been 
performed  so  far  to  estimate  the  discretization  er¬ 
rors, 

•  the  two-equation  (high-Re  k-e)  turbulence  model 
used  here  most  probably  does  not  account  accu¬ 
rately  for  the  turbulence  effects,  neither  at  the  hy¬ 
drofoil  wall  nor  at  the  free  surface, 

•  the  two-dimensional  simulation  of  wave  break¬ 
ing  may  also  not  fully  correspond  to  the  averaged 
truly  three-dimensional  process  expected  in  the 
nature, 

it  is  believed  that  the  main  features  of  the  free-surface 
flows  as  a  function  of  hydrofoil  speed  are  qualita¬ 
tively  correctly  predicted.  In  particular,  the  fact  that 


the  wave-breaking  region  moves  towards  the  trail¬ 
ing  edge  and  beyond  as  the  speed  is  increased  and 
that  the  hydraulic-jump  conditions  are  obtained  above 
the  hydrofoil  appear  plausible.  The  comparisons  of 
numerical  solutions  obtained  using  both  interface¬ 
tracking  and  interface-capturing  method  with  experi¬ 
mental  data  for  the  non-breaking  conditions  -  in  spite 
of  the  non-perfect  agreement  -  suggest  that  the  simu¬ 
lation  results  are  at  least  qualitatively  correct.  In  the 
water-entry  simulations  performed  earlier,  where  the 
wave  breaking  also  occurs,  relatively  good  agreement 
with  experimental  data  was  achieved,  which  also  sup¬ 
ports  the  above  conclusions  [17]. 

The  use  of  Reynolds-averaged  Navier-Stokes  equa¬ 
tions  (RANSE)  and  two-equation  turbulence  models 
in  unsteady  simulations  of  wave  breaking  is  another 
issue  that  needs  further  analysis.  Normally,  unsteady 
RANSE  are  appropriate  if  there  is  a  gap  between  the 
turbulence  scale  and  flow  unsteadyness;  this  is  usually 
the  case  in  vortex-shedding  flows  behind  bluff  bodies, 
but  whether  the  wave  breaking  fulfils  these  conditions 
and  under  which  circumstances  is  not  quite  obvious. 

Computations  on  a  substantially  finer  grid  are 
in  progress  and  in  the  future  also  the  experiments 
will  be  conducted  to  enable  quantitative  verification 
of  the  simulation  results.  Especially  the  increase 
in  drag  due  to  wave  breaking  requires  further  analysis. 
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ABSTRACT 

Integrated  marine  propulsors  are  more 
frequently  being  considered  as  design  options  for 
future  Naval  ships  and  submarines.  This  is  due  to 
their  potential  in  reducing  signature-producing 
phenomenon  such  as  cavitation  and  unsteady-flow- 
induced  vibrations  and  acoustics.  This  paper  reports 
work  which  focuses  upon  development  of  unsteady 
Reynolds-averaged  Navier-Stokes  tools  which  can 
provide  the  basis  for  future  modeling  efforts. 
Although  lacking  validation  data,  the  MIT  Sirenian 
Propulsor  is  used  as  a  verification/demonstration 
geometry.  Steady  flow  solutions  are  presented  for 
the  machine  without  and  with  the  rotor,  the  latter  of 
which  is  obtained  using  a  circumferentially-averaged 
information  transfer  to  and  from  the  overset  rotor 
grid  blocks.  The  integrated  nominal  wake  provides 
the  speed  of  advance  and  sets  the  rpm  of  the  rotor. 
Details  of  the  flow  are  discussed  and  directions  for 
future  time-accurate  unsteady  simulations  are 
outlined. 

INTRODUCTION 

Integrated  marine  propulsors  offer  many 
advantages  over  their  open-water  counterparts.  Duct 
and  stator  design  can  increase  static  pressure  at  the 
rotor  (for  the  case  of  a  decelerating  nozzle)  and  can 
control  both  preswirl  and  inflow  circumferential - 
harmonic  content.  Together  these  provide  options  for 
the  naval  architect  to  try  to  reduce  cavitation  and 
unsteady-flow-induced  vibrations  and  acoustics. 

The  flows  associated  with  such  machinery 
are  inherently  unsteady  and  are  dominated  by  viscous 
flow  phenomenon  such  as  propulsor-hull  and  rotor- 
stator  interactions,  and  unsteady  boundary  layer, 
wake,  and  tip  and  leakage  vortices.  Current  state-of- 
the-art  design  tools  are  based  upon  coupled 
viscous/potential-flow  methods  (e.g.,  Kerwin  et  al., 
1994).  While  these  methods  are  valuable  for  initial 
design  studies,  they  are  incapable  of  resolving  the 
physics  required  for  modeling  real  flows  and 
addressing  signature  issues. 


Future  simulation-based  design  tools  will  be 
based  upon  unsteady  Reynolds-averaged  Navier- 
Stokes  (RANS),  and  possibly  large-eddy  simulation 
(LES),  methods.  These  methods  provide  a  physics- 
based  approach  which  are  theoretically  capable  of 
resolving,  although  at  different  scales,  the  critical 
unsteady,  viscous  hydrodynamics  found  in  modem 
propulsors.  In  addition,  they  are  amenable  to 
inclusion  of  phenomenological  models  and  optimal 
design  algorithms. 

Current  status  of  RANS  is  that  over  the  past 
10  years,  steady-flow  application  to  propulsors  has 
become  commonplace  and  has  demonstrated 
capability  to  predict  detailed  blade  flows.  Examples 
include  study  of  design-  and  off-design  conditions  for 
open- water  propellers  (Stern  et  al.,  1994),  an  ONR 
program  focusing  on  validation  of  tip-vortex 
simulations  and  prediction  of  trends  for  tip-geometry 
variants  (Chesnakas  and  Jessup,  1998;  Hsiao  and 
Pauley  1998)  and  prediction  of  4-quadrant 
performance  (Chen  and  Stem,  1998).  For  multiple- 
blade-row  machines,  much  work  has  focused  upon 
steady-flow  approximations  (e.g.,  average-passage 
equations  [Dreyer  and  Zierke,  1994],  and 
circumferentially-averaged  mixing  plane  approach 
[Lee  et  al.,  1994;  Hall,  1997])  and  resolution  of  rotor 
tip-gap  flows  (e.g.,  Lee  et  al.,  1996), 

Use  of  unsteady  RANS  is  not  yet  as 
common.  This  is  due  to  the  fact  that  unsteady 
simulations  for  practical  geometries  are  massive 
computations,  which  require  the  largest  available 
supercomputers  and  a  high-level  of  grid  generation 
expertise.  However,  there  are  a  number  of  notable 
examples  already  in  the  propulsor  hydrodynamics 
literature.  They  include  simulation  of  an  open-water 
propeller  with  an  idealized  screen-wake  inflow  (Chen 
et  al.,  1994),  of  the  Series  60  Cb=0.6  with  rotating 
propeller  (Abdel-Maksoud  et  al.,  1998),  and  of  a 
maneuvering  submarine  with  appendages  and 
rotating  propeller  (Taylor  et  al.,  1998).  Similar 
development,  but  for  compressible  flows,  has  also 
taken  place  in  the  aerospace  and  gas-turbine 
communities  as  evidenced  by  the  large  number  of 
papers  at  specialty  conferences  (e.g.,  ASME  Gas 
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Turbine  &  Aeroengine  Congress).  Although  the 
machines,  in  comparison  to  marine  propulsors,  lend 
to  have  significantly  different  design  and  flow 
physics  (and  therefore  different  modeling 
requirements),  the  numerical  issues  and  CFD  status 
are  very  similar. 

The  work  reported  herein  is  part  of  a 
program  of  research  that  is  focused  upon 
development  of  future  simulation-based  design  tools 
capable  of  resolving  unsteady  propulsor  flows  at  a 
level  of  fidelity  which  can  support  development  of 
models  for  multi-phase  flow  and  cavitation.  Herein, 
the  CFD  code  CFDSHIP-IOWA  is  described  and  a 
building-block  study  and  demonstration  of  capability 
is  provided  using  the  MIT  Sirenian  Propulsor. 
Steady-flow  solutions  are  presented  for  the  machine 
without  and  with  the  rotor,  the  latter  of  which  is 
accomplished  using  a  circumferentially-averaged 
information  transfer.  Details  of  the  flow  are 
discussed  along  with  plans  for  verification  and  future 
time-accurate  unsteady  simulations. 

CFDSHIP-IOWA 

CFDSHIP-IOWA  is  a  general  purpose  CFD 
code  developed  at  IIHR  specifically  for  naval 
hydrodynamics.  It  has  been  verified  and  validated 
for  a  number  of  surface-ship  and  propulsor  flow 
problems.  The  most  recent  development  (version 
3.0)  has  focused  upon  accuracy,  distributed  parallel 
computing,  generality,  modularity,  and  efficiency, 
and  is  described  by  Paterson  and  Sinkovits  (1999) 
and  Wilson  et  al.  (1998).  These  references  and  other 
online  information  can  found  at 
hup://www. iihr.uiowa.edu/~cfdship/. 

Governing  equations 

The  code  solves  the  three-dimensional 
unsteady  incompressible  Reynolds-averaged  Navier- 
Stokes  and  continuity  equations  in  either  Cartesian, 
inertial  cylindrical-polar,  or  non-inertial  cylindrical- 
polar  base-coordinate  systems.  The  effects  of 
rotating  machinery  are  included  through  boundary 
conditions  and  the  addition  of  either  grid-velocity  or 
non-inertial  terms  for  inertial  or  non-inertial 
formulations,  respectively. 

Reynolds-stress  closure  is  accomplished 
using  a  standard  linear  stress-strain  relationship. 
Eddy-viscosity  is  calculated  using  either  the 
Baldwin-Lomax  model,  a  blended  k-cri/k-e  model 
(Menter,  1994),  or  the  near- wall  k-e  model  of  Chen 
and  Patel  (1985). 


Numerics 

The  solution  scheme  is  based  upon  the  PISO 
algorithm  and  is  fully  implicit.  The  governing 
equations  are  reduced  to  algebraic  form  using  finite- 
difference  operators.  The  convective  terms  are 
discretized  with  a  general  5-point  stencil  which 
permits  user-specified  accuracy  ranging  from  1^^- 
order  upwind  to  4^-order  central.  The  viscous  terms 
are  discretized  with  a  2"^-order  central  finite- 
difference.  Temporal  terms  are  discretized  with 
either  a  first-  or  second-order  backward  finite- 
differences  for  steady  or  unsteady  flow,  respectively. 
The  pressure  equation  is  derived  by  taking  the 
divergence  of  the  momentum  equations  and  by 
projecting  the  velocity  into  a  divergence-free  field  at 
time  level  (n).  Since  a  collocated  grid  approach  is 
used,  fourth-order  dissipation  is  added  to  prevent 
oscillations  by  taking  a  linear  combination  of  full- 
and  half-cell  operators.  Algebraic  equations  are 
solved  using  line-ADI  and  a  penta-di  agonal 
algorithm.  Wilson  el  al.  (1998)  provides  further 
description  of  the  core  algorithm. 

Boundary  conditions 

Twenty-three  boundary  conditions  are 
available  in  CFDSHIP-IOWA.  They  can  be  grouped 
as  physical,  computational,  and  multi-block  types. 
The  physical  conditions  include  no-slip  and  free- 
surface  boundaries.  Computational  conditions 
include  inlet,  exit,  far-field,  impermeable  slip,  zero- 
gradient,  periodic,  branch-cut,  pole  singularity, 
cylindrical  zero  gradient,  cylindrical  periodic,  and 
symmetry-plane  boundaries.  Block-to-block 
communication  can  take  the  form  of  either  patched  or 
overset  (a.k.a..  Chimera)  conditions.  For  overset 
boundaries,  parametrically-mapped  tri-linear 
interpolation  is  used.  For  unsteady  moving-grid 
problems,  donor  cells  are  found  for  each  unique  grid 
position  (i.e.,  for  the  first  period)  using  a  stencil¬ 
jumping  search  algorithm. 

Boundary  conditions  are  specified  as  index 
ranges  in  an  external  input  file.  Each  face  of  a 
computational  domain  can  be  sub-divided  into 
arbitrary  number  of  boundary-condition  types. 
Gradient  conditions  are  evaluated  using  either  first- 
or  second-order  (as  specified  by  user)  one-sided  finite 
differences. 

High-performance  computing 

The  code  and  data  structures  were  designed 
for  scalable,  parallel-mulli-block  implementation  and 
ease  of  2''^-party  model  subroutine  development.  The 
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approach  is  based  upon  message-passing  interface 
(MPI)  and  the  single-program  multiple  data  (SPMD) 
paradigm.  As  such,  each  processor  executes  its  own 
copy  of  the  executable  and  only  has  it’s  own  block  of 
data  in  memory.  As  such,  load  balancing  is  achieved 
statically  via  domain  decomposition.  Except  for  the 
input  and  output  routines,  communication  between 
processors  occurs  only  at  the  boundary  condition 
subroutines  and,  as  already  mentioned,  can  take  the 
form  of  either  patched-  or  overset-grid  multi-block 
interfaces. 

Portability  is  achieved  through  the  use  of 
MPI,  the  C  preprocessor  CPP,  and  the  UNIX  make 
utility.  CPP  is  used  to  build  either  the  parallel  or 
serial  versions  from  a  single  source  code  where  MPI- 
and  serial-specific  code  is  isolated  through  the  use  of 
CPP  directives.  The  makefile  builds  platform  specific 
versions  by  invoking  the  correct  compiler  options  and 
the  CPP  directives.  The  code  has  been  run  on  the 
SGI  Origin  2000,  Cray  T3E,  Cray  T90,  DEC  Alpha, 
HP  and  SGI  workstations,  and  Intel  Pentium-based 
PC. 

GEOMETRY,  CONDITIONS,  AND  GRIDS 

The  MIT  Sirenian  Propulsor  is  a  notional 
design  developed  for  use  by  the  University  code¬ 
development  community.  The  geometry  consists  of 
an  axisymmetric  hull,  modified  NACA  65A  duct,  1 1 
stator  blades,  and  6  rotor  blades.  There  is  no  rotor 
tip-gap. 


Figure  1.  Overall  view  of  geometry  and  surface  grid. 

For  the  simulations  shown  here,  the 
geometry  has  been  modified  by  adding  one  stator 


blade  (i.e.,  12:6  ratio).  This  permits  spatially- 
periodic  simulation  of  a  domain  consisting  of  2-stator 
passages  and  1  rotor  passage.  Figures  1  and  2  show 
the  geometry. 


Figure  2.  Stern  view  of  geometry  and  surface  grid,  duct 
removed. 


The  design  condition  corresponds  to  an 
advance  coefficient  J  =  V//nDj^\.52  and  Reynolds 
number  based  upon  hull  length  Rei  =  UUv- 
3.2x10^,  where  Va  is  the  speed  of  advance.  Dr  is  the 
rotor  diameter,  U  and  L  are  ship  speed  and  length, 
respectively,  n  is  rpm,  and  v  is  kinematic  viscosity. 
The  non-dimensional  circumferential  angular 
velocity  is  tu  =  InVA/Drl  and  the  period  of  one 
complete  revolution  is  7  =  2n/ca  The  computational 
time  step  is  related  to  7,  the  number  of  stator  wakes 
Ng-  12,  and  the  number  of  time  steps  per  period  A/p, 
i.e..  At  =  2'n/caNsNp.  An  important  parameter 
governing  the  unsteady  response  of  a  lifting  surface, 
is  the  frequency  parameter  <^.  It  is  defined  as 
(^=t4.Cy(VA+cur)  and,  for  the  Sirenian,  is 
approximately  13,  where  C^0.Qf21L  is  the  rotor 
chord  length  and  a\=coNs  is  the  frequency  of 
encounter  seen  by  the  rotor. 


Computational  conditions  are  as  follows. 
The  code  is  run  in  inertial  cylindrical  coordinates 
using  the  blended  k-cc/k-e  model.  Accuracy  of  the 
convective  terms  is  set  to  2"‘^-order  upwind.  Reynolds 
number  is  set  to  the  design  value  Re=3.2xl0^.  The 
number  of  time  steps  per  period  Np  is  set  to  60  which 
when  coupled  with  Ns=12,  corresponds  to  720  time 
steps  per  revolution  or  0.5°  per  time  step.  Time  step 
and  (0  is  set  using  the  CFD-determined  speed-of- 
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advance,  i,e.,  integration  of  the  nominal  wake  from 
the  unpropelled  simulation. 

To  reduce  the  size  of  the  domain,  inlet 
boundary  conditions  are  interpolated  from  a  bare-hull 
simulation  at  x/L=0.6.  As  already  mentioned, 
spatially-periodic  boundary  conditions  are  used 
upstream  and  downstream  of  the  stator  and  rotor 
blade  surfaces.  Both  patched  and  overset  multi -block 
boundaries  are  used.  For  steady-flow  simulation  of 
the  machine  without  the  rotor,  a  uniform-flow  initial 
condition  is  used.  All  other  solutions  then  build 
upon  this  solution  to  provide  initial  conditions. 

Grid  generation  is  accomplished  using 
GRIDGEN  from  Pointwise,  Inc.  H-type  topologies 
were  used  around  all  foil  sections  and  a  sting  was 
added  to  eliminate  the  pole  singularity  in  the  wake, 
the  latter  of  which  improves  convergence.  The 
domain  inlet  is  at  x/L=0.6,  the  exit  is  at  x/L=2.0,  and 
the  far- field  is  at  a  radius  of  l.OL.  The  grid  was 
generated  with  near- wall  spacings  set  to  Ay=  1.0x10'^, 
which  corresponds  to  y'^^l.S.  Five  blocks  were 
initially  generated  in  Cartesian  coordinates  and  then 
decomposed  into  a  54-block  system  in  cylindrical 
coordinates.  The  largest  block  is  27,500  points  and 
the  total  grid  system  is  approximately  1.1  million 
points. 


Figure  3.  Grid  system,  k-constant  plane  (x-r)  showing 
overset  grids,  blanked  region,  and  block  boundaries. 

The  grid  system  is  shown  in  Figs.  3  and  4. 
Domain  decomposition  boundaries,  which  are  located 
at  arbitrary  locations  determined  by  load  balancing 
requirements,  are  shown.  The  rotor  blocks  move 
with  a  grid  speed  of  cor  and  are  coupled  to  the  rest  of 
the  domain  using  an  overset  mesh  as  shown  in  the 


figures.  There  is  a  corresponding  region  that  is 
blanked  out  downstream  of  the  stators. 

The  extent  of  this  region  is  selected  to 
maintain  a  minimum  two  grid-cell  overlap.  This 
approach,  as  opposed  to  an  abutted  “clicking”  plane, 
is  advantageous  since  the  grid  size  and  time  step  can 
be  adjusted  independently.  For  unsteady  simulations, 
the  coefficients  are  calculated  “on-the-fly”  for  each 
time-step  of  the  first  period  and  saved  to  temporary 
files.  Subsequent  periods  read  the  coefficients  from 
these  files.  This  greatly  reduces  computational  effort 
since  the  search  and  calculation  costs  more  than  the 
CFD  solution  for  a  given  time  step. 


Figure  4.  Grid  system,  j-constant  plane  (x-r0)  showing 
overset  grids,  blanked  region,  and  block  boundaries. 


DISCUSSION 

The  integrated  nature  of  this  type  of 
propulsor  required  the  solution  to  be  built-up  in  a 
progression  of  steps.  First,  steady-flow  solution  of 
the  flow  without  the  rotor  was  obtained.  Then,  the 
rotor  was  added  but  using  circumferentially-averaged 
inflow.  Finally,  the  unsteady  simulation  was  turned 
on  using  the  previous  solution  as  the  initial  condition. 
In  the  following,  each  step  of  the  process  is 
discussed. 

For  steady  flow  without  the  rotor  (i.e.,  body- 
duct-stator  only),  one  stator  passage  is  simulated. 
Figure  5  shows  the  velocity,  pressure,  and  eddy- 
viscosity  contours  at  mid  passage.  The  duct  is  shown 
to  be  embedded  in  the  thick  stern  boundary  layer  and 
the  pressure  side  of  the  duct  is  on  the  inside  of  the 
machine.  There  is  a  small  amount  of  separation  on 
the  body.  It  is  not  yet  known  if  this  is  due  to  grid 
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resolution,  turbulence  model,  or  lack  of  rotor  suction. 
Further  study  and  verification  is  required.  The  eddy 
viscosity  shows  resolution  of  body,  duct,  and  stator 
boundary  layers  and  wakes  and  good  continuity 
between  blocks.  It  should  be  pointed  out  that  the 
complex  geometry  and  domain  decomposition 
precludes  use  of  the  Baldwin-Lomax  model.  This 
type  of  application  takes  full  advantage  of  the 
blended  k-a/k-e  model  wherein  wall-proximity 
variables  (e.g.,  normal  distance)  are  not  required. 


Figure  5.  Body-duct-stator  solution,  (a)  axial-velocity 
contours,  (b)  pressure  contours,  (c)  eddy-viscosity 
contours. 


Figure  6  shows  the  axial  velocity  at  the 
location  of  the  rotor-block  inlet,  i.e.,  x/L=0.92.  Part 
(a)  shows  the  spatial  variation  on  the  grids  that  pass 
through  the  stator  passage,  whereas  part  (b)  shows 
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Figure  6.  Body-duct-stator  solution  at  inlet  to  rotor 
blocks,  (a)  axial-velocity,  stator  wakes,  (b)  axial- 
velocity,  circumferential  average,  (c)  circumferential 
variation  of  U-  and  W-components  at  r/Dr=0.375. 

the  circumferential  average  interpolated  onto  the  inlet 
of  the  rotor  blocks.  A  plot  of  the  circumferential 
variation  of  U,  W  at  r/Dr  0.375  is  shown  in  6(c). 
The  wake  deficit  is  shown  to  be  •  17=0.5  and  the 
maximum  pre-swirl  is  0.125.  The  wakes  appear  to  be 
fairly  broad,  however,  the  lack  of  verification 
prevents  conclusions  concerning  performance  of  the 
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turbulence  model.  It  should  be  noted  that  the  stator 
Re  is  about  50,000. 

If  the  velocity  is  integrated  further 
downstream  at  the  rotor  plane,  i.e.,  x/L=0.94,  the 
average  velocity  is  found  to  be  0.7.  This  is  assumed 
to  be  the  speed  of  advance  and  is  used  for  both 
setting  0)  and  Ar  and  for  putting  the  forces  into  the 
form  of  the  traditional  thrust  and  torque  coefficients. 

Flow  unsteadiness  and  rotor-stator 
interaction  is  due  to  the  rotor  operating  in  the  stator 
wakes.  The  predicted  rotor  inflow  presents  a  high- 
frequency,  large-amplitude  unsteadiness  (<^-13, 
Aiy=0.5).  Implications  for  real  machines  are 
unknown,  however,  as  shown  by  Paterson  and  Stern 
(1999),  this  would  represent  an  extreme  condition  for 
a  2D  gust-flow  model,  such  as  the  MIT  Flapping-Foil 
Experiment,  which  itself  was  a  high-frequency 
experiment,  wherein  ^=1.2  and  Afy=0.044. 

Steady-flow  solutions  are  obtained  with  the 
rotor  by  using  circumferentially-averaged 
information  transfer  between  blocks.  At  upstream 
faces,  all  quantities  are  interpolated  from  the  donor 
block  and  then  averaged  in  the  circumferential 
direction.  Downstream  faces  use  extrapolation  of  the 
velocity  field  and  interpolation  of  the  averaged 
pressure  field.  Using  7=1.52  and  Va-O.I  as 
determined  from  the  previous  solution,  the  angular 
velocity  is  set  to  co=-23.93. 
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Figure  7.  Steady-flow  solution,  contours  in  rotor 
passage,  r/Dp=0.375.  (a)  axial-velocity,  (b)  pressure. 


Figure  8,  Steady-flow  solution,  rotor  wake  contours  at 
x/L=0.96.  (a)  axial-velocity,  (b)  pressure,  (c)  turbulent 
kinetic  energy. 


Figure  7  shows  flow  contours  in  the  rotor 
passage  at  r/D^~0.375.  Flow  acceleration  through  the 
passage  is  clearly  displayed,  however,  the  rotor 
displays  a  thick  boundary  layer  on  the  suction  side  of 
the  lifting  surface.  This  suggests  that  o)  (i.e.,  rpm) 
needs  to  be  adjusted  to  produce  the  correct  angle-of- 
attack  and  loading.  Several  other  J  were  investigated 
(1.82,  1.65,  1.45,  1.06),  however  each  of  these  speeds 
resulted  in  large  separation  on  the  rotor.  Further 
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Study  is  required  wherein  J  is  adjusted  by  matching 
the  design  Kt  and  Kq  values.  For  reference,  it  is  noted 
that  potential-flow  simulations  using  MIT  PBD14 
predict  performance  values  of  ^7=0.215, 

(Kerwin,  1998). 

Figure  8  shows  contours  of  the  rotor  wake  at 
jc/L=0.96  (i.e.,  approx.  O.TSQ  downstream  of  the 
rotor  trailing  edge).  Part  (a)  shows  axial- velocity 
contours.  Rotor  wakes  and  mid-passage  flow 
acceleration  are  clearly  shown.  Even  though  a  tip 
gap  is  not  modeled,  a  tip  juncture  vortex  is  shown  in 
both  the  velocity  and  pressure  contours.  Part  (c) 
shows  the  turbulent  kinetic  energy.  It  is  worth  noting 
that  the  wake  of  both  boundary  layers  is  shown  in  the 
contours  and  that,  in  general,  the  blended  k-oyk-e 
model  performs  very  well  and  is  quite  robust. 

CONCLUDING  REMARKS 

Code  development  work  for  unsteady 
Reynolds-averaged  Navier-Stokes  simulation  of 
integrated  marine  propulsors  was  presented.  The 
goal  of  this  work  is  to  develop  a  physics-based 
simulation  tool  capable  of  predicting  unsteady 
pressure  fields  at  a  level  of  fidelity  sufficient  for 
supporting  model  development.  The  MIT  Sirenian 
Propulsor  was  used  as  verification/demonstration 
geometry.  Steady  flow  solutions  were  presented  for 
the  machine  without  and  with  the  rotor,  the  latter  of 
which  was  obtained  using  a  circumferentially- 
averaged  information  transfer  to  and  from  the  overset 
rotor  grid  blocks.  The  integrated  nominal  wake 
provided  the  speed  of  advance  and  set  the  rpm  of  the 
rotor.  Details  of  the  flow  were  discussed. 

Clearly,  there  is  much  work  remaining. 
Foremost,  verification  and  validation  are  required  to 
provide  a  foundation  for  future  modeling  efforts. 
Following  Stem  et  al.  (1999),  estimation  of  grid  and 
temporal  errors/uncertainty  require  solutions  on  3 
grids  and  3  time  steps.  Steady  flow  verification  will 
be  performed  for  the  geometry  and  conditions  used 
herein  to  evaluate  grid  and  model  performance. 
Also,  steady  rotor  simulation  will  be  conducted  by 
adjusting  J  so  that  Kj  and  Kq  match  the  loading 
predicted  by  potential  flow  codes. 

Time-accurate  simulations  are  currently 
underway.  Preliminary  work  indicates  that  to  prevent 
the  stator  wakes  from  dissipating  when  entering  the 
rotor  block,  a  good  match  in  the  circumferential 
distribution  between  blocks  is  required.  This  will  be 
critical  in  accurate  prediction  of  rotor-stator 
interaction  and  unsteady  response  of  the  rotor  viscous 
flow. 


With  respect  to  physics  and  modeling,  the 
capability  for  non-integer  ratio  of  stator-to-rotor 
blades  must  be  developed.  There  are  two  approaches 
to  this  problem,  either  complete  360°  resolution  (i.e., 
approx.  6M  points  at  current  gridding  density)  or 
development  of  periodic-phase-shift  boundary 
conditions.  Clearly,  the  latter  is  preferred  from  the 
perspective  of  computer  resources.  Also,  a  rotor-tip 
gap  must  be  modeled  and  gridded  so  that  the 
unsteady  tip-  and  leakage-vortex  system  is  resolved. 
The  possible  unsteady  interactions  of  this  system 
with  the  stator  wakes  are  potentially  important  from 
the  perspective  of  cavitation  inception.  Finally,  while 
turbulence  modeling  is  important,  improvements 
require  validation  data. 

With  respect  to  code  development, 
CFDSHIP-IOWA  has  achieved  a  fairly  high  level  of 
sophistication.  However,  the  solver  and  high- 
performance  computing  algorithms  can  be  improved 
to  speed  convergence  and  reduce  user  workload  in 
preparing  large  multi-block  grid  systems.  This 
includes  evaluation  of  Krylov  vs.  multigrid  solvers 
for  the  pressure  equation  and  implementation  of  a 
multi-level  parallelism  based  upon  both  MPI  and 
OpenMP 
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ABSTRACT 


The  unsteady  flow  around  a  tractor  thruster  is  simulated  by  solving  the  RANS  equations  with  a  sliding  mesh 
technique.  A  multiblock  Navier-Stokes  solver  (FINFLO)  developed  at  Helsinki  University  of  Technology  is  used 
in  the  calculations.  In  this  paper  a  computational  method  with  special  emphasis  on  the  sliding  mesh  technique  is 
described.  The  flow  over  a  BB  series  propeller  is  analysed  and  a  comparison  with  experimental  data  is  made.  This 
calculation  is  made  with  a  fine  grid  and  used  as  a  reference  for  the  rest  of  the  computations,  where  the  flow  around 
the  tractor  thruster  is  simulated.  The  thruster  consists  of  the  BB -series  propeller,  a  pod  and  a  strut.  The  sliding 
surface  is  located  between  the  propeller  and  strut.  The  calculations  are  performed  in  two  different  ways.  In  the 
first  case  the  flow  quantities  are  circumferentially  averaged  on  the  sliding  surface  in  order  to  reduce  computing 
time.  The  second  calculation  is  time-accurate. 


INTRODUCTION 

Azimuthing  propulsor  systems  have  long  been  con¬ 
fined  to  low  propulsive  power  levels.  The  reason  is 
the  limitation  of  torsional  moments  that  can  be  trans¬ 
mitted  by  Z-drive  units.  Podded  propuisors  have  re¬ 
moved  such  a  limitation.  An  electric  motor  coupled 
directly  to  the  propeller  is  housed  inside  a  pod  and 
located  as  a  separated  unit  outside  the  ship  hull.  Pod¬ 
ded  propuisors  have  many  advantages  over  conven¬ 
tional  ones,  e.g.  improved  wake  to  the  propeller, 
and,  consequently,  reduction  of  vibrations  and  noise, 
better  manoeuvrability,  simpler  engine  control  and 
more  flexibility  for  the  selection  of  ship  forms  in 
the  hydrodynamic  design  of  the  stem.  This  also  al¬ 
lows  space  savings  as  well  as  higher  propulsion  effi¬ 
ciency.  Over  the  last  decade  Kvaener  Masa- Yards  and 
ABB  have  pioneered  the  use  of  this  innovative  Diesel- 
electric  propulsion  system  for  high  propulsive  power 
levels.  They  have  named  it  Azipod  (azimuthing  pod¬ 
ded  drive). 

In  recent  years  Reynolds  Average  Navier-Stokes 
(RANS)  solvers  have  been  increasingly  applied  at 
several  research  institutions  around  the  world  for  the 
prediction  of  the  flow  around  marine  propeller  blades. 
At  the  Technical  Research  Centre  of  Finland  (VTT) 
the  application  of  RANS  solvers  to  marine  propeller 
analysis  started  in  1995  with  encouragingly  good  res¬ 


ults  [1].  Since  then  the  application  of  RANS  solvers 
have  been  extended  to  more  complex  propeller  con¬ 
figurations,  e.g.  to  podded  propuisors.  In  such  com¬ 
plicated  geometries  the  flow  is  basically  unsteady, 
which  should  be  taken  into  account  in  the  computa¬ 
tional  model. 

There  are  different  approaches  to  solving  the 
Navier-Stokes  equations  in  the  case  of  rotating  ma¬ 
chinery.  The  most  accurate  and  straightforward  one 
is  to  divide  the  computational  mesh  into  stationary 
blocks  fixed  to  the  non-rotating  part  of  the  machinery 
and  into  rotating  blocks.  They  are  connected  to  each 
other  through  a  sliding  surface.  The  problem  with 
this  approach  is  that  the  flow  is  modelled  as  being 
time  dependent,  which  requires  a  great  deal  of  com¬ 
puting  time.  Another  and  cheaper  method  is  to  find 
a  steady-state  solution  in  a  rotating  coordinate  sys¬ 
tem.  Then  the  velocities  are  expressed  in  the  rotat¬ 
ing  frame  and  extra  Coriolis  and  centrifugal  forces 
are  introduced  into  the  Navier-Stokes  equations.  A 
disadvantage  of  this  approach  is  that  there  might  be 
numerical  problems  far  away  from  the  rotating  axis, 
and  also  for  turbulence  modelling  one  must  keep  in 
mind  what  velocities  should  be  used  to  define  the 
strain  and  vorticity  rates.  An  alternative  approach  is 
to  use  the  absolute  Cartesian  velocities  in  the  rotating 
frame.  This  method  is  accurate  only  with  axisymmet- 
ric  flows,  but  is  applied  in  the  present  study  for  the 
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unsteady  flow  around  the  Azipod,  and  compared  to 
the  time-accurate  calculation  with  the  sliding  mesh. 

The  multiblock  Navier-Stokes  solver  (FWFLO) 
used  in  this  study  has  been  developed  at  Helsinki  Uni¬ 
versity  of  Technology  [2].  The  original  code  has  been 
extended  for  incompressible  flows  using  a  pseudo¬ 
compressibility  method  [3].  In  the  following,  the 
physical  modelling  and  the  solution  methods  used 
are  described.  Next,  the  steady-state  analysis  of  a 
BB  series  propeller  is  provided,  and  the  results  are 
compared  with  experimental  data.  This  calculation 
is  made  with  a  very  fine  grid  to  serve  as  a  refer¬ 
ence  for  the  rest  of  the  computations.  A  quasi-steady 
analysis  is  then  performed  for  the  tractor  thruster  us¬ 
ing  circumferentially  averaged  conditions  on  the  slid¬ 
ing  surface.  The  thruster  consists  of  the  above  men¬ 
tioned  BB-series  propeller,  a  pod  and  a  strut.  The  fi¬ 
nal  calculation  for  the  thruster  is  time-accurate  and 
the  sliding-mesh  technique  is  applied.  Comparison 
between  the  calculated  and  the  mean  experimental 
thrust  and  torque  forces  is  provided,  and  some  details 
of  the  flow  are  illustrated.  The  validation  presented 
in  this  paper  has  been  possible  thanks  to  the  release 
of  some  experimental  data  from  some  of  the  first  pre¬ 
liminary  versions  of  the  Azipod  system. 

SOLUTION  METHODS 


but  there  are  no  source  terms  in  the  momentum  equa¬ 
tion  and  the  time-derivative  must  be  discretized  accur¬ 
ately.  However,  the  differences  in  these  two  simula¬ 
tion  approaches  are  small. 

The  inviscid  fluxes  are 
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where  p  is  the  pressure.  The  kinetic  energy  of  tur¬ 
bulence  2/3pk  is  connected  with  the  pressure  and 
appears  here  in  the  convective,  i.e.  inviscid  fluxes. 
Above  the  convective,  i.e.  the  relative  speeds  are 


In  this  case  the  individual  components  are 


Governing  Equations 

The  flow  simulation  is  based  on  the  solution  of  the 
Reynolds  averaged  Navier-Stokes  equations  in  a  co¬ 
ordinate  system  which  rotates  around  the  a:-axis  with 
an  angular  velocity  H.  Turbulence  is  modelled  using 
the  /s — €-model.  The  rotational  speed  of  the  domain  is 
n  X  r  =  [0,  —Qz,  The  equations  can  be  written 
in  a  conservative  form  without  the  energy  equation  as 

m  ^  d{F-F,)  ,  d{G-G,)  ,  ^ 

dt  dx  dy  dz 

(1) 

where  U  is  a  vector  of  conservative  variables  U  = 
[p,  pu,  pv,  pw,  pk,  pe]^,  p  is  the  density,  u,  v  and  w 
are  the  absolute  velocity  components  in  a  Cartesian 
coordinate  system,  and  Q  is  a  source  term.  In  the 
steady-state  solution  the  time-derivative  term  is  mean¬ 
ingless  and  is  only  utilized  in  the  numerical  solu¬ 
tion.  Instead,  a  source  term  is  introduced  in  the 
momentum  equation  [4].  Altogether  with  the  tur¬ 
bulence  equations,  the  source  term  becomes  Q  = 
[0, 0,  p(lw,  -pQv,  Qk,  Thus  in  the  quasi¬ 

steady  simulation  the  source  term  Q  has  non-zero 
components  for  the  equations  for  y-  and  z-momentum 
and  turbulence.  In  the  time-accurate  integration  the 
source  terms  for  the  turbulence  equations  are  retained, 


u  =  u 
V  =  u  -b  Hz 
w  =  w  —  rty 


The  viscous  fluxes  are 
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where  the  viscous  stress  tensor  is 


Ty  =  p 


duj  dui 
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The  anisotropic  and  the  shear  stress  parts  of  the  Reyn¬ 
olds  stresses  are  included  in  the  vis¬ 

cous  fluxes.  The  stress  tensor  (6)  contains  a  laminar 
and  a  turbulent  part.  For  the  Reynolds  stresses  the 
Boussinesq  approximation  is  used 

— —  \duj  duA  2 

where  ixt  is  a  turbulent  viscosity.  The  dilfusion  coef¬ 
ficients  of  the  turbulence  quantities  are  written  as 


Me  =  M  +  ' 


where  ak  and  are  the  appropriate  Schmidt’s  num¬ 
bers. 

Turbulence  Modeling 

In  the  low-Reynolds  number  k  —  e  model,  the  solution 
is  extended  to  the  wall  instead  of  using  a  wall-function 
approach  [5].  The  source  term  for  Chien’s  model  is 
given  as 

/  P-pi-2ii^ 

where  yn  is  the  normal  distance  from  the  wall,  and  y + 
is  defined  by 


-u 

=  Vn  — 


p|V  X  ^1 


suggested  by  Menter  [6] 

P  =  min(P,  20  pi)  (13) 

According  to  the  conducted  tests  [6],  the  maximum 
of  the  ratio  P/pi  inside  shear  layers  is  about  two 
and,  therefore,  this  limit  should  not  affect  the  well¬ 
behaving  regions  of  the  flow  field.  Only  the  problems 
encountered  near  the  stagnation  point  will  disappear. 

The  equations  for  k  and  e  contain  empirical  coef¬ 
ficients.  In  this  study  the  following  coefficients  are 
applied 

Cl  =  1.44  Ok  =  1.0 

C2  =  1.92(1  -  0.22e-'««r/36)  =  I.3 

=  0.09(1  - 

(14) 

where  the  turbulence  Reynold’s  number  is  defined  as 
ifer  =  ^  (15) 

He 

Numerical  Methods 

Basic  Features 

Since  the  flow  is  incompressible,  the  time  derivative 
of  density  in  Eq.  (1)  disappears.  In  a  pseudocom¬ 
pressibility  approach  [3]  this  is  replaced  by  an  arti¬ 
ficial  time  derivative  of  pressure,  and  the  continuity 
equation  V  •  F  =  0  is  replaced  by 

I  dP 

— ^  +  V-y  =  0  (16) 


In  Chien’s  model  e  is  solved  instead  of  e.  The  variable 
€  is  defined  so  that  it  obtains  a  zero  value  at  the  wall 
and  the  true  dissipation  can  be  expressed  as  e  =  e  + 
LL  k 

2— -j.  The  production  of  turbulent  kinetic  energy  is 

^  Tt 

modelled  using  Eq.  (7) 


where  P  =  p/p.  In  the  present  approach  the  ori¬ 
ginal  conservative  fluxes  are  retained,  but  utilizing  the 
chain  rule  we  obtain 

dr  ^  dp  dr  dr 
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In  the  A;  -  €  model  the  turbulent  viscosity  is  calculated 


from 


(12) 


In  order  to  avoid  unphysical  growth  of  the  turbulent 
viscosity  e.g.,  near  the  stagnation  point,  the  pro¬ 
duction  of  turbulent  kinetic  energy  P  is  limited  as 


i.e.  the  derivative  dp/dp  is  replaced  by  an  artificial 
pseudocompressibilily  factor  l//3^  [7].  The  following 
continuity  equation  is  obtained 

=  o  (18) 

The  flow  equations  are  solved  using  Roe’s  method  [8], 
which  was  originally  designed  for  compressible  flow, 
but  can  be  applied  with  the  artificial  compressibil¬ 
ity  concept.  In  the  derivation  of  the  Jacobian  matrix 
of  the  flux- vector,  the  pseudolinearization  dp/ dp  = 
l/j3^  is  applied  for  each  density-derivative  term.  In 
the  original  method  (16)  a  pressure-derivative  term  is 
added  only  into  the  continuity  equation.  In  the  present 
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way  the  characteristic  speeds  reduce  to  simple  expres¬ 
sions  of  Ai,2  =  tt  ±  /?.  With  a  compressible  flow  the 
corresponding  speeds  are  Ai,2  =  u±  c,  where  c  is 
the  speed  of  sound.  This  makes  the  flux  calculation 
straightforward  and  similar  to  the  compressible  for¬ 
mulae.  The  flux  is  calculated  as 

F  =  T-^FiTU)  (19) 


where  the  sum  is  taken  over  the  faces  of  the  computa- 
tional  cell.  The  inviscid  part  of  the  flux  is 
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where  T  is  a  rotation  operator  that  transforms  the  de¬ 
pendent  variables  to  a  local  coordinate  system  normal 
to  the  cell  surface.  In  this  way,  only  the  Cartesian 
form  F  of  the  flux  is  needed.  This  is  calculated  from 

F{U\U^)  =  l[ir(C70  +  F([/’-)] 

-  (20) 

^  k=l 

where  and  are  the  solution  vectors  evaluated 
on  the  left  and  right  sides  of  the  cell  surface, 
is  the  right  eigenvector  of  the  Jacobian  matrix  A  = 
dFfdU  —  the  corresponding  eigenvalue  is 

A^^^ ,  and  is  the  corresponding  characteristic  vari¬ 
able  obtained  from  R^'^SU,  where  SU  =  A 

MUSCL-type  approach  has  been  adopted  for  the  eval¬ 
uation  of  and  U^.  In  the  evaluation  of  and 
primary  flow  variables  (p,  u,  v,  w),  and  conservat¬ 
ive  turbulent  variables  (pk^  pe)  are  utilized.  For  the 
turbulence  quantities,  flux  calculation  utilizes  second- 
order  upwinding  with  a  limiter  of  van  Albada  [9]. 

It  should  be  noted  that  the  flux  calculation  based 
on  Eq.  (20)  can  be  interpreted  as  a  central  difference 
-f  a  damping  term.  With  an  incompressible  flow  this 
damping  term  is  based  on  p  and  is  non-physical,  but 
works  properly.  Since  the  damping  term  is  not  phys¬ 
ically  accurate,  as  is  the  case  with  the  compressible 
flow  assumption,  it  has  been  simplified  and  only  sig¬ 
nificant  terms  are  maintained. 

Discretization 

The  quasi-steady  approach  and  the  time-accurate 
solution  utilize  the  same  basic  steady-state  algorithm. 
Since  the  differences  between  the  two  approaches  are 
small,  in  the  following  the  main  features  of  the  steady- 
state  solution  are  firstly  described.  In  the  present  solu¬ 
tion,  a  finite-volume  technique  with  a  structured  grid 
is  applied.  The  flow  equations  have  a  discrete  form 

+  =  (21) 

faces 


Here  nxt  +  Uyj  +  n-  is  the  unit  normal  vector  of  the 
cell  face,  U  —  n^u  -b  riyV  H-  UzW  is  the  velocity  com¬ 
ponent  normal  to  a  stationary  cell  surface,  and  U  is 
the  convective  velocity  relative  to  the  moving  cell  sur¬ 
face.  The  same  flux  formula  is  applied  in  the  case  of 
the  time-accurate  solution.  In  both  cases  the  viscous 
fluxes  are  evaluated  using  a  thin-layer  approximation. 
The  thin-layer  model  is  activated  in  all  coordinate  dir¬ 
ections. 

Eq.  (21)  is  integrated  in  time  implicitly  by  apply¬ 
ing  the  UDADZ-factorization  [10].  This  is  based  on 
the  approximate  factorization  and  on  the  splitting  of 
the  Jacobians  of  the  flux  terms.  The  resulting  impli¬ 
cit  stage  consists  of  a  backward  and  forward  sweep  in 
every  coordinate  direction.  The  boundary  conditions 
are  treated  explicitly,  and  a  spatially  varying  time  step 
is  utilized.  Hence,  the  integration  is  not  accurate  in 
time,  but  provides  an  iterative  way  to  approach  the 
steady-state.  In  order  to  further  accelerate  the  con¬ 
vergence,  multigrid  cycling  is  used.  The  method  of 
Jameson  [11]  with  a  simple  V-cycle  has  been  adop¬ 
ted.  When  the  multigrid  is  activated,  turbulence  is 
not  evaluated  on  the  coarse  levels.  Instead,  the  turbu¬ 
lent  viscosities  are  transformed  onto  the  coarse  grid 
levels,  as  are  the  other  flow  variables.  This  treatment 
is  essential  when  the  A:  —  e-model  is  used,  and  it  may 
also  improve  the  stability  with  the  algebraic  model. 
More  details  of  the  solution  algorithm  are  given  in  [4] 
and  [12]. 

The  time-accurate  integration  shares  the  same  basic 
features  described  above,  but  now  the  pseudo  time- 
integration  is  performed  inside  a  physical  time  step 
and  a  true  time  derivative  is  added  on  the  right-hand 
side  of  Eq.  (21).  A  three-level  fully  implicit  scheme 
is  applied  for  the  time-integration  [13].  Then  the  re¬ 
sidual  Ri  defined  by  the  right-hand  side  of  Eq.  (21)  is 
discretized  in  time  as 

„  -  4U^  + 

2A^ 

- 

faces 

Here  n  indicates  the  time  level  and  A<  is  a  physical 
time  step.  From  Eq.  (23)  it  is  seen  that  the  time- 
derivative  term  is  treated  as  a  source  term.  It  should 
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Figure  1:  Interface  between  a  moving  block  and  a  sta¬ 
tionary  block. 


be  noted  that  the  time-derivative  term  replaces  the  ad¬ 
ditional  source  terms  caused  by  the  rotation  and  here 
Q  only  stands  for  the  sources  in  the  turbulence  equa¬ 
tions  (9). 

In  the  time-accurate  case  a  kind  of  steady-state  in¬ 
tegration  inside  the  true  time  step  is  performed  us¬ 
ing  the  solution  methods  described  above.  The  left- 
hand  side  of  Eq.  (21)  is  utilized  in  the  iteration  exactly 
in  the  same  way  as  in  the  steady-state  calculation. 
The  iteration  converges  as  the  residual  of  Eq.  (23) 
approaches  zero.  During  the  solution  the  grid  block 
describing  the  impeller  rotates  and  a  new  position  as 
well  as  the  geometrical  properties  including  the  new 
rotational  speeds  are  calculated  as  the  calculation  pro¬ 
ceeds  to  the  next  time  level.  The  impeller  is  connected 
to  the  rest  of  the  domain  using  a  sliding  mesh  tech¬ 
nique.  As  a  result  the  grid  lines  between  the  impeller 
blocks  and  the  stator  are  discontinuous.  A  mass  con¬ 
serving  interpolation  is  made  between  the  connecting 
blocks  at  every  time  step  [14].  This  is  discussed  in  the 
next  section. 

The  flow  solver  utilizes  a  multiblock  grid.  The 
boundary  conditions  between  the  blocks  are  treated 
explicitly  and  only  on  the  highest  grid  level.  In  order 
to  decrease  computational  times  the  code  is  parallel¬ 
ized.  The  parallelization  is  done  over  the  blocks.  The 
details  concerning  the  parallelization  can  be  found 
from  Ref.  [15]. 

Sliding  Mesh  Model 

The  sliding  mesh  technique  is  ideally  suited  for  prob¬ 
lems  involving  rotor/stator  interactions,  e.g.  pro¬ 
peller/ship  hull  geometry.  In  the  sliding  mesh  tech¬ 
nique  two  grids  are  employed:  one  for  the  stationary 
components  and  another  for  the  propeller.  The  pro¬ 
peller  grid  moves  with  respect  to  the  stationary  grid 
along  a  sliding  surface.  Fig.  1  illustrates  the  interface 
between  a  propeller  block  and  a  stationary  block. 

Since  the  grid  lines  across  the  sliding  surface  are 


not  continuous,  the  information  transfer  across  the 
surface  has  to  be  done  using  interpolation.  A  con¬ 
servative  interpolation  can  be  evaluated  discretely  as 
follows:  Let  Cj  be  the  discrete  flux  in  the  propeller 
block  to  be  interpolated  at  a  particular  <j)  position  from 
the  discrete  flux  in  the  stationary  block.  A  piecewise 
constant  projection  of  C  from  one  grid  on  to  the  other 
is  [14] 


m 

where 


0}  if  0m+l/2  <  ^j-1/2 

if0m-l/2  > 

-r—  /  otherwise 


The  Np  represent  the  relative  area  (angle)  of  over¬ 
lap  of  cell  m  onto  the  cell  j,  (0  <  <  1).  The 

discrete  flux  balance  is  maintained  as 


=  '£C,nA<j>^ 

j  m 

since  N^A(f>j  =  ^(j>m  =  <Pm-\’ll2  0m-l/2* 

In  the  flow  solver  used  in  this  study,  it  is  required 
that  at  one  time  step  (e.g.  f  =  0)  the  surface  grids  on 
the  opposite  sides  of  the  sliding  surface  match  each 
other.  This  means  that  the  grid  point  clustering  in  the 
circumferential  direction  must  be  the  same  on  both 
grids.  The  information  transfer  across  the  sliding  sur¬ 
face  is  handled  in  two  phases.  In  the  first  phase,  the 
values  in  the  ghost  cells  are  updated  by  assuming  a 
zero  rotation  angle.  The  values  in  the  ghost  cells  of 
the  moving  block  are  copied  from  the  corresponding 
stationary  block  cells,  and  the  values  in  the  station¬ 
ary  block  ghost  cells  are  copied  from  the  appropriate 
moving  grid  cells.  In  the  second  phase,  the  ghost  cell 
values  are  rotated  according  to  the  rotation  angle.  In 
this  phase  the  interpolation  weights  are  utilized. 

Assuming  N  computational  cells  in  the  circumfer¬ 
ential  direction,  we  get  (iV-|-2)  x  {N 4*2)  interpolation 
weight  matrix.  The  “H-2”s  represent  the  first  ghost 
cells  at  the  ends  of  the  circular  arc.  These  ghost  cells 
are  not  shown  in  Fig.  1.  The  weight  matrix  is  valid 
for  all  the  circumferential  cell  rows,  so  it  needs  to  be 
computed  only  once  for  each  sliding  patch. 

PROPELLER  IN  A  UNIFORM  FLOW 

Geometry  and  Meshing 

The  propeller  selected  for  the  RANS  calculations  is  a 
0.219  m  diameter,  four-bladed  propeller  of  the  BB- 
series.  Measurements  from  open  water  tests  per¬ 
formed  at  MARIN  for  the  BB-series  are  found  in  [  1 6] . 
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Figure  2:  Position  of  the  grid  blocks  and  boundary 
conditions  for  the  propeller. 


Figure  3:  Surface  grid  of  the  propeller.  Every  other 
grid  line  is  drawn. 


Model  tests  have  also  been  conducted  at  VTT.  The 
Troost  BB  propeller  in  the  VTT  open  water  tests  had  a 
modified  hub,  i.e.  the  hub  diameter  ratio  (about  0.23) 
was  larger  than  that  of  the  standard  BB  propeller  and 
the  coning  angle  was  different.  The  same  hub  was 
also  used  in  the  Azipod  tests  made  at  VTT.  The  calcu¬ 
lations  presented  in  this  paper  correspond  to  the  VTT 
geometry  with  an  advance  ratio  J  =  0.8,  and  Reyn¬ 
olds  number  i?e  =  4  x  10^. 

For  the  RANS  calculation  only  the  space  between 
two  contiguous  propeller  blades  was  modelled  to  take 
full  advantage  of  the  periodicity  of  the  flow  and  geo¬ 
metry.  The  grid  consists  of  six  blocks,  and  the  topo¬ 
logy  is  schematically  shown  in  Fig.  2.  The  grid  has 
the  inlet  boundary  modelled  by  a  spherical  sector  loc¬ 
ated  at  three  diameters  from  the  propeller  centre.  The 
outlet  boundary  is  a  plane  located  at  x/D  =  —3.0,  i.e. 
three  diameters  downstream  of  the  propeller  plane. 
Both  boundaries  are  connected  to  each  other  by  an 
external  boundary  consisting  in  a  cylindrical  surface 
placed  at  r/D  =  3.0,  i.e.  at  three  diameters  from 
the  propeller  axis.  The  total  number  of  cells  is  about 
1,300,000.  Fig.  3  shows  the  surface  grid  of  the  whole 
propeller.  Fine  grid  spacings  are  used  in  the  vicin¬ 
ity  of  the  leading  and  trailing  edges  of  the  propeller 
blades  in  the  chordwise  direction,  and  near  the  blade 
tip  and  hub  in  the  radial  direction.  The  minimum  grid 
spacing  in  the  circumferential  direction  for  the  res¬ 
olution  of  the  boundary  layer  is  0.3  x  10”^  m.  After 
computations  the  parameter  was  found  to  be  lower 
than  0.6  along  most  of  the  blade.  Only  at  the  tip  the 


mean  value  of  is  a  little  higher  than  one. 

The  hub  and  blade  surfaces  of  the  propeller  are  ro¬ 
tating  solid  walls.  The  lateral  surfaces  adjacent  to 
the  propeller  blades  have  a  cyclic  boundary  condition. 
Block  boundaries,  where  two  adjacent  block  surfaces 
are  coincident,  are  defined  as  connectivities.  Uniform 
and  inviscid  flow  conditions  are  applied  to  the  inlet 
and  external  boundary  surfaces,  and  the  streamwise 
gradients  of  the  flow  variables  are  set  to  zero  at  the 
outlet. 

Results 

The  computations  were  performed  on  a  SGI  Origin 
2000  machine.  Three  processors  were  used.  The 
computation  time  was  45  seconds  per  iteration  cycle. 
For  the  second  and  third  grid  levels  the  CPU  times  are 
1/8  and  1/64  times  those  of  the  first  grid  level,  respect¬ 
ively.  A  satisfactory  convergence  was  obtained  with  a 
Courant  number  of  0.5  and  two  multigrid  levels.  The 
convergence  histories  of  the  overall  lift  and  drag  coef¬ 
ficients  are  presented  in  Figs.  4  and  5. 

Differences  less  than  1.5  %  in  the  calculated  thrust 
and  torque  coefficients  and  about  1.5  %  in  efficiency 
are  found  relative  to  measurements  from  MARIN, 
where,  in  fact,  the  Reynolds  number  was  five  times 
higher  than  that  in  the  simulation.  If  experimental 
values  obtained  at  VTT  are  chosen  as  the  reference, 
calculations  over-predict  the  thrust  and  torque  coeffi¬ 
cients  by  5  %.  However,  the  error  in  efficiency  is  only 
about  0.3  %.  The  discrepancies  in  the  experimental 
measurements  can  be  attributed  to  the  differences  in 
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Figure  4:  Convergence  history  of  the  lift  coefficient 
for  the  propeller. 


CYCLES 


Figure  5:  Convergence  history  of  the  drag  coefficient 
for  the  propeller. 


both  the  Reynolds  number  used  in  the  tests  and  the 
shape  of  the  hub  in  the  experimental  models.  In  fact, 
the  Reynolds  number  for  which  VTT  tests  were  per¬ 
formed  for  this  tentative  Azipod  version  was  close  to 
4  X  10^  ,  which  is  small  compared  to  2  x  10®  used 
in  MARIN  data.  The  experimental  apparatus  may 
also  be  responsible  for  part  of  the  discrepancies,  as 
it  has  been  recognised  in  comparative  tests  performed 
at  various  towing  tanks  with  identical  propeller  mod¬ 
els. 

When  passing  from  the  second  grid  level  (coarse 
grid)  to  the  first  grid  level  (finest  grid)  the  improve¬ 
ment  of  the  efficiency  prediction  is  about  4  %  and  that 


Figure  6:  Geometry  and  boundary  conditions  for  the 
tractor  thruster. 

of  the  thrust  prediction  about  2  %.  This  data  will  be 
useful  when  interpreting  the  correlation  with  experi¬ 
ments  for  the  Azipod  calculation. 

THE  TRACTOR  THRUSTER 
Geometry  and  Mesh 

The  thruster  consists  of  the  BB-series  propeller  men¬ 
tioned  in  the  preceeding  section,  a  pod  and  a  stmt. 
A  sketch  of  the  geometry  is  shown  in  Fig.  6.  The 
flow  around  the  tractor  thmster  is  no  longer  cyclic, 
as  was  for  the  case  of  the  propeller  alone.  The  strut 
breaks  the  symmetry.  Consequently,  periodic  or  cyc¬ 
lic  boundary  conditions  cannot  be  applied  anymore  to 
reduce  the  computational  domain,  and  the  entire  flow 
region  must  be  meshed. 

The  grid  consists  of  17  blocks  divided  into  two 
groups  representing  the  space  near  and  far  away  from 
the  pod.  The  space  near  die  pod  extends  from  the  pod 
to  a  distance  of  about  one  propeller  radius.  The  space 
far  away  from  the  pod  extends  from  the  propeller  ra¬ 
dius  to  the  outermost  external  boundary.  The  grid  has 
a  C-0  topology  in  the  axial-circumferential  direction 
for  the  group  of  blocks  far  away  from  the  pod,  and  a 
0-0  topology  for  the  blocks  contiguous  to  the  pod. 
The  sliding  surface  is  located  between  the  propeller 
and  the  stmt.  The  total  number  of  cells  is  814,080. 
The  grid  on  the  thmster  surfaces  is  shown  in  Fig.  7. 

The  minimum  grid  spacing  in  the  circumferential 
direction  for  the  resolution  of  the  boundary  layer  is 
about  twice  that  of  the  grid  of  the  computation  for 
the  propeller  alone.  This  is  enough  to  have  the  mean 
value  of  close  to  1  at  the  0.7  nondimensional  ra¬ 
dius  of  the  propeller. 
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Figure  7:  Grid  on  the  thruster  surface. 


Figure  8:  Convergence  history  of  the  drag  coefficient 
for  the  tractor  thruster.  Quasi-steady  simulation. 

Convergence 

Quasi-Steady  Calculation 

In  these  calculations  the  Courant  number  was  0.5,  and 
the  number  of  multigrid  levels  was  two.  The  conver¬ 
gence  history  of  the  overall  drag  coefficient  is  presen¬ 
ted  in  Fig.  8.  The  computation  time  with  four  pro¬ 
cessors  was  19.8  seconds  per  iteration  cycle. 

Time-Accurate  Calculation 

The  computation  was  started  by  taking  as  an  initial 
guess  the  results  obtained  from  the  quasi-steady  cal¬ 
culation.  For  the  first  grid  level  the  Courant  number 
was  5,  the  number  of  internal  iterations  per  time  step 
50,  and  the  time  increment  At  corresponds  to  an  an¬ 
gular  step  of  0.625°.  It  should  be  noted  that  the  Cour- 


Figure  9:  Convergence  history  of  the  drag  coefficient 
for  the  tractor  thruster.  Time-accurate  simulation. 

ant  number  corresponds  to  the  step-size  of  Ar  util¬ 
ized  inside  the  true  time-step.  In  the  time-accurate 
case  Ar  can  be  larger  than  in  the  quasi-steady  calcu¬ 
lation.  Slightly  more  than  one  thousand  time  steps 
were  taken  until  a  sufficiently  stable  periodic  solu¬ 
tion  was  established.  The  total  computation  time  was 
almost  300  hours  with  four  processors.  The  total 
CPU  time  required  to  obtain  converged  results  for  the 
forces  and  the  moments  is  about  9  times  that  of  the 
quasi-steady  calculation. 

The  convergence  history  of  the  overall  drag  coef¬ 
ficient  residuals  for  the  first  grid  level  is  presented  in 
Fig.  9.  The  corresponding  history  of  the  L2-norm  of 
the  a:-momentum  residuals  within  five  physical  time 
steps  is  shown  in  Fig.  10. 

In  order  to  verify  the  precision  of  the  time-accurate 
method,  the  simulation  was  performed  on  the  second 
grid  level  using  time-step  sizes  that  correspond  to  an¬ 
gular  steps  of  0.625°  and  1.25°  This  coarser  grid  has 
a  number  of  cells  equal  to  1/8  of  the  first  grid  level 
(half  of  the  cells  in  each  one  of  the  three  block  direc¬ 
tions).  The  differences  in  the  thrust  and  the  torque 
coefficients  between  the  calculations  with  different 
time  steps  are  only  about  1  %,  which  shows  that  the 
time-step  size  is  adequate. 

Analysis  of  Results 

Quasi-Steady  Calculation 

After  3,000  iterations  most  of  the  forces,  especially 
those  on  the  propeller  surfaces,  have  converged  to  one 
percent  accuracy.  Differences  from  experimental  val¬ 
ues  in  thrust  of  8.5  %  and  in  efficiency  of  about  6.5  % 
appear.  They  can  be  attributed  to  several  reasons: 
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Figure  10:  Convergence  history  of  the  La-norm  of  x- 
momentum  residuals  within  five  time  steps. 

1.  The  grid  used  for  the  Azipod  calculations  in 
the  first  level  represents  the  propeller  geometry 
with  a  little  less  precision  than  the  second  grid 
level  of  the  propeller-alone  grid.  This  means 
that  the  error  could  have  been  reduced  by  about 
4-5  %  in  efficiency  and  2-2,5  %  in  thrust,  if  a 
denser  grid  had  been  used.  This  error  is  estim¬ 
ated  from  the  improvement  of  efficiency  when 
passing  from  the  second  grid  level  to  the  first  one 
in  the  propeller-alone  calculations. 

2.  The  unsteadiness  of  the  flow,  not  modelled  in 
the  quasi-steady  calculation,  reduces  the  mean 
thrust  and  torque  coefficients  due  to  the  gener¬ 
ation  of  the  so-called  shed  vortices  in  the  wake 
in  addition  to  the  free  vortices  always  present  in 
the  steady-state  results.  The  error  can  be  estim¬ 
ated  by  comparing  the  quasi-steady  results  to  the 
time-accurate  results  presented  in  the  next  sec¬ 
tion.  It  was  found  to  be  0.9  %  in  the  efficiency 
and  0.8  %  in  the  thrust. 

3.  The  tests  were  conducted  with  a  plate  located 
on  the  upper  part  of  the  Azipod.  The  calcula¬ 
tions  have  been  done  without  the  plate.  The  strut 
has  been  progressively  reduced  in  breadth  at  the 
plate  location. 

4.  For  the  propeller-alone  calculations  the  ex¬ 
perimental  thrust  and  torque  coefficients  from 
MARIN  were  about  5  %  larger  than  those  found 
at  VTT.  As  mentioned  before,  the  differences  in 
the  hub  shape  are  not  solely  responsible  for  the 
large  difference.  Reynolds  number  effects  and 


the  experimental  set  up  may  well  have  some  in¬ 
fluence  on  it. 

If  a  provision  were  made  for  the  sources  of  the  er¬ 
rors,  the  prediction  of  efficiency  could  be  improved 
by  about  4,9-5.9  %  with  a  finer  grid  and  a  full  un¬ 
steady  calculation,  and  the  remaining  error  of  0.6-1 .6 
%  would  be  attributed  to  the  deficiencies  in  the  com¬ 
putational  approach,  e.g.  limitations  of  the  turbulence 
modelling,  etc.  As  far  as  the  thrust  coefficient  is  con¬ 
cerned,  the  improvement  would  be  2.8-3.3  %  relative 
to  the  VTT  measurements.  If  the  trend  observed  in 
the  propeller-alone  calculation  for  MARIN  data  is  ex¬ 
trapolated  to  the  Azipod  calculation,  the  error  when 
MARIN  is  chosen  as  a  reference  for  the  magnitude 
of  the  thrust  could  be  further  reduced  by  no  more 
than  5%.  This  does  not  concern  the  efficiency,  which 
would  be  more  or  less  the  same. 

The  calculated  pressure  distribution  on  the  thruster 
surface  is  given  in  Figs.  11  and  12.  The  minimum 
pressures  are  located  both  on  the  leading  edge  of  the 
propeller  blades,  close  to  the  tip,  and  on  the  suction 
side  of  the  strut.  Tractor  thrusters  have  the  pod  and 
strut  located  in  the  high-velocity  region  of  the  pro¬ 
peller  wake.  This  means  that  higher  viscous  forces 
are  expected  on  the  pod  and  the  strut  surfaces  than  is 
the  case  with  pushing  thrusters.  Non-symmetric  struts 
and  fins  could  be  designed  to  alleviate  to  some  extent 
this  problem  providing  additional  thrust,  and  they  can 
also  be  shaped  to  reduce  low  pressure  peaks. 

Time-Accurate  Calculation 

After  a  rotation  of  180°  the  propeller  forces  have  con¬ 
verged  to  one  percent  accuracy.  However,  the  forces 
on  the  strut  require  about  two  revolutions  to  converge. 
The  strut  forces  converge  before  the  pod  ones,  the 
latter  being  smaller.  The  mean  propeller  thrust  and 
torque  are  reduced  from  the  quasi-steady  calculations 
by  0.8  and  1.7  %,  respectively.  The  normalized  fluc¬ 
tuations  in  time  of  propeller  thrust,  torque  and  effi¬ 
ciency  are  illustrated  in  Fig.  13.  The  fluctuations  in 
thrust  (3.2%)  are  higher  than  those  of  torque  (2.8%). 
This  means  that  at  the  maxima  of  the  thrust  the  in¬ 
stantaneous  efficiency  grows,  and  vice  versa.  The 
fluctuations  of  the  efficiency  are  not  as  high  as  those 
of  the  thrust  and  the  torque.  A  small  shift  between  the 
thrust  and  the  torque  fluctuations  is  observed. 

The  forces  on  the  strut  exhibit  less  fluctuation  amp¬ 
litude  than  those  on  the  propeller.  Only  the  portion 
of  the  strut  within  the  slipstream  is  affected  by  un¬ 
steady  forces.  This  means  that  in  the  case  of  design¬ 
ing  non-symmetric  struts  the  lack  of  symmetry  in  the 
strut  geometry  should  be  confined  to  the  part  washed 
by  the  propeller  slipstream.  The  fluctuations  on  the 
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Figure  1 1 :  Distribution  of  pressure  difference  on  the 
starboard  side  of  the  thruster  surface.  Quasi-steady 
simulation. 


Figure  12:  Distribution  of  pressure  difference  on  the 
port  side  of  the  thruster  surface.  Quasi-steady  simula¬ 
tion. 


hub  are  very  small. 

The  calculated  pressure  distribution  on  the  thruster 
surface  is  given  in  Figs.  14-16  for  different  angular 
positions  of  the  propeller  (30®  of  angular  increment) 
and  in  Fig.  17  for  the  propeller  blades. 

The  minimum  pressures  are  located  both  on  the 
leading  edge  of  the  propeller  blades,  close  to  the  tip, 
and  on  the  suction  side  of  the  strut  as  it  was  in  the  case 
of  the  quasi-steady  computation.  However,  the  low 
pressure  region  on  the  suction  side  of  the  strut  is  not  as 
extensive  as  before.  This  is  probably  a  consequence 
of  the  higher  loads  present  in  the  quasi-steady  case 
due  to  the  lack  of  the  so-called  shed  vorticity  found  in 
unsteady  potential -based  methods.  Fig.  17  reveals  a 
non-uniform  distribution  of  pressure  near  the  leading 


t/T 

Figure  13:  Fluctuations  in  time  of  propeller  thrust, 
torque  and  efficiency. 
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Figure  14:  Distribution  of  pressure  difference  on  the 
thruster  for  a  reference  angular  position  of  the  pro¬ 
peller.  Time-accurate  simulation. 

edges  of  the  blades,  accompanied  with  low  pressure 
peaks  at  the  leading  edges.  Blade  sections  of  NACA 
mean  line  a  =  0.8  or  modem  blade  sections,  such 
as  those  designed  with  the  Eppler  method  to  delay 
cavitation  inception,  would  display  distinctly  dilfer- 
ent  pressure  patterns  in  this  area.  It  can  be  observed 
that  the  region  of  lowest  pressure  is  larger  for  the 
blade  located  in  front  of  the  strut,  as  would  be  ex¬ 
pected  due  to  the  higher  wake  at  the  propeller  plane. 

CONCLUSIONS 

In  this  paper  the  unsteady  flow  around  a  tractor 
thruster  (pulling  type)  has  been  analysed  by  solving 
the  RANS  equations  in  combination  with  the  sliding 
mesh  technique. 

First,  the  flow  around  a  BB  series  propeller  in 
steady  flow  has  been  computed  using  the  A;  -  c  tur- 
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Figure  15:  Distribution  of  pressure  difference  on  the 
thruster  for  30^  deviation  from  the  reference  angular 
position  of  the  propeller  Time-accurate  simulation. 


Figure  16:  Distribution  of  pressure  difference  on  the 
thruster  for  60°  deviation  from  the  reference  angular 
position  of  the  propeller.  Time-accurate  simulation. 


bulence  model.  The  open  water  tests  performed  at 
MARIN  and  VTT  have  been  used  as  validation  data. 
Differences  less  than  1.5  %  in  the  calculated  thrust 
coefficient  and  about  1 .5  %  in  the  efficiency  are  found 
relative  to  measurements  from  MARIN.  If  experi¬ 
mental  values  obtained  at  VTT  are  chosen  as  a  ref¬ 
erence,  calculations  over-predict  the  thrust  coefficient 
by  5  %.  However,  the  error  in  efficiency  is  about 
0.3  %.  The  discrepancies  in  the  experimental  meas¬ 
urements  can  be  attributed  to  differences  in  both  the 
Reynolds  number  used  in  the  tests  and  the  shape  of 
the  hub  in  the  experimental  models.  The  experimental 
apparatus  may  also  be  responsible  for  part  of  the  dis¬ 
crepancies,  as  it  has  been  recognised  in  comparative 


Figure  17:  Distribution  of  pressure  difference  on  the 
surface  of  the  blades.  Time-accurate  simulation. 


tests  performed  at  various  towing  tanks  with  identical 
propeller  models. 

Secondly,  simulations  have  been  performed  for  the 
flow  around  the  tractor  thruster  using  the  sliding-mesh 
technique.  The  computations  have  been  performed  in 
two  different  ways.  For  computations  with  circum¬ 
ferentially  averaged  flow  through  the  sliding  surface, 
larger  differences  from  the  experimental  results  ap¬ 
pear  in  the  computed  thrust,  torque  and  efficiency. 
This  can  mainly  be  attributed  to  several  reasons:  the 
mesh  used  for  Azipod  calculations  is  not  as  dense  as 
that  used  in  the  propeller-alone  computations;  the  un¬ 
steadiness  of  the  flow  tends  to  reduce  the  mean  values 
of  thrust  and  torque;  uncertainty  in  the  measurements 
at  VTT  and  MARIN;  and  deficiencies  of  turbulence 
modelling. 

Finally,  a  time-accurate  computation  has  been  con¬ 
ducted  for  the  tractor  thruster.  Improvements  in  the 
prediction  of  the  thrust  and  the  torque  coefficients  by 
0.8  and  1.7  %  respectively,  and  of  efficiency  close  to  1 
%  were  achieved  as  compared  to  the  quasi-steady  cal¬ 
culation.  Since  the  same  relative  coarse  grid  as  in  the 
quasi-steady  case  was  utilized,  the  difference  from  the 
experimental  data  remains  high.  This  is  mainly  due  to 
the  relatively  coarse  mesh  used  in  the  calculations.  It 
should  be  noted  that  by  utilizing  parallelization  more 
efficiently,  the  time-accurate  computation  could  have 
been  made  in  a  dense  grid  with  about  300  CPU  hours. 

Considering  the  two  simulation  approaches,  the 
quasi-steady  calculation  allows  the  computer  time  to 
be  reduced  to  about  1/10  compared  to  the  latter.  Its 
main  merit  consists  of  reducing  the  CPU  time  main¬ 
taining  a  full  representation  of  the  propeller  geometry, 
i.e.  without  introducing  simplified  models  for  simu¬ 
lating  the  propeller  action,  such  as  actuator  disk  mod- 
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els  or  body  force  models  like  that  presented  in  [17]. 

Tractor  thrusters  have  the  pod  and  strut  located  in 
the  high-velocity  region  of  the  propeller  wake.  This 
means  that  higher  viscous  forces  are  expected  on  the 
pod  and  strut  surfaces  than  is  the  case  with  pushing 
thrusters.  Non-symmetric  struts  and  fins  could  be  de¬ 
signed  to  alleviate  to  some  extent  this  problem  provid¬ 
ing  additional  thrust,  and  they  can  also  be  shaped  to 
reduce  the  observed  low  pressure  peak. 
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ABSTRACT 

An  account  of  radial  velocity  component  (as  propeller  self-induced  as  inflow)  doesn’t  make  difficulties  in  screw 
propeller  analysis  with  the  help  of  panel  meffiods  when  blades’  geometry  is  fixed.  It  isn’t  like  this  in  propeller 
design  where  blades’  shape  isn’t  known  beforehand  and  is  to  be  derived  firom  the  problem  solution,  hi  the 
present  paper  a  quite  reliable  and  effective  iterative  algorithm  taking  into  account  radial  velocities  is  constructed 
for  design  problem.  For  this  case  a  kinematic  boundary  condition  is  applied  to  the  mean  blade  surface  without 
any  simplifications.  Some  important  elaboration  in  the  calculation  of  forces  on  the  blades  is  provided  by  the 
present  method. 


NOMENCLATURE 

b  -  blade  section  chord  length; 

D-  propeller  diameter; 

eg  maximum  thickness  of  blade  section; 

/g  -  maximum  camber  of  blade  section; 

J  -  advance  ratio; 

Kj  -  propeller  thrust  coefficient; 

Kq  -  propeller  torque  coefficient; 
n  -  unitnormal  vector  to  blade  chord  surface; 

-  unit  normal  vector  to  blade  mean  surface; 

P  -  blade  section  pitch; 

q  -  strength  of  the  source/sink  layer; 
r  -  radial  coordinate; 

V  -  ship  speed; 

transversal  velocity; 

total  relative  velocity  of  fluid; 

F^-  inflow  velocity; 

W  -  propeller  induced  velocity; 
jc  - '  axial  coordinate  in  propeller  fixed  coordinate 
system; 

-  blade  section  displacement  along  the  propeller 
axis; 

blade  section  rake:  x -coordinate  of  the 
midchord  point; 


Z  -  number  of  propeller  blades; 

Pfvs  ■  of  free  vortex  surface  in  GLM; 

J3pj,y~  pitch  angle  of  pseudofi*ee  vortex  threads 
inside  the  blade  contour; 

fijyjy  -  pitch  angle  of  trailing  vortex  threads  in  the 
wake  behind  the  blades; 
r  -  circulation  around  the  blade  section; 
p  -  strength  of  the  vortex  layer; 

//g  -  open-water  propeller  efficiency; 

77c  “  ordinate  of  the  blade  section  mean  line; 

&  -  angular  coordinate  in  propeller  fixed 
coordinate  system; 

0^  -  blade  section  skew  angle; 

<p  -  blade  section  pitch  angle; 

77')- orthogonal  coordinate  system  fixed  on 
blade  section:  -  helical  coordinate  directed  along 
the  chord,  77'  -  perpendicular  to  in  the  plane  of 
cylindrical  blade  section; 

Af(x°,;^®,z°)-  local  coordinate  system  fixed  on 
given  point  at  the  section  chord:  x®-  coordinate 
tangential  to  -  coordinate  directed  radially 

outward;  z®- coordinate  perpendicular  to 
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INTRODUCTION 

A  well-known  paper  by  Beek  &  Vorst  (1994)  gives 
an  example  of  screw  propeller  design  with  use  of 
unsteady  propeller  analysis  based  on  non-linear 
lifting  surface  theory  [1].  Jessup  &  Wang  (1997) 
solve  the  analogous  problem  by  means  of  unsteady 
panel  method  [2].  As  a  matter  of  fact  this  approach 
is  the  method  of  trials  and  errors.  In  authors’ 
opinion  although  such  method  takes  into  account  the 
unsteady  effects  it  can  not  allow  to  look  over  all 
possible  variants  of  problem  solution  and, 
consequently,  it  can  not  guarantee  the  acceptable 
precision  in  differential  blade  geometry 
characteristics.  In  one  word  a  propeller  analysis  of 
itself  can  not  substitute  for  propeller  design  because 
only  the  last  one  gives  a  possibility  to  determine  the 
radial  distributions  of  the  pitch,  camber,  chord 
length,  thickness,  skew  and  rake  which  meet  the 
definite  requirements.  An  example  of  such 
requirements  is  the  specified  thrust  (or  torque)  value 
under  certain  supplementary  conditions  connected 
with  blade  strength,  cavitation  performances, 
propeller-induced  pressure  pulses  level  on  the  hull, 
airborne  noise  etc. 

At  the  present  paper  the  authors  describe  the 
development  of  steady  non-linear  lifting  surface 
theory  as  applied  to  propeller  design  in  non-uniform 
velocity  field.  The  main  case  of  such  design 
procedure  consists  in  determination  of  the  radial 
distributions  of  the  pitch  and  camber,  which 
correspond  to  given  thrust  (or  torque)  and  prescribed 
normalized  circulation  distributions  along  the  chord 
and  radius  (though  radial  circulation  can  be 
optimized  for  maximum  propulsion  efficiency  also). 
A  special  attention  is  paid  to  account  of  the  radial 
component  of  the  total  velocity  field  in  which 
propeller  operate. 

Apparently  the  paper  by  Kerwin  (1973)  was  one  of 
the  first  publications  devoted  to  this  problem  [3].  An 
account  of  the  radial  velocity  component  induced  by 
vortex  and  source  systems  had  been  carried  out  for 
satisfaction  of  the  kinematic  boundary  condition  on 
the  •  blade  mean  surface  and  for  blade  section 
geometry  calculation  on  its  base.  The  radial  velocity 
component  of  external  inflow  wasn’t  taken  into 
consideration.  Meanwfiile  the  necessity  of  the 
account  for  this  component  has  been  demonstrated 
by  Brocket!  (1983)  [4]. 

In  1982  the  famous  and  widely  cited  paper  by 
.Greeley  &  Kerwin  [5]  was  published.  The  origin^ 
propeller  design  algorithm  and  code  (PBD-10) 
based  on  non-linear  lifting  surface  theory  used  such 
hydrodynamic  singularities  as  discrete  vortex 
threads  and  discrete  sources  that  replace  the  blade 
mean  surface  by  the  lattice  of  concentrated  straight¬ 


line  elements.  The  elements  were  of  constant 
strength  and  the  endpoints  of  each  element  were 
located  on  the  blade  mean  surface.  A  special  semi¬ 
empiric  6-parametric  vortex  model  was  used  for 
simulation  of  the  trailing  vortex  wake  behind  the 
blades.  The  geometry  of  the  mean  surface  was 
derived  fi-om  special  iterative  procedure.  The 
propeller  forces’  values  were  obtained  in  the 
frameworks  of  lifting  surface  theory  through  the 
application  of  the  Kutta-Jowkowski’s  law  with 
subtracting  the  thickness-induced  velocity  from  the 
total  velocity  before  performing  the  calculation. 
According  to  the  authors’  opinion  there  are  the 
following  drawbacks  in  the  PDB-10  algorithm:  1). 
discrete  (non-continuous)  manner  for  representation 
of  the  blade  singularities;  2).quite  complex 
(especially  for  design)  semi-empiric  model  for 
trailing  vortex  wake;  3).slow  convergence  of  the 
iterative  procedure  for  blade  geometry  computation; 
4).non-evident  accounting  for  radial  velocity 
component  in  forces  computation;  5).lack  of  the 
adequate  comprehension  of  the  thiclmess  effects. 
The  last  drawback  may  be  overcome  by  means  of 
thickness/loading  coupling  method  submitted  by 
Kinnas  [6]  for  propeller  analysis.  Kinnas  has  shown 
that  accuracy  of  his  technique  for  analysis 
calculations  proves  to  be  close  to  one  reached  with 
the  help  of  panel  methods. 

In  Russia  the  investigations  connected  with  non¬ 
linear  lifting  surface  theory  application  to  propeller 
design  were  being  conducted  by  Zavadovsky  [7], 
[8].  However  it  didn’t  result  in  complete  and 
debugged  computer  code. 

The  facts  rehearsed  above  say  about  the  topicality  of 
the  further  study  in  considered  field. 

A  new  propeller  design  algorithm  and  code  FRSPD- 
98  elaborated  by  authors  are  outlined  in  the  present 
paper.  Authors’  method  has  a  number  of  essential 
advantages  in  comparison  with  method  by  Greeley 
&  Kerwin  [5].  First,  the  continuous  distribution  of 
the  hydrod3aiamic  singularities  on  the  blade  is 
adopted  instead  of  discrete  one.  Second,  the  authors 
use  the  simple  and  effective  Generalized  Linear 
Model  (GLM)  for  trailing  vortex  wake  has  been  put 
forward  earlier  by  Achkinadze  (1989)  [9].  Third, 
cumbersome  iterative  procedure  employed  in  PBD- 
10  code  is  replaced  by  rather  fast  converged  and 
logical  iterative  process  wiiich  demands  about  3-5 
steps  only  for  real  blade  configurations  in  place  of 
10  as  it  is  pointed  out  in  [5].  Lastly,  the  authors  have 
realized  the  direct  accounting  of  forces  appear  on 
the  blade  pseudofree  (directed  along  the  chord) 
vortices  due  to  its  interaction  with  radial  component 
of  relative  velocity. 
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KINEMATIC  BOUNDARY  CONDITION  ON 
THE  BLADE  MEAN  SURFACE 

The  discussed  design  calculation  has.  to  result  in 
definition  of  the  blade  mean  surface  ordinates 
and  blade  sections’  pitch  angles  (p{r). 
For  this  case  it  is  necessary  to  integrate  the 
chordwise  derivative  dTj'jd^*  along  the  chord. 
Below  we  shall  obtain  the  equation  for  this 
derivative  including  all  the  velocity  components 
(and  radial  one  among  others). 

Let  us  consider  three-dimensional  blade  mean 
surface  that  is  represented  by  means  of  function 
j7c(^')  cylindrical  blade  sections 

const.  Here  is  the  helical  coordinate 

directed  along  the  section  chord  from  trailing  edge 
to  leading  edge  in  the  standard  coordinate  system 
fixed  on  propeller  blade  section.  The 

fj*  coordinate  is  perpendicular  to  in  given 
cylindrical  blade  section  plane  and  it  is  directed 
from  pressure  side  to  suction  side  (see  Fig.l). 


Fig.l  Coordinate  systems  and  location  of  the  vortex 
singularities. 


Further  all  the  non-dimensional  geometry  quantities 
marked  with  the  dash  above  the  item  are  the  rate  of 
propeller  radius  R  and  all  the  non-dimensional 
kinematic  quantities  are  the  rate  of  ship  speed  V  . 

Let  us  put  into  consideration  an  auxiliary  coordinate 
system  fixed  on  given  point  at  the 

section  chord.  The  ^es  and  are  situated  in  the 
plane  tangential  to  the  cylinder  of  radius  r , 
moreover  x°  is  tangential  to  and  z®  is  normal  to 
(f'.  Finally,  axis  completes  the  right-hand 
system  and  is  directed  radially  outward. 


One  can  describe  the  blade  mean  surface  in  the  local 
coordinate  system  M  by  the  function 

(1) 

In  general  steady  problem  kinematic  boundary 
conation  on  the  blade  mean  surface  is  formulated  in 
vector  form  as  follows 


(2) 

where  total  (including  external  inflow)  relative 
velocity  is 

(3) 


and  transversal  velocity  is 

=  (4) 

The  external  inflow  velocity  vector  contains  each  of 
the  three  components  in  arbitrary  case  (for  instance, 
axial,  tangential  and  radial  ones  prescribed  in  the 
cylindrical  coordinate  system): 

•  (5) 

It  has  to  be  noted  that  external  inflow  velocity  field 
can  prove  to  be  non-potential.  The  authors  assume 
this  fact  in  spite  of  using  the  hypothesis  upon  flow 
potentiality.  Such  an  approach  is  valid  if  the  external 
inflow  is  considered  as  pre-set  and  invariable  during 
the  design  procedure.  On  principle  the  described 
method,  allows  more  accurate  definition  of  the 
external  inflow  working  out  step  by  step  the 
elaboration  of  at  every  iteration  as  it  has  been 
done  in  [12]  for  wake  adapted  propeller  behind  the 
hull. 

As  one  can  see  the  normal  vector  in  equation  (2) 


has  no  to  be  unit  vector  without  fail.  The  arbitrary 
constant  non-zero  multiplier  can  not  change  the 
validation  of  the  identity  (2)  for  scalar  vector 
product.  It  is  known  [11]  that  vector  proportional  to 
unit  normal  to  the  mean  surface  coincides  with  the 
following  gradient 


dF  ^0 


dF 


=  =  (6) 


dx 


df 


where  F(x  “ ,  ° ,  2  “ )  =  0  is  the  equation  for  blade 
mean  surface  in  local  coordinate  system  M .  By 
virtue  of  the  equation  (1)  for  the  same  mean  surfece 
one  can  obtain 

=  =  (7) 

and  then 


37^  dzl 


(8) 


dx^  dy 

Taking  into  account  formula  (8)  the  kinematic 
boundary  condition  (2)  can  be  transformed  as 
follows 

,0 


-V. 


dll  „ 


da'' 


-F..0  +  =0, 


Jty' 


dy" 


(9) 
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where  F.,  F^o>  Ko  are  the  non-dimensional 

Ja  Jiz 

(related  to  F  )  components  of  total  relative  velocity 
in  local  coordinate  system  M .  This  formulation  of 
the  kinematic  boundary  condition  has  been  obtained 
without  any  simplifications  and,  consequently,  it  can 
be  examined  as  the  basis  design  equation  we  have  to 
solve  for  definition  of  the  blade  mean  surface  shape. 
In  the  strict  sense  we  have  to  solve  this  equation 
concerning  partial  derivative  dz^jdx^ ,  integrate 
this  derivative  along  the  chord  and  obtain  final 
geometry  of  the  searching  surface  in  every  section. 
Further  numerical  solution  of  the  design  equation 
(9)  is  based  on  the  iterative  method  demands  some 
transformations  of  (9),  namely 


dll  _  1 


(10) 


Using  standard  symbols  of  coordinate  system  F' 
we  rewrite  (10)  as  follows 


(11) 


It  is  important  that  radial  component  of  the  total 
fluid  relative  velocity  get  in  above-treated 

design  equation  side  by  side  with  other  components 
that  locate  in  the  plane  of  cylindrical  blade  section 
(tangential  to  chord  and  normal  to  chord  ). 

The  obtained  form  of  the  design  equation  is  useful 
to  direct  estimation  of  the  radial  velocity  effect  on 
the  design  outputs.  It  is  not  possible  to  take  into 
account  such  effect  within  the  firameworks  of 
conventional  linear  approach.  But  we  need  in  linear 
theory  as  departure  in  our  design  procedure.  The 
fhst  linear  iteration  follows  just  fi:om  (11)  after  the 

rejection-  of  the  quantity  V^{dzlldf). 


BLADE  SINGULARITIES  DISTRIBUTION 
AND  COMPUTATION  OF  THE  PROPELLER 
BLADE  FORCES 


Characteristic  feature  of  propeller  design  problem 
connects  with  the  fact  that  blade  mean  surface 
ordinates  are  not  known  beforehand.  As  it  was 
pointed  out  above  to  define  these  ordinates  we 
employ  the  iterative  procedure.  The  first  step  of  this 
algorithm  use  the  regular  helicoid  with  constant 
pitch  corresponding  to  Generalized  Linear  Model 
(GLM)  as  the  surface  hydrodynamic  singularities 
(vortices  and  sources)  are  lying  on  [9],  [13].  The 
pitch  angle  of  this  so-called  fi-ee  vortex 

surface  (see  FVS  on  Fig.l)  was  already  found  to  this 
step  according  to  special  algorithm  at  the  lifting  line 
design  stage  [9],  [13].  Instead  of  full  form  of  the 


design  equation  (11)  we  use  its  linearized  variant  at 
the  initial  iteration.  The  linearization  means  the 
withdrawal  of  the  radial  velocity  component,  i.e. 

=  0  in  identity  (11).  Thus,  the  initial  iteration  of 

the  advanced  algorithm  utterly  correspond  to 
generalized  linear  lifting  surface  technique  SPD-96 
elaborated  by  the  authors  earlier  and  described  in 
detail  in  [14],  [15].  The  calculated  values  of  the 
pitch  angle  and  mean  surface  ordinates 

fix  blade  mean  surface  of  first  (linear)  iteration  and 
yield  blade  geometry  for  the  next  step  of  the 
alignment  procedure.  At  the  new  step  the 
hydrodynamic  singularities  is  situated  on  the  blade 
chord  surface  (CHS  on  Fig.l)  of  pitch  angle 
Pppy  =  within  the  blade  contour.  Then  iteration 

process  gives  the  possibility  to  refine  the  shape  of 
the  mean  surface  and  chord  surface  at  each  of  the 
following  steps  (i.e.  to  find  7^(2)  1  9(y) .  ^c(3)  > 

...  ,  etc.)  using  full  form  of  the  equation  (11) 
without  any  simplifications.  As  the  comparative 
calculations  have  shown  such  a  feature  that 
singularities  are  lying  not  on  the  mean  surface  but 
on  the  chord  surface  does  not  bring  down  the 
calculation  precision  when  blade  section  camber  is 
small.  The  latter  is  typical  for  conventional 
propellers. 

According  to  correct  problem  formulation  within  the 
firameworks  of  steady  non-linear  lifting  surface 
theory  (without  additional  assumptions)  we  have  to 
dispose  the  hydrodynamic  singularities  of  two  kinds 
on  the  above-mentioned  blade  chord  surface.  These 
singularities  are  the  continuous  vortex  layer 
characterized  with  vector  strength  f  and  the 
continuous  source/sink  layer  with  scalar  strength  q  . 
Besides  that  the  elementary  trailing  vortex  filaments 
coincided  with  flow  streamlines  and  stretched  to  the 
infinity  must  be  situated  in  the  wake  behind  each  of 
the  blades.  The  strength  of  the  enumerated 
singularities  can  be  defined  by  the  following 
identities 

f  =  (grarfr)x«,  (12) 

(13, 

^  “  d^'  A„ 

In  the  identity  (12)  T  is  velocity  circulation  along 
the  arbitrary  reserved  contour  which  pass  throw 
given  vortex  surface  once  at  given  point  (actually  T 
depends  on  radial  and  chordwise  coordinate  of  the 
given  point  only),  while  n  is  unit  normal  vector  to 
vortex  surface  at  given  point  (see  Fig,2).  In  the 
identity  (13)  Bq  is  prescribed  maximum  blade 
section  thickness;  is  normalized  chordwise 
thickness  distribution  function;  is  relative 
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velocity  calculated  on  lifting  line  design  stage;  A„ 
is  factor  for  accounting  of  the  difference  between 
the  direction  of  normal  vector  n  and  the  direction  of 
Tj*  axis  lying  on  the  plane  tangential  to  cylindrical 
section  of  radius  r  (see  Fig.l);  multiplier 
cos(^ — Pj)  accomplish  the  correction  needed 
because  the  sources  are  located  along  the  helix  with 
pitch  angle  <p  just  as  the  direction  of  velocity  is 
characterized  by  hydrodynamic  pitch  angle  .  The 
test  calculations  have  shown  the  small  effect  due  to 
the  last  correction. 


Yvg2  Definition  of  the  strength  of  the  vortex  layer. 


It  has  to  be  noted  that  the  authors  do  not  distinguish 
bound  and  free  vortices  within  the  blade  contour 
unlike  conventional  linear  theory.  Such  an  approach 
requires  the  account  of  forces  appear'  on  all  vortex 
singularities  inside  the  blade  contour  without 
exception. 

In  the  wake  behind  the  blade  the  trailing  vortex 
threads  are  formed.  To  define  its’  real  location  it  is 
enough  to  employ  the  equation  (12),  continuity 
condition  in  the  trailing  edge  neighbourhood  and 
condition  of  coincidence  of  this  threads  with  flow 
streamlines.  However  in  the  present  paper  sunilar 
problem  is  not  examined  in  view  of  its  quite 
cumbrous  algorithm.  Instead  of  this  full  formulation 
the  authors  use  some  more  one  assumption  and 
consider  the  elementary  free  vortex  threads 
beginning  at  the  trailing  edge  as  helices  of  constant 
pitch  equal  to  pitch  of  the  free  vortex  surface  (FVS) 
at  the  initial  (linear)  iteration,  l.e.  adopt 
PwTv  =  Pfvs  •  It  would  be  more  correct  to  call  these 
vortices  as  “pseudofree”.  At  the  second  and 
following  iterations  free  (rather  pseudofree)  vortex 
surface  is  already  not  a  regular  helicoid.  In  general 
case  the  cylindrical  sections  of  this  surface  have  the 
rake  depend  on  rake,  skew  and  pitch  of  the  blade 
chord  surface.  The  axial  displacement  of  the  FVS 


sections  at  non-linear  steps  can  be  defined  by  the 
formula  given  below 

=  ^R  >  (14) 

where  is  the  analogous  characteristic  of  the 
chord  surface  and  is  the  angular  coordinate  of 
the  trailing  edge  in  cylindrical  coordinate  system 
fixed  on  propeller. 

The  forces  on  the  pseudofree  vortices  outside  the 
blade  contour  are  not  taken  into  account  Certainly 
the  described  scheme  does  not  claim  upon  the  detail 
representation  of  the  real  vortex  wake  geometry  but 
offers  its  mite  to  guarantee  the  adequate  definition 
of  the  induced  velocities  due  to  the  trailing  vortex 
wake  under  design  conditions.  As  it  is  shown  in  the 
present  paper  the  latter  case  is  obtained  successfully. 
For  instance,  one  can  see  it  from  Fig.4  where  the 
comparison  in  terms  of  induced  velocity 
components  between  present  algorithm  and  data  by 
Greeley  &  Kerwin  [5]  is  demonstrated.  Examining 
this  comparison  it  is  to  bear  in  mind  that 
calculations  in  [5]  have  been  worked  out  with  use  of 
far  more  complex  non-linear  trailing  vortex  wake 
model  claims  upon  the  similitude  with  real  flow  in 
the  vortex  wake  for  the  case  of  isolated  propeller. 
Within  the  bounds  of  the  blade  contour  we  can  find 
the  vorticity  vector  f  for  each  of  the  points  on  the 
blade  chord  surface  from  the  identity  (12).  In  the 
considering  problem  a  scalar  quantity  T 
characterizes  the  flow  potential  jump  (or  jump  in 
tangential  induced  velocity  as  it  is  shown  on  Fig.2) 
on  the  lifting  surface  is  actually  prescribed  since  the 
chordwise  loading  distribution  is  specified  for  each 
cylindrical  blade  section.  In  the  present  paper  the 
authors  adopt  the  standard  NACA,  a  =  0.8  loading 
type  for  all  calculations  as  the  most  widespread  in 
marine  propellers  design  practice. 

To  make  the  accepted  model  more  suitable  for 
practical  computations  the  total  vorticity  vector  f 
lying  in  the  plane  tangential  to  the  vortex  surface  is 
decomposed  on  two  perpendicular  components:  one 
direct  along  the  blade  section  chord  and  other  is 
normal  to  it.  We  shall  call  the  chordwise  projection 
of  f  as  elementary  pseudofree  vortex  thread  (by 
analogy  with  linear  theory)  while  another  one  will 
be  elementary  bound  vortex  thread.  The  umt  vectors 
define  the  directions  of  both  vorticity  components  in 
cartesian  coordinates  are  represented  by  the 
following  identities: 
for  pseudofree  vortices 

=  -sin^-r  +  cos^sin^-y-cos^cos^*^,  (15) 
and  for  bound  vortices 

s^=s^xn,  (16) 

where  n  is  unit  normal  to  the  blade  chord  surface. 
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Generally,  as  it  has  been  noted  above  the  authors 
refuse  from  rigorous  agreement  in  location  of  the 
free  vortices  and  flow  streamlines  assuming  the  non- 
real  (along  the  chord)  direction  of  the  former. 
Taking  such  an  approach  we  haven’t  to  lose  sight  of 
forces  appear  on  the  pseudofree  vortices  within  the 
blade  contour.  It  is  interesting  to  note  that 
mentioned  forces  contribute  to  the  total  thrust  and 
torque  values  due  to  the  interaction  of  the 
pseudofree  vortices  with  radial  relative  velocity 
component  only.  Thus,  the  present  technique  allows 
calculating  the  part  of  the  force  (thrust  or  torque) 
which  is  conditioned  by  radial  velocity  separately 
and  evaluating  its  quantum  in  total  force  magnitude. 
For  computation  of  the  forces  we  use  the 
generalized  differential  form  of  Jowkowski’s 
tiieorem  [16]: 

dP  =  pVj^xfds  ,  (17) 

where  ds  is  vortex  surface  element  (see  Fig.2).  This 
formulation  of  the  Jowkowski’s  theorem  is  different 
from  conventional  because  it  takes  into  account  the 
relative  velocity  component  normal  to  vortex 
surface.  Emphasized  fact  is  quite  important  for 
numerical  algorithm  described  here  because  the 
kinematic  boundary  condition  on  the  blade  mean 
surface  is  satisfied  approximately  at  the  intermediate 
steps  of  the  iterative  alignment  process.  Obviously 
the  practical  realization  of  the  forces  calculation  on 
the  base  of  (17)  requires  to  construct  the  another 
once  more  iterative  process  (besides  the  general 
iterative  alignment  procedure  necessary  for  solution 
of  the  design  equation  (11))  for  refinement  of  the 
agreement  between  the  actual  propeller  force  and  its 
prescribed  magnitude.  This  “external”  iterative 
process  in  terms  of  forces  is  necessary  because  at 
the  beginning  we  define  the  singularities’  strength 
by  the  .lifting  line  theory  identities.  And, 
consequently,  the  calculated  thrust  and  torque  values 
will  correspond  to  the  prescribed  ones  if  and  only  if 
we  define  its  in  the  frameworks  of  the  lifting  line 
theory.  At  the  second  step  of  the  forces’  refinement 
iterative  process  the  prescribed  force  value,  for 

example  Kj  (or  K*q)  is  to  be  corrected  on  the 

magnitude  equal  to  difference  between  this  value 
and'  the  value  obtained  after  lifting  surface 
calculation  with  use  of  generalized  Jovvkowski’s 

theorem  (17).  Thereby  the  required  thrust 
coefficient  on  which  the  design  is  renewed  at  j- 
iteration  as  to  forces  can  be  evaluated  by  formula 

-K;).  (18) 

The  difference  between  the  lifting  surface  calculated 
force  value  and  its  departure  prescribed  magnitude 
is  taken  as  the  convergence  criterion  in  forces’ 
elaboration  process.  The  programming  realization  of 


Fig.3  Principal  flowchart  for  FRSPD-98  design 
technique. 
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this  double-loop  algorithm  (with  external  cycle  as  to 
propeller  forces  rejSnement  and  embedded  cycle  as 
to  blade  geometry  alignment)  has  resulted  in 
creation  of  the  design  code  named  as  FRSPD-98, 
The  principal  flowchart  of  these  algorithm  and  code 
is  shown  on  Fig.3. 

The  blade  thickness  is  represented  by  continuous 
source/sink  distribution  on  the  blade  chord  surface 
with  strength  defined  according  to  formula  (13).  In 
the  present  procedure  of  the  forces  calculation  the 
authors  employ  the  following  approach.  The 
thickness-induced  velocities  enter  into  kinematic 
boundary  condition  (i.e.  into  design  equation  (11)) 
but  are  not  taken  into  account  during  the  forces 
calculation.  Greeley  &  Kerwin  have  used  the 
analogous  ruse  in  [5].  To  explain  the  reason  of  such 
approach  we  have  to  consider  the  proof  of  the 
differential  Jowkowski’s  theorem.  This  proof  can 
be  performed  through  the  application  of  the  impulse 
theorem  to  differential  element  like  thin 
parallelepiped  constructed  around  the  given  point  on 
the  lifting  surface.  If  we  work  with  the  thin  lifting 
surface  we  can  consider  the  points  belonged  to  the 
opposite  sides  of  the  parallelepiped  as  the  points  are 
lying  on  the  same  streamline.  When  crossing  the 
lifting  surface  a  jump  of  Bemulli  constant  does  not 
occur  along  this  streamline  although  a  jump  of 
tangential  velocity  takes  place.  In  presence  of  the 
source/sink  layer  on  the  lifting  surface  this  statement 
and,  consequently,  formula  (17)  are  wrong.  The 
using  of  (17)  in  this  case  can  result  in  so-called 
“thickness  paradox”.  An  account  of  the  Lagally 
forces  does  not  change  this  situation.  The  examples 
of  the  calculations  as  to  propeller  forces  based  on 
generalized  Jowkowski’s  theorem  are  given  in  the 
next  item. 

MAIN  ^  PACULIARTTIES  OF  THE 
NUMEWCAL  ITERATION  PROCESS  AND 
RESULTS  OF  THE  COMPARATIVE 
CALCULATIONS 

The  calculation  of  the  induced  velocities  is  worked 
out  with  use  of  Biot-Savard  relation  for  vortex 
surface  and  its  counterpart  for  source/sink  layer.  To 
compute  the  surface  singular  integrals  the  authors 
employ  the  same  special  “symmetrical  double 
compound  Gaussian  rule”  that  in  their  code- 
predecessor  SPD-96  [14], [15],  The  employment  of 
the  Biot-Savard  relation  involves  the  inevitable 
assumption  about  the  potential  character  of  the 
induced  velocity  field. 

By  definition  of  the  induction  due  to  trailing  vortex 
w^e  at  the  first  (linear)  iteration  we  have  a  right  to 
use  a  well-known  Pien’s  approach  because  the  fi*ee 
vortex  surface  is  the  re^ar  helicoid.  At  the 


following  steps  when  fi'ee  vortex  surface  is 
characterized  by  the  rake  presence  such  method  is 
inadmissible.  That  is  why  the  explicit  integration 
along  the  semi-infinite  wake  is  the  only  method  in 
this  case.  This  integration  can  be  performed  by 
means  of  both  continuous  singularities’  distribution 
method  and  discrete  vortex  method  similarly. 
According  to  the  author’s  opinion  the  first  method 
has  some  advantages.  First,  it  allows  to  escape  of  the 
possible  waste  in  precision  when  compute  the 
induced  velocities  at  the  control  points  which  are 
near  fi-om  the  trailing  edge.  The  integration  rule 
used  in  this  case  is  similar  to  one  used  by  the 
integration  on  the  blade  and  it  is  based  on 
symmetrization  of  the  integration  domain 
concerning  the  control  point.  This  symmetrization  is 
implemented  by  analogy  with  “symmetrical  double 
compound  Gaussian  rule”  but  only  fi*om  above  and 
from  below  the  radius  control  point  is  situated. 
Besides  that  the  right  choice  of  the  integration 
quadratures  makes  it  feasible  the  accounting  of  the 
singularities  in  behaviour  of  dTj dr  fimction  at  the 
“hub”  and  “tip”  bounds  of  the  wake.  Although  the 
discrete  method  is  more  preferable  in  the  standpoint 
of  reduction  of  the  computation  time.  The  account 
of  the  dTidr  singularities  at  the  integration 

domain’s  bounds  is  attained  by  the  corresponding 
disposition  of  the  discrete  vortices.  As  the  test 
calculations  have  shown  the  axial  extension  of  the 
integration  domain  in  the  vortex  wake  must  be  equal 
to  10  propeller  diameters  at  least  to  one  can 
guarantee  the  sufficient  accuracy  of  the  induced 
velocity  computation. 

The  crucial  stage  in  the  elaboration  of  the  new 
design  code  is  its  debugging  and  practical 
verification.  In  view  of  tight  possibilities  for  direct 
experimental  tests  the  comparison  with  other 
programs  that  have  gained  a  foothold  is  the  matter 
of  great  concern.  The  well-known  DTMB  series 
propellers  used  time  and  again  by  many  authors  in 
their  calculations  assure  the  good  reliable  base  for 
this  comparison. 

Allow  to  begin  with  highly  skewed  (72® )  warped 
propeller  DTMB4498  design  [5],  [17].  Firstly  let  us 
consider  the  different  methods  of  determination  of 
the  propeller  blade  forces.  In  the  Table  1  the 
comparative  estimation  of  the  thrust,  torque  and 
efficiency  values  for  propeller  DTMB4498  obtained 
using  different  methods  is  demonstrated.  All  the 
input  data  correspond  to  the  Table  4.  Since  the 
authors  set  their  mind  on  doing  the  comparison 
between  the  calculation  methods  the  iterations  as  to 
forces  values  have  not  been  worked  out,  i.e.  the 
results  of  the  first  step  of  iteration  process  in  terms 
of  forces  refinement  have  been  used. 
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An  account  of  the  viscous  ejBfects  in  forces 
calculations  has  been  reduced  to  using  of  the 
corrections  factors  by  Mishkevich  [14],  [15].  On  the 
basis  of  fulfilled  comparison  one  can  infer  that 
accounting  for  radial  velocity  component  (by  the 
third  method)  is  necessary  in  design  of  the  propeller 
with  such  complex  geometry  like  DTMB4498.  The 
forces  values  obtained  by  the  third  method  are  in  the 
good  agreement  with  analogous  results  by  Greeley 
&  Kerwin  had  been  given  in  [5].  It  is  illustrated  in 
Table  2. 

The  results  of  the  calculation  without  accoxmting  for 
radial  velocity  component  (the  second  method)  stay 
close  to  the  lifting  line  theory  data.  The  said  fact  is 
not  unexpected  because  in  the  case  of  symmetrical 
blade  without  rake  the  both  methods  in  question 
must  yield  nearly  the  same  results  when  chordwise 
loading  distribution  close  to  equable. 

In  passing  it  can  be  noted  that  for  the  case  pointed 
out  above  (symmetrical  blade  contour  without  rake) 
the  third  method  predicts  the  thrust  and  torque 
values  which  are  approximately  on  (1-2)%  greater 
than  the  lifting  line  prognosis.  The  difference 
between  lifting  line  and  non-linear  lifting  surface 
evaluations  of  the  propeller  forces  has  a  tendency  to 
incr’ease  with  increase  of  skew  and  for  warped  blade 
configuration.  The  propeller  efficiency  stays 
practically  invariable  in  these  cases  (the  variance  in 
its  value  predicted  by  both  methods  does  not  exceed 
the  1%).  The  data  summarized  in  the  Table  3 
confirm  the  inferences  have  been  done.  The 
additional  makeweight  due  to  the  thickness-induced 
(sources-induced)  velocities  as  with  Lagally  forces 
as  without  its  leads  to  the  improbable  results  that 
conform  with  above-mentioned  features  of  the 
generalized  Jowkowski’s  theorem  application. 
Hereby,  the  authors  can  recommend  the  third 
method  "for  elaboration  of  integral  propeller 
performances  and  just  this  method  has  been  adopted 
for  iterative  forces’  refinement  procedure  in  the  final 
version  of  the  FRSPD-98  design  code. 

Let  us  consider  now  the  definition  of  the  blade 
geometry  immediately  that  is  the  main  task  of  the 
design  calculation.  First  of  all  it  is  important  to 
evaluate  the  practical  convergence  of  the  iterative 
alignment  process  in  terms  of  blade  geometry  used 
when  numerical  solution  of  the  design  equation  (11) 
is  executed.  The  camber  and  pitch  values  from 
linear  and  first  five  non-linear  iterations  are  shown 
in  the  Tables  5  (a)  and  (b)  at  the  several  radial  blade 
sections. 

One  can  see  that  accuracy  attained  already  after 
three  iterations  is  quite  enough  for  practical 
calculations.  Thus  the  presented  technique  has 
demonstrated  a  very  good  convergence  even  in  the 
case  of  such  complex  blade  configuration.  The  data 


Table  1.  Comparison  of  the  different  methods  of 
blade  forces  determination  in  the  design  example  for 
DTMB4498  propeller. 


Integral  performances 

Kr 

70 

Absolute  value  according  to  lifting 
line  theory 

0.213 

0.0438 

0.6872 

I 

Lifting  line 

100% 

100% 

100% 

II 

Linear  lifting  surface  (SPD-96) 

99.28% 

99.38% 

99.90% 

III 

Non-linear  lifting  surface  with 
accounting  for  radial  velocity  due 
to  loading  only  (FRSPD-98) 

105.3% 

104.2% 

101.0% 

IV 

The  same  but  with  accounting  for 
induced  velocities  due  to  thickness 
also 

no.4% 

112.2% 

98.37% 

V 

The  same  but  with  accounting  as 
for  thickness-induced  velocities  as 
for  Lagally  forces 

114.4% 

1 

110.3% 

94.65% 

Table  2.  Comparison  of  the  integral  performances 
predicted  by  authors’  method  with  PBD-10  code 
results  for  DTMB4498  propeller  design  example 
(at  design  J  =  0.889  ). 


Integral 

performances 

FRSPD-98 

III  method 

PBD-10 

8  x8  grid 

PBD-10 

16x34  grid 

Kr 

0.224 

0.224 

0.224 

K, 

0.0456 

0.0458 

0.0461 

7o 

0.694 

0.693 

0.689 

Table  3.  Evaluation  of  the  integral  performances  for 
DTMB  series  propellers  with  different  blade 
configuration  by  non-linear  lifting  surface  theory 
with  accounting  of  the  radial  velocity  (HI  method). 

4381:  skew  0® ;  4382:  skew  36° ; 

4383:  skew  72°  ;  4497:  skew36°  Warp. 

Lifting  line  prognosis:  .^7.  =0.213;  =0.438; 


77o  =  0.6872. 


Integral 

perfonnances 

4381 

4382 

4383 

4497 

Kr 

101.54% 

102.81% 

104.15% 

103.31% 

K, 

101.63% 

103.19% 

104.49% 

102.40% 

^0 

99.91% 

99.64% 

99.68% 

100.89% 
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on  Fig.5  and  in  Table  6  illustrate  the  comparison 
between  authors’  method  and  PBD-10  design  code 
[5]  as  to  calculated  induced  velocities  and  final 
design  blade  geometry.  The  plots  of  chordwise 
distributions  of  the  induced  velocity  components 
Wq,W,  at  the  f  =  0.7  radius  are  presented  on 
Fig.5  together  with  the  product  of  the  radial 
component  and  the  derivative  is  included  in  the 

design  equation  ° )• 


rig*4(a)  Comparison  of  the  radial  camber 
distributions  obtained  with  use  of  linear  (SPD-96) 
and  non-linear  (FRSPD-98)  authors’  lifting  surface 
techniques  for  DTMB4498  propeller. 


P/D 
15 
1.4 
1.3 
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rig:4(b)  Comparison  of  the  radial  pitch  distributions 
obtained  with  use  of  linear  (SPD-96)  and  non-linear 
(FRSPD-98)  authors’  lifting  surface  techniques  for 
DTMB4498  propeller. 


Table  4.  Input  information  for  design  of  the 
DTMB4489  propeller. 

Skew  72®  Warp. 

Diameter  D  =  0.2  m; 

Rotational  speed  «  =  30.0  rps; 

Hub  radius  /  2?  =  0.2; 

Number  of  blades  Z  =  5; 

Expanded  area  ratio  /  Aq  =0.725; 

Design  Kj  =  0.213; 

Advance  coefficient  J  =  0.889; 

Chordwise  loading  distribution:  NACA,a=0.8; 

Chordwise  thickness  distribution:  NACA-66  mod. 


r/R 

b/D 

eo/i5 

Xs  ID 

r/r„., 

0.20 

0.174 

0.0434 

0.0 

0.0 

0.0 

0.25 

0.202 

0.0396 

-4.647 

0.0 

0.240 

0.30 

0.229 

0.0358 

-9.293 

0.0 

0.445 

0.40 

0.275 

0.0294 

-18.816 

0.0 

0.810 

0.50 

0.312 

0.0240 

-27.991 

0.0 

0.987 

0.60 

0.337 

0.0191 

-36.770 

0.0 

1.0 

0.70 

0.347 

0.0146 

-45.453 

0.0 

0.953 

0.80 

0.334 

0.0105 

-54.245 

0.0 

0.760 

0.90 

0.280 

0.0067 

-63.102 

0.0 

0.525 

0.95 

0.210 

0.0048 

-67.531 

0.0 

0.355 

1.00 

0.000 

0.0029 

-72.000 

0.0 

0.0 

Table  5.  Convergence  of  the  iterative  alignment 
process  as  to  design  blade  geometry. 


(a).  Camber  f^ih 


uiwiil 

Bll 

mi\ 

Iran 

Emi 

liiimii 

0.0362 

0.0341 1 

0.0337  1 

0.0335  ] 

EESI 

EIiB3ili 

iiiiitttii 

0.0210 

0.0199 

0.0198 

liiiiiyij 

0.0144 

0.0144 

0.0179 

0,0168 

(b).p 

itch  PI D 

\rlR 

L 

NU5) 

EEI 

1,4564 

1.5020 

ES 

1.3831 

1  1.3924 

1  1.3909 

[1.3896 

1  1.3897 

1.3897 

ggj 

1.2839 

1.2662 

EQ 

1.1966 

1.1586 

1.1604 

1.1591 

1.1591 

1.1591 

EO 

1.0970 

1.0508 

1.0527 

1.0518 

1.0518 

1.0518 

■in 

lEB 

0.9372 

0.9372 

lEEa 

lEB 

iKSiMI 

lEBI 

liB 

0.8859 
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Table  6.  Comparison  of  the  pitch  and  camber 
distributions  for  propeller  DTMB  4498  obtained  by 
the  authors  (FRSPD’98  code)  with  PBD-10  design 
code  outputs. 


(a).  Camber  f^lb 


rfR 

PBD-10 

FRSPD-98 

(F-1) 

FRSPD-98 
(F.3)  __ 

0.4 

0.0378 

0.0362 

0.0337 

0.5 

0.0336 

0.0335 

0.0315 

0.6 

0.0282 

0.0275 

0.0261 

0.7 

0.0227 

0.0237 

0.0225 

0.8 

0.0181 

0.0198 

0.0188 

0.9 

0.0151 

0.0144 

0.0137 

0.95 

0.0175 

0.0172 

0.0165 

(b).  Pitch  PID 


rJR 

PBD-10 

FRSPD-98 

(F-1) 

FRSPD-98 

(F-3) 

0.4 

1.460 

1.5020 

1.4735 

0.5 

1.375 

1.3897 

1.3698 

0.6 

1.273 

1.2662 

1.2520 

0.7 

1.160 

1.1591 

1.1495 

0.8 

1.044 

1.0518 

1.0464 

0.9 

0.937 

0.9372 

0.9364 

0.95 

0.884 

0.8859 

0.8850 

(c).Convergence  of  the  forces  refinement  procedure. 
Design  Kj  =0.213. 


Iteration 

number 

(F-1) 

(F-2) 

(F-3) 

0.22410 

0.21185 

0.21384 

This  magnitude  (and  its  symbol  )  corresponds  to 
the  projection  of  the  total  induced  velocity  on  the 
outward  axis  in  local  coordinate  system  fixed  on 
blade  mean  surface  used  in  [5]  from  where  all  the 
data  for  comparison  were  borrowed.  The  agreement 
of  the  velocity  components’  values  has  appeared 
quite  satisfactory.  The  greatest  difference  was 
registered  for  radial  velocity  when  relative  variance 
in  the  middle  point  on  the  chord  of  considered 
section  amounted  20%  approximately.  Withal  it  is 
interesting  to  note  that  magnitude  has  proved 
very  close  to  PBD-10  results.  The  some 
disagreement  was  in  fF^and  velocity 
components  didn’t  lead  to  the  significant  difference 
in  the  final  pitch  and  camber  distributions  predicted 
by  both  programs  (see  Tables  6(a)  and  (b)). 

All  the  above-discussed  results  correspond  to  the 
FRSPD-98  code  outputs  after  the  first  step  of  the 


0.0  0.2  0.4  0.6  0.6  1.0 

chordwise  coordinate  x/b 


0.0  0.2  0.4  0.6  0.8  1.0 

chordwise  coordinate  x/b 


0.0  0.2  0.4  0.6  0.8  1.0 

chordwise  coordinate  x/b 


0.0  0.2  0.4  0.6  0.8  1.0 

chordwise  coordinate  x/b 

Fig.5  Computation  data  on  induced  velocity 
components  at  f  =  0.7  radius  for  DTMB4498 
propeller  design  example. 
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external  cycle  in  terms  of  propeller  forces 
refinement.  To  have  a  complete  information  about 
the  presented  design  procedure  the  results  of 
geometry  definition  after  the  elaboration  of  the 
integral  propeller  performances  with  use  of 
generalized  Jowkowski’s  theorem  are  given  in  the 
same  Tables  6(a)  and  6(b).  The  convergence  of  the 
refinement  process  as  to  forces  has  been  attained  in 
three  iterations  that  one  can  see  firom  the  Table  6(c). 

SOME  RESULTS  ON  RADIAL  VELOCITY 
EFFECT  ON  THE  DESIGN  BLADE 
GEOMETRY 

From  the  above-considered  design  example  of 
DTMB4498  propeller  one  can  conclude  that 
accounting  for  radial  velocity  component  is 
absolutely  necessary  in  the  definition  of  the  blade 
geometry  elements  of  the  propeller  with  such 
complex  blade  configuration  characterized  by  the 
high  skew  and  warp.  The  radial  pitch  distributions 
presented  on  Fig.4(b)  clearly  demonstrate  the 
difference  between  usual  linear  theory  and  non¬ 
linear  lifting-surface  method  takes  place  in  this  case. 
It  is  obvious  from  the  design  equation  (11)  that  said 
difference  determines  by  the  accounting  of  the  radial 
velocity  component  above  all. 

Meanwhile  as  the  authors  have  shown  [14],  [15]  the 
linear  lifting  surface  theory  allows  the  quite  accurate 
prediction  of  the  camber  and  pitch  in  the  case  of 
purely  skewed  propellers  without  rake’s  warp. 
Moreover  the  diapason  of  the  skew  investigated  in 
these  references  was  rather  wide.  To  elaborate  the 
boundaries  of  this  diapason  and  to  compare  directly 
the  linear  and  nonlinear  design  methods  concerning 
to  effect  of  the  radial  velocity  on  the  skewed 
propellers’  blade  geometry  the  authors  haye  worked 
out  the  special  calculations.  Some  results  of  these 
calculations  are  presented  below. 

The  DTMB  series  skewed  propellers  already  used 
by  the  forces  estimation  were  the  objects  of  this 
study.  All  these  propellers  have  the  same  main  input 
elements  as  given  in  the  Table  4  and  differ  only  due 
to  maximum  skew  angle  which  vary  as  follows: 
propeller  4381  (6>5*  =  0®,  symmetrical  contour), 
propeller  4382  (^^*  =  36®),  propeller  4383 

(^^*z=72®).  The  considered  propellers  have  not 
rake’s  warp  and  are  designed  on  equal  operation 
conditions  {Ky  =0.213;  7  =  0.889).  Besides  that 
we  dispose  of  the  information  about  the  model 
geometry  characteristics  and  experimental 
performances  for  these  propellers  designed  and 
tested  in  DTMB  [5],  [17],  [18].  These  data  are 
presented  in  the  Table  7  together  with  computation 
distributions  of  the  camber  and  pitch  predicted  by 


both  linear  and  non-linear  lifting  surface  algorithms. 
The  authors’  computation  data  correspond  to  the 
first  step  of  the  external  forces’  refinement 
procedure,  i.e.  it  were  obtained  without  elaboration 
of  the  propeller  forces  by  the  lifting  surface 
calculation.  The  fulfilled  comparison  allows  to 
judge  about  the  concordance  of  the  calculated 
geometry  elements  to  model  ones  and, 
consequently,  to  experimental  propeller 
performances. 

In  particular  as  one  can  see  from  the  Tables  7(a)  and 
(b)  the  both  algorithms  yield  quite  close  results  in 
ie  case  of  symmetrical  blade  contour  (propeller 
4381)  and  in  the  case  of  skewed  blade  with  total 
skew  angle  ^5*  =  36®  (propeller  4382).  These 
results  appear  in  good  agreement  with  DTMB  model 
geometry.  Taking  into  account  the  fact  that  two  said 
models  have  shown  the  required  thrust  coefficient  in 
the  experiment  with  tolerance  ±  2%  we  can  infer 
that  both  linear  and  final  FRSPD-98  projects  will 
ensure  the  prescribed  integral  performance. 

The  difference  between  linear  and  non-linear 
techniques  rises  with  increase  of  skew.  As  it  is 
sprung  out  from  the  analysis  of  4383  propeller  data 
the  disagreement  between  the  calculation  and  model 
geometry  increase  also  especially  at  the  exterior 
radii  (f  >  0.8).  However,  it  has  to  be  noted  that  in 
the  test  DTMB4383  model  has  revealed  the  thrust 
coefficient  approximately  on  7%  greater  than 
required  while  authors’  non-linear  design  procedure 
has  reduced  the  pitch  in  comparison  with  model  one 
(on  1.6%  at  f  =  0.8  and  on  2%  at  r  =  0.9  -  0.95).  In 
view  of  this  fact  it  is  logical  to  assume  that  FRSPD- 
98  design  will  approve  better  with  regards  to 
required  thrust  coefficient  particularly  after  the 
corrective  of  the  forces’  values  (compare  the 
variance  in  thrust  coefficient  registered  in  the  Tables 
3  and  7(c)). 

The  distinction  of  the  FRSPD-98  design  from  linear 
version  design  and  DTMB  project  worked  out  also 
with  use  of  linear  lifting  surface  program  [18]  is 
referred  by  the  accounting  of  the  radial  velocity 
effect.  The  magnitude  of  the  makeweight  due  to 
radial  velocity  increases  with  upsurge  of  skew  that 
in  particular  is  illustrated  by  the  data  presented  in 
the  Table  8.  In  this  table  the  magnitude 
represented  the  contribution 

of  the  radial  component  in  the  kinematic  boundary 
condition  is  compared  with  normal  induced  velocity 
component  lying  in  the  plane  of  cylindrical 

blade  section,  i.e.  component  which  de  facto  is  taken 
into  account  in  the  frameworks  of  linear  theory. 

All  the  design  examples  studied  heretofore  answer 
the  case  of  isolated  propeller  in  zero  uniform 
velocity  field,  i.e.  the  open-water  conditions. 
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Table  7.  Calculated  camber  and  pitch  of  the  skewed  Table  8.  The  allotment  due  to  induced  radial 

series  propellers  defined  with  use  of  both  linear  and  velocity  related  to  normal  induced  velocity 

non-linear  lifting  surface  techniques  in  comparison  component  lying  in  the  plane  of  cylindrical  blade 

with  DTMB  tested  model  geometry.  section. 


Design  conditions:  =  0.213;  J  =  0.889 . 

is  taken  fi’om  DTMB  open-water  curves  for 
model  propellers  [5]. 


(a).  Propeller  4381  (skew  0®  ) 

=~1.43% 


r/R 

camber  fjb 

pitch  P/D 

SPD-96 

FRSPD 

-98 

DTMB 

model 

FRSPD 

-98 

DTMB 

model 

0.40 

0.0323 

0.0351 

0.0348 

1.3261 

1.3139 

1.3580 

0.50 

0.0304 

0.0313 

0.0307 

1.3361 

0.60 

0.0250 

0.0246 

0.0245 

1.2797 

0.0207 

0.0199 

0.0191 

1.2099 

0.80 

0.0168 

0.0157 

0.0148 

1.1442 

1.1464 

1.1366 

BBil 

0.0125 

0.0114 

0.0123 

1.0638 

1.0673 

0.95 

0.0154 

0.0139 

0.0128 

1.0427 

1.0443 

1.0310  1 

(b).  Propeller  4382  (skew  36®) 

Mir  =(^r  -Kr)IK^^'  =  +  2.29% 


r/R 

camber  fjb 

pitch  P/D 

SPD-96 

FRSPD 

-98 

DTMB 

mode! 

SPD-96 

FRSPD 

-98 

DTMB 

model 

0.40 

0.0318 

0.0335 

0.0344 

1.3975 

1.4117 

0.50 

0.0303 

0.0302 

0.0305 

1.3520 

1.3603 

1.3613 

0.60 

0.0254 

0.0244 

0.0247 

1.2723 

1.2806 

1.2854 

0.70 

0.0214 

0.0201 

0.0199 

1.2008 

1.2047 

1.1999 

0.80 

0.0178 

0.0161 

0.0161 

1.1179 

1.1136 

1.1117 

0.90 

0.0133 

0.0127 

0.0134 

1.0186 

1.0150 

1.0270 

0.95 

0.0161 

0.0151 

0.0140 

0.9844 

0.9857 

0.9850 

(c).  Propeller  4383  (skew  72°  ) 

Mr  =(ii:r  -Kr)IKT'  =  +  6.99% 


r/R 

camber  fjb 

pitch  P/D 

SPD-96 

FRSPD 

-98 

DTMB 

model 

SPD-96 

FRSPD 

-98 

liBil 

0.0357 

0.0368 

0.0385 

1.4564 

1.4826 

1.4588 

BEil 

0.0342 

1.3831 

1.4034 

1.3860 

0.60 

0.0291 

0.0279 

1.2839 

1.2979 

liwil 

0.0231 

0.0230 

1.1966 

1.1982 

1.1976 

BRil 

0.0209 

0.0190 

0.0189 

1.0970 

1.0783 

1.0959 

0.90 

0.0158 

0.0155 

0.0158 

0.9812 

0.9639 

0.9955 

0.95 

0.0179 

0.0172 

0.0168 

0.9342 

0.9266 

r/i?  =  0.3 


xfb 

wjw^ 

4381 

4382 

4383 

4497 

4498 

0.100 

0.00068 

0.00957 

0.01662 

0.02666 

0.07232 

0.300 

0.00079 

0.00298 

0.00091 

0.03017 

0.05582 

0.500 

0.00000 

0.00209 

0.00864 

0.03138 

0.04900 

0.700 

0.00107 

0.00597 

0.01506 

0.03012 

0.04295 

0.900 

0.00121 

0.00253 

0.00443 

0.01850 

0.02993 

rfR  =  0.6 


x/b 

/w, 

m  7} 

4497 

4498 

Bllilil 

0.00280 

0.00180 

0.01730 

0.10579 

0.27437 

0.00135 

0.00332 

0.01975 

0.07846 

0.15943 

0.00000 

0.00698 

0.02224 

0.06636 

0.11619 

0.00120 

0.00920 

0.02199 

0.05255 

0.07410 

0.00209 

0.00683 

0.02011 

0.02459 

r/i?  =  0.9 


xlb 

m  rj 

4381 

4382 

4383 

4497 

4498 

0.100 

0.00170 

0.18489 

0.51134 

0.25557 

0.88470 

0.00042 

0.04250 

0.25082 

0.10761 

0.46592 

ggiTil 

0.00000 

0.03379 

0.13183 

0.10094 

0.22948 

0.00026 

0.02751 

0.06702 

0.06236 

0.10124 

0.00046 

0.01987 

0.00557 

0.02740 

0.03525 

At  once  the  authors’  design  method  and 
corresponded  design  code  FRSPD-98  allow  to 
realize  the  direct  accounting  for  inflow  velocity  field 
in  which  propeller  operate.  In  the  general  case 
inflow  velocity  vector  can  embrace  all  three 
components:  axial,  tangential  and  radial  if  we  use 
the  cylindrical  coordinate  system.  An  accounting  for 
radial  inflow  velocity  component  deserves  special 
attention.  It  can  be  hugely  important  as  in  the  case 
of  single  propeller  design  adapted  to  the  hull  wake 
as  when  Ae  marine  integrated  propulsors  (counter- 
rotated  and  tandem  propellers,  AZIPOD  system, 
stator-rotor  combination)  are  studied. 

There  are  not  many  references  in  which  the  effect  of 
radial  velocity  on  the  propeller  design  geometry  is 
examined  separately.  The  paper  by  Brockett  [13] 
gives  an  example  of  such  exclusive  investigations. 
In  mentioned  paper  the  design  of  DTMB4498 
propeller  has  been  carried  out  in  the  velocity  field 
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characterized  by  radial  component  -  -0.05 
constant  along  the  radius. 

Using  the  FRSPD-98  design  code  the  authors  have 
conducted  the  systematic  design  calculations  for 
propellers  operating  in  the  wakes  embrace  the  radial 
velocity.  Some  results  of  these  calculations  are 
discussed  below. 

First  of  all  it  has  to  be  noted  that  qualitative 
conclusions  about  the  importance  of  the  accounting 
for  induced  radial  velocity  effects  made  above  are 
all-out  valid  in  relation  to  inflow  radial  velocity. 
Scilicet  such  an  accoimt  is  more  indispensable  in  the 
cases  of  highly  skewed  and  warped  blades  because 
for  symmetrical  or  small  skewed  blades  the  radial 
velocity  effect  is  noticeably  reduced  due  to  small 
(close  to  zero)  values  of  the  d  2^  /d  yo  derivative 
(see  design  equation  (11))  even  if  the  radial  velocity 
itselfis  not  small. 

In  the  Table  9  and  on  the  Fig.6(a)  and  (b)  the  results 
of  two  propeller  designs  in  the  wakes  with  radial 
velocity  component  are  summarized.  These 
examples  correspond  to  the  warped  propellers 
DTMB  4497  (skew  36°)  and  DTMB4498  (skew 
72° )  at  the  same  design  conditions  as  given  in  the 
Table  4  barring  spanwise  circulation  distribution  (it 
was  determined  as  optimal).  In  pursuance  of 
Brockett’s  wake  sample  the  authors  adopt  the 
constant  inflow  radial  velocity  =±0.05  along 

die  radius.  Hereby  two  cases  are  examined  for  each 
of  propellers:  the  first  case  when  racM  velocity 
direct  outward  to  the  blade  tip  (positive  )  and  the 

second  when  it  direct  to  the  hub  (negative  ). 


Table  9.  The  effect  of  radial  inflow  velocity 
component  on  the  design  spanwise  camber  f^Ib 
distribution. 


(a).  Propeller  4497  (skew  36°  Warp.) 


rlR 

V  =0 

F^=-0.05 

F^=+0.05 

0.25 

0.0236 

0.0232 

0.0239 

0.40 

0.0227 

0.0224 

0.0230 

0.60  n 

0.0189 

0.0187 

0.0191 

0.80 

0.0185 

0.0183 

0.0187 

0.95 

0.0240 

0.0238 

0.0242 

(b).  Propeller  4498  (skew  72°  Warp.) 


rfR 

II 

o 

F^=-0.05 

=40.05 

0.25 

0.0179 

0.0173 

0.0185 

0.40 

0.0205 

0.0200 

0.0210 

0.60  n 

0.0201 

0.0199 

0.0204 

0.80 

0.0212 

0.0210 

0.0215 

0.95 

0.0251 

0.0248 

0.0254 

Table  10.  The  relative  alterations  of  the  design 
camber  and  pitch  due  to  radial  inflow  velocity  effect 
for  DTMB  4498  propeller.  _ 


rfR 

camber  A(/o/Z7) 

pitch  A(P/i9) 

FRSPD-98 

Brockett 

FRSPD-98 

Brockett 

0.40 

-2.5  % 

+0.3  % 

-2.4  % 

-2.5  % 

0.60 

-1.3  % 

-1.0% 

-2.2  % 

-2.4% 

0.80 

-1.0% 

-1.6% 

-2.3  % 

-2.3% 

Fig.6(a)  The  effect  of  radial  inflow  velocity 
component  on  the  design  spanwise  pitch  distribution 
for  propeller  DTMB4497. 


Fig.6(b)  The  effect  of  radial  inflow  velocity 
component  on  the  design  spanwise  pitch  distribution 
for  propeller  DTMB4498. 
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The  calculated  results  as  to  camber  are  presented  in 
the  Tables  9(a)  and  (b).  The  analogous  estimations 
for  pitch  are  shown  on  the  Fig.6(a)  and  (b). 

The  main  inferences  one  can  make  on  the  base  of 
these  results  are  following.  The  radial  inflow 
velocity  practically  has  no  influence  on  the  blade 
sections’  camber.  The  effect  of  this  velocity  leads  to 
the  increase  of  the  pitch  values  when  directs 

outward  and  to  the  decrease  w^en  directs  to  the 

hub.  The  alterations  in  the  pitch  amounted 
respectively  +1.3%  and  -1.3%  for  4497  propeller 
(lesser  skew)  whereas  +2.3%  and  -2.3%  for 
propeller  4498  (higher  skew).  As  to  the  latter  design 
(propeller  4498)  the  obtained  results  are  in  the  good 
agreement  with  the  data  by  Brockett  [13]  as  it  is 
reflected  in  the  Table  10. 

CONCLUSIONS 

A  new  lifting  surface  technique  has  been  presented 
for  account  of  the  real  blade  configuration  and  radial 
velocity  component  in  propeller  blade  design 
problem.  In  spite  of  obvious  necessity  of  the  further 
direct  experimental  testing  of  the  developed 
algorithm  the  results  presented  in  this  paper  confirm 
quite  high  quality  and  precision  of  the  design 
procedure  under  consideration. 

The  special  calculations  worked  out  by  the  authors 
have  demonstrated  the  importance  of  the  accounting 
for  induced  radial  velocity  component  in  the  case  of 
the  high  blade  skew  and  complex  rake  distribution. 
An  essential  advantage  of  the  presented  algorithm 
consists  in  the  direct  accounting  for  radial  inflow 
velocity  effects  on  the  design  blade  geometry.  The 
latter  feature  of  the  described  technique  is  rather 
important  in  the  refinement  of  the  blades  geometry 
for  propeller  operating  as  the  element  of  AZIPOD 
system  when  inflow  radial  velocities  can  measure  up 
formidable  magnitudes  due  to  non-cylindrical  pod 
and  hub  configurations. 

In  terms  of  practical  calculations  the  presented 
method  guarantees  the  more  fast  convergence  than 
well-known  PBD-10  algorithm  by  Kerwin  et,  al. 
described  in  [5]. 
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APPENDIX 


Expression  for  partial  derivative  dz^ldy^  in 
design  equation 


It  is  important  for  practical  employment  of  the 
design  equation  (11)  in  numerical  procedure  to 
deduce  the  convenient  identity  for  partial  derivative 

d  2^  jd  Jo  •  Let  us  write  the  equations  of  the  blade 
mean  surface  in  parametric  form  using  local 
coordinate  system 


(19) 


Th?  differentials  of  local  coordinates  ds^,  (fyc-> 
are  represented  via  the  differentials  of 
parameters  f  and  ^ '  by  following  identities: 


^  dr 


(20) 


To  get  the  searching  derivative  we  have  to  write  the 
relation  diljdy^  at  ctcc=0  condition  that  just 
corresponds  to  treatment  of  the  partial  derivative 


d  Zc  Po  ■  Using  first  equation  from  (20)  and 
c&c  =  0  condition  one  can  obtain 


dr  dr  /  d^' 


(21) 


The  latter  formula  characterizes  the  local  direction 
of  Xc  =  const  line.  Like  that  by  means  of  second 
and  third  equations  from  (20)  and  taking  into 
account  (21)  we  find  the  derivative  of  interest; 

^  (22) 


df 


^  d4 

dr  d?' 

^.0 


^yc  ^  ^yc 


dr 


_  ^ 

dl'  (t 


(23) 


After  the  substitution  of  (21)  in  (22)  we  obtain  final 
expression  available  for  proximate  calculations: 

dz^  dxQ  dzl  dxl 

d^_  ^  "^dr  '  ~df  ~  W 
dy’‘  ~  dyl  dxl~~dyl~d4 
dr  "d^'  dl"'  dr 
It  does  not  make  difficulties  to  compute  the  partial 
derivatives  in  numerator  and  denominator  of  (23) 
when  relations  between  local  and  global  cartesian 
propeller  fixed  coordinates  (x,y,?)  are 
determined: 

x'  =XCOS^°,X)+7COS^“,j>)+2COS^“,2)-X^ 
p"  =XCOS(p“,X)+pcOSO>®,p)+2COS0'®,2)-p^  -(24) 
2°  =XCOS@“,x)+pCOS^®,p)+2COS^®,2)-2^ 

where  directive  cosines  for  local  coordinate  system 
M  are  following 

cos(x*,x)  =  sin^>^ 
cos(x°,p)  =  -co%(p^  sin^^ 

C0S(X°,Z)  =  COSffl  .  0086*. 


cos(p®,x)  =  0 
cos(p®,p)  =  cos^^ 
cos(p®,z)  =  sin^^ 


(25) 


cos(z®,x)  =  cos^^ 

008(2° ,  p)  =  sin  sin  6^ 
cos(z“,z)  =  -sin^^  cos^^ 
and  are  coordinates  of  point  local 

coordinate  system  M  fixed  on. 
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ABSTRACT 

For  the  designers  in  ship  yards  to  use  CFD  tools  in  judging  their  hull  fonns,  it  is  a  prerequisite  to  prove 
that  the  computational  modeling  is  affordable  and  sufficient  to  provide  right  information  within  short  period 
of  time.  In  order  to  ascertain  the  above  request,  turbulent  flow  calculations  are  performed  for  the  two  modem 
practical  VLCCs  with  the  same  forebody  and  the  slightly  different  afterbody,  i.e.,  KRISO  300K  VLCC 
F1+A1(KVLCC)  and  F1+A2(KVLCC2).  The  Reynolds-averaged  Navier-Stokes  equations  for  turbulent  flows 
around  model  ships  are  solved  using  the  cell-centered  finite-volume  scheme.  Several  variations  of  two-equation 
turbulence  models,  such  as  the  standard  k-e  model(SKE),  the  RNG-based  k-8  model(KNG),  and  the  realizable 
k-E  model(RKE),  are  tested  to  identify  the  differences  caused  by  the  turbulence  models.  The  calculated 
results  around  the  two  VLCC  hull  forms  using  0-0  grid  topology  and  profile-fitted  surface  meshes  are 
compared  to  the  measured  data  from  towing  tank  experiment.  It  is  observed  that  the  realizable  k-£  model 
provided  realistic  wake  distribution  with  hook-like  shape,  while  other  two  models  failed.  It  is  very  encouraging 
to  see  that  the  CFD  with  relatively  simple  turbulence  closure  can  tell  the  difiference  quantitatively  as  well 
as  qualitatively  for  the  two  hull  forms  with  stem  fiameline  modification. 


INTRODUCTION 

In  the  initial  stage  of  hull  form  design,  it  is  customary 
to  develop  a  new  hull  form  based  on  a  parent  ship. 
Thus,  it  is  essential  for  a  designer  to  get  enough 
information  on  changes  of  the  flow  characteristics 
due  to  the  hull  form  variation.  Traditionally  towing 
tank  tests  have  been  carried  out  for  the  performance 
prediction  of  commercial  ships  such  as  tanker,  bulk 
carrier,  and  container  ship.  However,  it  usually  takes 
several  months  and  costs  lots  of  money.  Recently 
some  shipyards  are  tiying  to  utilize  Computational 
Fluid  Dynamics(CFD)  for  the  performance  prediction 
during  the  initial  hull  form  design.  It  is  very  probable 
that  the  application  of  CFD  as  a  colander,  can  reduce 
the  number  of  model  tests  required  for  the  hull  form 
optimization.  However,  before  declaring  that  CFD 
is  a  useful  tool,  it  should  be  confirmed  that  it  can 
tell  the  difference  of  flow  characteristics  due  to  the 
amount  of  hull  form  change  as  much  as  typically 
made  in  the  shipyards.  Another  important  issue  to 
point  out  is  that  the  users  in  ship  yards  are  not  familiar 


with  the  details  of  computational  methods,  stating 
that  the  numerical  methods  should  be  robust. 
Furthermore,  CFD  tools  should  provide  the  results 
within  short  period  of  time,  since  ship  yards  usually 
allow  to  get  the  results  overnight. 

There  have  been  several  workshops  on  viscous 
flow  around  a  ship  (e.g.,1990  SSPA-CTH-IIHR 
Workshop[l],  1994  Tokyo  Workshop[2],  and  1998 
Osaka  Colloquium[3],  etc.).  For  the  workshops, 
relatively  simple  hull  forms  without  any  bulbs  such 
as  HSV A/Dyne  tanker  and  Series  60  models  were 
used  for  the  validation  of  the  numerical  methods  and 
turbulence  models.  However,  the  hull  forms  used 
in  those  experiments  are  quite  different  fi’om  the 
modem  hull  forms  of  actual  ships  today.  For  better 
understanding  of  the  flow  around  a  modem  ship, 
it  is  necessary  to  validate  the  computational  modeling 
against  the  reliable  experimental  data  of  practical 
commercial  hull  forms. 

In  the  present  study  turbulent  flow  calculations 
are  performed  for  the  two  modem  practical  VLCCs 
with  the  same  forebody  and  the  slightly  different 
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afterbody(i.  e.,  KRISO  300K  VLCC  Fl+Al,  F1+A2). 
The  Reynolds-averaged  Navier-Stokes  equations  for 
turbulent  flows  around  model  ships  are  solved  using 
the  cell-centered  finite- volume  schemes  with  several 
variation  of  the  k-e  turbulence  model.  Two-equation 
model  like  k-s  model  is  still  cost-effective  to  be  used 
for  design  purpose.  Furthermore,  the  so-called 
Launder  and  Spalding's  wall  function  is  utilized  to 
bridge  the  fully  turbulent  region  and  the  wall  to  save 
computational  efforts.  Kim  et  aL[4]  tested  various 
turbulence  models  with  wall  function,  showing  the 
possibility  of  application  to  ship  flow  calculation. 
For  the  calculation,  hull  surface  is  depicted  as  a  spline 
net,  where  bow  and  stem  profiles  are  considered  as 
grid  lines  with  the  same  indices.  Field  grid  system 
with  0-0  topology  is  generated  using  the  solution 
of  three-dimensional  Poisson  equation  and  trans-finite 
interpolation.  The  calculated  results  around  the  two 
VLCC  hull  forms  are  compared  to  the  measured 
data  from  towing  tank  experiment. 

In  the  followings  the  details  of  computational 
modeling  and  calculated  results  are  described.  It  is 
interesting  to  see  that  the  CFD  with  relatively  simple 
turbulence  closure  can  tell  the  difference 
quantitatively  as  well  as  qualitatively  for  the  two 
hull  forms  with  stem  frameline  modification. 

HULL  FORM  AND  EXPERIMENT 

To  confirm  the  capability  of  CFD  as  a  design  tool, 
two  VLCC  hull  forms  are  chosen  with  the  same 
forebody  and  slightly  different  afterbody.  At  first, 
a  300K  VLCC  hull  form(Fl+Al,  namely,  KVLCC) 
was  designed  and  experiments  were  performed.  Later, 
another  300K  VLCC  hull  form(Fl+A2,  namely, 
KVLCC2}  with  the  same  forebody  and  different 
afterbody  was  tested.  The  second  one(KVLCC2)  has 
more  U-shaped  stem  frame  lines,  as  shown  in  Fig. 
1 .  The  principal  particulars  of  the  test  ships  are  given 
in  Table  1.  Two  model  ships  of  KRISO  VLCCs  with 
the  scale  ratio  of  1/58,  are  made  of  wood.  Turbulence 
stimulators  are  studded  at  19  station  and  at  the  middle 
of  bow  bulb  with  10  mm  interval,  so  as  to  make 
sure  that  the  flow  becomes  fully  turbulent  afterwards. 
The  details  of  measurement  device,  techniques  and 
the  uncertainty  analysis  results  are  already  reported 
inotherpapers(e.g.,  VanetaL[5]).  Thus,  inthepresent 
paper,  only  the  brief  descriptions  are  given. 

The  experiments  were  carried  out  in  the  towing 
tank  of  Korea  Research  Institute  of  Ships  and  Ocean 
Engineering(KRJSO).  The  model  ship  is  fixed  at  the 
towing  carriage  by  using  two  clamping  devices  for 
local  mean  velocity  measurements,  in  order  to  prevent 
the  difficulties  in  positioning  the  probes  in  the 


experiments  and  in  computing  the  flow  for  validation. 
However,  the  resistance  tests  were  performed  in  the 
free  condition,  since  towing  force  measurement  is 
not  very  accurate  in  the  fixed  condition.  It  is  believed 
that  the  difference  of  resistance  performance  between 
the  fixed  and  free  condition  is  very  small  for  the 
present  VLCC  hull  forms.  For  the  local  measurement 
of  three-  dimensional  velocity  field  around  the  stem 
region,  a  5-hole  Pitot  tube  rake  was  utilized.  However, 
local  flow  angles  sometimes  were  out  of  calibration 
range  of  +/-  40°  of  pitch  and  yaw  angles,  especially 
just  behind  a  stem  cap  or  transom.  In  case  that  the 
local  flow  angle  is  out  of  calibration  range,  the 
measured  data  was  discarded  and  velocity  components 
could  not  be  determined. 

For  both  ships,  the  stem  cap  of  semi-sphere 
was  attached  to  prevent  the  abmpt  change  at  the 
end  of  stem  bossing.  Thus,  the  propeller  plane(St. 
0.35)  is  locatedjust  behind  the  stem  cap.  The  propeller 
diameter  is  9.8  m.  The  shaft  center  line  of  the  VLCC 
is  located  at  5.8  m  above  the  base  line(i.  e.,  Z/Lpp= 
-0.04688  from  calm  free  surface).  The  measured  mean 
velocity  components  at  the  propeller  plane  of  the 
300K  VLCC  models  are  compared  in  Fig.  2.  The 
shape  of  wake  contours  are  not  much  different  since 
the  hull  form  variation  is  not  so  great.  However, 
it  is  observed  that  wake  contours  are  more  of  circular 
shape  and  have  stronger  hook  for  KVLCC2.  For 
details  of  wake  distribution  will  be  discussed  later 
along  with  calculated  results. 

GOVERNING  EQUATIONS 

The  governing  equations  for  turbulent  flow  in  the 
present  study  are  Reynolds-averaged  Navier-Stokes 
equations  for  momentum  transport  and  the  continuity 
equation  for  mass  conservation.  The  Cartesian 
coordinates  are  used,  where  {x^y,z)  denotes 
downstream,  starboard,  and  upward  direction, 
respectively.  The  origin  of  the  coordinates  is  located 
at  the  midship  and  calm  free  surface.  All  the  quantities 
are  non-dimensionalized  by  ship  speed  (V),  length 
(Lpp),  and  fluid  density(p). 


Continuity  equation 


dxk 


=  0 


(1) 


Momentum  transport  equation 

duj  djujuj)  _ gA  4. 

dt  dxj  dxi  dxj 


(2) 
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,  where  Ui  =  {u^v,  w)  are  velocity  components  in 
—  (x,y,  z)  directions,  while  p  is  static  pressure. 
Stress  tensor  Zy  can  be  written  using  Boussinesq’s 
isotropic  eddy  viscosity  hypothesis  as  follows. 


duj 

dxi 


(3) 


Here,  k  is  turbulent  kinetic  energy  and  Ve  is  effective 
viscosity,  i.e.,  the  sum  of  turbulent  eddy  viscosity 
(  vt)  and  molecular  kinematic  viscosity(  v). 

and  Rq  is  Reynolds  number(  VLpp!  v  ). 

For  turbulence  closure,  three  k—e  models  are 
utilized.  Those  are  the  standard  k—e  model(hereafter 
SKE)[6],  the  RNG-based  k-a  model(RNG)[7],  and 
the  realizable  k^e  model(RKE)[8].  With  the  k—a 
two-equation  turbulence  model,  the  eddy  viscosity 
can  be  written  as 


(5) 

In  the  standard  yfe—e  model(SKE)  C;j=0.09,  while 
in  the  RNG-based  model(RNG)  =0.085.  For  the 
Realizable /fe—e  model(RKE)  has  rather 

complicated  form  given  in  the  followings. 
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Aa^  A, 
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where  the  terms  are  defined  as 


If  =  V  SijSij  +  , 
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A„  =  4.0  ,  As  =  '^cosi^ 

0  arccos(V6  W)  , 
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Turbulent  kinetic  energy  k  can  be  obtained  by 
the  solution  of  the  following  transport  equation.  For 


all  three  k—a  models,  equation  for  k  has  the  same 
form  as  given  by 

Turbulent  kinetic  energy  transport  equation 

M 

dt  dXj  dXj  ^  Ok  dXj  j 

+  G-a 

,  where  a  represents  the  dissipation  rate  of  turbulent 
kinetic  energy  and  G  is  production  term  as  given 
below. 


_  [  I  dUj 

dXj  dXi  )  dXj 


(7) 


In  the  standard  k—a  model(SKE)  and  the  Realizable 
k—a  model(RKE),  =  1.0,  while  in  the  RNG-based 
model(RNG)  a^=0,719. 

Transport  equation  for  dissipation  rate  a  is 
written  by 


Dissipation  rate  of  turbulent  kinetic  energy  equation 


M. 

dt 


d{uja) 

dXj 


dx 


(8) 


In  SKE  and  RNG, 


where  for  SKE,  <7j=1.3,  Cd=1.44,  and  C^=1.92, 
while  for  RNG,  ff^=0.719,  Cd=1.42,  and  C^gis 
given  by 


C^  =  1.68  + 


C,?^(l-?/4.38) 

1-1-0.012^^ 


where  t)  =  S-^  ,  S  =  V  2S{jSij  . 


In  RKE, 

Sg  “  C^iSa 


ua 


where  cr^=1.2  ,  ,  and 

Q  =  niax[0.43,-^:^]  . 

It  is  advisory  to  use  a  near-wall  turbulence  model 
to  resolve  boundary  layer  up  to  the  wall,  however, 
it  will  require  usually  twice  of  grids.  For  the  present 
study  the  so-called  Launder  and  Spalding’s  wall 
function[5]  is  utilized  to  bridge  the  fully  turbulent 
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region  and  the  wall.  The  first  grid  point  in  the  wall 
function  approach  is  approximately  100  times  off 
the  wall  compared  to  that  in  the  near  wall  turbulence 
model.  It  provides  the  economy  and  robustness  for 
CFD  tools.  Since  the  flows  around  a  ship  of  the 
present  interest,  the  so-called  singular  separation  with 
back  flow  is  not  expected,  although  the  formation 
of  longitudinal  vortices  is  often  observed.  The  wall 
function  is  known  to  give  good  results  for  such  a 
mild  flow.  The  wall  flmction  adopted  in  the  present 
calculation  is  given  by 


Launder  and  Spalding's  wall  function 


Upci'^ky^ 
X  —  0.41 


=  I  ]n{Enp) 

£  =  8.342 


where  is  wall  shear  stress,  Up  and  kp  are  the 
magnitude  of  velocity  and  turbulent  kinetic  energy 
at  the  center  of  the  first  cell  off  the  wall.  The 
non-dimensionalized  normal  distance  from  the  wall 
n*p  is  given  by 


Generation  of  turbulent  kinetic  energy  at  the  first 
cell  off  the  wall  is  given  as  follows. 

_  .  IdU]  = 


Gp  —  r« 


\dn  Ip 


.f,  Kp  np 

,  while  dissipation  at  that  cell  is  written  by 


£p  =- 


cjv 

XYlt 


offset  table.  Mesh  topology  chosen  in  the  present 
study,  to  present  hull  surface  with  bulbous  bow  and 
stem  end  bulb,  can  be  transformed  into  a  rectangle. 
It  implies  that  flow  solvers  are  able  to  accommodate 
the  mesh  easily  and  their  own  accuracy  does  not 
deteriorate  especially  when  turbulent  quantities  are 
determined  by  the  so-called  wall  coordinate.  The 
generated  hull  surface  meshes  can  be  used 
immediately  as  boundary  surface  grids  for  field  grid 
generation 

Utilizing  the  generated  surface  meshes,  Poisson 
equation  is  solved  to  constitute  the  field  grid  system 
of  0-0  topology.  In  the  present  study  outer  boundary 
surface  resembles  a  bullet,  where  appropriate 
boundary  conditions  are  easily  identified.  Sorenson’s 
method[9]  is  extended  into  three-dimensional  one  to 
specify  grid-control  functions.  Weighted  trans-fmite 
interpolation  is  also  utilized  to  specify  the  better  initial 
guess  and  to  make  smooth  transition  of  3D  grids 
into  2D  boundary  grids  [10].  Fig.  3  shows  obtained 
grid  system  for  turbulent  flow  calculation  around  a 
VLCC  hull  form.  Surface  meshes  near  bow  and  stem 
are  well  fitted  with  profiles  of  the  ship.  Since  the 
present  calculation  employs  the  so-called  wall 
function  approaches,  the  distance  of  the  first  grid 
point  off  the  wall  is  around  0.5X10‘^  For  the  present 
calculation,  three  grid  systems  of  81X29X25, 
97X33X33,  and  113X37X41  grids  are  generated  to 
investigate  grid  dependence  of  the  solution.  The 
calculated  radial  distribution  of  circumferentially 
averaged  axial  velocity  components  at  propeller  plane, 
which  is  the  most  important  information  for  propeller 
design,  is  compared  when  the  realizable  k—e  model 
is  utilized.  From  Fig.  4,  it  is  clear  that  97X33X33 
grids  are  sufficient  for  the  practical  applications.  From 
now  on,  all  calculated  results  shown  in  the  paper 
are  obtained  with  97X33X33  grids. 


GRID  GENERATION 


NUMERICAL  METHODS 


To  make  it  easier  to  apply  the  CFD  to  calculating 
turbulent  flow  around  a  practical  hull  form  such  as 
the  present  VLCC  hull  form,  an  efficient 
pre-processor  is  developed  for  surface  and  field  grid 
generation[8], 

A  hull  surface  mesh  generating  program  based 
on  given  station  offsets  along  with  stem  and  bow 
profiles  has  been  developed.  This  new  method 
employs  non-uniform  parametric  splines  with 
predetermined  waterline  end-shapes  of  natural  spline, 
normal  spline,  ellipse,  parabola,  hyperbola,  and  their 
combinations.  It  takes  less  than  ten  minutes  in  PC 
to  obtain  hull  surface  meshes,  starting  from  a  given 


The  cell-centered  finite-volume  method  is  utilized 
to  discretized  governing  equations,  as  discussed  in 
Ferziger  and  Peric[ll].  Governing  equations  are 
integrated  over  a  grid  cell  Q  with  boundary  surface 
5,  resulting  in  the  following  equations. 


n  dS—0 

J^UicE2+ 

I  z'y'X- •  I  p'Ti^'^dS 

J  S  s 

where  ij  is  unit  vector  in  direction. 
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The  first  term  of  momentum  transport  equation, 
temporal  derivative  is  ignored  by  putting  very  big 
time  step,  since  only  the  steady  solution  is  of  the 
present  interest.  Convection  terms  are  discretized 
using  QUICK  scheme  of  the  third  order.  But  the 
QUICK  scheme  requires  13  point  stencil,  resulting 
in  complicated  algebraic  equations.  Thus,  the 
so-called  deferred  correction  approach  is  adopted, 
which  a  simple  upwind  scheme  is  used  with  lagged 
higher  order  terms.  The  deferred  correction  makes 
7  point  stencil  with  simple  linear  equations. 

Rewriting  the  third  term  of  stress  tensor, 


n 


dUj 

dXi 


i  'j  •  n  dS 


=  Vt\^grad{u^  •  n  +  ij  *  nj  dS 

where  the  term  with  turbulent  kinetic  energy  is 
included  in  pressure  gradient.  Central  difference 
scheme  is  utilized  for  diffusion  terms,  while  the  terms 
coming  from  grid  non-orthogonality  is  deferred. 
Linear  equations  obtained  from  7  point  stencil  are 
solved  using  strongly  implicit  procedure [12], 

If  the  pressure  field  is  known  a  prior,  momentum 
equations  will  give  correct  velocity  field.  However, 
those  velocity  components  will  not  satisfy  the 
continuity  equation.  To  ensure  divergence-free 
velocity  field,  the  SIMPLEC  method[  1 3]  is  employed. 
Since  the  collocated  grid  arrangement  is  chosen,  the 
artificial  dissipation  term  in  pressure  correction 
equation  is  added,  as  discussed  in  Rhie  and  Chow[14]. 
As  mentioned  in  the  above  momentum  equation, 
pressure  correction  equation  also  have  the  terms 
related  to  grid  skewness.  In  the  present  study,  as 
recommended  in  Ferziger  and  Peric[ll],  the  second 
correction  is  added  to  compensate  for  deferred 
correction  terms  in  pressure  correction  equation. 
Again,  the  resulting  linear  equations  are  solved  using 
strongly  implicit  procedure  until  the  equation  residual 
drops  by  an  order  of  magnitude  each  iteration. 

To  complete  the  solution  procedures,  at  first, 
hull  surface  meshes  are  generated  as  mentioned 
earlier.  Taking  the  generated  surface  as  a  boundary 
surface,  three-dimensional  field  grids  are  obtained. 
With  the  generated  grid  system,  flow  calculation  is 
initiated,  starting  from  uniform  stream  (i.e.,  abrupt 
start).  With  the  grids  and  initial  guess  for  flow  field 
ready,  iteration  begins  for  coupled  partial  differential 
equations.  After  three  momentum  transport  equations 
are  solved  sequentially  to  obtain  preliminary  velocity 
components,  pressure  correction  equations  is  solved 
to  get  pressure  field.  Then,  velocity  components  are 
corrected  using  new  pressure  field.  In  the  next 
turbulence  equations  are  solved  and  eddy  viscosity 


is  updated.  Iteration  continues  until  total  residuals 
of  each  momentum  equation  are  less  than  10“^,  which 
is  about  five  order  less  than  the  initial  residuals. 

RESULTS  AND  DISCUSSIONS 

In  the  followings  the  calculated  results  are  compared 
with  experiments.  At  first,  for  KVLCC,  the  results 
with  three  different  turbulence  models  are  discussed 
to  investigate  the  effect  of  turbulence  model  on  flow 
prediction.  In  the  next,  propeller  plane  wakes  are 
investigated  carefully  for  two  hull  forms  with  stem 
frameline  modification  to  see  that  the  present 
computational  modelling  can  identify  the  difference 
of  stem  hull  form  quantitatively  as  well  as 
qualitatively.  It  should  be  noted  that  the  measurements 
were  carried  out  in  towing  tank,  thus,  flow  field  was 
certainly  affected  by  wave  generation  on  the  free 
surface.  However,  the  present  calculation  ignores 
the  effect  of  waves,  since  wave  generation  of  the 
VLCC  is  not  significant  because  of  low  Froude 
number.  Instead,  Neumann  condition  is  applied  on 
the  calm  free  surface. 

In  Figs.  5  ~  7,  calculated  velocity  fields  with 
SKE,  RNG,  and  RKE  are  compared  to  experiments 
at  station  2  and  0.35.  The  calculated  results  with 
SKE  shows  thicker  boundary  layer  at  station  2,  while 
little  bilge  vortices  are  found  at  the  propeller  plane. 
For  RNG,  boundary  layer  thickness  are  predicted 
better,  however,  the  RNG-based  k^E  model  still 
failed  to  predict  distortion  of  axial  velocity  contours 
at  the  propeller  plane.  On  the  other  hand,  the  realizable 
k—£  model(RKE)  provides  correct  boundary  layer 
thickness  with  hook-like  distortion  of  axial  velocity 
contours.  It  is  rather  surprising,  since  the  wall  function 
is  utilized  to  skip  the  details  of  near  wall  turbulence 
phenomena.  In  Fig.  8  propeller  plane  wakes  are 
compared.  As  expected  from  Fig.  5  and  6,  SKE  and 
RNG  failed  to  predict  the  hook  in  U-contours,  while 
RKE  succeeded.  The  sharp  turning  of  wake  contours 
around  lower  part  of  0.4R  is  observed,  which  is 
believed  to  come  from  the  numerical  method  or  grid 
topography. 

Calculated  turbulent  kinetic  energy  and  eddy 
viscosity  are  shown  in  Fig.  9  and  10.  RNG  provided 
lower  level  of  turbulence  than  the  others.  Eddy 
viscosity  contours  of  SKE  and  RNG  show  similar 
shapes,  as  expected  from  the  axial  velocity  contours. 
RKE  has  lower  eddy  viscosity  values  than  SKE  and 
RNG  except  at  the  location  above  hub  and  near  vortex 
core,  where  high  eddy  viscosity  is  concentrated.  These 
figures  might  give  some  clues  on  that  RKE  gives 
nice  hook-like  shape  as  in  Fig.  8.  It  is  noteworthy 
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that  coefficient  in  (5)  of  RKE  is  not  a  constant 
but  a  function  of  mean  strain  rate  and  vorticity,  and 
the  contours  of  in  RKE  resembles  those  of  eddy 
viscosity.  It  would  be  premature  to  tell  which 
turbulence  model  is  superior  in  predicting  wake 
distribution,  but  RKE  seems  to  have  an  edge. 

In  practical  application  of  viscous  flow 
calculation  to  design  of  commercial  ships,  the  most 
common  usage  will  be  to  provide  nominal  wake 
distribution  for  propeller  design  in  advance.  Fig.  1 1 
shows  radial  distribution  of  circumferentially 
averaged  axial  velocity  components  at  propeller  plane 
of  KVLCC  and  KVLCC2.  As  already  shown  in  Fig. 
8,  SKE  shows  poor  results  for  both  ship.  The 
RNG-based  k—e  model(RNG)  gives  a  little  better 
results,  but  still  far  from  the  experiment.  However, 
the  realizable  k—e  model(RKE)  yields  to  fairly  good 
agreement  with  experiments  for  both  ships.  The 
discrepancy  near  hub  (0.3'-'0.4R)  might  be  coming 
from  the  simple  extrapolation  of  velocity  fields  of 
the  experiment,  since  the  measured  local  flow  angles 
are  out  of  calibration  range  beneath  the  hub,  thus, 
discarded  in  the  experiment.  If  the  velocity  distribution 
outside  of  0.5R  is  considered,  RKE  gives  directly 
applicable  results,  which  is  very  encouraging.  The 
answer  for  question  that  the  present  computational 
modeling  can  tell  the  difference  of  stem  frameline 
modification  will  be  addressed  later. 

Calculated  surface  pressure  distribution  and 
surface  friction  lines  are  demonstrated  in  Fig.  12 
and  13  for  KVLCC  with  RKE  model.  The  calculated 
pressure  around  the  bow  bulb  of  KVLCC  migrate 
smoothly  into  low  pressure  region  around  a  bow 
shoulder.  Pressure  gradient  in  diagonal  direction  is 
seen  which  is  also  the  direction  of  limiting  streamlines. 
Since  the  bulb  of  the  VLCC  is  relatively  small, 
pressure  change  across  the  bulb  is  not  so  radical 
as  ships  with  long  bulb,  e.g.,  container  ships.  Low 
pressure  region  near  the  bottom  bilge  is  also  observed. 
The  pressure  variations  near  the  stem  of  both  hull 
forms  are  much  milder  than  near  the  bow  region, 
since  thick  boundary  layer  near  the  stem  prohibits 
the  rapid  change  of  pressure  field.  The  flow  patterns 
from  bow  bulb  to  midship  can  be  considered  mainly 
as  a  potential  flow  with  thin  boundary  layer.  However, 
as  focus  moves  downstream  towards  stem,  thick 
boundary  layer  and  wake  flows  developed  along  the 
streamlines  will  clearly  demonstrate  the  effect  of 
turbulence  in  viscous  flow.  The  formation  of  stem 
bilge  vortices  are  clearly  seen  in  Fig.  13.  Surface 
friction  lines  are  converged  near  the  stem  bilge,  which 
is  shown  as  a  thick  line. 

In  the  next,  measured  and  calculated  wake 


distribution  for  KVLCC  and  KVLCC2  will  be 
discussed.  As  mentioned  earlier  KVLCC2  has  been 
modified  to  fortify  bilge  vortices,  which  is  clearly 
seen  in  Fig.  14-(a).  KVLCC2  has  stronger  hook-like 
U-contours.  All  three  turbulence  models  make  some 
difference  in  wakes,  although  those  of  SKE  and  RNG 
are  quite  different  from  the  experiment.  RKE  provides 
very  reasonable  difference  between  KVLCC  and 
KVLCC2.  To  see  the  difference  between  KVLCC 
and  KVLCC2,  circumferentially  averaged  axial 
velocity  distributions  are  shown  in  Fig.  15. 
Surprisingly  all  three  models  give  almost  the  same 
amount  of  difference  between  the  two  ships,  except 
near  hub.  This  observation  probably  makes  CFD 
applicants  of  ship  yards  happy.  If  the  viscous 
calculation  was  used  only  for  the  qualitative  purpose, 
SKE  with  wall  function  should  have  given  the  right 
answer,  although  the  values  are  not  in  agreement 
with  the  experiment.  The  other  point  from  the  present 
calculation  is  that  calculated  wake  distribution  with 
the  realizable  model(RKE)  gives  fairly  good 
agreement  with  the  experiment.  One  of  the  conclusion 
drawn  from  the  present  computation  is  that  it  is 
possible  to  predict  nominal  wake  distribution  in  pretty 
good  accuracy  with  RKE  and  wall  function. 

Surface  pressure  and  friction  lines  on  KVLCC 
and  KVLCC2  with  RKE  is  shown  in  Fig.  16.  There 
is  little  difference  in  pressure,  however,  this  difference 
will  make  some  difference  in  viscous  pressure  drag, 
since  normal  vectors  near  the  stem  region  will  affect 
the  pressure  drag.  Limiting  streamlines  of  KVLCC2 
near  the  stem  region  shows  a  little  stronger 
convergence  into  open  separation  line  than  in 
KVLCC,  but  difference  is  not  very  notable.  However, 
it  should  be  mentioned  here  that  this  amount  of  change 
is  usually  applied  in  ship  yards  for  hull  form 
improvement. 

Finally  integrated  parameters  are  compared  in 
Table  2.  Surface  friction  coefficients  of  KVLCC  and 
KVLCC2  with  the  same  turbulence  model  are  very 
similar,  while  a  little  of  difference  is  found  between 
the  turbulence  models.  However,  there  are  bigger 
difference  in  viscous  pressure  drag  coefficients  and 
nominal  wake.  SKE  again  failed  to  predict  the  pressure 
drag.  RKE  are  the  closest,  since  the  wave  making 
resistance  coefficient  of  the  present  VLCCs  at  the 
Froude  number  of  0.142  is  about  0,15X10■^  In 
nominal  wake  prediction,  as  noted  earlier,  RKE  gives 
pretty  close  values  to  the  experiment.  With  97X33X33 
grids,  the  computing  time  was  around  1.5  hours  in 
SGI  Onyx  2  (344  MFLOPS).  It  is  believed  that 
hull  form  designers  can  get  the  viscous  flow  solution 
in  engineering  workstations  within  working  hours, 
starting  from  the  station  offset  table. 
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CONCLUDING  REMARKS 

In  order  to  confirm  that  the  viscous  flow  calculation 
with  affordable  difficulties  can  predict  nominal  wake 
distribution  correctly,  flow  calculations  are  performed 
for  the  two  modem  practical  VLCCs  with  the  same 
forebody  and  the  slightly  different  afterbody,  i.e., 
KVLCC  and  KVLCC2.  The  focus  is  laid  upon  the 
application  of  relatively  simple  computational 
modeling  to  provide  the  enough  information  to  hull 
form  designers,  when  they  really  modify  hull  forms 
in  ship  yards.  The  Reynolds-averaged  Navier-Stokes 
equations  for  turbulent  flows  around  model  ships  are 
solved  using  the  cell-centered  finite- volume  schemes. 
Several  variations  of  two-equation  turbulence  models, 
such  as  the  standard  k-e  model(SKE),  the  RNG-based 
k-E  model(RNG),  and  the  realizable  k-E  model(RKE), 
with  Launder  and  Spalding’s  wall  function  are  tested 
to  identify  the  differences  caused  by  the  turbulence 
models.  The  calculated  results  around  the  two  VLCC 
hull  forms  using  0-0  grid  topology  and  profile-fitted 
surface  meshes  are  compared  to  the  measured  data 
from  towing  tank  experiment. 

It  is  observed  that  the  realizable  k-£  model(RKE) 
provided  realistic  wake  distribution  with  hook-like 
shape,  while  other  two  models  failed.  Furthermore, 
it  is  found  that  simple  turbulence  modeling  is  still 
effective  to  use  for  hull  form  evaluation  purpose, 
since  the  predicted  values  in  resistance  coefficients 
and  nominal  wake  fractions  are  in  good  agreement 
to  the  experiment  if  the  proper  turbulence  model  is 
chosen.  It  is  very  encouraging  to  see  that  the  CFD 
with  relatively  simple  turbulence  closure  can  tell  the 
difference  quantitatively  as  well  as  qualitatively  for 
the  two  hull  forms  with  stem  frameline  modification. 
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Table  1  Principal  particulars  of  test  ships  (KRISO  300K  VLCC) 


Ship  Name 

Fl+Al  (KVLCC) 

F1+A2  (KVLCC2) 

Designation 

Ship 

Model 

Ship 

Model 

Scale  ratio  ( /I  ) 

58.0 

Design  speed  (  kts,  m/sec  ) 

15.5  knots 

1.047  m/sec 

15.5  knots 

1.047  m/sec 

Length  B.P, 

Lpp  (m) 

320.0 

5.5172 

320.0 

5.5172 

Breadth 

B  (m) 

58.0 

1.0000 

58.0 

1.0000 

Depth 

D  (m) 

30.0 

0.5172 

30.0 

0.5172 

Draft 

TF(m) 

20.8 

0.3586 

20.8 

0.3586 

Ta  (m) 

20.8 

0.3586 

20.8 

0.3586 

Length  of  waterline 

Lwl  (m) 

325.5 

5.6121 

325.5 

5.6121 

Wetted  surface  area 

S  (m^) 

27320.0 

8.1213 

27194.0 

8.0838 

Rudder  area 

Sr  (m^) 

273.3 

0.0812 

273.3 

0.0812 

Displacement  volume 

V  (m’) 

312737.5 

1.6029 

312621.7 

1  1.6023 

Block  coeff.icient 

Cb 

0.8101 

0.8098 

Load  waterline  coeff 

Cw 

0.9077 

0.9016 

Midship  section  coeff 

Cm 

0.9980 

0.9980 

LCB(fwd.+) 

% 

3.4800 

3.5000 

IS  ^ 
10  ^ 
s  ^ 
Ot- 


-  25 
20 


-■  5 
-JO 


Fig.  1  Body  plans  &  side  profiles  of  300K  VLCC(solid:  Al,  dashed:  A2) 


300KVLCC(F1+A1) 


300KVLCC{F1+A2) 


-0.04  -0.06 

Y/Lpp 


-0.08 


Fig.  2  Measured  velocity  fields  of  KVLCC  and  KVLCC2  at  St.  0.35 
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Fig.  3  Generated  grid  system  of  0-0  toplogy 


Racflal  Distribution  of  Mean  Axial  Velocity 


Fig.  4’  Wake  distribution  with  3  grid  levels 


KRISO  300KVLCC(F1+A1) 


KRISO  300KVLCC(F1+A1) 
St  0.35  (propeller  plane) 


CaleulatlonfSKE) 


Fig.  5  Comparison  of  velocity  fields(KVLCC)  with  the  standard  k-e  model(SKE) 


KRISO  300K  VLCC(F1+A1) 
St  2 


KRISO  300KVLCC(F1+A1) 
St  0.35  (propeller  plane) 


Fig.  6  Comparison  of  velocity  fields(KVLCC)  with  the  RNG-based  k—e  model(RNG) 
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Radial  DWfIbutlon  of  Mean  Axial  Velocity  Radial  Distribution  of  Moan  Axial  Velocity 


Fig.  11  Radial  distribution  of  circumferentially  averaged  axial  velocity  components 
at  the  propeller  plane  of  KVLCC  arid  KVLCC2 
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Surface  Pressure  Contours  -  KVLCC  (RKE) 


Fig.  12  Calculated  surface  pressure  distribution  of  KVLCC  with  the  realizable  A— £  models 


Surface  Friction  Vector  and  Limiting  Streamlines 
along  KVLCC  (RKE) 

Fig.  13  Calculated  friction  vectors  and  limiting  streamlines  on  KVLCC  with  the  realizable  k—s  models 
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KRISO  300K  VLCC(Experiment) 


123456789  10 

0.20  0.25  0.30  0.35  0.40  0.50  0.60  0.70  0.80  0.90 


(a)  Experiment 


KRISO  300KVLCC  (SKE) 


1  23456789  10 

0.20  0.25  0.30  0.35  0.40  0.50  0.60  0.70  0.80  0.90 


(b)  Standard  model 


KRISO  300K  VLCC  (RNG)  KRISO  300K  VLCC  (RKE) 


123456789  10  123456789  10 

0.20  0.25  0.30  0.35  0.40  0.50  0.60  0.70  0.80  0.90  0.20  0.25  0.30  0.35  0.40  0.50  0.60  0.70  0.80  0.90 


(c)  RNG-based>&— £  model  (d)  Realizable  model 

Fig.  14  Comparison  of  wake  distribution  of  KVLCC  and  KVLCC2  at  the  propeller  plane 


nadlal  CHitributbn  of  Umr  AxUI  Valocity  Ra^  OtcWfautton  (rf  Ummn  Aria!  Vaiocity  Radial  Diatoifaullen  of  Maan  Aida)  Valeellv 


OJ  0.4  OA  O.e  0.7  as  OJ»  1  M  0.3  0.4  0.6  OJ  0.7  OJ  03  1  1.1  0.3  0.4  0.6  0.6  07  03  0.t  1  1.1 

imp  imp  tmp 


Fig.  15  Comparison  of  circumferentially  averaged  axial  velocity  distribution  of  KVLCC  and  KVLCC2 

at  the  propeller  plane  with  three  models 
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Fig.  16  Calculated  surface  pressure  and  friction  lines  on  KVLCC  and  KVLCC2 
with  the  realizable  k—e  model(RKE) 


Table  2  Resistance  coefficients  and  nominal  wakes 


KRISO  300K  VLCC  Fl+Al  (KVLCC) 

KRISO  300K  VLCC  F1+A2  (K 

.VLCC2) 

Turbuelnce  model 

Exp 

SKE 

RNG 

RKE 

Reynolds  Number 

4.6  X  10‘ 

4.6  > 

10'"’ 

Cf  XI 000 

.  3.450* 

3.694 

3.431 

3.346 

3.450* 

3.697 

3.433 

3.351 

CvP  xiooo 

0.638* 

0.908 

0.312 

0.481 

0.660* 

0.944 

0.347 

0.524 

Norm.wake 

0.523 

0.387 

0.417 

0.503 

0.561 

0.450 

0.484 

0.556 

*  Cf  and  Cr  based  on  1957  ITTC  formula  (experiments  were  performed  with  rudder  in  free  condition) 
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Abstract 

A  domain  decomposition  method  is  developed  in  order  to  investigate  the  flow  around  multiple  circular  cylinders. 
In  the  inner  domains,  which  surround  each  cylinder,  the  Reynolds  Averaged  Navier-Stokes  (RANS)  equations 
are  solved  in  vorticity-stream  function  formulation  with  k  —  u  turbulence  models  by  Wilcox  (1985)  and  Menter 
( 1992).  In  the  outer  domain,  a  Lagrangian  method  is  used  where  particles  are  convected  with  a  Fast  Vortex  Method. 
Lagrangian  turbulence  modeling  is  also  implemented.  We  present  comparisons  with  experimental  results  in  the 
case  of  one  circular  cylinder  at  Re  =  140000  and  multiple  circular  cylinder  arranged  in  line  at  Re  =  22000.  The 
aim  is  to  study  the  interactions  between  relative  motions  of  the  cylinders  in  the  ambient  flow,  in  order  to  model 
Vortex  Induced  Vibrations.  We  also  present  results  for  a  single  moving  cylinder  at  Re  <  150,  Re  =  1000  and 
Re  =  140000. 


INTRODUCTION 

The  development  of  offshore  oil  production  in  very 
deep  water  requires  more  knowledge  about  the  dy¬ 
namic  behavior  of  long  flexible  pipes  (risers)  join¬ 
ing  the  sea  level  to  the  sea  bed.  This  problem  has 
to  be  properly  solved  in  order  to  prevent  Vortex  In¬ 
duced  Vibrations  ( VIV)  and/or  strong  interactions  be¬ 
tween  the  long  cylinders  that  are  often  assembled  in 
arrays.  This  is  not  a  purely  academic  configuration 
hence  the  choice  of  a  formulation  (geometry  and  vari¬ 
ables)  must  be  judicious. 

First  of  all,  simplifications  are  imposed  concern¬ 
ing  the  geometry.  Here  the  equations  are  established 
for  two-dimensional  configurations.  This  is  justified 
due  to  the  significant  correlation  in  the  direction  of  the 
body  slenderness.  Then  the  velocity/pressure  conser¬ 
vation  equations  need  not  be  necessarily  solved.  The 
vorticity/stream-function  equations  are  preferred  for 
reasons  of  CPU-time  and  computer  resources  savings. 

Other  aspects  of  the  physical  problem  are  the 
strong  flow  unsteadiness  combined  to  the  dynamics 
of  moving  bodies.  The  resulting  flow  is  clearly  turbu¬ 
lent  and  large  excursions  of  bodies  are  expected.  The 
formulation  is  hence  chosen  to  be  as  grid-free  as  pos¬ 
sible  and  a  lagrangian  approach  fits  particularly  well. 
However  in  the  immediate  vicinity  of  solid  bound¬ 
aries,  this  approach  does  not  work  correctly;  a  purely 
eulerian  formulation  is  preferable  in  closed  domains 


near  each  bodies  where  the  boundary  layers  develop. 

These  considerations  lead  to  the  context  in  which 
a  domain  decomposition  is  developed  in  order  to  in¬ 
vestigate  the  flows  around  multiple  circular  cylinders. 
The  inner  domains  consist  of  annular  surfaces  which 
surround  each  cylinder.  There  the  Reynolds  Aver¬ 
aged  Navier-Stokes  (RANS)  equations  are  solved  in 
vorticity-stream  function  eulerian  formulation.  The 
turbulent  effects  are  modeled  with  the  k  —  u)  equa¬ 
tions.  In  the  outer  domain,  the  properties  are  trans¬ 
ported  in  a  lagrangian  way.  Two  sets  of  particles  carry 
the  vorticity  on  one  hand,  the  turbulent  kinetic  energy 
and  rate  of  dissipation  on  the  other  hand.  Overlapping 
between  the  two  formulations  enables  a  good  mutual 
transfer  of  information.  This  lagrangian  approach  is 
justified  for  several  reasons:  1)  the  convection  is  bet¬ 
ter  handled  since  the  discretization  of  the  nonlinear 
quadratic  term  is  avoided,  2)  the  transport  of  prop¬ 
erties  creates  less  numerical  diffusion  and  3)  the  in¬ 
coming  information  (wake  of  one  cylinder  impacting 
another  cylinder)  is  better  transmitted  between  each 
inner  domains. 

After  the  presentation  of  the  numerical  method, 
we  will  discuss  the  results  obtained  for  the  case  of 
one  cylinder,  first  fixed  then  on  elastic  support.  The 
Reynolds  number  studied  are  Re  =  UD/u  <  150, 
Re  =  1000  and  Re  =  140000  with  U  the  uniform 
free  stream  velocity,  D  the  cylinder  diameter  and  v 
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the  kinematic  viscosity.  Finally,  we  present  and  dis¬ 
cuss  results  around  2  and  3  circular  cylinders  arranged 
in  tandem. 

NUMERICAL  METHOD 

In  the  following  developments  each  formulation  is  de¬ 
scribed.  First  the  equations  are  given.  Then  the  nu¬ 
merical  methods  are  outlined  according  to  the  type  of 
formulation. 

Basic  equations  and  turbulence  modeling 

The  equations  are  formulated  in  terms  of  vorticity  C 
and  stream-function 

C,t  +  rot  (V’k). grade  = 

=  -C  (1) 

U  =  rot(^k) 

where  U,  k  denote  the  velocity,  the  kinematic  vis¬ 
cosity  and  the  normal  vector  to  the  plane  of  the  flow 
respectively. 

The  equations  for  the  averaged  quantities  C  and  U 
reduce  to: 


c,t  ~  +  i^eOjj  4-  (^) 

where  i/g  is  the  total  viscosity:  kinematic  i/  and  tur¬ 
bulent  z/f.  In  the  right  hand  side,  is  a  source  term; 
it  is  negligible  for  the  studied  flows.  Numerically  its 
influence  on  the  mean  flow  is  much  weaker  than  that 
of  the  turbulent  diffusion  (Sugavanam  &  Wu  (1980)). 
The  turbulent  viscosity  i/t  is  derived  from  the  Boussi- 
nesq  hypothesis.  The  turbulence  model  is  chosen  in 
order  to  provide  a  good  agreement  with  available  ex¬ 
perimental  data.  Different  two-equations  models  are 
tested: 

•  a  standard  k  —  u  model  as  described  pp  84-87 
in  Wilcox  (1995);  it  is  better  suited  to  mild  ad¬ 
verse  pressure  gradients  than  the  -*  e  model  but 
it  might  be  sensitive  to  the  arbitrary  far  field  con¬ 
dition  for  w, 

•  a  first  alternative,  proposed  by  Menter  (1992), 
allows  a  progressive  change  from  A;  —  w  on  the 
body  to  standard  A:  -  e  as  described  pp  87-89  in 
Wilcox  (1995);  it  is  called  the  Baseline  or  BSL 
model, 

•  another  alternative,  proposed  by  Menter  (1992), 
is  to  integrate  the  Bradshaw  assumption  into  the 
BSL  method;  that  constitutes  the  Shear  Stress 
Transport  (SST)  model. 


As  the  constant  coefficients  of  the  models  originate 
from  three-dimensional  experiments,  they  are  sup¬ 
posed  to  partly  take  into  account  three-dimensional 
effects  of  turbulence,  even  though  the  flow  is  re¬ 
stricted  to  a  plane.  The  use  of  models  has  another  in¬ 
terest,  against  Direct  Numerical  Simulation  for  exam¬ 
ple,  since  one  can  identify  the  different  effects  of  con¬ 
vection,  diffusion,  dissipation  and  production.  This  is 
useful  for  lagrangian  transport  of  particles  through  an 
Operator  Splitting  Technique  (OST). 

The  standard  k  -  u  model,  BSL  and  SST  models 
are  used.  The  associated  equations  are: 


f^.t  +  Ujkj  =  TijUij  -  P'uik  +  [(i'  +  crkUt)kj]  j 

«,t  +  UjUj  =  —TijUi,j  -  (3) 

•f  [(i'  + 


The  turbulent  viscosity  and  the  constant  coeffi¬ 
cients  are: 


,k  (  /3*  =  0.09  ak  =  0.5 

I  7*  =1.0  c..  =  0.5 

The  usual  boundary  conditions  are: 


on  the  walls 


far  in  the  free  stream 


o 

II 

-id 

y“»-0 

U  - >• 

koo  = 

= 

(1  10) 

^toc  = 
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(5) 


where  L  is  a  length  scale  for  example  the  cylinder 
diameter  and  y  denotes  the  normal  distance  form  the 
wall. 

The  BSL  model  is  described  as  : 


*,<  +  ^j^,j  =  +  [{y  +  (rkVt)k,j]j 

U,t  +  UjU)J  =  —TijUi,j-0w'^+[(k'  +  <TuUt)uj]. 

Vt 

4-2(1  -  (6) 

The  following  constants  change  from  k  —  uj  Wilcox  to 
Ar  —  e  Jones-Launder  ones,  as  <j>  does  : 

(j)  :=z  Fi(j>i {I  —  Fi)<j)2  (7) 

and: 


•  01  (Ar  —  a;  Wilcox): 


(Titi  =  0.5  (Tui  =  0.5 
7i  =  -  <^0.1 


/?i  =  0.075 

VF 
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•  4>i{k-  e) 

^k2  —  1-0  <^012  —  0.856  1^2  =  0.0828 

72  =  ff-(T<.,^  . 

/c  =  0.41  is  the  Karman  constant.  Finally  we  have  : 

Fi  =  tanh(Ci )  (8) 


with, 

=  min 

and. 


max 


^/k  500i/\  4tra;2^ 


0,09a;y’  y^u)  j  ’  CDku'lP' 


(9) 


CDku)  =  niax  (10) 


As  the  k—u  model  behaves  better  than  the  ^ — e  model 
in  the  logarithmic  zone,  transition  from  k-u)  to  k  —  € 
can  take  place  in  the  outer  zone  and  Ci  is  rewritten  as: 


Cl 


500i/  ^o-u>2k  \ 


(11) 


Boundary  conditions  are  identical  to  Wilcox’s  ones 
The  SST  model  is  alike  the  BSL  model  except  for 
some  constants  and  the  turbulent  viscosity  which  are 
rewritten  as  : 


(Tki  =  0.85  cTj^i  =  0.65  Pi  =  0.075 

7i  =  |f-<rc..^  =  0.44 

and, 

aik 

max(aia;;  QF2) 


(12) 


with  ai  =  0.3,  Q  the  absolute  value  of  vorticity  and 

i^2: 

F2  =  tanh(ar^2)  (1^) 

with, 


arg2  =  max 


Vii  400t/\ 

O.OQwj/’  j 


(14) 


Eulerian  inner  problem  in  the  annuli 

Figure  1  shows  the  decomposition  of  the  flow  domain 
into  annulii  (^^,0,  associated  with  each  circular  sec¬ 
tion,  and  the  complementary  domain  (f^o)-  Since  only 
simple  circular  sections  are  studied,  the  method  of 
resolution  is  well  suited  to  a  polar  mesh. 

The  main  two  equations  are  solved  in  an  uncoupled 
way.  The  Poisson  equation  is  discretized  by  means 
of  a  Finite  Difference  Method  and  FFT  in  the  radial 
and  azimuthal  directions  respectively.  The  precision 
is  of  fourth  order  for  -0  and  the  velocity  and  veloc¬ 
ity  derivatives  are  directly  obtained  by  the  hermitian 
formulas. 


Figure  1:  iVc  =  4  cylinders  configuration;  Qo  is  the 
outer  domain,  Qi,  F,-,  i  G  [1,4]  are  respectively 
inner  domains,  external  boundaries  and  walls 


The  transport  equations  are  solved  by  a  Finite  Vol¬ 
ume  Method  (FVM)  in  space  and  an  Alternate  Di¬ 
rections  Implicit  (ADI)  technique  to  forward  in  time. 
The  convective  flux  are  discretized  with  either  a  sec¬ 
ond  order  QUICK  scheme  or  different  second  or  third 
order  Total  Variation  Diminishing  (TVD)  schemes 
which  reduce  unphysical  oscillations  in  spite  of  accu¬ 
racy  loss  near  the  vorticity  extrema.  Both  give  iden¬ 
tical  results  at  low  Reynolds  number  but  the  latter 
improves  substantially  the  stability  of  the  turbulent 
quantities  transport. 

The  mesh  of  the  inner  domain  is  regular  in  the  az¬ 
imuthal  direction  because  of  the  FFT.  An  exponen¬ 
tially  decreasing  mesh  size  in  the  radial  direction  is 
controlled  with  the  following  law: 

a:  +  i.j/  =  (ef-«»-a)e*«  (15) 

where  ^  and  6  are  the  new  polar  exponential  variables, 
^0  and  a  are  adjusted  so  that  the  first  point  lies  approx¬ 
imately  0.1 /\/^  far  from  the  wall. 

The  boundary  conditions  for  the  stream  function 

must  be  defined  on  all  the  solid  walls  (TBi)  * 

r  VTs,  =  Ci  fixed  body 

\  0rBi  =  ^{aiZ)  +  Ci  moving  body 

where  ^  denotes  imaginary  part,  Ci  is  a  constant  for 
each  body  which  ensures  pressure  continuity  along 
Bi,  The  complex  number  Z  is  the  position  of  a 
point  on  Fb..  The  characteristics  of  the  body  mo¬ 
tion  appear  in  a*  which  corresponds  to  the  conjugate 
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of  Vbx  +  On  the  control  surface  ( F,- ) 

the  two  components  of  the  velocity  are  matched  from 
both  sides: 


rot(rl;r,k)=Vr„ie[l,Nc]  (17) 


This  equation  is  solved  with  a  second  order  scheme 
of  Runge-Kutta  type: 


Xn+i/2  _  x"  +  yU"(X") 

Xn+l  _  X"  +  AfU"+^/2(x“+l/2)  (21) 


There  exists  no  natural  boundary  condition  for  the  where  At  is  the  time  step  and  n  its  number, 

vorticity.  Woods’  second  order  condition  can  be  ap-  jjjg  velocity  is  calculated  with  the  Fast  Vortex 

plied.  Alternatively  numerical  tests  show  that  the  fol-  Method  (FVM)  developed  by  Greengard  &  Rokhlin 
lowing  condition  is  more  stable:  (1987).  The  principle  is  as  follows: 


,  _  .afnlSy-rB/S- ^-2  -V'a 

“  5A^2 

,  +  4V'6/5  +  6V»rB,e  o^ 

+ - 5A?5 

where  iprs ,  ^2 ,  ^3 ,  •  •  •  are  ^  values  on  the  body  and  at 
the  two  nearest  points  in  the  radial  direction  into  the 
fluid.  Other  conditions  like  Mukhopadhyay’s  (1993) 
is  very  stable  as  well  but  it  does  not  respect  the  Pois¬ 
son  equation  at  the  adjacent  points  on  the  body.  On 
the  control  surfaces  f  F,*  )  ,  the  vorticity  is  ex- 

plicitly  calculated  from  the  outer  solution  in  an  over¬ 
lapping  area  where  eulerian  and  mixed  formulations 
coexist. 

Lagrangian  solution  in  the  outer  domain 

Only  two  sets  of  particles  are  required  to  transport  the 
three  properties  of  the  flow:  one  for  the  vorticity  ^  and 
the  other  set  transports  both  the  energy  k  and  the  rate 
of  dissipation  u.  The  reason  for  that  follows  from 
the  Operator  Splitting  Technique  (OST)  :  it  is  clear 
from  equation  (3),  that  convection  and  diffusive  terms 
(where  space  derivatives  appear)  are  similar  whatever 
the  turbulent  quantities  considering  only  the  standard 
Wilcox  model. 

Convection  transport 

The  convective  step  requires  the  calculation  of  the  ve¬ 
locity  since  the  corresponding  equation  reduces  to  Eu¬ 
ler’s.  Let  one  note  Q  a  vector  whose  components  are 
((■,  fc,  w),  one  should  solve: 

=  -U^VQ  (19) 

A  lagrangian  particle  located  at  X{t)  is  followed 
through  the  equation: 

^  =  U{X,t)  (20) 

where  U{X,t)  is  the  local  velocity  at  instant  L 


•  building  a  fictitious  grid  which  covers  the  only 
part  of  the  flow  where  particles  exists 

•  treatment  of  “far”  cells  where  the  velocity,  in¬ 
duced  by  the  vorticity,  is  represented  by  series 
of  multipoles;  in  the  frame  of  Complex  Vari¬ 
able  Theory  these  series  can  be  afterwards  trans¬ 
ported  wherever  in  the  flow  plane;  in  particular 
the  Circle  Theorem  is  used  in  order  to  take  into 
account  the  presence  of  the  solid  boundaries, 

•  treatment  of  the  other  cells,  z.e  the  nearest  adja¬ 
cent  cells  where  the  Biot-Savart  law  provides  the 
velocity. 

Numerical  experiments  show  that,  for  a  fixed  trunca- 
ture  of  the  multipoles  series,  there  exists  a  minimum 
CPU-time  defined  by  a  combination  of  grid  size  and 
number  of  particles  (see  Etienne  et  al,  1998). 

As  the  Poisson  equation  is  linear,  one  can  distin¬ 
guish  three  main  contributions  to  the  total  stream- 
function: 

^  =  i’PF  + 

where  each  term  corresponds  respectively  to: 

•  the  undisturbed  flow  which  is  well  known  since 
it  follows  from  Potential  Flow  theory  (under  the 
perfect  fluid  hypothesis).  Its  expression  for  an 
unsteady  flow  of  intensity  |C(t)|  and  direction 
-arg[C(t)],  is: 

^Pf{Z)  =  (23) 

•  the  stream-function  induced  by  the  whole  vortic¬ 
ity  all  over  the  fluid  domain.  Either  the  FVM 
method  or  the  Vortex-In-Cell  (VIC)  method  is 
used, 

•  the  stream-function  which  takes  into  account  the 
presence  of  the  bodies  Le.  it  follows  from  an 
impermeability  condition  on  all  solid  surfaces.  It 
can  be  expressed  as: 
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where  Zj  corresponds  to  Z  in  the  coordinate  sys¬ 
tem  attached  to  the  body  and  Rj  is  its  radius. 
The  coefficients  ajn  are  new  unknowns.  For  that 
TpPF  and  are  first  expressed  in  term  of  multi¬ 
pole  series  dien  ajn  are  calculated  by  prescribing 
the  following  boundary  conditions  on  the  bodies: 

=  fi{^)  (25) 

where 


{fi{Z)  =  Ci  fixed  cylinder 

filz)  =  OjZ  +  Ci  moving  cylinder 
^ZeTB,,  Vi6[l,Nc] 

(26) 

where  constants  are  as  described  by  equation  (16). 


Diffusion  of  the  properties 

For  the  vector  Q  defined  above,  the  diffusion  reduces 
to  the  heat  equation: 

/  Al/eC  \ 

Q  t  =  I  (2/  + crjtz/j)AA:  (27) 


Here  again  a  fictitious  grid  is  built  and  renewed  at 
each  time  step.  This  grid  follows  from  a  remesh¬ 
ing  of  the  patterns  as  described  later  in  the  text.  Its 
nodes  are  the  supports  of  the  variables.  Each  iso¬ 
lated  particle  distributes  its  own  transported  property 
onto  the  neighbouring  particles  according  to  the  Par¬ 
ticle  Strength  Exchange  (PSE)  method.  This  is  a  se¬ 
rious  improvement  compared  to  the  Random  Walk 
(RW)  method.  First,  as  for  convergence  criteria,  those 
are  discussed  in  Degond  and  Mas-Gallic  (1989)  for 
the  PSE  method  and  in  Beale  and  Majda  (1981)  or 
Roberts  (1985)  for  the  RW  method.  Secondly  the  PSE 
method  is  deterministic  contrarily  to  the  RW  method 
and  hence  the  stochastic  component,  which  pollutes 
the  time  variations  of  all  the  variables,  is  completely 
removed. 

The  PSE  method  consists  in  solving  the  following 
differential  equation.  One  uses  a  simple  first  order  ex¬ 
plicit  Euler  scheme.  The  particle  N°i  located  in  X,-, 
transports  the  property  Vifi  and  receives  a  contribu¬ 
tion  from  the  neighbouring  particles  whose  numbers 
are  in  ensemble  J: 


dtt 


J6J  ^  ' 


(28) 

The  surface  of  local  cell  is  Xgi  it  also  measures  the 
averaged  vacuum  surface  around  the  particle.  The 
diffusion  kernel  is  and  €  denotes  its  size  (see  Ould 


Salihi,  1998): 


(74  (r)  =  6 


3-r2 

(1  +  r^ 


(29) 


where  r  is  a  radial  coordinate  centered  at  the  parti¬ 
cle  location.  This  kernel  vanishes  rapidly  and  conse¬ 
quently  the  corresponding  CPU-time  is  proportional 
to  the  total  number  of  particles  in  the  flow. 

Equation  (28)  works  for  C*  but  for  k  and  cj,  the  vis¬ 
cosity  must  be  extracted  from  the  summation  since  it 
does  not  appear  in  the  Laplacian  operator. 


Correction  of  convection  for  k  and  u 


For  the  turbulent  properties  k  and  lj,  an  additive  con¬ 
vection  transport  is  calculated.  The  corresponding  ve¬ 
locity  is  proportional  to  Vz/t: 


(30) 


Effects  of  the  Production/Dissipation 


According  to  the  Operator  Splitting  technique,  there 
remains  a  system  of  time  differential  equations  to 
solve  for  k  and  u: 

k_t  =  TijUij-l3*uk  et  = 

(31) 

The  order  of  the  integration  scheme  is  strictly  larger 
than  1  since  the  velocity  gradients  follows  from  the 
intermediate  step  of  the  convection  step. 

Their  calculation  derives  from  the  multipole  series 
expansion  represented  with  the  complex  potential  of 
the  flow  F{Z)  whose  imaginary  part  is  i/>  given  in 
equation  (22).  As  a  matter  of  fact  one  can  show  that: 

S^  =  \iUij  +  Uj,r  =  ^\^\  (32) 

where  Z  =  x-\-iy  is  a.  current  point  of  the  flow  plane. 


Remeshing  of  the  variables 

In  order  to  properly  simulate  the  diffusion  and  the 
overlapping,  an  intermittent  remeshing  is  achieved  for 
each  variable.  This  defines  the  fictitious  grid  used  for 
the  diffusion  step.  After  positioning  an  isolated  par¬ 
ticle  in  a  cell,  its  property  is  distributed  onto  its  16 
neighbouring  particles  according  to  a  biquadratic  law 
(see  Ould  Salihi,  1998): 

r  3g^-5a:^+2  0  <  X  <  1 

M^ix)  =  <  l<x  <2 

[  0  if  X  >  2  ■ 

(33) 
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where  x  is  the  distance  between  the  particle  and  the 
grid  nodes.  This  technique  allows  the  conservation  of 
the  first  three  moments:  total  circulation  (Kelvin  The¬ 
orem),  linear  impulse  and  angular  impulse.  Another 
interest  of  the  technique  is  to  smooth  possible  irregu¬ 
larities. 

Control  of  the  solution  in  the  overlapping  domain 

The  overlapping  domain  is  useful  to  provide  the  ex¬ 
ternal  boundary  conditions  for  inner  domains  and  the 
boundary  conditions  for  the  outer  domain  for  trans¬ 
ported  flow  quantities,  here  C,  ^  and  u). 

We  take  advantage  of  the  remeshing  technique  to 
perform  assignation  from  one  domain  to  the  bound¬ 
ary  of  the  other  domain.  This  procedure  requires  that 
at  least  two  cells  of  the  assignated  domain  are  recov¬ 
ered  by  the  assignating  one.  This  explains  why  the 
overlapping  area  must  be  at  least  4  cells  large.  We 
generally  take  wider  distances  since  it  permits  to  ver¬ 
ify  that  the  solution  obtained  in  one  domain  is  exactly 
the  same  in  the  other. 

RESULTS 

Validation  tests  for  the  laminar  code  have  been  done 
and  compiled  in  Etienne  et  ah  (1998).  Here  we  will 
show  results  for  the  multidomain  method  in  the  case 
of  single  body  and  multiple  bodies  configuration. 

I\irbulent  flows  around  single  body 

Fixed  body 

The  uniform  flow  around  a  circular  cylinder  at 
Reynolds  number  140000  has  been  studied  experi¬ 
mentally  by  Cantwell  &  Coles  (1980).  This  flow  is 
a  challenging  one  for  conventional  modelisation.  In¬ 
deed,  the  flow  is  laminar  until  a  transition  takes  place 
after  the  first  separation. 

We  chose  to  compare  the  mean  radial  velocity  pro¬ 
file  at  the  rear  of  the  cylinder.  First,  we  use  the  pure 
eulerian  method  to  evaluate  how  turbulent  models  be¬ 
have  in  such  conditions.  The  grids  used  are  200*256 
in  radial  and  angular  directions. 

Figure  2  shows  the  mean  radial  velocity  profile 
along  the  centerline  from  experiments  and  other  nu¬ 
merical  results  compiled  by  Kassera  &  Stromheier 
(1997).  The  Wilcox  k  —  u  and  SST  models  give  rea¬ 
sonable  results  regarding  to  other  models  and  com¬ 
paring  with  the  experimental  profile.  The  BSL  model 
which  corresponds  to  the  k  —  e  model  doesn’t  per¬ 
mit  to  reproduce  this  profile.  The  results  are  different 
from  those  obtained  by  Franke  et  al  (see  Kassera, 
1997)  using  the  standard  k  —  e  model.  Nevertheless, 
the  trend  is  similar  in  the  sense  that  velocity  is  largely 
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Figure  2:  Mean  streamwise  velocity  component  on 
the  centerline  at  the  rear  of  the  cylinder.  Re  =  140000 

underestimated  up  to  r/i?  =  8.  Such  results  can  be 
explained  by  the  fact  that  the  ^  -  e  model  generates 
more  turbulent  viscosity  than  the  ^  —  a;  model.  An 
improvement  could  be  obtained  using  the  SST  model. 
The  Bradshaw’s  assumption  limits  explicitly  the  tur¬ 
bulent  viscosity  in  the  boundary  layer.  This  counter¬ 
balances  the  overproduction  induced  by  the  standard 
k  —  €  model.  From  r/R  =  2.5  to  10,  the  SST  model 
induces  results  very  close  to  experiments.  This  is  not 
the  case  for  lower  radii.  For  r/R  <  2.5,  results  ob¬ 
tained  by  Kassera  show  that  this  underestimation  of 
the  velocity  is  induced  by  the  Wilcox  —  u;  model. 

Figure  3  shows  the  force  coefficients  as  a  function 
of  nondimensional  time  f  *  =  Ut/D  where  U  denotes 
the  uniform  velocity  at  infinity.  The  mean  value  of 
the  drag  coefficient  is  equal  to  1.05  when  using  the 
k  —  u  model,  it  is  equal  to  0.65  when  using  the  BSL 
model  and  0.9  when  using  the  SST  model.  The  ex¬ 
perimental  value  of  the  drag  coefficient  is  1.1.  The 
best  result  is  obtained  with  the  standard  k  —  ui  model. 
This  Reynolds  number  value  is  subcritic  and  low  val¬ 
ues  obtained  with  the  BSL  and  SST  models  may  be 
due  to  an  overproduction  of  turbulent  viscosity  gen¬ 
erated  by  the  equivalent  k  —  €  model  in  the  wake  at 
R^  =:  140000.  Indeed,  these  values  correspond  to 
higher  Reynolds  number  flows.  Experimentally  the 
drag  crisis  begins  at  Re  =  250000. 

To  validate  the  multidomain  method  we  have  cho¬ 
sen  to  compare,  at  =  4.,  the  different  properties 
of  the  flow.  Comparisons  couldn’t  be  done  at  later 
times  since  dissipation  in  the  eulerian  solution  due  to 
important  cells  far  from  the  body  induces  a  different 
solution  in  the  wake.  The  turbulence  model  chosen  is 
the  standard  k  -  u  model  since  it  is  easier  to  imple¬ 
ment  with  this  method  than  others. 

Figures  4  and  5  show  the  distribution  of  nodes  for 
the  annular  domain  and  the  lagrangian  domain  re- 
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Figure  6:  Uniform  flow:  u  field  at  i*  =  4;  eulerian. 


Figure  3:  Drag  coefficient  as  a  function  of  non- 
dimensional  time  at  Re  =  140000 


Figure  4:  Annular  grid  around  the  body 


Figure  7:  Uniform  flow:  uj  field  at  i*  —  4;  Eu¬ 
ler/Lagrange. 


spectively.  The  annular  mesh  satisfies  the  condition 
2/“^  =  Vw  <  1  where  denotes  the  nondi- 

mensional  distance  to  the  wall  and  Cpb  nondi- 
mensional  vorticity  at  wall.  Figures  6  through  13 
show  comparisons  between  the  pure  eulerian  proper¬ 
ties  fields  and  the  mixed  Euler-Lagrange  properties 
fields.  We”  can  appreciate  that  properties  are  correctly 
transfered  from  one  domain  to  the  other. 

Moving  body 

We  have  simulated  the  Vortex  Induced  Vibrations  of 
a  single  cylinder  for  Re  <  150,  Re  =  1000,  Re  = 


Figure  5:  Eulerian  position  of  particles 


Figure  8:  Uniform  flow:  k  field  at  f  *  =4;  eulerian. 


Figure  9:  Uniform  flow:  k  field  at  t*  =  4;  Eu¬ 
ler/Lagrange. 
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Figure  10:  Uniform  flow:  field  atf*  =  4;  eulerian. 


Figure  11:  Uniform  flow:  i/t  field  at  t*  =  4;  Eu¬ 
ler/Lagrange. 


Figure  13:  Uniform  flow:  C  field  at  T  =  4;  Eu¬ 
ler/Lagrange. 


140000.  The  two  latter  Reynolds  numbers  are  sub¬ 
critic  but  nevertheless  sufficiently  high  from  an  engi¬ 
neering  point  of  view.  Results  are  obtained  using  the 
Wilcox  k  -ijj  model  only. 

The  nondimensionalised  transverse  motion  equa¬ 
tion  of  the  body  (see  equation  34)  is  solved  by  a  4‘^ 
order  Runge-Kutta  procedure. 


47rC .  47r^ 


FH{t) 

(i 


(34) 


with  y  the  transverse  displacement  nondimension¬ 
alised  by  the  cylinder  diameter,  superscripts  the  time 
derivatives,  C  percentage  of  structural  critical 
damping,  Ur  =  U I  [fD)  the  reduced  velocity  with 
U  the  uniform  velocity  at  infinity,  /  the  natural  fre¬ 
quency  in  air  of  the  cylinder,  fx  =  m/{pD^y  the 
reduced  mass  and  Fb  the  nondimensional  transverse 
hydrodynamic  load. 

Figure  14  shows  the  amplitudes  of  oscillations  as 
a  function  of  Re.  Comparisons  are  done  with  the 
experimental  results  of  Anagnostopoulos  &  Bearman 
(1992)  and  other  numerical  results.  For  this  case,  the 
reduced  mass  in  water  p  is  equal  to  148,  the  percent¬ 
age  of  structural  critical  damping  is  equal  to  0.0012, 
and,  when  Re  varies  from  80  to  150,  Ur  varies  from 
4.5  to  8,3.  The  time  step  is  equal  to  0.02  and  there 
are  128  x  100  nodes  in  angular  and  radial  directions. 
The  present  results  underestimate  the  experimental 
results  of  Anagnostopoulos  by  nearly  10  to  20  per 
cent.  This  is  the  case  for  all  numerical  methods  ex¬ 
cept  the  results  of  Graziani  (1998)  which  overestimate 
results  by  at  least  50  per  cent.  For  those  Reynolds 
number  values,  it  is  difficult  to  have  a  representative 
phenomenon  of  Vortex  Induced  Vibrations  (VIV).  In¬ 
deed,  the  Strouhal  number  grows  from  0.1  to  0.2  be¬ 
tween  Re  =  100  and  Re  =  200.  So  we  performed 
calculations  for  Re  —  1000  since,  around  this  value, 
the  Strouhal  number  is  constant  and  equal  to  0.21. 

Figure  15  shows  the  amplitude  of  oscillations  as  a 
function  of  reduced  velocity  Ur  for  Re  =  1000.  At 
this  Reynolds  number,  even  though  the  wake  is  tur¬ 
bulent,  the  flow  is  essentially  laminar.  The  mass  ratio 
is  equal  to  10.  The  structural  damping  is  chosen  also 
negligible  as  1  per  cent  of  the  critical  damping.  The 
time  step  is  equal  to  0.01  and  there  are  128  x  100 
nodes  in  angular  and  radial  directions.  The  ampli¬ 
tude  of  oscillation  reaches  a  maximum  value  of  1.05 
diameters.  Reduced  velocities  that  generate  lock-on 
range  from  4  to  7.  Those  results  are  quite  in  accor¬ 
dance  with  experimental  ones  which  for  that  mass  ra¬ 
tio  predict  amplitudes  of  the  order  of  1.1  diameters. 


^  m  is  the  mass  of  the  cylinder  per  unit  length  and  p 
is  the  density  of  the  fluid 
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Figure  14:  Cylinder  oscillation  amplitude  as  a  func¬ 
tion  of  Re 
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Figure  16:  Cylinder  oscillation  amplitude  as  a  func¬ 
tion  of  nondimensional  time.  Re  =  1000,  i7r  =  5 


Figure  15:  Cylinder  oscillation  amplitude  as  a  func¬ 
tion  of  I7r.  Re  =  1000 


To  illustrate  those  results,  figures  16  and  17  show  re¬ 
spectively  the  amplitude  of  oscillation  as  a  function  of 
t*  and  the  corresponding  drag  coefficient  for  =  5. 
The  corresponding  drag  coefficient  more  than  doubles 
compared  with  the  non-oscillating  case. 

Figure  18  shows  the  amplitude  of  oscillations  as  a 
function  of  reduced  velocity  Ur  at  Re  =  140000.  The 
structural  characteristics  are  the  same  as  for  Re  = 
1000  The  time  step  is  equal  to  0.005  and  there  are 
256  X  150  nodes  in  angular  and  radial  directions.  At 
this  Reynolds  number,  the  flow  is  turbulent  just  after 
the  separation  point.  This  Reynolds  has  been  chosen 
since  comparisons  have  been  performed  with  experi¬ 
ments  in  the  uniform  flow  case  (see  above  paragraph). 

Figures  19  and  20  show  respectively  the  ampli¬ 
tude  of  oscillation  as  a  function  of  and  the  cor¬ 
responding  drag  coefficient  for  Ur  =  5.  Compared 
with  figures  16  and  17,  the  amplitude  of  oscillation 
has  slightly  grown  up  and  the  mean  drag  coefficient 
has  decreased.  Nevertheless,  the  differences  between 


Figure  17:  Drag  coefficient  as  a  function  of  nondi¬ 
mensional  time.  Re  =  1000, 17r  =  5 
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Figure  18:  Cylinder  oscillation  amplitude  as  a  func¬ 
tion  of  C/r-  Re  =  140000 


Figure  19:  Cylinder  oscillation  amplitude  as  a  func¬ 
tion  of  nondimensional  time.  Re  =  140000,  Ur 

maximum  and  minimum  values  of  the  drag  coefficient 
follow  the  same  trend  as  the  amplitude. 

Laminar  and  turbulent  flows  around  multiple  bod- 
ies 

For  multiple  circular  cylinder  configurations,  valida¬ 
tions  have  been  done  and  are  presented  in  Etienne 
et  al  (1998).  Here  we  chose  to  validate  the  cal¬ 
culation  of  force  coefficients.  We  chose  the  case  of 
two  cylinders  in  tandem  arrangement.  The  nondi¬ 
mensional  distance  center-to-center  T/D  is  equal  to 
2.  Figures  21  and  22  show  the  instantaneous  vortic- 
ity  field  and  streamlines  at  t*  =  25  for  a  subcritical 
Reynolds  number  equal  to  200.  That  shows  that  the 
lagrangian  method  doesn’t  diffuse  the  wake  and  that 
continuity  is  ensured  between  each  domain  for  trans¬ 
ported  quantities  and  for  the  velocity  field. 

Figure  23  shows  the  drag  coefficient  for  each  cylin¬ 
der  as  a  function  of  U .  These  results  are  in  agreement 
with  experiments  reported  by  Zdravkovich  (1977) 
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Figure  20:  Drag  coefficient  as  a  function  of  nondi¬ 
mensional  time.  Re  =  140000,  [/r  =  5 


Figure  21:  Instantaneous  vorticity  field  for  two  cylin¬ 
ders  in  tandem  arrangement  at  t*  —  25.  Re  —  200, 
T/D  =  2 

which  show  that  for  T/D  =  2,  the  first  cylinder  ex¬ 
periences  a  drag  coefficient  Cd  around  1.  (for  a  sin¬ 
gle  circular  cylinder  C(i=1.35)  and  the  second  cylin¬ 
der  experiences  a  drag  coefficient  around  -0.2.  There 
is  nevertheless  a  discrepancy  concerning  the  Strouhal 
number  which  is  overestimated  at  0.19  when,  from 
experiments,  it  is  equal  to  0.16.  To  make  sure,  longer 
simulations  should  be  performed. 

For  the  turbulent  case,  few  experiments  exist.  The 
comparison  will  be  done  with  the  experiments  per¬ 
formed  by  Igarashi  (1984)  around  three  circular  cylin¬ 
ders  in  tandem  arrangement  at  Reynolds  number 
22000.  Igarashi  gives  the  drag  coefficients  for  the 
three  cylinders  for  several  center-to-center  distances 
in  the  range  [1,4].  We  choose  a  center-to-center  dis¬ 
tance  of  2.5  diameters. 

Figures  24  to  27  show  the  instantaneous  vortic¬ 
ity  turbulent  kinetic  energy  k,  characteristic  fre¬ 
quency  (jj  and  turbulent  viscosity  Vt  fields  respectively 
at  r  =  20.  maximum  values  of  the  turbulent  viscosity 
reach  10  times  the  kinematic  one.  Maximum  values 
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Figure  22:  Instantaneous  streamlines  for  two  cylin¬ 
ders  in  tandem  arrangement  at  =  25.  Re  =  200, 
T/i^  =  2 


Figure  24:  Instantaneous  vorticity  field  for  three 
cylinders  in  tandem  arrangement  at  t*  —  20.  Re  = 
22000,  T/D  =  2.5. 


Figure  25:  Instantaneous  field  of  k  for  three  cylinders 
in  tandem  arrangement  at  t*  =20.  Re  —  22000, 
TJD  =  2.5. 
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Figure  23:  Drag  coefficients  for  the  two  cylinders  in 
tandem  arrangement.  Re  =  200,  T/D  -=^2 


are  localised  at  the  rear  of  separation  points.  Maxi¬ 
mum  values  of  A:  are  of  7%. 

The  two  large  circulation  areas  at  the  rear  of  the 
first  cylinder  generate  a  negative  drag  on  the  sec¬ 
ond  cylinder.  This  in  return  doesn’t  produce  vortic¬ 
ity  which  could  attract  the  third  cylinder.  This  ex¬ 
plains  that,  in  mean,  the  second  cylinder  experiences 
a  negative  drag  and  the  third  cylinder  a  positive  one. 
Igarashi’s  experiments  demonstrate  the  same  trends. 
Figure  28  shows  the  drag  coefficient  for  each  cylin¬ 
der,  For  L/D  =  2.5,  Igarashi  measured  a  drag  coef¬ 
ficient  of  1.  for  the  first  cylinder,  -0.3  for  the  second 
cylinder  and  0.6  for  the  third  cylinder.  Nevertheless, 
the  simulation  is  too  short  to  yield  stable  mean  values 
for  the  different  drag  coefficients. 

CONCLUSION 


The  present  method  clearly  shows  that  the  mixed  Eu¬ 
ler/Lagrange  method  enables  an  accurate  solution  for 
the  studied  configuration  in  laminar  but  also  turbu¬ 
lent  flows.  This  is  due  to  a  good  transfer  of  turbu¬ 
lent  properties  between  each  sub-domain  covering  the 
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Figure  26:  Instantaneous  field  of  u  for  three  cylinders 
in  tandem  arrangement  at  t*  =  20.  Re  —  22000, 
T/D  =  2.5. 


flow  plane.  Computational  efforts  are  concentrated  in 
the  region  of  interest  thanks  to  the  lagrangian  formu¬ 
lation  and  the  growth  of  the  boundary  layer  is  prop¬ 
erly  handled  in  an  eulerian  framework. 

Concerning  the  phenomenon  of  Vortex  Induced  Vi¬ 
brations  for  one  cylinder,  using  the  pure  eulerian 
method,  it  is  well  recovered  in  laminar  but  also  turbu¬ 
lent  flow  configurations.  Amplitudes  of  oscillations 
for  the  case  =  140000  show  that  for  subcritic  val¬ 
ues  of  the  Reynolds  number,  amplitudes  of  oscilla¬ 
tions  are  of  the  order  of  one  diameter.  Calculations 
should  be  done  at  higher  Reynolds  numbers  to  quan¬ 
tify  the  impact  of  drag  crisis  on  the  VIV  phenomenon. 


Acknowledgement  This  work  is  part  of  a  thesis 
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Figure  27:  Instantaneous  field  of  Vt  for  three  cylinders 
in  tandem  arrangement  at  V  =  20.  Re  =  22000, 
T/D  =  2.5. 


Figure  28:  Drag  coefficients  for  three  cylinders  in  tan¬ 
dem  arrangement.  Re  =  22000,  T/D  =  2.5. 
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abstract 

Grid  convergence  studies  are  reported  for  our  RANS  code  PARNASSOS,  applied  to  various  flow  cases.  First,  the 
laminar  boundary  layer  and  wake  of  a  flow-aligned  flat  plate  is  dealt  with,  followed  by  the  axisymmetric  turbulent 
flow  at  the  tail  of  a  modified  6: 1  prolate  spheroid.  Subsequently,  two  3D  flow  fields  are  considered,  viz.  the  flow  at 
the  stem  of  the  Wigley  hull  and  of  the  Mystery  tanker.  The  most  elaborate  study  is  carried  out  for  the  latter  case  by 
comparing  solutions  on  24  grids  of  different  density.  The  tentative  recommendations  of  the  ITTC  on  error  analysis 
are  followed  and  their  adequacy  is  considered. 


INTRODUCTION 

Numerical  analysis  of  the  viscous  flow  around  a 
ship,  based  on  the  solution  of  the  Reynolds-averaged 
Navier-Stokes  (RANS)  equations,  is  being  pursued 
for  some  20  years  now.  The  goal  is  to  establish  tools 
which  can  be  used  as  an  alternative  or  a  complement 
to  model  testing  in  towing  tanks  or  water/wind  tun¬ 
nels  for  analysis  of  ship  designs.  The  technology  has 
not  matured  in  the  sense  that  it  can  be  generally  ap¬ 
plied  without  supporting  experiments,  but  the  increas¬ 
ing  number  of  applications  to  real-world  problems  in¬ 
dicates  that  useful  design  information  can  often  be  ex¬ 
tracted,  or  a  better  understanding  and  interpretation  of 
model  test  results  can  be  achieved. 

With  the  increased  firequency  of  applications  in  the 
design  environment,  however,  the  question  about  the 
credibility  of  the  CFD-results  is  more  often  posed 
(where  of  course  the  required  level  of  credibility  may 
depend  on  the  purpose  of  the  application).  Following 
the  developments  in  aeronautics  [1],  the  Resistance 
and  Flow  Committee  of  the  ITTC  has  made  a  strong 
effort  to  emphasize  the  importance  of  error  quantifica¬ 
tion  of  numerical  simulation  as  well  as  of  experimen¬ 
tal  work.  It  is  expected  that  tentative  guidelines  for 
nrC-members,  i.e.  the  ship-hydrodynamics  commu¬ 
nity  at  large,  will  be  issued  in  the  forthcoming  ITTC 
proceedings.  A  preliminary  version  of  these  recom¬ 
mendations  can  be  found  in  [2].  We  endorse  this  ap¬ 
proach  and  this  paper  is  meant  as  a  contribution  to  the 


exploration  of  the  field  of  error/uncertainty  analysis  of 
CFD  results  in  ship-hydrodynamic  applications. 

In  error  quantification  a  distinction  must  be  made 
between  numerical  or  discretisation  errors  (related  to 
discretisation  method,  grid  resolution  and  lay-out,  in¬ 
sufficient  convergence,  influence  of  round-off  error, 
etc.)  and  modelling  errors  (shortcomings  of  the  math¬ 
ematical  model,  notably  the  turbulence  modelling,  as 
a  representation  of  the  physics).  In  this  paper  we  at¬ 
tempt  to  get  an  impression  of  these  errors  -  with  the 
emphasis  on  the  discretisation  errors  -  by  application 
of  our  RANS  code  PARNASSOS  to  a  variety  of  flow 
fields.  A  brief  description  of  the  code  is  given  in  Sec¬ 
tion  2.  Subsequently,  we  present  and  discuss  results 
of  grid-refinement  studies  applied  to  four  cases.  Be¬ 
ginning  with  the  laminar  flow  at  the  trailing  edge  of 
a  flow-aligned  flat  plate,  we  proceed  with  an  axisym¬ 
metric  turbulent  flow  and  an  analysis  of  the  stem-flow 
field  of  the  Wigley  hull,  to  end  with  an  elaborate  study 
for  the  Dyne  (Mystery)  tanker. 

DESCRIPTION  OF  FLOW  CODE 

All  computational  results  presented  in  this  paper 
have  been  obtained  by  application  of  our  RANS  code 
for  ship  stem  flows,  called  PARNASSOS.  It  assumes 
free  surface  disturbances  to  be  negligible.  The  so¬ 
lution  algorithm  is  based  on  a  coupled  solution  of 
the  continuity  and  momentum  equations  in  a  space¬ 
marching  iteration  process.  Each  global  iteration  con¬ 
sists  of  a  downstream  predictor  sweep,  followed  by  an 


algebraic  update  of  the  pressure  field  in  an  upstream 
corrector  sweep.  The  procedure  avoids  reference  to  a 
Poisson  equation  for  the  pressure  or  introduction  of  ar¬ 
tificial  compressibility,  which  has  several  advantages 
for  robustness  and  efficiency.  As  far  as  the  turbulence 
models  used  are  based  on  transport  equations,  these 
equations  are  solved  segregated  from  the  continuity 
and  momentum  equations.  Two  versions  of  the  code 
are  used,  viz.  the  finite-difference  (FD)  version,  re¬ 
cently  described  in  [3],  solving  the  RANS  equations  in 
weak-conservation  form,  and  the  finite- volume  (FV) 
version,  details  of  which  are  given  in  [4],  solving  the 
same  equations  in  conservation  form.  In  both  cases 
the  flow  field  is  computed  down  to  the  wall  without 
reliance  on  wall  functions.  Discretisation  is  of  second 
or  higher  order,  so  that  both  methods  are  considered 
theoretically  second-order  accurate. 

ESTIMATION  OF  ORDER  OF  ACCURACY 


The  estimation  of  the  order  of  accuracy,  n,  for  a 
given  variable,  <j>,  requires  the  solution  of  the  flow 
field  on  at  least  three  geometrically  similar  grids  of 
different  density,  [5].  The  estimation  of  this  order  of 
accuracy  is  based  on  the  principle  that  the  error  of  each 
of  the  three  numerical  solutions  can  be  expressed  as 


^4>a  —  ~  ^exact  —  >  (^) 


where  ha  stands  for  the  (representative)  grid  cell  size 
of  the  grid  on  which  the  solution  (f)a  has  been  obtained. 
This  presupposes  that  the  solutions  are  in  the  asymp¬ 
totic  range,  Le,  additional  terms  of  higher  order  on  the 
right-hand  side  of  (1)  are  negligible  with  respect  to  the 
leading  order  term.  If  three  solutions  <;6i ,  02  >  03  of  any 
local  or  integral  scalar  quantity  ^  on  three  grids  with 
<  ^2  <  ^3  are  available,  it  is  possible  to  derive 
from  eq.  (1)  for  any  of  the  three  grid  pairs: 


or 

=  -1^  .  (3) 


From  eq.  (3)  two  alternatives  for  the  estimation  of 
order  of  accuracy  n  can  be  derived: 


(03  -  0l) 

(02  -  0i) 


or,  using  (2): 
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It  is  easy  to  see  that  equations  (4)  and  (5)  are  per¬ 
fectly  equivalent.  If  the  ratios  h^/hi  and  /13//12  are 
equal,  n  follows  directly;  else  n  must  be  determined 
iteratively.  Grid  convergence  is  achieved  if  n  >  0. 

CASE  1:  LAMINAR  WAKE  OF  A  FLAT  PLATE 

The  laminar  flow  past  a  flow-aligned  flat  plate  of 
finite  length  is  a  suitable  first  case  for  numerical  veri¬ 
fication.  The  geometry  is  simple  and  allows  the  use  of 
rectangular  Cartesian  grids;  boundary  layer  and  triple¬ 
deck  theories  provide  a  good  framework  for  compar¬ 
ison;  and  possibly  disturbing  influences  of  turbulence 
modelling  are  avoided.  At  the  same  time  it  represents 
the  most  fundamental  form  of  trailing  edge  flows. 

For  the  numerical  tests  we  have  chosen  a  Reynolds 
number  based  on  the  length  of  the  plate  of  i2e  =  10®. 
A  rectangular  coordinate  system  x^y  was  adopted 
with  the  origin  at  the  leading  edge  of  the  plate  and  the 
ar-axis  along  the  plate.  The  computation  domain  ex¬ 
tended  in  lengthwise  direction  from  x/L  =  0.5  to 
x/L  =  1.5,  while  the  domain  width  was  ymax  = 
0.125L,  which  is  approximately  8  times  the  boundary- 
layer  thickness  at  the  trailing  edge.  The  boundary  con¬ 
ditions  u  =  tioo  and  p  =  0  were  applied  on  the  exter¬ 
nal  boundary  y  =  ymax »  while  on  the  inlet  boundary 
a  close  approximation  of  the  Blasius  solution  [6]  was 
imposed. 

Five  rectangular  grids  were  generated  with  the 
grid  points  uniformly  distributed  in  a:-direction,  but 
stretched  towards  the  plate  and  the  wake  centreline 
in  the  normal  direction.  The  grids  had  respectively 
33x33,  45x45,  65x65,  89x89  and  129x129  nodes.  If 
the  typical  grid  size  of  the  finest  grid  is  h,  the  covered 
sequence  of  grid  sizes  is:  h,  1.45/i,  2h,  2.91/z,  4/i. 

The  convergence  histories  of  the  solutions  on  the 
various  grids,  obtained  with  the  FV  version  of  PAR- 
NASSOS,  are  compared  in  Fig.  1,  where  the  maxi¬ 
mum  change  of  Cp  between  successive  global  itera¬ 
tions  (Le,  the  Loo  norm  of  ACp)  has  been  chosen  as 
the  measure  of  convergence.  The  convergence  is  seen 
to  be  uniform  and  fast,  but  the  rate  of  convergence  de¬ 
creases  somewhat  with  the  increase  of  the  grid  density. 

In  Fig.  1  the  change  in  the  pressure  variable  is  em¬ 
ployed  to  measure  the  convergence.  This  is  not  un¬ 
reasonable,  since  the  residual  of  the  momentum  equa¬ 
tion  is  dominated  by  the  pressure  change  as  a  result 


3.6-2 


Figure  1:  Convergence  behaviour  on  five  grids  Figure  2:  Convergence  history  on  the  65  x  65  grid  - 

maximum  residuals 


of  the  chosen  iterative  solution  strategy.  But  conver¬ 
gence  is  properly  obtained  if  it  can  be  shown  that  be¬ 
sides  variable  changes  between  successive  iterations, 
also  the  residuals  of  the  equations  being  solved  tend 
to  zero.  Therefore,  as  an  example,  the  convergence  of 
the  global  iteration  process  on  the  65  x  65  grid  is  al¬ 
ternatively  presented  in  Fig.  2,  showing  the  maximum 
residuals  of  the  three  equations  per  iteration 

The  oscillatory  behaviour  in  the  ^/-momentum 
residual  is  due  to  invoking  an  approximate  multigrid 
cycle  in  every  second  global  iteration.  The  residual  of 
the  continuity  equation  does  not  appear  because  it  is  in 
this  case  at  machine  accuracy  level  (10“"^^)  from  the 
beginning,  and  thus  outside  the  range  of  the  figure.  By 
the  construction  of  our  iteration  scheme,  this  residual 
is  only  affected  by  the  convergence  tolerance  of  the 
local  or  inner  iteration  process.  In  the  global  iteration 
process  it  is  therefore  orders  of  magnitude  smaller 
than  the  residual  of  the  momentum  equation.  This  is 
a  characteristic  feature  of  PARNASSOS.  While  the 
velocity  and  pressure  fields  gradually  adjust  to  satisfy 
the  momentum  equation,  all  intermediate  velocity 
fields  satisfy  the  continuity  equation.  This  is  a  major 
distinction  from  the  Marker-and-Cell  or  the  Artificial 
Compressibility  method. 

From  the  (sufficiently  converged)  solutions  on  a  set 
of  three  similar  grids,  varying  in  density,  the  appar¬ 
ent  order  of  accuracy  of  a  numerical  method  for  a  par¬ 
ticular  test  case  can  be  established  as  described  above 


from  eq.  (4)  or  (5).  For  <j),  any  local  or  integral  quan¬ 
tity  can  be  chosen.  We  have  selected  four  quantities, 
viz.  Cd  » the  total  drag  of  the  plate,  determined  from 

2  ryrtiax 

Cd  =  -5-7  /  (P  + 

C/ar,  the  drag  of  the  aft  half  of  the  plate  (obtained 
by  skin  friction  integration),  Cpte,  the  pressure  at  the 
trailing  edge  and  Uch  the  centreline  velocity  at  the  out¬ 
let  plane  for  the  order  verification  of  our  method.  The 
computed  values  of  these  quantities  are  listed  in  Ta¬ 
ble  1,  while  the  order  of  accuracy  derived  from  vari¬ 
ous  grid  triplets  is  presented  in  Table  2. 

The  results  are  rather  diverse.  For  the  total  drag  Cd 
the  order  seems  to  be  better  than  2,  but  for  the  fric¬ 
tional  drag  of  the  aft  half  of  the  plate  it  falls  in  the  mean 
below  2.  The  conjecture  that  the  latter  result  might  be 
due  to  using  simple  mid-point  integration  in  the  evalu¬ 
ation  of  Cfx  did  not  come  true;  with  Simpson  integra¬ 
tion,  essentially  the  same  figures  for  the  order  of  con¬ 
vergence  were  obtained.  Turning  to  the  local  quanti¬ 
ties  Cpte  we  see  that  the  result  is  uniformly 

1.1  for  the  pressure  at  the  trailing  edge,  but  approxi¬ 
mately  2  for  the  centreline  velocity  at  the  outlet,  pro¬ 
vided  the  results  involving  the  coarsest  grid  (case  5) 
are  left  out.  The  low  convergence  order  for  the  pres¬ 
sure  at  the  trailing  edge  is  not  unusual,  considering  the 
fact  that  this  quantity  is  evaluated  at  the  location  where 
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# 

mSnm 

1 

129x129 

4.3147 

6.4203 

-1.2675 

5.4184 

2 

89x89 

4.3139 

6.4178 

-1;2483 

5.4195 

3 

65x65 

4.3121 

6.4141 

-1.2250 

5.4212 

4 

45x45 

4.3062 

6.4076 

-1.1845 

5.4259 

5 

33x33 

4.2972 

6.3942 

-1.1344 

5.4305 

Table  1:  Key  quantities  for  order  derivation 


cases 

n(C/j) 

niCf.) 

n(Cpte) 

n(wc;) 

1+3+5 

2.52 

1.68 

1.09 

1.75 

1+2+3 

2.84 

1.61 

1.04 

1.65 

2+3+4 

2.92 

1.15 

1.12 

2.48 

3+4+5 

1.70 

2.59 

1.09 

0.46 

1+2+4 

2.88 

1.43 

1.07 

2.00 

2+3+5 

2.46 

1.70 

1.11 

1.78 

1+3+4 

2.90 

1.29 

1.10 

2.26 

2+4+5 

1.97 

2.23 

1.10 

0.96 

Table  2:  Apparent  order  of  grid  convergence 


it  reveals  a  sharp  peak.  We  verified  that  with  a  first- 
order  two-point  discretisation  of  the  mainstream  pres¬ 
sure  gradient  the  order  drops  to  even  lower  values  (ap¬ 
proximately  0.65). 

The  drag  converges  to  Ci?  =0.0043153  for 0 
which  is  in  good  agreement  with  triple  deck  theory 
that  gives  (see  [7]) 


=  1.32824/?e-i/2  ^  +  0(Re-'^) 

=  0.004312+0(10-®). 

Taking  Cdh-^o  ^  ^  reference,  the  relative  error  in  the 
drag  obtained  oii  the  five  grids  is  0.014, 0.032, 0.074, 
0.211  and  0.419  per  cent,  respectively. 


CASE  2:  FLOW  AT  THE  TAIL  OF  A  MODIFIED 
SPHEROID 


For  a  further  verification  of  our  numerical  method 
we  move  on  to  the  turbulent  flow  around  the  aft  end  of 
an  axisymmetric  body.  As  the  body  we  have  chosen  a 
6: 1  prolate  spheroid,  modified  at  the  tail  to  avoid  flow 
separation.  The  modification  consists  of  replacing  the 
blunt  aft  end  by  a  pointed  tail,  thus  making  the  body 
about  3.57  per  cent  longer. 

More  precisely,  the  body  geometry  is  given  by: 

{y=\s/x  (0.96551, -s)  0  <  x  <  0.9333Z, 

y  =  0.4333(1 -x)  0.93331  <  x  <  I, 


The  flow  around  this  body  at  a  Reynolds  number  of 
Re  =  1.264  *  10®  was  simulated  in  a  domain  ex¬ 
tending  in  lengthwise  direction  from  ar/L  =  0.4828 
(the  location  of  maximum  thickness  of  the  body)  to 
xJL  =  1.4483.  The  external  boundary  was  put  at 
ymax  =  0.1448jL.  The  boundary  conditions  imposed 
there  were  derived  from  a  potential  flow  solution;  on 
the  inlet  boundary  suitable  velocity  profiles  were  pre¬ 
scribed. 


y/L 


0.1 


0.0. 


0 

0.5  0.6  0.7  0.8  0.9  1  1.1  1.2  1.3  1.4 

xjL 

Figure  3:  Coarsest  grid  (49  x  65)  for  modified  6:1 
spheroid 


In  the  chosen  domain  five  grids  were  generated: 
49  X  65, 61  X  81, 73  x  97, 85  x  113  and  97  x  129. 
The  coarsest  grid  is  shown  in  Fig.  3  (notice  that  the 
horizontal  and  vertical  axes  are  scaled  differently);  the 
other  grids  were  similar,  but  with  greater  density.  Ex¬ 
cept  for  the  number  of  grid  nodes,  the  parameters  for 
grid  generation  were  kept  the  same,  so  that  for  in¬ 
stance  the  amount  of  stretching  to  the  body  surface  and 
the  wake  centreline  is  the  same  for  all  grids,  implying 
that  the  thickness  of  the  cells  adjacent  to  the  surface 
decrease  with  an  increase  of  the  grid  density. 

Again  the  FV- version  of  the  program  was  applied, 
employing  an  algebraic  turbulence  model. 

The  apparent  order  of  accuracy  was  determined  for 
the  frictional  and  the  pressure  drag  of  the  aft  part  of 
the  body  (Le,  the  part  inside  the  computation  domain). 
Results  were  obtained  with  third  order  (QUICK)  dis¬ 
cretisation  of  the  streamwise  pressure  gradient,  but 
also  with  a  first-order  two-point  downstream  discreti¬ 
sation.  The  results  are  summarized  in  Table  3,  while 
the  derived  order  for  several  grid  combinations  is  pre¬ 
sented  in  Table  4.  We  like  to  point  out  that  the  five 
digits  given  for  Cjx  and  Cpx  are  free  of  iterative  con¬ 
vergence  errors. 

With  the  standard  method  (with  QUICK  discretisa¬ 
tion  for  the  mainstream  pressure  gradient)  the  order  of 
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# 

grid 

Quick  dj)jd^ 

2-pnts  dp/d^  1 

Cfx 

xlO^ 

Cpx 

xlO^ 

Cfx 

xlO^ 

Cpx 

xlO^ 

1 

97x129 

3.3536 

1.1755 

3.3501 

1.2748 

2 

85x113 

3.3527 

1.1756 

3.3486 

1.2893 

3 

73x97 

3.3514 

1.1759 

3.3465 

1.3082 

4 

61x81 

3.3489 

1.1768 

3.3429 

1.3354 

5 

49x65 

3.3443 

1.1796 

3.3372 

1.3773 

Table  3:  Modified  spheroid  -  Key  quantities  for  order 
derivation 


cases 

Quick  dpjdi 

2-pnts  dp/d^ 

n((7/x) 

‘^{Cpx) 

niCfx) 

n{Cpx) 

1+2+3 

1.55 

657 

1.34 

0.84 

2+3+4 

2.87 

5.46 

2.19 

1.16 

3+4+5 

2.00 

4.53 

1.27 

1.13 

1+3+5 

2.34 

5.18 

1.72  ■ 

1.10 

Table  4:  Modified  spheroid  -  Apparent  order  of  grid 
convergence 

accuracy  of  C/x  is  about  2,  of  Cpx  about  as  much  as  5. 
A  lower-order  discretisation  for  the  pressure  gradient 
results  evidently  in  a  lower  order  of  accuracy.  But  the 
solutions  for  both  discretisations  plausibly  converge 
to  the  same  result  for  ->■  0,  as  illustrated  in  Fig.  4. 
This  figure  shows  Cjx  and  Cpx  plotted  on  a  basis  of 
the  characteristic  cell  size  hy  taking  /i  =  1  for  the 
finest  grid;  moreover,  for  each  data  set  a  close  fit  is 
given  by  a  simple  power  law  formula,  which  reflects 
the  mean  of  the  accuracy  orders  of  Table  4.  The  same 
figure  also  might  give  a  clue  to  why  the  order  of  accu¬ 
racy  of  Q>x  is  unexpectedly  high:  the  pressure  drag 
value  happens  to  be  almost  independent  of  the  grid 
resolution.  The  evaluation  of  the  order  of  accuracy  be¬ 
comes  very  sensitive  to  minor  deviations  in  the  data; 
at  the  same  time,  its  significance  for  the  uncertainty  in 
the  result  becomes  small. 

Taking  the  extrapolated  values  for  C/x  and  Cpx  as  a 
reference,  the  numerical  errors  of  the  various  solutions 
can  be  directly  inferred  from  Fig.  4. 

CASE  3:  STERN  FLOW  OF  THE  WIGLEY 
HULL 

For  numerical  verification  in  3D  applications,  we 
begin  with  analysing  the  flow  at  the  stem  of  the 
Wigley  hull,  a  ship-like  form  defined  by  the  simple 
offset  function: 


Figure  4:  Cfx  and  Cpx  for  various  grid  densities 

with  X  and  z  in  the  range 

0<x<L  -H<z<Q, 

while 

B  =  O.IL  H  =  0.0625X. 

The  flow  around  this  slender  and  sharp-keeled  body 
was  simulated  at  a  Reynolds  number  of  Re  =  7.4  * 
10®.  The  computation  domain,  extending  in  length¬ 
wise  direction  from  xJL  ■=  0.52  to  x/L  =  1.48,  was 
bounded  externally  by  the  relevant  part  of  the  elliptic 
cylinder 

(y/0.07)^  +  (z/0.09)^  =  x  arbitrary. 

TheFV  version  of  PARNASSOS  was  applied.  The 
boundary  conditions  imposed  on  the  external  bound- 
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Figure  5:  Grid  planes  i=l,  j=l,  k=l  for  Wigley  hull 


ary  were  derived  from  a  potential  flow  solution,  while 
on  the  inlet  boundary  suitable  velocity  profiles  were 
prescribed. 

Computations  were  made  on  four  H-O  type  grids, 
generated  by  stacking  2D  grids  obtained  with  the 
SchwarZ’Christoffel  technique  described  in  [8],  with 
49  X  49  X  25,  65  x  65  x  33, 81  x  81  x  41,  97  x  97  x  49 
nodes,  respectively.  The  grid  distribution  on  the  do¬ 
main  boundaries  is  displayed  for  the  coarsest  of  these 
grids  in  Fig.  5.  The  other  grids  are  geometrically  simi¬ 
lar.  The  grid  line  along  the  keel  and  extending  straight 
into  the  wake  is  a  singular  line;  y/g^  the  Jacobian  of  the 
transformation,  vanishes  there. 

It  may  be  worthwhile  to  mention  that  the  grids  were 
somewhat  coarse  near  the  body  surface.  The  maxi¬ 


mum  value  associated  with  the  thickness  of  the 
grid  cells  adjacent  to  the  body  was  about  3  for  the 
finest  grid,  so  about  6  for  the  coarsest  grid. 


# 

grid 

size 

Algeb. 

Menter 

Spalart 

1 

97x97x49 

1.0 

9.633 

9.334 

9.492 

2 

81x81x41 

1.2 

9.622 

9.268 

9.511 

3 

65x65x33 

1.5 

9.607 

9.142 

9.542 

4 

49x49x25 

2.0 

9.590 

8.882 

9.643 

Table  5:  Wigley  hull  -  Cfx  *  10^  data  for  three  turbu¬ 
lence  models  with  FV  version 


# 

grid 

size 

Algeb. 

Menter 

Spalart 

1 

■97x97x49 

1.0 

2.850 

2.573 

2.578 

2 

81x81x41 

1.2 

2.890 

2.610 

2.616 

3 

65x65x33 

1.5 

2.960 

2.672 

2.679 

4 

49x49x25 

2.0 

3.092 

2.792 

2.799 

Table  6:  Wgley  hull  -  Cpx  *  10^  data  for  three  turbu¬ 
lence  models  with  FV  version 


Algebraic 

Menter 

Spalart 

cases 

c-/. 

Cpx 

Cfx 

Cpr 

Cf. 

Cpr 

1+2-H3 

0.53 

1.75 

2.17 

1.54 

1.41 

1.49 

1+2+4 

0.11 

1.63 

2.01 

1.56 

2.46 

1.50 

1+3+4 

-0.23 

1.54 

1.90 

1.57 

3.11 

1.51 

2+3+4 

-0.50 

1.48 

1.83 

1.58 

3,57 

1.52 

Table  7:  Wigley  hull  -  Apparent  order  of  grid  conver¬ 
gence 

The  convergence  history,  measured  again  by  the 
Leo  nom  of  the  pressure  change  between  successive 
iterations,  is  shown  in  Fig.  6.  Obviously,  the  Loo 
norm  is  more  demanding  than  the  often  used  L2  norm, 
which  would  be  a  lot  smaller.  As  revealed  by  the  two 
jumps  in  the  convergence  curves  in  the  figure,  we  have 
applied  grid  sequencing  (step  size  halving  in  main¬ 
stream  direction)  in  three  stages. 


Algeb.-2 

Menter 

# 

size 

Cfx 

xlO® 

Cpx 

xlO* 

Cfr 

xlO® 

Cpx 

xlO® 

1 

1.0 

9.161 

2.443 

9.843 

2.443 

2 

1.2 

9.255 

2.451 

9.763 

2.452 

3 

1.5 

9.362 

2.467 

9.567 

2.469 

4 

2.0 

9.515 

2.502 

9.243 

2.507 

Table  8:  Wigley  hull  -  Results  of  FD- version 
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The  apparent  order  of  accuracy  was  determined  for 
the  frictional  and  the  pressure  drag  of  the  aft  part  of 
the  body  {Le.  the  part  inside  the  computation  do¬ 
main).  Results  are  presented  for  a  Cebeci/Smith-type 
algebraic  turbulence  model  and  for  two  one-equation 
turbulence  models,  viz.  those  proposed  by  Spalart- 
Allmaras  [9]  and  by  Menter  [10]  in  Tables  5  and  6. 
The  derived  orders  for  several  grid  combinations  are 
presented  in  Table  7.  Although  the  results  for  all  mod¬ 
els  are  monotonous,  the  convergence  order  is  quite 
different  for  the  fidctional  resistance.  We  suspected 
that  the  low  order  found  for  the  algebraic  model  might 
be  due  to  the  conditional  statements  used  in  the  deter¬ 
mination  of  the  outer  length  scale,  but  the  maximum 
eddy  viscosity  appeared  to  differ  for  the  various  grids 
only  near  the  stem  and  in  the  near  wake,  where  the 
differences  were  systematic.  More  likely,  therefore, 
the  cause  is  to  be  found  in  the  rather  high  value  of 
{yt  )mar  in  these  calculations. 

All  results  above  were  computed  with  the  FV  ver¬ 
sion.  On  the  same  four  grids,  we  repeated  the  calcu¬ 
lations  with  the  FD-version.  Ideally,  this  would  give 
us  an  impression  of  the  influence  of  different  discreti¬ 
sation  techniques  (which  should  vanish  for  grid  cell 
sizes  tending  to  zero),  but  unfortunately  there  are  sev¬ 
eral  implementation  differences  between  the  FV  and 
FD  version.  For  example,  the  FD  version  does  not  use 
the  flux  limiters  included  in  the  FV  version,  while  also 
the  turbulence  models  are  not  in  all  details  the  same. 
Nevertheless  the  results  are  given  in  Table  8.  Taking 
all  results  of  FV  and  FD  version  together,  we  see  a 
variation  in  the  total  drag  of  the  aftbody  (Cfx  -h  Cpx) 
with  a  bandwidth  of  about  ±2.5  per  cent  on  the  finest 
grid.  This  is  greater  than  the  numerical  errors  derived 
per  data  set  with  eq.  (3). 

CASE  4;  DYNE  (MYSTERY)  TANKER 

An  elaborate  study  has  been  carried  out  for  the 
Dyne  or  Mystery  tanker,  a  variant  of  the  HSVA  tanker 
with  U-shaped  afterbody  sections.  The  hull  has  been 
a  test  case  in  both  the  Gothenburg  [11]  and  the  Tokyo 
[12]  workshop.  Solutions  of  the  flow  field  at  Re  = 
5  X  10®  were  obtained  with  the  FD  version  of  our 
code,  using  the  algebraic,  Cebeci/Smith-type  turbu¬ 
lence  model,  on  no  less  than  24  grids,  the  number  of 
grid  nodes  varying  from  about  7  x  10^  to  2.15  x  10®. 
The  computation  domain  covered  only  the  flow  field 
near  the  stem,  the  inlet  station  being  located  slXx/L  = 
0.5  and  the  outlet  atx/L  =  1.25  (ar  =  0  at  the  for¬ 
ward  perpendicular).  The  remaining  boundaries  of  the 
computational  domain  are  the  ship  surface,  the  exter¬ 
nal  boundary,  the  ship  symmetry  plane  and  the  free 
surface  (which  is  treated  as  a  symmetry  plane).  The 
ship  surface  was  represented  by  a  2-D  cubic  spline  and 


the  external  boundary  was  an  elliptic  cylinder,  given 
by: 


y  \2  /«-0.056Z-y 

0.149^  V  0.140  ) 


where  ?/  =  0  in  the  vertical  symmetry  plane  and  z  =  0 
on  the  keel  plane.  Fig.  7  shows  the  general  lay-out  of 
the  grid. 


Figure  7:  Impression  of  grid  lay-out  for  Mystery 
tanker 

The  volume  grids  were  created  with  a  proprietary 
elliptic  PDE  grid  generator,  based  on  the  GRAPE 
approach  [13].  The  plane  and  surface  grids  on  the 
boundaries  of  the  computational  domain  were  gener¬ 
ated  with  elliptic  PDE  orthogonal  grid  generators  or 
the  2D  version  of  the  GRAPE  method.  The  grid  node 
distribution  is  uniform  on  only  one  of  the  eight  edges 
of  the  computational  domain,  viz.  the  keel  line.  At  the 
waterline  and  at  the  lengthwise  edges  of  the  external 
boundary,  the  grid  node  distribution  is  obtained  from 
the  boundary  condition  of  the  2-D  and  surface  grid 
generators  to  ensure  grid  orthogonality  at  the  bound¬ 
aries.  Along  the  four  edges  in  the  direction  normal  to 
the  ship  surface,  one-dimensional  stretching  functions 
were  applied  to  adjust  the  maximum  value  of  for 
the  layer  of  grid  cells  adjacent  to  the  hull,  (yj )  mar* 

It  is  important  to  note  that  the  strategy  for  generat¬ 
ing  the  grids  of  this  study  was  slightly  Afferent  from 
the  foregoing  applications.  First,  8  grids  were  gener¬ 
ated  with  the  procedure  described  above.  In  this  set 
of  grids,  the  parameter  that  governs  the  stretching  to¬ 
wards  the  hull  surface  increases  with  the  coarsening 
of  the  grid.  In  fact  the  parameter  for  the  finest  grid 
was  multiplied  with  r,*  =  hi/hjine^  where  hi  is  the 
representative  grid  cell  size  of  the  coarser  grids.  Next 
grid  doubling  was  applied  twice  to  each  of  these  8 
grids.  Thus  we  have  three  grid  groups;  each  mem¬ 
ber  of  a  group  has  a  geometrically  similar  counter¬ 
part  in  the  other  two  groups,  but  within  a  group  the 
grids  are  not  exactly  similar.  This  procedure  causes 
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that  Richardson  extrapolation  may  formally  be  appli¬ 
cable  only  across  groups.  All  grids  were  made  to  have 
{vt  )mar  l^ss  than  1;  the  actual  values  are  given  in  Ta¬ 
ble  9. 

All  solutions  were  converged  until  changes  in  Cp 
and  in  the  velocity  were  less  than  2  x  10“®;  itera¬ 
tive  convergence  errors  are  therefore  negligible  with 
respect  to  the  grid  convergence  errors. 

Selected  results  are  presented  in  Table  9.  They 
comprise  two  global  quantities,  viz.  the  frictional 
and  the  pressure  drag  of  the  afterbody,  as  well  as  ex¬ 
trema  of  the  main  variables.  Some  data  are  also  dis¬ 
played  graphically  in  Figs.  8,  9  and  10.  A  reasonable 
quadratic  data-fit  has  been  added,  so  that  an  impres¬ 
sion  is  obtained  how  well  the  theoretical  second  order 
grid-convergence  is  realised  in  practice. 

In  Table  10  we  present,  for  a  limited  set  of  three- 
grid  combinations,  the  order  of  grid  convergence  for 
seven  quantities. 

We  make  the  following  observations: 

•  Immediately  apparent  in  Figs.  8,  9  and  10  is  an 
appreciable  scatter  in  the  data,  which  causes  that 
orders  derived  from  various  grid  combinations 
are  scattered  as  well.  In  3D  turbulent  flows  there 
are  of  course  several  factors  that  may  obscure 
or  violate  the  convergence  behaviour  expected 
on  theoretical  grounds  (see  also  [5]).  A  condi¬ 
tional  statement,  as  used  in  turbulence  models 
or  in  flux  limiter  implementations,  is  one  such 
factor.  Also,  grid  resolution  may  still  be  insuf¬ 
ficient  to  reach  the  asymptotic  range.  An  aspect 
undoubtedly  relevant  for  the  results  of  the  Mys¬ 
tery  tanker  presented  here  is  that  the  grid  does 
not  nicely  conform  to  the  stem  contour,  which 
is  a  knuckle  line  in  the  domain  boundary  sur¬ 
face.  For  the  grids  of  all  previous  cases  up  to 
and  including  the  Wigley  hull,  we  were  care¬ 
ful  to  let  all  grids  have  a  node  at  the  tail  of  the 
body  or  a  grid-line  along  the  stem  contour.  For 
the  single-block  H-0  grid  of  the  Mystery  tanker 
this  is  not  feasible.  It  is  likely  that  the  scatter 
with  respect  to  quadratic  convergence,  observed 
in  Fig.  8  for  both  Cpx  and  Cpmaxy  is  at  least 
partly  caused  by  this  anomaly.  Clearly  the  mini¬ 
mum  value  of  the  pressure,  Cpminy  occurring  in 
the  bilge  region,  thus  in  a  smoother  part  of  the 
grid,  is  less  affected.  This  quantity  might  be  said 
to  exhibit  quadratic  convergence  -  even  over  the 
whole  range  of  hi /hi  -  but  still  with  consider¬ 
able  scatter.  For  Cpx  the  bandwidth  of  the  scat¬ 
ter  narrows  with  hi /hi  approaching  1.  For  all 
grids  with  hi/hi  <  3.2,  except  grid  10,  we  find 
0.533  <  Cpx  X  10^  <  0.552. 
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Figure  8:  Results  for  Mystery  tanker 
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# 

grid 

mam 

■B 

mm 

IQI^I 

1 

257x129x65 

h 

0.191 

1.48986 

5.43524 

-4.7509 

0.29078 

-0.11424 

2.9299 

2 

241x121x61 

L0667h 

0.184 

1.48952 

5.41176 

-4.6984 

0.29086 

-0.11410 

2.9166 

3 

225x113x57 

1.1429h 

0.159 

1.48864 

5.36324 

-4.3891 

0.29065 

-0.11446 

2.9095 

4 

209x105x53 

L2308h 

0.148 

1.48803 

5.35423 

-4.3388 

0.28968 

-0.11393 

2.8840 

5 

193x97x49 

1.3333h 

0.138 

1.48722 

5.38449 

-4.5550 

0.29005 

-0.11414 

2.8575 

6 

177x89x45 

1.4545h 

0.127 

1.48621 

5.36630 

-3.7880 

0.28942 

-0.11384 

2.8480 

7 

161x81x41 

i.eoooh 

0.114 

1.48467 

5.33770 

-3.3333 

0.28910 

-0.11338 

2.8505 

8 

145x73x37 

1.7778h 

0.102 

1.48309 

5.34693 

-3.2637 

0.28762 

-0.11335 

2.7815 

9 

129x65x33 

2h 

0.344 

1.48630 

5.45183 

-3.1181 

0.28811 

-0.11332 

2.7996 

10 

121x61x31 

2.1333h 

0.311 

1.48487 

5.06692 

-2.5469 

0.28602 

-0.11285 

2.8099 

11 

113x57x29 

2.2857h 

0.315 

1.48419 

5.41143 

-2.6245 

0.28641 

-0.11354 

2.7351 

12 

105x53x27 

2.4615h 

0.283 

1.48261 

5.33877 

-2.0603 

0.28563 

-0.11294 

2.6861 

13 

97x49x25 

2.6667h 

0.267 

1.48141 

5.41408 

-1.3547 

0.28229 

-0.11321 

2.5929 

14 

89x45x23 

2.9091h 

0.232 

1.48053 

5.51944 

-0.7377 

0.28271 

-0.11160 

2.5715 

15 

81x41x21 

3.2000h 

0.217 

1.47767 

5.51145 

-0.5905 

0.27926 

-0.11068 

2.4768 

16 

73x37x19 

3.5555h 

0.209 

1.47601 

5.85325 

-0.5163 

0.27844 

-0.11054 

2.4947 

17 

65x33x17 

4h 

0.683 

1.48073 

5.74357 

-0.6250 

0.27321 

-0.11006 

2.5117 

18 

61x31x16 

4.2667h 

0.727 

1.47842 

5.74851 

-0.4443 

0.27103 

-0.11016 

2.5869 

19 

57x29x15 

4.5714h 

0.626 

1.47377 

5.66504 

-0.5606 

0.27192 

-0.10862 

2.5502 

20 

53x27x14 

4.923  Ih 

0.549 

1.47329 

5.37421 

-0.0128 

0.27224 

-0.10596 

2.6144 

21 

49x25x13 

5.3333h 

0.480 

1.46932 

4.87081 

-0.0897 

0.27082 

-0.10836 

2.5934 

22 

45x23x12 

5.8182h 

0.491 

1.46178 

4.69209 

0 

0.26823 

-0.10332 

2.6716 

23 

41x21x11 

6.4000h 

0.367 

1.46331 

3.13399 

0 

0.26054 

-0.10213 

2.7199 

24 

37x19x10 

7.1111h 

0.422 

1.46052 

4.75042 

0 

0.25605 

-0.09999 

2.6444 

Table  9:  Mystery  tanker  -  results  on  various  grids  for  Cebeci-Smith  model 


grids 

h2/hi 

hz/h^ 

order 

1+9+17 

2.000 

0.61 

1.82 

msm\ 

2+10+18 

2.000 

2.000 

0.47 

- 

-0.03 

1.63 

1.11 

- 

1.06 

3+11+19 

2.000 

2.000 

1.23 

2.39 

0.23 

1.77 

2.41 

2.44 

0.09 

4+12+20 

2.000 

2.000 

0.78 

- 

-0.15 

1.66 

2.81 

0.95 

-1.46 

1+5+8 

1.333 

1.333 

1.55 

-1.05 

6.55 

4.16 

7.18 

2.65 

0.17 

1+6+11 

1.455 

1.571 

-1.91 

- 

0.00 

1.44 

-1.15 

0.03 

0.32 

1+6+12 

1.455 

1.692 

-0.79 

-2.89 

0.54 

1.48 

1.02 

1.25 

0.75 

1+7+13 

1.600 

1.667 

-1.12 

- 

0.51 

2.66 

-3.56 

0.84 

2.21 

1+9+14 

2.000 

1.455 

2.17 

4.21 

1.96 

2.65 

2.49 

2.32 

2.34 

3+6+8 

1.273 

1.222 

1.99 

- 

0.21 

2.55 

-0.26 

- 

1.19 

3+7+13 

1.400 

1.667 

-1.48 

- 

0.49 

2.44 

-5.83 

2.22 

2.41 

Table  10:  Mystery  tanker  -  grid  convergence  order  (Cebeci-Smith  model) 
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•  The  results  for  the  maximum  transverse  velocity 
vwmax  show  the  trend  that  one  would  like  to  see: 
marginal  scatter  with  respect  to  quadratic  conver¬ 
gence  behaviour  for  hi /hi  <4.  This  is  reflected 
in  Table  1 0,  which  shows  the  least  variation  in  the 
order  derived  from  various  grid  combinations  for 
VWmax- 


•  The  minimum  axial  velocity  Umin»  indicative  of 
the  velocity  in  the  reversed-flow  zone,  is  a  grid- 
sensitive  quantity.  On  the  coarse  grids,  reversed 
flow  does  not  occur.  With  grid  refinement  the 
minimum  velocity  decreases  and  the  results  seem 
to  indicate  that  for  — >  0  a  further  reduction  is 
to  be  expected. 

•  The  maximum  axial  velocity  Umax  is  almost 
grid-independent  up  to  hi /hi  =  4.  Even  on  the 
coarsest  grids  the  deviation  from  the  finest  grid 
solution  is  within  1  per  cent. 

•  The  maximum  eddy  viscosity  {vt)max  seems  to 
reach  the  asymptotic  range  only  for  hijhi  <  3. 
But  since  the  maximum  eddy  viscosity  is  likely 
to  occur  at  or  near  the  separation  region  a  direct 
bearing  on  the  results  for  Umin  is  plausible. 

•  The  results  for  the  frictional  drag  Cfx  fall  clearly 
apart  into  three  groups.  This  is  of  course  due  to 
our  choice  to  generate  all  grids  with  good  reso¬ 
lution  near  the  hull  surface  (see  the  column  for 
{yt)max  in  Table  9).  There  are  two  trends:  an 
increase  of  Cjx  with  grid  refinement,  a  decrease 
of  C fx  with  reduction  of  (y  J •  At  the  begin¬ 
ning  of  this  section  we  suspected  that  Richardson 
extrapolation  might  not  be  applicable  within  each 
of  the  three  grid  groups.  For  Cfx  this  is  clearly 
true.  Encouraging  is  that  the  faction  drag  on  the 
coarsest  and  the  finest  grid  differ  by  only  2  per 
cent. 

•  The  variation  of  the  minimum  velocity  at  the  out¬ 
let  plane,  {uout)min  is  quite  irregular  and  it  is 
hard  to  say  what  the  result  for  /i  — >  0  would  be. 
Even  so,  the  range  of  the  data  as  a  fraction  of  the 
reference  speed  is  less  than  for  vwmax- 

As  has  been  observed  by  several  others  (e.g.  in 
[14]),  order  derivation  from  local  quantities  usually 
gives  highly  scattered  results,  even  for  2D  flows. 
Therefore  we  have  chosen  to  compare  mean  values  of 
several  quantities  along  some  of  the  edges  of  the  com¬ 
putation  domain  (e.g.  keel  and  waterline)  and  along 
straight  lines  in  the  interior  of  the  domain.  Along  the 
chosen  line,  10, 50  or  100  equally-spaced  nodes  were 
determined  where  the  variable  values  were  derived 
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Figure  11 :  Mystery  tanker  -  Pressure  along  the  water¬ 
line  (top)  and  its  average  value  as  a  function  of  grid 
cell  size  (bottom) 


by  interpolation  along  grid  lines,  using  two  different 
techniques: 

a)  Linear  interpolation.  For^,-  <  to  <  ti+i 

<j>0  =  <i>i  +  -  <t>i)  (6) 

Ci+1  St 

b)  Cubic  interpolation.  For^i-i  <  <  ti 

<t>0  =  “b  +  ^4^1+1  (7) 

^i(A)  =  M^-1)(2-A)A 
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u>^)  =  i(l-A2)(2-A) 
V-3(A)  =  i(A+l)(2-A)A 

U>)  =  |(A"-1)A  . 


Subsequently,  the  line-mean  variable  value  has  been 
determined  according  to 


in 


<Pk  = 


(}>kdx 


^end  ^6( 


^egin 


where  the  index  h  is  the  grid  identification  number 
The  integral  is  evaluated  with  the  trapezoidal  rule. 

We  have  evaluated  a  lot  of  these  line  averages,  but 
the  Unfits  on  the  length  of  this  paper  do  not  allow  us  to 
present  them  all.  As  an  example,  we  show  the  pressure 
along  the  waterline  for  five  grids  and  the  line-average 
for  all  grids  in  Fig.  11.  We  have  chosen  this  example 
in  particular  to  show  that  one  nfight  -  by  visual  inspec¬ 
tion  of  a  plot,  displaying  the  spatial  variation  of  a  vari¬ 
able  -  easily  conclude  the  solutions  to  be  grid  indepen¬ 
dent.  The  pressure  distributions  along  the  waterline 
are  very  little  affected  by  the  grid  resolution;  even  the 
coarse  65  x  33  x  17  grid  gives  an  acceptable  result. 
However,  the  plot  of  the  line-average  values  indicates 
that  there  are  small  but  systematic  differences. 

In  general,  these  line-averages  reveal  a  similar  be¬ 
haviour  as  found  for  minimum  and  maximum  values 
of  variables:  systematic  trends,  but  with  scatter  so  that 
the  evaluation  of  the  order  of  grid-convergence  based 
on  one  grid  triplet  gives  strongly  varying  results,  de¬ 
pending  on  the  particular  grid  triplet  that  is  chosen. 

Having  established  the  grid-convergence  behaviour 
of  our  RANS  code  with  the  algebraic  turbulence 
model,  an  intriguing  question  is  how  the  results  would 
be  affected  by  a  change  of  turbulence  model.  More¬ 
over,  considering  the  effect  of  different  grid  stretching 
towards  the  hull  surface  on  C/r  (Fig-  10),  one  won¬ 
ders  what  the  influence  would  be  of  a  better  geomet¬ 
ric  similarity  of  the  grids.  Therefore,  we  decided  to 
extend  the  study  in  two  directions.  First,  we  repeated 
the  calculations  on  the  grids  as  used  for  the  algebraic 
turbulence  model  with  Menter’s  one-equation  model 
[10].  Secondly,  we  generated  a  new  set  of  24  grids, 
now  with  equal  stretching  parameters;  this  new  grid 
set  will  be  indicated  as  grid  set  B,  while  we  refer  to 
the  original  grid  set  as  set  A. 

Results  are  summarized  in  Tables  11  and  13.  The 
latter  table  shows  that  (yj)max  is  now  increasing 
from  fine  to  coarse  grids.  All  three  data  sets  are  com¬ 
pared  graphically  in  Figs.  12, 13  and  14. 

The  differences  between  the  results  for  the  Menter 
model  on  the  two  grid  sets  A  and  B  are  very  modest; 


Figure  12:  Results  for  Mystery  tanker.  □  :  Menter,  set 
A;  -1- :  Menter,  set  B;  O  :  Algebraic,  set  A 
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Figure  13:  Results  for  Mystery  tanker.  O  :  Menter,set 
A;  +  :  Menter,  setB;  O  :  Algebraic,  set  A 


they  are  found  for  the  fine  grids  (hi /hi  <  4)  primarily 
in  Cfxi  ^px  Und  'Umax* 

The  differences  between  the  results  of  the  one- 
equation  and  the  algebraic  model  (related  to  modelling 
errors)  are  greater  than  a  reasonable  estimate  of  the  nu¬ 
merical  error  for  each  model.  Notice  that  the  maxi¬ 
mum  eddy  viscosity  for  the  algebraic  model  is  roughly 
twice  the  value  for  the  one-equation  model. 

With  the  Menter  model  the  pressure  drag  of  the  af¬ 
terbody  is  higher  than  with  the  algebraic  model.  But 
in  both  cases  the  data  are  found  around  an  S-shaped 
line  with  a  peak  near  hi /hi  3.5.  This  S-shape  is 
apparently  a  grid-related  feature. 

Also  Cpmin  and  Cpmax  tend  to  a  different  level  for 
h-^OfoT  the  two  turbulence  models. 

From  the  results  for  the  minimum  longitudinal  ve¬ 
locity  Umin  it  can  be  concluded  that  the  flow  separa¬ 
tion  is  more  pronounced  with  the  Menter  model.  The 
parabolic  fit  to  the  Menter  model  data  is  a  poor  one; 
a  linear  fit  might  be  more  appropriate.  This  would 
imply  that  Umin  could  reach  a  value  of  about  -0.22 
for  0.  This  may  be  an  an  indication  of  high 

sensitivity  of  the  turbulence  model,  but  we  might  also 
be  reaching  here  the  limits  of  the  applicability  of  our 
code,  that  assumes  in  the  discretisation  of  reversed 
flow  that  the  separation  zone  is  of  modest  extent.  This 
is  to  be  investigated  further. 

Also  from  the  results  for  the  Menter  one-equation 
turbulence  model  we  have  determined  line  averages. 
As  an  illustration  we  shall  give  results  for  a  straight 
line  in  the  interior  of  the  calculation  domain,  viz.  the 
horizontal  line  defined  by  x  =  0.989L,  z  =  0.0 16L 
and  0  <  y  <  0.031.  This  is  the  line  crossing  the  core 
of  the  bilge  vortex,  as  follows  from  Figs.  15  and  16, 
which  show  plots  of  the  relevant  variables  in  the  plane 
X  =  0.989X  obtained  on  the  finest  grid.  Fig.  17  shows 
the  variation  of  the  three  Cartesian  velocity  compo¬ 
nents  along  the  line,  while  Fig.  19  gives  similar  results 
for  the  pressure  and  the  eddy  viscosity.  Figs.  18  and 
20  show  the  corresponding  line-averages  on  the  basis 
of  hi /hi.  The  interpolations  according  to  eqns.  (6) 
and  (7),  required  to  derive  the  line  averages,  were  car¬ 
ried  out  so  as  to  get  first  data  for  x  =  0.989X,  then 
z  =  0.016X  and  finally  y  =  const.. 

DISCUSSION 

The  21st  and  22nd  ITTC  Resistance  Committee’s 
have  been  working  on  the  establishment  of  a  recom¬ 
mended  practice  for  error  and  uncertainty  analysis.  As 
the  outcome  on  the  forthcoming  Conference  may  be 
expected  to  have  a  strong  bearing  on  what  is  proposed 
in  [2],  we  can  now  consider  the  suitability  and  ad¬ 
equateness  of  the  suggestions  and  recommendations 
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Figure  14:  Results  for  Mystery  tanker.  □  :  Menter,  set 
A;  +  :  Menter,  set  B;  O  :  Algebraic,  set  A 


made  therein. 

The  basic  assumption  of  the  proposed  procedure  is 
that  reasonable  quantitative  estimates  of  error  and  un¬ 
certainty  can  be  obtained  with  the  data  obtained  on 
three  geometrically  similar  grids.  The  results  in  the 
present  paper  suggest  that  there  are  many  obstacles 
for  these  estimates  to  be  conclusive  and  reliable.  In 
the  very  simple  case  of  a  2D  laminar  flow,  computa¬ 
tions  on  three  or  four  grids  may  suffice  for  a  good  es¬ 
timate.  But  for  a  3D  turbulent  flow  as  at  the  stem  of 
a  ship  there  are  apparently  so  many  disturbing  factors 
that  solutions  on  more  than  three  grids  are  required  to 
give  some  confidence  in  the  observed  order  of  accu¬ 
racy  and  to  make  a  reliable  error  estimate.  This  is  dis¬ 
appointing,  because  it  means  that  error  quantification 
becomes  a  heavy  task. 

We  cannot  exclude  that  particularities  of  our  code 
PARNASSOS  are  responsible  for  (some  of)  the  scat¬ 
ter,  but  unless  others  can  show  a  markedly  better  be¬ 
haviour  with  another  code,  we  tend  to  consider  our  re¬ 
sults  as  representative. 

In  [2]  it  is  assumed  that  solutions  are  obtained  on 
three  grids  with  representative  grid  cell  size  ratio’s 
=  “n/S-  The  grid  convergence  cri¬ 
terion  can  then  be  formulated  as 

<j)Z-<j>2 

As  a  guideline  for  the  approximate  magnitude  of  the 
grid  refinement  ratio,  the  value  of  v^is  an  acceptable 
minimum.  But  the  strict  value  \/2  is  practically  incon¬ 
venient  because  the  refinement  ratio  is  hard  to  keep 
equal  for  all  three  coordinate  directions.  Indeed,  in  the 
example  given  in  section  4  of  [2],  the  refinement  ra¬ 
tio’s  vary  between  1.36  and  1.43  in  different  directions 
and  thus  the  grids  cannot  be  called  geometrically  sim¬ 
ilar,  which  is  an  unnecessary  source  of  uncertainty  in 
using  Richardson  extrapolation.  We  think  that  in  fu¬ 
ture  recommendations  of  the  mC,  formulas  for  con¬ 
vergence  criteria  and  order  estimates  are  to  be  gener¬ 
alised,  as  in  [5], 

Also  the  results  presented  here  suggest  that  a  step 
size  ratio  of  at  least  2  between  the  finest  and  the  coars¬ 
est  of  a  grid  triplet  is  needed  to  establish  the  conver¬ 
gence  trend  with  some  confidence.  But  the  danger  of 
using  too  coarse  grids  in  the  determination  of  the  order 
of  accuracy  is  also  evident.  For  the  Mystery  tanker, 
the  solutions  on  the  grids  beyond  hi /hi  =  4  seem 
to  be  outside  of  the  asymptotic  range.  However,  how 
would  one  know  to  be  outside  that  range  in  a  simple 
three-grid  study? 

With  lots  of  mystifications,  a  correction  factor  Ck 
for  error  estimation  is  introduced  in  section  3.2.3  of 
[2].  What  this  factor  actually  implies  is  that  errors  are 
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# 

grid 

cell 

size 

C/, 

xlO^ 

Cpr 

xio® 

■B 

(Sprain 

[^t)max 

xlO* 

1 

257x129x65 

h 

0.319 

1.65093 

6.64235 

-1.6277 

0.32340 

-0.11211 

1.3980 

2 

241x121x61 

1.0667h 

0.299 

1.65010 

6.59048 

-1.5730 

0.32249 

-0.11187 

1.3939 

3 

225x113x57 

1.1429h 

0.271 

1.65025 

6.53528 

-1.5348 

0.32135 

-0.11194 

1.3845 

4 

209x105x53 

L2308h 

0.254 

1.64838 

6.54357 

-1.4687 

0.31974 

-0.11153 

1.3726 

5 

193x97x49 

1.3333h 

0.233 

1.64605 

6.53328 

-1.4179 

0.31821 

-0.11154 

1.3635 

6 

177x89x45 

1.4545h 

0.215 

1.64590 

6.50084 

-1.3756 

0.31704 

-0.11124 

1.3610 

7 

161x81x41 

1.6000h 

0.188 

1.64527 

6.47399 

-1.3219 

0.31524 

-0.11042 

1.3540 

8 

145x73x37 

1.7778h 

0.167 

1.64042 

6.53147 

-1.1299 

0.31220 

-0.11008 

1.3371 

9 

129x65x33 

2h 

0.565 

1.64110 

6.63858 

-1.0280 

0.30985 

-0.10995 

1.3306 

10 

121x61x31 

2.1333h 

0.535 

1.64493 

6.59702 

-0.9068 

0.30955 

-0.11021 

1.3356 

11 

113x57x29 

2.2857h 

0.315 

1.63767 

6.65625 

-1.0185 

0.30805 

-0.10993 

1.3262 

12 

105x53x27 

2.4615h 

0.444 

1.64008 

6.60148 

-0.9185 

0.30730 

-0.11007 

1.3302 

13 

97x49x25 

2.6667h 

0.421 

1.63740 

6.75154 

-0.8052 

0.30511 

-0.10993 

1.3095 

14 

89x45x23 

2.909  Ih 

0.373 

1.63187 

6.99319 

-0.7719 

0.30072 

-0.10885 

1.2939 

15 

81x41x21 

3.2000h 

0.320 

1.63208 

6.97544 

-0.7754 

0.29729 

-0.10817 

1.3044 

16 

73x37x19 

3.5555h 

0.321 

1.62451 

7.42103 

-0.5311 

0.29145 

-0.10781 

1.2861 

17 

65x33x17 

4h 

0.963 

1.62186 

7.21563 

-0.4688 

0.29366 

-0.10635 

1.2714 

18 

61x31x16 

4.2667h 

0.996 

1.62480 

7.16799 

-0.4189 

0.29509 

-0.10702 

1.2912 

19 

57x29x15 

4.5714h 

0.626 

1.61772 

6.98834 

-0.4616 

0.29402 

-0.10373 

1.2730 

20 

53x27x14 

4.923  Ih 

0.803 

1.60947 

6.75576 

-0.2798 

0.28865 

-0.10242 

1.2501 

21 

49x25x13 

5.3333h 

0.708 

1.61123 

6.08043 

-0.2492 

0.29321 

-0.10370 

1.2562 

22 

45x23x12 

5.8182h 

0.636 

1.61029 

6.13445 

-0.3308 

0.28497 

-0.10035 

1.2257 

23 

41x21x11 

6.4000h 

0.517, 

1.60917 

5.32874 

-0.1950 

0.28155 

-0.09637 

1.2226 

24 

37x19x10 

7.1111h 

0.513 

1.62496 

5.58916 

-0.3014 

0.26606 

-0.09392 

1.1864 

Table  1 1 :  Mystery  tanker  -  results  on  various  grids  for  Menter  model 


order 

'^min 

Cpmin 

C'Pmax 

{i^t)max 

2.000 

0.97 

■■ 

BBI 

MjMm 

0.73 

1.95 

-0.19 

2-^10+18 

2.000 

1.96 

2.19 

-0.39 

3+11+19 

2.000 

2.000 

0.67 

Ba 

0.11 

0.08 

1.63 

1.61 

-0.13 

4+12+20 

2.000 

2.000 

1.88 

1.41 

0.22 

0.59 

2.39 

1.69 

0.92 

1+5+8 

1.333 

1.333 

0.51 

-14.25 

1.10 

0.52 

3.26 

-0.93 

1+6+11 

1.455 

1.571 

0.74 

- 

0.39 

0.38 

0.54 

2.57 

0.60 

1+6+12 

1.455 

1.692 

-0.43 

- 

0.56 

0.19 

-1.17 

1+7+13 

1.600 

1.667 

- 

0.90 

0.27 

-2.72 

0.81 

-0.15 

1+9+14 

2.000 

1.455 

- 

-0.43 

0.42 

-0.12 

4.12 

0.01 

3+6+8 

1.273 

1.89 

- 

2.82 

1.35 

3.18 

10.85 

0.92 

3+7+13 

1.400 

1.667 

- 

1.09 

0.21 

-3.87 

-0.10 

Table  12:  Mystery  tanker  -  grid  convergence  order  (Menter  model) 
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# 

grid 

(2/?)  mar 

Cfx 

xlO"* 

Cpx 

xlO® 

^min 

xlO 

Cpmin 

(^t)mor 

xlO^ 

1 

257x129x65 

h 

0.319 

1.65093 

6.64235 

-1.6277 

0.32340 

-0.11211 

1.3980 

2 

241x121x61 

1.0667h 

0.339 

1.64962 

6.59980 

-1.5793 

0.32256 

-0.11183 

1.3872 

3 

225x113x57 

1.1429h 

0.351 

1.64994 

6.53259 

-1.5365 

0.32141 

-0.11192 

1.3872 

4 

209x105x53 

1.2308h 

0.380 

1.64937 

6.54782 

-1.4712 

0.31989 

-0.11154 

1.3717 

5 

193x97x49 

L3333h 

0.406 

1,64957 

6.54068 

-1.4127 

0.31824 

-0.11168 

1.3734 

6 

177x89x45 

1.4545h 

0,442 

1.64608 

6.49322 

-1.3811 

0.31720 

-0.11121 

1.3597 

7 

161x81x41 

1.6000h 

0,465 

1,64936 

6.50268 

-1.3221 

0.31539 

-0.11054 

1.3621 

8 

145x73x37 

1.7778h 

0.492 

1.64519 

6.52071 

-1.1253 

0.31236 

-0.11019 

1.3378 

9 

129x65x33 

2h 

0.565 

1.64110 

6.63858 

-1.0280 

0.30985 

-0.10995 

1.3306 

10 

121x61x31 

2.1333h 

0.605 

1.64297 

6.57862 

-0.9095 

0.30947 

-0.11010 

1.3358 

11 

113x57x29 

2.2857h 

0.663 

1.64139 

6.64248 

-1.0012 

0.30811 

-0.11008 

1.3276 

12 

105x53x27 

2.4615h 

0.660 

1.64133 

6.62235 

-0.9399 

0.30764 

-0.11005 

1.3198 

13 

97x49x25 

2.6667h 

0.729 

1.63793 

6.73599 

-0.8154 

0.30533 

-0.10991 

1.3124 

14 

89x45x23 

2.909  Ih 

0.761 

1.63349 

6.97854 

-0.7602 

0.30101 

-0.10894 

1.3010 

15 

81x41x21 

3.2000h 

0.785 

1.63510 

6.95987 

-0.7737 

0.29778 

-0.10829 

1.3031 

16 

73x37x19 

3.5555h 

0.931 

1.62894 

7.40082 

-0.5150 

0.29233 

-0.10804 

1.2883 

17 

65x33x17 

4h 

0.963 

1.62186 

7.21563 

-0.4688 

0.29366 

-0.10635 

1.2714 

18 

61x31x16 

4.2667h 

1.125 

1.63075 

7,15384 

-0.3920 

0.29543 

-0.10713 

1.2964 

19 

57x29x15 

4;5714h 

1.164 

1.62389 

6.99096 

-0.4609 

0.29434 

-0.10384 

1.2757 

20 

53x27x14 

4,923  Ih 

1.186 

1.62245 

6,73095 

-0.1540 

0.28946 

-0.10270 

1.2628 

21 

49x25x13 

5.3333h 

1.203 

1.60827 

6.10401 

-0.2961 

0.29350 

-0.10370 

1.2586 

22 

45x23x12 

5.8182h 

1.274 

1.59725 

6.15033 

-0.3290 

0.28848 

-0.10070 

1.2165 

23 

41x21x11 

6.4000h 

1.240 

1.60839 

5.30364 

-0.2454 

0.28133 

-0.09666 

1.2271 

24 

37x19x10 

7.1111h 

1.444 

1.60374 

5.47222 

-0.3364 

0.26693 

-0.09427 

1.1710 

Table  13:  Mystery  tanker  -  results  on  various  grids,  Menter  model,  grid  set  B 


grids 

h2/hi 

hz/h2 

order  | 

Cfx 

Cpx 

VWmax 

Cpmax 

{'^t)max 

1+9+17 

MIIIM 

2.000 

0.97 

- 

-0,10 

0.26 

0.73 

1.95 

Hsai 

2+10+18 

RSSI 

2.000 

0.88 

- 

-0.37 

0.10 

0.78 

2.20 

mm 

3+11+19 

2.000 

2.000 

1.03 

1.67 

0.01 

0.05 

1.76 

1.69 

4+12+20 

2.000 

2.000 

1.23 

0.54 

0.57 

0.57 

2.30 

1.61 

0.14 

1+5+8 

1.333 

1.333 

4.06 

-5.66 

1.01 

0.46 

0.57 

1.28 

1+6+11 

1.455 

1.571 

-0.53 

- 

0.59 

0.47 

0.09 

2.59 

-0.88 

1+6+12 

1.455 

1.692 

-0.80 

- 

0.53 

0.21 

-0.20 

2.18 

-0.66 

1+7+13 

Wmi 

1.667 

3.83 

- 

0.86 

0.29 

0.91 

0.49 

1+9+14 

Ml 

1.455 

0.69 

- 

-0.35 

0.36 

-0.27 

4.03 

-0.38 

3+6+8 

1.273 

1.222 

-5.70 

- 

3.11 

1.46 

2.50 

12.61 

-0.17 

3+7+13 

1.667 

5.64 

- 

1.03 

0.22 

-2.96 

1.23 

0.63 

Table  14:  Mystery  tanker  -  grid  convergence  order,  Menter  model,  grid  set  B 
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Figure  15:  Mystery  tanker  -  results  at  x=0.989L.  Top: 
transverse  velocities;  Bottom:  axial  velocity 


Figure  16:  Mystery  tanker  -  results  at  x=0.989L.  Top: 
pressure;  Bottom:  eddy  viscosity  log  i/t) 
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Figure  19:  Mystery  tanker  -  Variation  of  Cp  (top)  and 
vt/u  (bottom)  along  x  =  0.989X;  =  0.016X. 
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hi /hi 

Figure  20:  Mystery  tanker  -  Line  averages  of  Cp  (top) 
and  vtjv  (bottom)  along  x  =  0.989X;  z  =  0.016L. 


estimated  with  Richardson  extrapolation  based  on  the 
theoretical  (formal)  order  rather  than  the  apparent  or¬ 
der  of  accuracy.  This  is  the  way  to  go  if  solutions  on 
only  two  grids  are  available  (so  that  the  apparent  or¬ 
der  cannot  be  established),  but  there  seems  to  be  no 
reasonable  argument  in  favour  of  using  Ck  if  solutions 
on  three  grids  are  at  hand.  Clearly  Ck  has  nothing  to 
do  with  the  safety  factor  proposed  in  [5].  This  safety 
factor  is  meant  to  make  the  error  estimate  deliberately 
conservative.  The  results  in  the  present  paper  confirm 
that  for  some  grid  combinations  a  straightforward  er¬ 
ror  estimate  would  be  too  optimistic  and  that  Roache’s 
factor  is  quite  appropriate;  but  there  are  also  cases  for 
which  the  safety  margin  would  yield  an  unduly  pes¬ 
simistic  estimate.  The  use  of  more  then  three  grids 


seems  therefore  unavoidable. 

To  verify  and  validate  wave  profile  data,  Stem  et  al 
in  [2]  suggest  to  use  the  L2-norm  of  solution  changes. 
Although  this  L2-norm  is  a  valid  measure  to  quantify 
the  difference  between  two  solutions,  it  is  of  course 
wrong  to  derive  an  order  of  accuracy  from  two  such 
norms,  because  the  norm  is  not  a  property  of  the  so¬ 
lution  on  a  single  grid.  The  right  procedure  is  to  cal¬ 
culate  the  I2  (or  any  other  suitable)  norm  of  the  wave 
height  (instead  of  a  wave  height  difference)  obtained 
on  each  of  three  grids,  and  then  derive  the  conver¬ 
gence  order  from  (5). 
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CONCLUSIONS 

Supporting  the  idea  that  more  attention  should  be 
given  to  the  evaluation  of  the  uncertainty  or  eitor 
bandwidth  of  CFD  results,  we  have  done  grid  con¬ 
vergence  studies  for  various  flows  with  two  versions 
of  our  RANS  code  PARNASSOS.  We  summarize  the 
conclusions  of  these  studies  as  follows: 

•  Even  in  rather  simple  flows  the  grid-convergence 
order,  derived  from  solutions  on  three  grids,  may 
not  be  very  reliable.  It  can  vary  a  lot  for  a  single 
variable,  or  can  be  widely  different  for  different 
variables,  dependent  on  the  particular  grid  triplet 
chosen. 

•  Convergence  studies  applied  to  the  3D  turbulent 
flow  around  a  ship  seem  to  require  more  than 
three  grids  for  a  proper  error  or  uncertainty  esti¬ 
mate. 

•  As  far  as  differences  between  solutions  based  on 
distinct  turbulence  models  are  representative  for 
modelling  errors,  the  latter  tend  to  be  greater  than 
discretisation  errors  on  grids  with  a  density  that 
would  typically  be  used  nowadays  in  the  analysis 
of  a  ship  design. 

•  The  recommendations  for  verification  and  vali¬ 
dation  of  CFD  simulations  given  in  [2]  are  useful, 
but  with  the  elaborate  data  of  this  paper  available, 
some  of  them  appear  to  be  immature  or  mislead¬ 
ing.  Further  work  is  needed  to  scrutinize  the  suit¬ 
ability  of  current  recommendations. 

•  In  any  error  analysis  of  CFD  results  for  ships  spe¬ 
cial  attention  must  be  given  to  the  geometrical 
similarity  of  the  grids. 
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ABSTRACT 

The  techniques  of  computational  fluid  dynamics(CFD)  are  applied  to  the  computaions  of  wave-induced 
motions  of  floating  bodies.  It  is  demonstrated  that  a  wide  variety  of  problems  associated  with  floating-body 
dynamics  in  waves  can  be  dealt  with  in  almost  the  same  manner  by  a  single  computer  code.  Practically 
important  problems  such  as  the  motions  resonant  to  waves  in  a  viscous  fluid  or  the  motions  of  a  ship 
advancing  in  large  waves  are  calculated. 


1. INTRODUCTION 

Although  ship  motions  and  associated  loads  on  a 
ship  hull  can  now  be  predicted  fairly  accurately 
when  the  waves  are  relatively  small,  a  strong 
need  has  recently  been  emerging  for  numerical 
tools  that  can  predict  the  motions  and  the  loads  in 
large  waves.  Shipyard  companies  exposed  to  keen 
international  competition  need  such  tools  so  that 
they  can  design  their  ships  based  on  rational  pre¬ 
dictions  of  long-term  extreme  hull  loads(e.g.[l]). 
Many  of  the  current  research  works  on  the  de¬ 
velopment  of  such  numerical  tools  are  based  on 
a  boundary-integral-equation  metbod(BIEM)  using 
velocity  potentials  and  few  works  can  be  found 
that  solve  Navier-Stokes  equations  directly.  In 
the  present  study,  the  techniques  of  computational 
fluid  dynamics(CFD)  are  applied  to  the  computa¬ 
tion  of  wave-induced  motions  of  a  floating  body. 
CFD,  which  solves  Navier-Stokes  equations(or  Eu¬ 
ler  equations)  directly  by  making  use  of  a  power¬ 
ful  computer  machine,  has  been  applied  in  many 
engineering  fields  and  has  succeeded  in  showing 
us  the  detailed  insight  into  the  various  physical 
phenomena,  which  could  not  be  known  even  in 
a  well-devised  experiment.  In  the  field  of  ship 
hydrodynamics,  CFD  has  mainly  been  applied  to 
the  computation  of  forces  on  a  ship  advancing 
with  constant  speed  in  a  calm  water.  Although 
applications  to  unsteady  ship  hydrodynamics  are 
appearing  recently,  most  of  them  are  limited  to 


slow  motions  such  as  manoeuvring  motions  in  a 
calm  water[2]  and  few  attempts  have  been  made 
in  applying  CFD  to  the  computation  of  wave- 
induced,  realtively  high-frequency  motions.  The 
reason  for  this  may  be  attributed  to  the  fact  that 
wave-induced  floating-body  dynamics  are  domi¬ 
nated  mainly  by  inertial  forces,  which  can  be 
accounted  for  fairly  well  by  the  inviscid  potential 
theory,  whereas  slow(or  zero-frequency)  motions 
of  a  ship  are  dominated  mainly  by  viscous  forces, 
which  require  the  analysis  of  Navier-Stokes  equa¬ 
tions. 

Despite  of  these  facts,  we  attempt  in  this  paper 
to  apply  CFD  to  wave-induced  floating-body  dy¬ 
namics  for  the  reasons  that: 

(1) Although  motions  in  waves  are  usually  domi¬ 
nated  by  inertial  forces,  there  still  exist  quite  a 
few  practically  important  phenomena  in  which  vis¬ 
cous  forces  play  a  dominant  role.  They  include 
resonant  motions  in  waves,  slow-drift  oscillations 
of  a  moored  body,  etc. 

(2) Even  in  an  inviscid  fluid,  direct  numerical  com¬ 
putations  of  Euler  equations(inviscid  version  of 
Navier-Stokes  equations)  together  with  the  equa¬ 
tions  of  motion  of  a  floating  body  may  some¬ 
times  be  easier  than  conventional  numerical  meth¬ 
ods  based  on  a  BIEM.  This  is  particularly  true 
when  strong  nonlinear  phenomena  such  as  the  mo¬ 
tions  in  large  waves,  capsizing  or  slamming  are 
involved,  because  large  deformations  of  a  free  sur¬ 
face  and/or  large  displacement  of  a  body  can  be 
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dealt  with  fairly  easily  by  CFD.  Besides,  a  sin¬ 
gle  CFD  code  may  be  able  to  deal  with  a  wide 
variety  of  physical  problems  while  a  potential- 
theory-based  computation  has  to  contrive  certain 
techniques  in  order  to  cope  with  coherent  natures 
of  each  problem. 

The  validity  of  the  present  method  and  the  advan¬ 
tages  of  the  present  method  over  the  conventional 
methods  described  above  will  be  demonstrated 
through  comparisons  to  analytical  solutions,  other 
validated  numerical  results  as  well  as  experimental 
data. 

2.FORMULATION 

2.1  Governing  equations  of  fluid  motion 

Two  coordinate  systems  shown  in  Fig.2.1  are  used 
in  the  present  formulation.  One  is  a  space-fixed 
coordinate  system  {x^y^z)  and  the  other  one  is  a 
body-fixed  coordinate  system  {X^Y^Z).  The  x^y 
axes  lay  on  the  undisturbed  firee-surface  and  the  z 
axis  stretches  vertically  upward.  The  origin  of  the 
body-fixed  coordinate  system  (X^V^Z)  coincide 
with  the  center  of  gravity(G)  of  the  body.  The 
XfY  axes  are  parallel  to  the  undisturbed  free- 
surface  while  Z  axis  points  vertically  upward  when 
the  body  is  at  rest.  The  governing  equations  of 


Fig.2.1:  Coordinate  systems 


fluid  motions,  that  is,  the  continuity  equation  and 
the  equations  of  motion(Navier-Stokes  equations) 
of  fluid  particles,  are  described  in  terms  of  the 
space-fixed  coordinate  system  as  follows. 


The  continuity  equation 


du  dv  dw 
dx'^  dy^  dz 


(1) 


Navier-Stokes  equations 


du  du  du  du 


^  1  dp  f  d'^u  d^u 

pdx'^^  \  dx'^  dy’^  dz'^  ) 


dv  dv  dv  dv 


Idp  ( di^v  d^v  d^v  \ 
pdy^^  dy'^  dz^ ) 


(2) 

(3) 


dw  dw  dw  dw 
dt  dx  dy  dz 

_  Idp  / d^w  .  d^w 


pdz 


\dx^  ^  51/2 


where  u,v^w  represent  the  x,y,z  components  of 
the  fluid  velocity  and  p^g^v  represent  the  fluid 
pressure,  the  gravitational  acceleration  and  the 
kinematic  viscosity  of  the  fluid  respectively.  The 
dynamic  boundary  condition,  or  the  equilibrium  of 
forces,  on  the  free-surface  is  written  as  follows. 


p-po 


(5) 


where  po  denotes  the  air  pressure,  which  is  as¬ 
sumed  to  be  of  constant  value.  The  tangential 
stress  on  the  free-surface  that  may  be  caused  by 
such  things  as  wind  is  not  accounted  for  and  the 
surface  tension  is  also  not  taken  into  account, 
because  they  are  irrelevant  to  the  subject  of  the 
present  study.  The  kinematic  boundary  condition 
on  the  free-surface  that  is  used  in  the  present  study 
is  written  as  follows. 


dt 


ac  ac 

■w-u—  -V— 
dx  dy 


(6) 


Here  C  represents  the  vertical  displacement  of  the 
free-surface.  As  for  the  boundary  condition  on 
a  body-surface,  the  fluid  velocity  relative  to  the 
body  in  the  direction  normal  to  the  surface  should 
be  zero  because  no  water  can  penetrate  the  body 
surface,  whereas,  in  tangential  direction,  the  no¬ 
slip  condition  is  imposed  when  viscous  effects 
are  taken  into  account  and  the  free-slip  condition 
is  imposed  when  viscous  effects  are  neglected. 
The  free-surface  conditions  as  well  as  the  body 
boundary  condition  are  imposed  on  the  instanta¬ 
neous  position  of  the  corresponding  surface.  The 
dynamic  condition  on  the  body  surface  is  given 
by  the  equations  of  motion  of  the  body  that  will 
be  described  below. 


2.2  Governing  equations  of  body  motion 


For  the  description  of  body  motions,  the  body- 
fixed  coordinate  system  {X,  Y,  Z)  is  more  conve¬ 
nient.  The  equations  of  motion  of  a  floating  body 
in  terms  of  the  body-fixed  coordinate  system  are 
given  as  follows. 


m  {Ug  +  QWg  -  RVg)  =  +  rx )dS 


(7) 


m 


(Fg  +  RUg  -  PWg)  =  +  TV )<i5 


(8) 


(Wg  +  PVg-QUg)=  {-priz  +Tz)dS 


(9) 
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”•  ^xxrQ  “  +  {^zz  —  ^yy)Q^ 

-  IxzPQ  +  IyxRP  -  IzyQ^  +  ^yzR^ 

=  Jj  {p{-rznY+rYnz)+rzrY-rYrz}dS 

. 

“  ^YxP  +  -^yyQ  ■“  ^yzR  +  (“Txx  “  ^zz)PP 

+  Iz^PQ  —  IxrQP  +  ^zxP^  —  ^xzR^ 

=  JJ  {p{-rxnz+rznx)-hrxrz~Tzrx}dS 

(11) 

—  IzxP  ~  +  ^zzR  +  {^yy  “  ^xk)PQ 

+  IxzQR  -  iyzRP  —  IyxP^  +  ^xyQ^ 

=  JJ  {pi— rYnx+TxnY)+rYTx--TxTY}dS 

(12) 


In  the  above  equations,  the  'dot’  indicates  differen- 
ciation  with  respect  to  time,  m  represents  the  mass 
of  the  body  and  Ixx^^yy^^zz^Ixy^Wz^^zx 
denote  the  mass  moment  of  inertia  of  the 
body  about  the  axes  indicated  by  the  subscripts. 
Uq.Vg.Wg  represent  the  X,Y,Z  components  of 
the  velocity  of  G,  the  center  of  gravity.  P,Q,R 
represent  the  angular  velocities  around  the  X^Y,Z 
axes  while  0,  ^  represent  the  angular  displace¬ 
ments  around  the  X,Y,Z  axes,  tx^ty^tz  rep¬ 
resent  the  X,Y,Z  components  of  the  tangential 
stress  along  the  body  surface.  nx^^iYiTiz  are 
the  X,Y,Z  components  of  a  unit  normal  vector 
on  the  corresponding  body  surface  and  tx^ty-^tz 
represent  the  X^Y^Z  components  of  the  vector 
from  G  to  the  corresponding  point  on  the  body 
surface(see  Fig.2.2). 

If  we  denote  the  (x,  y,z)  coordinates  of  G  as 


Fig.2.2:  Definitions 


[Xg.yg.Zg),  thcu  tlic  time  derivatives  of  the  coor¬ 
dinates  Xg.Vg.Zg  Written  as  follows. 

^^  =  Ugcos6cos'iP 
dt 

4-  VG(sin  (j>  sin  6  cos  ip  —  cos  9  sin  ip) 

+  VFg(cos  (p  sin  6  cos  t/?  +  sin  0  sin  ip) 

(13) 

^^  =  UGCOs0smip 
dt 


-f  VG(sin  <p  sin  ^  sin  ^  -  cos  6  cos  ip) 

4-  Wg(cos  sin  6  sin  ^  4“  sin  (p  cos  ip) 

(14) 

^  =  -UGsmd 
dt 

-h  Vg  sin  0  cos  9  4-  Wq  cos  (p  cos  9  (15) 

where  <p^ip^9  are  the  Eulerian  angles  that  identify 
the  attitudes  of  the  body  with  respect  to  the  space- 
fixed  coordinate  system  as  shown  in  Fig.2.3.  The 


Fig.2,3:  The  definition  of  Eulerian  angles 

time  derivatives  of  those  angles  are  expressed  as 
follows. 

^  z=P4-Qsin^tan^4- jRcos^tan^  (16) 
dt 

—  =^Qcos<p  —  Rsiiicp  (17) 

dt 

^  =  Qsm(p/  cos9  +  Rcos(p/  cos  9  (18) 

dt 

By  integrating  the  equations  (13)~(18),  the  loca¬ 
tions  and  the  attitudes  of  the  body  with  respect  to 
the  space-fixed  coordinate  system  can  be  updated 
at  each  time  step. 

3.GRID  SYSTEM 

Since  the  present  method  solves  Navier-Stokes 
equations(or  Euler  equations)  directly,  the  fluid 
volume  should  be  discretized  into  grids.  In  the 
present  calculations,  a  hybrid  hexahedral  grid  sys¬ 
tem  is  used  in  which  a  body-fixed  boundary-fitted 
grid  system  is  used  in  the  neighborhood  of  the 
body  whereas  a  space-fixed  grid  system  is  used 
away  firom  the  body  as  shown  in  Fig.3.1.  The 
two  grid  systems  are  overlapped  partially  at  the 


Fig.3.1:  The  hybrid  grid  system 
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perimeter  of  each  grid  system  as  shown  in  Fig.3.1. 
Although  the  body-fixed  grids  are  fitted  to  the 
body  surface,  they  are  not  fitted  to  the  free- 
surface,  because  it  is  quite  time-consuming  if  they 
are  adjusted  at  each  time  to  the  deformation  of 
the  ffee-surface.  Instead,  the  volume  area  above 
the  free-surface  is  also  discretized  into  grids  as 
schematically  shown  in  Fig.3.1  and  the  ffee-surface 
is  displaced  such  that  the  mass  continuity  is  sat¬ 
isfied  in  the  grids  located  along  the  ffee-surface. 
If  the  whole  computational  area  is  discretized  into 
a  body-fixed  grid  system,  the  grids  located  away 
from  the  body  may  be  forced  to  move  excessively 
even  by  a  tiny  rotational  motion  of  the  body.  On 
the  other  hand,  if  the  whole  region  is  discretized 
into  a  space-fixed  grid  system,  which  was  actu¬ 
ally  adapted  at  the  beginning  of  our  study,  the 
computations  are  sometimes  destabilized  probably 
because  the  body  surface  crosses  the  neighboring 
grids  back  and  forth  with  relatively  high  frequen¬ 
cies  as  the  body  moves  in  waves.  For  these  rea¬ 
sons,  the  hybrid  grid  system  used  in  the  present 
study  seems  to  be  an  adequate  strategy  for  the 
computations  of  wave-induced  motions. 

4.COMPUTATION  PROCEDURE 
4.1  Numerical  tank 


waves  are  to  be  generated)  or  two(if  oblique  waves 
are  to  be  generated)  boundaries  of  the  four  vertical 
boundaries,  certain  normal  velocities  are  imposed 
for  the  wave  generation  as  will  be  elaborated  later. 
Numerical  beaches  are  incorporated  near  the  other 
imaginary  boundaries  so  that  no  waves  are  re¬ 
flected  at  the  corresponding  boundaries.  Waves 
propagating  toward  the  wave-making  boundaries 
are  also  dissipated  in  order  to  keep  them  from 
reflecting  at  the  wave-making  boundaries. 

4.2  Wave  generation 

Waves  are  generated  by  imposing  the  following 
boundary  condition  over  one  or  two  sides  of  the 
numerical  tank. 

Vwn{x,y,t)  =  Vbn{x,y,t)  (19) 

where  represents  the  water  velocity  normal 
to  the  corresponding  boundary  and  v^n  is  a  cer¬ 
tain  given  velocity.  For  the  generation  of  regular 
waves  of  period  27r/a;,  amplitude  for  example, 
the  following  distribution  of  normal  velocities  are 
imposed  over  the  corresponding  boundary. 

^  coshArz  . 


Our  numerical  tank  consists  of  a  fluid  domain 
bounded  by  a  ffee-surface,  a  bottom  surface  and 
four  vertical  boundaries  installed  at  the  four  sides 
of  the  fluid  domain  as  shown  in  Fig.4.1.  The  ver- 


beach 


(a)  top  view 


The  upper  one  of  eqn,(20)  corresponds  to  the  ve¬ 
locity  distribution  given  by  the  linear  water-wave 
theory  based  on  an  assumption  of  infinitesimal 
amplitude  As  will  be  shown  later,  this  prac¬ 
tice  really  reproduces  waves  of  specified  ampli¬ 
tude  Ca  when  Ca  IS  small.  However,  as  Ca  in 
eqn,(20)  becomes  large,  the  real  amplitude  of  the 
waves  produced  due  to  the  velocity  distribution  of 
eqn.(20)  deviates  from  Co  because  of  the  nonlinear 
effects  involved  in  the  free-surface  condition.  For 
nonlinear  waves,  even  the  definition  of  'amplitude' 
is  ambiguous  because  the  wave  profile  is  not  pure 
sinusoidal  anymore.  Therefore,  for  the  generation 
of  nonlinear  large  waves,  the  wave  generation  may 
be  repeated  while  varying  Co  of  eqn,(20)  systemat¬ 
ically  until  waves  of  specified  crest-trough  height 
are  reproduced.  For  the  two-side  generation  of 
oblique  waves,  the  following  velocity  distributions 
are  given  over  the  respective  side  of  the  numerical 
tank. 

At  side-1  fa=constanO 


Fig.4.1:  Schematic  view  of  the  numerical  tank 

tical  boundaries  can  be  physical  ones  if  the  fluid  is 
really  bounded  but  otherwise  they  are  imaginary 
ones  that  are  introduced  in  order  to  reduce  the 
computational  domain.  At  one(if  head/following 


^  cosh  kz 


sin(cjt  -  ky  sin  x) 
{z<0) 
sin(a;t  ky  sin  x) 

(^>0)  (21) 
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At  side-2(y=constant) 

cosli  Jcz 

Vbn2  =  CflW  sin(wt  -  kx  cos  x) 

(z<0) 

Vt«2  =  sin  -  kx  cos  x) 

(;^>0)  (22) 


where  x  reptesents  the  wave  direction  defined 
counter-clockwise  from  the  x  axis. 

The  generation  of  irregular  waves  is  also  possible 
if  the  velocity  distribution  over  the  wave-maker(s) 
is  specified.  It  is,  however,  difficult  at  present  to 
reproduce  waves  of  specified  time  history. 

4.3  Wave  absorption 

If  the  vertical  boundaries  are  not  physical  ones 
but  imaginary  ones,  waves  should  not  be  re¬ 
flected  there.  Although  there  exist  numerous  tech¬ 
niques  that  prevent  waves  from  reflecting  at  such 
boudaries(e.g,[3][4][5]), .  they  may  be  categorized 
into  two.  One  is  a  so-called  no-reflection  bound¬ 
ary  on  which  a  certain  no-reflection  boundary 
condition  is  imposed  so  that  waves  go  through 
the  boundary  without  feeling  any  resistance.  The 
other  one  is  a  numerical  beach  where  the  en¬ 
ergy  of  outgoing  waves  is  dissipated  numerically. 
Among  these  two  methods,  the  latter  one  may 
be  preferable  for  the  present  purpose,  because  it 
is  quite  difficult  to  achieve  complete  no-reflection 
with  the  no-reflection  boundaries  and  therefore  a 
tiny  residual  reflection  may  eventually  force  the 
computation  break  down  as  the  reflected  waves 
are  accumulated.  Supposing  that  we  use  a  numer- 
icl  beach,  two  kinds  of  waves  exist  that  should 
be  dissipated.  One  is  the  waves  propagating  to¬ 
ward  the  wave-maker  boundary  and  the  other  one 
is  the  waves  propagating  toward  the  other  bound¬ 
aries.  For  the  absorption  of  the  latter  waves,  the 
grid  size  is  enlarged  gradually  toward  the  corre¬ 
sponding  boundary  and  an  upwind  finite-difference 
scheme  is  used  for  the  evaluation  of  the  convection 
terms  of  Navier-Stokes  equations(or  Euler  equa¬ 
tions).  Since  an  upwind  finite-difference  scheme 
entails  numerical  viscosity,  which  is  amplified  in 
proportion  to  the  corresponding  grid  size,  waves 
are  damped  gradually  on  the  numerical  beach  as 
they  propagate  toward  the  corresponding  bound¬ 
ary.  As  for  the  absorption  of  waves  propagating 
toward  the  wave-maker  boundary,  since  there  co¬ 
exist  waves  propagating  from  the  wave-maker,  a 
special  treatment  is  needed  so  that  only  the  waves 
propagating  toward  the  wave-maker  are  dissipated. 
For  that  purpose,  the  following  velocity  is  used 
at  the  damping  zone  in  the  vicinity  of  the  wave- 


maker(see  Fig.4.2). 

=  (23) 

I 

where  u*  represents  the  velocity  that  is  obtained 
when  no  dissipation  mechanism  is  introduced  for 
the  waves  propagating  toward  the  wave-maker, 
whereas  u'  represents  the  velocity  that  is  obtained 
when  no  floating  bodies  exist  and  thus  no  waves 
propagating  toward  the  wave-maker  exist.  With 
the  use  of  eqn.(23),  the  velocity  u  is  equal  to  u* 
away  from  a  wave-maker  whereas  it  reaches  u'  at 
the  place  of  the  wave-maker. 
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Fig.4.2:  Dissipation  of  waves  propagating  toward 
a  wave-maker 


4.4  Treatment  of  an  advancing  body 


For  the  computation  of  a  ship  advancing  in  waves 
with  velocity  U,  the  most  naive  way  may  be  to  let 
the  ship  advance  with  the  velocity  U  in  the  corre¬ 
sponding  numerical  tank.  This  requires,  however, 
a  large  computational  domain  because  the  domain 
should  be  large  enough  to  let  the  ship  advance  at 
least  until  the  initial  disturbance  is  subdued.  An 
alternative  way  may  be  to  let  the  whole  compu¬ 
tational  domain  advance  with  the  velocity  U.  If 
the  velocity  17  is  of  a  constant  value,  there  is  no 
need  to  modify  the  governing  equations.  On  the 
other  hand,  if  the  velocity  is  time  dependent,  ad¬ 
ditional  terms  should  be  added  to  the  equations  of 
flow  motion(Navier-Stokes  equations)  in  order  to 
account  for  the  acceleration.  For  example,  when 
a  ship  is  advancing  in  x  direction  with  velocity 
U{t),  a  body  force  proportional  to  the  acceleration 
U{t)  should  be  added  to  the  righthand-side  of  the 
equation  as  follows. 


du  du  du  du  1  dp 

dy'^^  dz  pdx 

(d^U  d^U  ,  ,  r>  /94N 


Even  in  the  computation  of  a  ship  advancing  with 
constant  velocity  t/,  it^  is  efficient  to  let  the  entire 
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flow  field  be  accelerated  from  zero  to  U  grad¬ 
ually,  because  if  a  finite  velocity  U  is  imposed 
impulsively  at  i  =  0,  free-surface  oscillations,  the 
wavelength  of  which  is  equal  to  two  times  the 
tank  length,  are  induced  by  the  initial  disturbance, 
which  last  quite  a  long  duration  until  finally  they 
disappear. 

4.5  The  calculation  flow 


After  discretizing  the  fluid  domain  into  grids  as 
described  in  Section  3,  velocity  components  u^v^w 
and  a  pressure  p  are  defined  in  each  grid.  In  each 
grid,  the  pressure  is  evaluated  at  the  volume  cen¬ 
ter  of  the  grid  while  velocities  are  evaluated  at 
the  midpoint  of  each  of  the  six  sides  of  the  grid. 
The  derivatives  in  the  governing  equations  of  the 
flow  motions  are  evaluated  by  a  finite-difference 
scheme.  The  time  derivatives  are  evaluated  by 
the  first-order  Eulerian  scheme.  As  for  the  spa¬ 
tial  derivatives,  the  upwind-difference  scheme  is 
used  for  the  convection  terms  while  the  second- 
order  central-difference  scheme  is  used  for  the 
other  terms.  It  is  a  common  practice  to  use  the 
upwind-difference  scheme  for  the  convection  terms 
for  the  sake  of  the  stability  of  numerical  calcu¬ 
lations.  In  the  present  computations,  third- order 
upwind-difference  scheme  is  used  except  in  the 
computations  of  a  3-D  ship  advancing  in  wave,  in 
which  the  first-order  upwind-difference  scheme  is 
used  in  order  to  enhance  the  stability  of  the  com¬ 
putation  because  the  third-order  scheme  did  not 
work  in  that  particular  case.  The  location  and  the 
attitude  of  the  body  are  increased  by  an  amount 
of  the  finite  difference  from  the  previous  time 
step.  The  calculation  flow  is  tabulated  in  Table 
4.1.  Since  a  pressure  p  is  obtained  after  determin¬ 
ing  velocities  u^v^w  in  the  present  method,  the 
following  equation(EuIer  equation)  is  imposed  as 
the  body -boundary  condition  for  p. 


Dvn  _  1  dp 

Dt  ^  pdn 


(25) 


Table  4.1:  The  calculation  flow 
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is  performed  for  a  calculation  of  wave-induced 
motions  of  a  2-D  body. 

5.1  Some  beisic  computations 

Some  basic  computations  such  as  wave  generation, 
wave  absorption,  etc.  are  carried  out  in  order  to 
examine  the  basic  performances  of  the  present 
numerical  tank. 

5.1.1  Wave  generation 

Regular  waves  were  produced  without  the  exis¬ 
tence  of  a  floating  body. 


where  represents  the  normal  velocity  of  the 
fluid  on  the  body -surface. 

5.RESULTS  AND  DISCUSSION 

In  this  section,  results  obtained  by  the  method 
described  so  far  will  be  shown  and  its  valid¬ 
ity  is  discussed.  After  confirming  the  validity, 
it  will  be  applied  to  the  computations  of  some 
nonlinear  problems  of  practical  importance.  Most 
of  the  computations  that  will  be  shown  hereafter 
are  based  on  an  Euler-equation-based  CFD  and 
thus  viscous  forces  are  neglected  unless  otherwise 
specified.  A  Navier-Stokes-equation-based  CFD 


(a) Waves  of  small  amplitude 

Regular  waves  of  radian  frequency  u)  and  of  very 
small  amplitude  Ca  were  generated  and  the  results 
were  compared  to  those  given  by  the  linear  water- 
wave  theory.  As  already  described  in  4.2,  the 
following  normal  velocities  were  imposed  over 
the  wave-maker  boundary. 

cosh  kz  .  .  /  ^ 

Vbn  =  ■  }, ; ■  siniJt  {z  >  0)  (26) 

smn  Kti 

This  distribution  corresponds  to  the  liner  water 


4.1-6 


wave  of  amplitude  ^nd  wave-number  k.  The 
specific  values  of  Caj^  used  in  the  computation 
were  Ca=l-00  mm,  uj  =  6.28  soC^^.  Since,  with 
these  values,  the  wave  slope  k^a  is  as  small  as 
0.0040,  the  linear  water  wave  of  amplitude  may 
be  considered  as  a  right  answer  which  the  present 
calculation  should  coincide  with.  Fig.5  j(a),(b) 
compare  the  vertical  distribution  of  the  horizontal 
velocity  amplitude  and  that  of  the  vertical  velocity 
amplitude  at  about  6m  away  from  the  wave-maker 
obtained  by  the  present  calculation  with  the  cor¬ 
responding  values  given  by  the  liner  water-wave 
theory.  The  agreements  are  almost  complete.  The 
instantaneous  displacement  of  the  free  surface  ob¬ 
tained  10  seconds  after  the  wave  generation  was 
commenced  is  shown  in  Fig.5.2.  The  amplitude 
and  the  wave-length  identified  from  the  figure  are 
1.00mm,  1.57m  respectively,  which  coincide  with 
the  conesponding  values  of  the  linear  water-wave 
theory. 


a  [m/scc] 


(b)  Vertical  velocity 

Fig.5.1:  The  vertical  distributions  of  the  velocity 
components 
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Fig.5.2:  The  instantaneous  displacement  of  the 
free  surface 
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Fig.5.3:  The  compailson  of  the  wave  profile  gen¬ 
erated  in  the  numerical  tank  with  the  3rd-order 
Stokes  waves 


(b)Waves  of  large  amplitude 

Fig.5.3  shows  an  example  wave  profile  of  large 
amplitude  generated  in  the  present  numerical  tank 
while  substituting  a  certain  large  value  in  Ca  of 
eqn.(26).  As  can  be  observed,  the  wave  profile 
is  unsymmetric  about  z  =  0,  its  crest  is  larger  by 
quite  an  amount  than  its  trough,  which  is  a  typical 
feature  of  large  nonlinear  waves.  For  comparison, 
the  nonlinear  3rd-order  Stokes  wave  given  by  the 
following  equation  is  shown  in  the  same  figure. 


7?  =  C  cos(ciJi  —  kx) 

-{_  -f  cosh2A;d)  cos  {2{ujt  -  A:.x)} 

2  2sinh^A;d^  ^  i  v 

,  3  8cosh®2A;d-f  1  ^ 

+  ^  {3(u;f  -  kx) }  (27) 

4  Id  sinh  kd 


As  for  k  in  eqn.(27),  the  corresponding  value  of 
the  linear  water  waves  was  used  and  the  value 
of  C  were  determined  so  that  the  crest  and  the 
trough  are  well  fitted  to  the  present  calculation. 

(c)Oblique  waves 

As  described,  if  oblique  waves  are  needed  to  be 
generated  in  the  entire  free-surface  in  the  numer¬ 
ical  tank,  two  sides  of  the  tank  must  be  used  as 
wave-makers.  The  main  concern  about  the  gen¬ 
eration  of  oblique  waves  is  that  if  the  crest-lines 
of  the  waves  generated  by  each  of  the  two  wave- 
makers  are  continually  connected  with  each  other. 
The  iso-height  contours  of  example  oblique  waves 
generated  in  our  tank  are  shown  in  Fig.5.4,  in 
which  little  distortion  is  observed  in  their  crest¬ 
lines. 


5.1.2  Wave  absorption 

In  order  to  examine  if  the  wave  absorption  scheme 
employed  in  the  present  numerical  tank  works  as 
anticipated,  two  example  calculations  were  con¬ 
ducted.  In  the  first  example,  waves  were  gener¬ 
ated  in  the  numerical  tank  shown  in  Fig.5.5.  The 
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Fig.5.4:  The  generated  oblique  waves  in  the  nu¬ 
merical  tank 


Fig.5.5:  A  numerical  tank  with  a  numerical 
beach  at  the  opposite  side  from  a  wave-maker 


waves  are  regular  ones  and  their  period  was  fixed 
to  be  1.00  second.  Fig.5.6  shows  the  instantaneous 
wave  profile  obtained  200  seconds  after  the  wave 
generation  was  initiated  at  t=0.  The  horizontal 
axis  indicates  the  distance  from  the  wave-maker. 
A  wave  train  of  at  least  graphically  identical  am¬ 
plitude  is  generated  and  no  distortions  are  observed 
in  the  waves,  which  suggests  that  no  reflection  is 
occurring  at  the  opposite  side  of  the  numerical 
tank  from  the  wave-maker.  In  fact,  the  amplitude 
of  the  free-surface  displacement  4.00m  away  fi’om 
the  wave-maker  at  t=200sec.  differed  only  by 
as  small  as  less  than  1%  from  the  corresponding 
value  obtained  at  t=:20sec.  In  the  second  example, 
waves  were  generated  in  the  numerical  tank  shown 
in  Fig.5.7,  in  which  a  numerical  beach  is  incor¬ 
porated  in  the  vicinity  of  the  wave-maker  so  that 
the  waves  propagating  toward  the  wave-maker  are 


X  W 


Fig.5.6:  The  instamtaneous  free  surface  displace¬ 
ment  at  t=200sec 


damped,  whereas  the  other  side  of  the  tank,  where 
no  numerical  beaches  exist,  is  assumed  to  be  a 
rigid  wall  of  complete  reflection.  If  no  numerical 
beaches  existed  in  the  entire  numerical  tank,  stand¬ 
ing  waves  of  ever  increasing  amplitude  should  be 
induced  as  the  wave  generation  is  continued,  be¬ 
cause  the  wave  energy  is  trapped  in  the  numerical 
tank  without  any  dissipation.  Fig.5.8  compares 


Fig.5.7:  A  numerical  tank  with  a  numerical 
beach  in  the  vicinity  of  a  wave-maker 

the  time  history  of  the  free-surface  displacement 
in  the  vicinity  of  the  wave-maker  (0.09m  from 
the  wave-maker)  obtained  in  the  duration  between 
t=90sec  and  t=100sec  with  the  wave  train  produced 
in  another  numerical  tank  which  is  long  enough 
so  that  no  reflected  waves  come  back  to  the  cor¬ 
responding  point  at  the  time  between  t=90sec  and 
t=100sec.  The  amplitude  remains  of  almost  the 


I  [sec] 


Fig.5.8:  The  time  history  of  the  free  surface  dis¬ 
placement  near  the  wave-maker 

same  value  during  that  time  period  and  it  differs 
only  by  less  than  1%  from  the  amplitude  of  the 
wave  train  produced  in  the  very  long  tank..  These 
results  indicate  that  the  numerical  beaches  used 
in  the  present  numerical  tank  work  as  well  as 
expected. 

5.1.3  Continuity  of  various  physical  quantities  be¬ 
tween  the  two  grid  systems 

Since  two  grid  systems  are  used  and  they  are 
partially  overlapped  with  each  other,  where  such 
physical  quantities  as  the  velocity  or  the  pressure 
are  evaluated  separately  in  the  two  grid  systems, 
care  must  be  taken  so  that  such  physical  quantities 
are  continuous  over  the  two  grid  systems.  Fig.5.9 
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Fig. 5.9:  The  continuity  of  the  velocity  vectors 
between  the  two  gTid  systems  (without  a  body) 


Fig.5.10:  The  continuity  of  the  pressure  contours 
between  the  two  grid  systems 

shows  the  velocity  vectors  in  waves  without  a 
body.  It  is  observed  that  the  velocity  vectors 
evaluated  separately  in  the  two  grid  systems  at  the 
overlapped  region  are  smoothly  connected  between 
the  two  grid  systems.  Fig.5.10  shows  the  pressure 
iso-contours  around  a  2-D  box-shaped  barge  at  a 
certain  instant.  Again  no  discontinuity  is  observed 
between  the  two  grid  systems  and  therefore  it  can 
be  concluded  that  the  two-grid  system  is  working 
well. 

5.1.4  Computation  of  the  acceleration  of  body 
motions 

Although  the  acceleration  of  a  floating  body  may 
be  obtained  by  a  backward  finite  difference  from 
the  body  velocity  obtained  at  the  previous  time 
step,  it  is  desirable  from  the  viewpoints  of  nu¬ 
merical  accuracy  and  numerical  stability  that  the 
acceleration  itself  is  calculated  at  each  time  step 
as  already  indicated  in  many  places(e.g.[6]).  In 
order  to  examine  this  fact,  an  example  calculation 
was  carried  out  in  which  a  2-D  body  shown  in 


20Qmm 


Fig.5.11:  A  2-D  body  used  for  the  free-oscillation 
calculation 

Fig.5.11  was  displaced  vertically  upward  from  its 
equilibrium  position  by  a  small  amount  and  re¬ 
leased  at  t  =  0  with  zero  velocity.  Two  kinds  of 
computations  are  compared  in  this  example.  In 
one  computation,  the  acceleration  of  the  body  was 
calculated  by  a  backward  finite  difference  of  the 
body  velocities.  In  the  other  one,  the  acceleration 
itself  was  calculated  at  each  time  step  together  with 
the  velocities,  and  the  pressures.  Fig.5.12(a),(b),(c) 
compare  the  time  histories  of  the  displacement,  the 
velocity  and  the  acceleration  of  the  body  obtained 
by  the  two  methods.  It  is  quite  characteristic 
that  the  displacement  and  the  velocity  are  almost 
identical  in  the  two  methods,  whereas  unrealistic 
oscillations  of  high  frequency  are  observed  in  the 
acceleration  at  the  initial  stage  of  the  calculation 
when  the  backward  difference  scheme  is  used.  Al¬ 
though  at  ^  =  0,  when  the  body  is  released  with 
zero  velocity,  the  body  should  have  a  certain  ac¬ 
celeration,  if  backward  difference  scheme  is  used, 
since  the  velocity  is  zero  at  t  =  0  and  no  previous 
time  step  exists,  the  evaluation  of  the  acceleration 
by  a  backward  finite-difference  scheme  can  not 
be  carried  out  accurately.  This  may  be  the  main 
cause  of  the  unrealistic  oscillations  observed  in 
the  acceleration. 

5.2  Comparisons  with  other  results 

Since  it  has  been  confirmed  that  the  basic  per¬ 
formances  of  the  present  numerical  tank  are  good 
enough  for  practical  computations  associated  with 
wave-induced  motions,  computations  were  con¬ 
ducted  for  several  problems  for  which  reliable 
results  that  can  be  compared  with  the  present  cal¬ 
culations  exist. 

5.2.1  2-D  problems 

(l)Motions  in  regular  waves  of  small  amplitude 

When  the  amplitude  of  incident  waves  is  small 
compared  to  their  wavelength,  the  solutions  given 
by  the  linear  potential  theory  may  be  considered 
as  the  right  answers  which  the  present  calcualtion 
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(a)  displacement 


(b)  velocity 


Fig. 5. 13:  The  set-up  of  the  experiment 


t  [sec] 

(c)  acceleration 

Fig. 5. 12:  The  comparisons  of  the  two  schemes 
for  the  calculation  of  the  body  displacement,  ve¬ 
locity  and  acceleration 


should  coincide  with.  Therefore,  motions  of  a  2-D 
body  in  regular  waves  of  small  amplitude  were 
chosen  jas  the  first  example  and  the  results  were 
compared  with  the  ones  obtained  by  a  singularity 
distribution  method  which  is  based  on  the  linear 
potential  theory.  Experiments  were  also  carried  out 
for  the  comparison.  The  set-up  of  the  experiments 
is  shown  in  Fig.5.13.  Two  bodies  of  different  ge¬ 
ometries  were  used  for  both  the  experiments  and 
the  calculations.  One  has  a  semi-circular  cross  sec¬ 
tion  and  the  other  one  has  a  triangular  cross  section 
as  shown  in  Fig.5.14(a),(b).  Fig.5,15(a),(b),(c)  and 
Fig.5. 16(a), (b),(c)  show  the  RAOs(response  ampli¬ 
tude  operators)  of  the  semi-circular  body  and  those 
of  the  triangular  body  respectively.  In  the  present 
calculations,  the  obtained  time  history  was  decom¬ 
posed  into  Fourier  components  and  the  component 
which  has  the  same  frequency  as  that  of  the  in¬ 
cident  waves  was  chosen  for  the  comparison. 
Since  the  present  calculations  were  conducted  us¬ 
ing  Euler  equations  as  the  governing  equations 
of  water-particle  motions  and  thus  the  viscous  ef- 


Fig.5.14:  The  bodies  used  for  both  the  experi¬ 
ments  and  the  calculations 
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2.0 


2.0 


wave  period  [sec] 


(b)  Heave  W  Heave 


(c)  Roll  (c) 

Fig.5.15:  The  RAOs  of  the  semi-circulax  body  Fig.5.16:  The  RAOs  of  the  triangiilai-  body 


fects  are  not  accounted  for,  it  is  reasonable  if  they 
coincide  with  the  results  obtained  by  the  linear  po¬ 
tent!^  theory.  They,  in  fact,  agree  quite  well  with 
the  linear  theory  except  in  the  rotational  motion  of 
the  triangular  body(Fig.5.16(c)).  The  slight  differ¬ 
ence  that  is  also  observed  in  the  rotational  motion 
of  the  semi-circular  body  may  be  attributed  to  the 
numerical  damping  that  is  inevitable  in  the  cal¬ 
culations  based  on  a  finite-difference  scheme.  As 
for  the  comparison  with  the  experimental  results, 
both  the  linear  theory  and  the  present  calculations 
agree  fairly  well  with  the  experiments  except  at 
around  the  natural  periods  of  the  motions.  This  is 
probably  because  damping  forces  caused  by  vis¬ 
cous  effects,  which  are  known  to  play  a  dominant 
role  in  motions  resonant  to  external  excitations, 
are  not  accounted  for  in  the  calculations. 

In  order  to  confirm  the  effect  of  viscosity,  com¬ 
putations  based  on  Navier-Stokes  equations  were 


also  performed  for  the  semi-circular  body.  Since 
grids  should  be  fine  enough  to  reproduce  charac¬ 
teristic  features  of  viscous  flows  such  as  boundary 
layers,  much  finer  grids  were  used,  especially  near 
the  body  surface  as  shown  in  Fig.5.17,  although 
a  turbulence  model  was  used  as  will  be  described 
below.  The  Reynolds  number  of  this  computa¬ 
tion  is  estimated  to  be  10^  10^  and  thus  the 

flow  is  estimated  to  be  turbulent.  Since  compu¬ 
tations  carried  out  by  the  authors  using  a  two- 
parameter  turbulence  model  broke  down  probably 
due  to  the  complexity  of  the  necessary  computation 
scheme  near  the  body  surface,  a  simple  mixing- 
length  theory  was  used  as  the  turbulence  model. 
Fig.5.18  shows  the  instantaneous  velocity  vectors 
near  the  body  surface  obtained  in  the  calcula¬ 
tion.  Fig.5.19  compares  the  RAOs  of  the  motions 
obtained  by  l)Euler-equation-based  CFD(already 
shown  in  Fig.5.15)  2)Navier-Stokes-equation-based 
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Fig.5.17:  The  grid  near  the  body  surface  for  the 
Navier-Stokes  calculation 


Fig. 5. 18:  The  instantaneous  velocity  vectors  near 
the  body  surface 
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Fig.5.19:  The  comparison  of  the  RAOs  of  the 
semi-circulaj  body  with/without  viscous  effects 


CFD  and  3)Experimental  data.  The  effect  of  the 
additional  damping  on  the  motions  induced  by  the 
viscous  forces  is  manifested  around  the  resonant 
period  in  the  results  obtained  by  the  Navier-Stokes- 
equation-based  CFD  although  a  slight  difference 
from  the  experimental  data  still  exists.  The  com¬ 
putation  based  on  Euler  equations  and  that  based 
on  Navier-Stokes  equations  can  be  carried  out  with 
the  same  computer  code  by  simply  eliminating 
or  adding  viscous  forces  in  the  equations,  which 
is  one  of  the  significant  feature  of  the  present 
method, 

(2)Nonlinear  motions  in  large  transient  waves 

After  confirming  that  the  Euler-equation-based 
CFD  can  predict  motions  in  small  waves  with 
the  same  degree  of  accuracy  as  that  of  the  linear 
potential  theory,  the  present  method  was  applied 
to  the  computation  of  nonlinear  motions  in  large 
waves.  Viscous  effects  were  not  taken  into  ac¬ 
count  and  thus  Euler  equations  were  used  in  the 
calculation.  Since  the  linear  potential  theory  can 


no  longer  be  used  as  a  benchmark  because  of  the 
nonlinearity  of  the  phenomena,  experiments  were 
carried  out  to  obtain  the  data  that  can  be  com¬ 
pared  to  the  present  calculations.  The  semi-circular 
model  already  shown  in  Fig.5. 14(a)  was  used  in 
the  experiment  and  the  experimental  set-up  is  the 
same  as  that  already  shown  in  Fig.5.13.  Prior 
to  the  computation,  large  waves  were  generated 
without  placing  the  body  in  the  tank.  Fig.5.20 
compares  the  time  history  of  the  free-surface  dis¬ 
placement  measured  in  the  real  water  tank  with 
the  corresponding  time  history  reproduced  in  the 
present  numerical  tank.  As  can  be  observed,  the 
waves  were  generated  in  such  a  way  that  they 
concentrate  at  the  place  where  the  body  was  sup¬ 
posed  to  be  located.  In  the  present  calculation, 
the  same  time  history  of  the  wave-maker  velocity 
as  that  given  in  the  experiment  were  imposed  at 
the  wave-maker  boundary.  It  is  observed  that  al¬ 
most  the  same  time  history  is  reproduced  in  the 
present  numerical  tank  although  there  exists  a  lit¬ 
tle  discrepancy  at  a  little  time  after  the  waves 
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Fig.5.20:  The  comparison  of  the  large  transient 
waves  produced  in  the  experiment  and  those  gen¬ 
erated  in  the  numerical  tank 

concentrated.  Fig.5.21  compares  the  time  histories 
of  the  motions  of  the  semi-circular  body  placed  in 
the  waves.  The  motion  in  x  direction  coincides 
with  the  measured  one  almost  completely.  Even 
the  horizontal  excursion  after  the  body  encoun¬ 
tered  the  wave  packet  is  perfectly  predicted.  The 
motions  in  z  direction  and  the  rotational  motions 
about  y  axis  are  also  reproduced  quite  well  in¬ 
cluding  the  free  oscillations  after  the  encounter  to 
the  concentrated  wave. 

(3)Steady  drift  force  on  a  submerged  horizontal 
circular  cylinder 

As  an  example  for  which  an  analytical  solu¬ 
tion  exists[7],  the  steady  drift  force  on  a  sub¬ 
merged  horizontal  circular  cylinder  was  chosen(see 
Fig.5.22).  Since  the  analytical  solution  of  the  hori¬ 
zontal  steady  drift  force  on  a  submerged  horizontal 
circular  cylinder  is  zero,  the  vertical  steady  drift 
force  was  compared  with  the  present  computation. 
In  the  present  calculation,  an  averaged  value  of 
the  calculated  vertical  force  over  one  wave  pe¬ 
riod  was  taken  as  the  steady  drift  force  that  is 
to  be  compared.  The  comparison  is  shown  in 
Fig.5.23.  Despite  the  fact  that  a  steady  drift  force 
is  a  second-order  small  quantity,  the  agreement  is 
quite  good  for  all  the  wavelength  and  for  all  the 
submerged  depth  shown  in  the  figure. 

5.2.2  3-D  problems 

(l)Motions  in  regular  waves  of  small  amplitude 
with  zero  forward  speed 

The  first  example  of  3-D  problems  is  the  mo¬ 
tions  of  a  simple  box-shaped  floating  barge  in 
regular  waves  of  small  amplitude.  As  in  2-D 
problems,  this  example  was  chosen  because  solu¬ 
tions  obtained  by  the  linear  potential  theory  may 
be  considered  as  benchmark  results.  The  main 
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Fig.5.21:  The  time  histories  of  the  motions  of  a 
semi-circular  body  in  large  waves 


Fig.5.22:  The  submerged  horizontal  cylinder 
used  for  the  calculation  of  steady  drift  force  in 


particulars  of  the  barge  are  indicated  in  Fig.5.24. 
The  incident  angle  of  the  waves  was  assumed  to 
be  20  deg.  as  shown  in  the  figure.  Results  ob- 
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Fig.5.23:  The  steady  vertical  drift  force  on  the 
submerged  circular  cylinder 


Fig.5.24:  A  3-D  floating  barge  in  oblique  waves 


tained  by  a  singularity  distribution  method  based 
on  the  linear  potential  theory  were  used  for  the 
comparison.  The  present  calculation  is  based  on 
Euler  equations  and  thus  the  viscous  forces  are  not 
taken  into  account.  Fig.5.25  and  Fig.5.26  show  the 
RAOs  of  the  motions.  It  is  observed  that  the 
present  calculations  give  almost  identical  results 
with  those  obtained  by  the  linear  potential  theory 
except  at  the  vicinity  of  the  resonant  periods  of  the 
roil  and  the  pitch  motions,  where  the  present  re¬ 
sults  are  noticeably  smaller  than  the  linear  theory. 
These  discrepancies  may  be  attributed  to  the  nu¬ 
merical  damping  which  entails  in  finite-difference 
calculations.  This  numerical  damping  is  amplified 
in  the  vicinity  of  the  comer  points  because  the 
velocities  become  very  large.  (The  discrepancy 
that  is  also  observed  at  around  0.8  sec.  in  the 
sway  motion  is  considered  to  be  caused  through 
the  coupling  with  the  roll  motion.) 

(2)Motions  of  a  Series-60  ship  advancing  in  head 
waves 

Next,  as  an  practical  example,  a  Series-60 
ship(C5=0.7)  advancing  in  regular  head  waves  with 
Fn-0.2  was  selected  for  the  computation.  The  rea¬ 
son  for  choosing  this  particular  example  is  that  ex¬ 
perimental  results  conducted  by  Gerritsma  et  aL[8] 
exist.  The  body-fixed  grid  system  used  in  the 
computation  is  a  H-H  type  one,  which  is  shown 
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(c)Heave 

Fig.5.25:  The  RAOs  of  the  bai'ge  in  oblique 
waves 


in  Fig.5.27.  Fig.5.28(a),(b)  compare  the  RAOs 

of  the  heave  and  the  pitch  motions  computed  by 
the  present  method  with  the  experiments.  The 
agreement  with  the  experimental  data  is  satisfac¬ 
tory,  which  is  quite  encouraging,  because,  despite 
the  fact  that  the  predictions  of  wave  loads  and 
associated  motions  of  a  ship  advancing  in  waves 
are  vital  for  the  design  of  the  ship,  the  conven¬ 
tional  methods  such  as  a  Green-function  method 
or  a  Rankine  source  method  still  have  certain  dif¬ 
ficulties  in  actual  computations  even  within  the 
linear  potential  theory.  The  present  method  can 
be  applied  in  practically  identical  manner  to  the 
computation  of  wave  loads  and  associated  mo¬ 
tions  of  a  ship  regardless  of  the  existence  of  a 
forward  speed.  This  feature  is  quite  significant  if 
compared  to  the  conventional  methods,  in  which 
the  calculation  becomes  quite  complicated  once  a 
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Fig.5.26:  The  RAOs  of  the  baxge  in  oblique 
waves  (continued  from  Fig.25) 

forward  speed  is  involved. 

5.3  An  application  to  a  ship  advancing  in 
large  waves 

As  an  example  application  of  the  present  method 
to  practically  important  nonlinear  problems,  wave 
loads  and  motions  of  a  ship  advancing  in  large 
waves  were  calculated.  As  described  in  INTRO¬ 
DUCTION,  predictions  of  wave  loads  and  mo¬ 
tions  of  a  practical  ship  advancing  in  large  waves 
are  now  in  great  demand  because  a  rational  de¬ 
sign  of  a  cost  effective  ship  is  necessary  to  com¬ 
pete  in  the  keen  international  market.  For  this 
reason,  significant  efforts  are  now  being  devoted 
around  the  world  by  many  researchers  to  the  de¬ 
velopment  of  reliable  numerical  tools  that  enable 
such  predictions.  Although  most  of  the  current 
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Series-60  ship 


V"L»r/  A 

(a)  Heave 


iT Lpp/ A 


(b)  Pitch 

Fig.5.28:  The  RAOs  of  the  Series-60  ship  running 
in  heave  waves  with  Fn=0.2. 
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Fig.5.29:  The  calculated  points  of  the  pressures 
on  a  Wigley  hull 


efforts  are  based  on  a  boundary-integral-equation 
method(BIEM),  the  present  method,  which  dis¬ 
cretizes  the  fluid  volume  into  grids,  may  be  ad¬ 
vantageous  over  the  BDEM,  because  the  nonlinear 
boundary  conditions  at  the  free-surface  as  well 
as  at  the  body  surface  can  be  dealt  with  some¬ 
times  much  easier  than  a  BIEM.  To  demonstrate 
this  efficaciousness  of  the  present  method,  wave 
loads,  pressures  and  motions  of  a  Wigley  hull 
advancing  in  large  regular  head  waves  were  cal¬ 
culated.  The  places  where  the  pressures  were  cal¬ 
culated  are  shown  in  Fig.5.29.  The  computations 
were  conducted  for  three  different  wave-height, 
Ca/d  =  0.25,0.5,1.0,  where  represent  the 
wave  amplitude  and  the  draft  of  the  ship  respec¬ 
tively.  The  wavelength(A)  was  kept  to  be  X/L^13 
and  the  ship  speed  was  Fn=0.1.  Although  mo¬ 
tions  in  large  waves  are  affected  significantly  by 
the  hull  geometry  above  the  still-water  level,  a 
so-called  double  model,  in  which  the  geometry 
of  the  ship  hull  above  the  still-water  level  is  a 
mirror  image  of  the  hull  geometry  below  the  still- 
water  surface,  was  used  in  the  present  calculation 
for  the  sake  of  the  simplicity  of  grid  generation. 
Fig.5.30(a)(b)(c),  Fig.5.31(a)^)(c)  show  the  time 
histories  of  the  heave  and  the  pitch  motions  re¬ 
spectively  in  the  three  different  wave-height. 
Fig.5.32(a)(b)(c),  Fig.5.33(a)(b)(c)  show  the  time 
histories  of  the  heave  force  and  the  pitch  mo- 
ment(about  the  midship  section)  in  the  three  dif¬ 
ferent  wave-height.  It  is  quite  characteristic  that 
little  distortions  are  observed  in  the  time  histories 
of  the  motions  even  in  quite  large  waves,  whereas 
the  time  histories  of  the  heave  force  and  the  pitch 
moment  are  deviated  significantly  from  sinusoidal 
curves.  These  results  are  at  least  qualitatively 
consistent  with  the  known  fact  that  nonlinearities 
are  manifested  in  wave  loads  while  motions  re¬ 
main  sinusoidal  up  to  fairly  large  wave-height. 
Fig.5.34,Fig.5.35,Fig.5.36  show  the  time  histories 
of  the  pressures  in  the  three  different  wave-height. 
In  some  of  the  time  histories,  the  pressures  level 
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Fig. 5.30;  The  time  histories  of  the  heave  motion 
in  three  different  wave-height 

off  once  they  reach  p  =  0(air  pressure).  This 
happens  as  the  corresponding  place  is  exposed  to 
the  air  due  to  large  motions.  In  relatively  small 
wave-height,  Ca/rf  =  0.25,  such  phenomenon  is 
only  observed  in  P3,  which  is  located  close  to 
the  still-water  surface,  whereas  as  the  wave-height 
increases,  the  pressure  at  P9  also  levels  off  to¬ 
gether  with  that  at  P3  in  Ca/rf=0.5.  Even  the 
pressure  at  such  a  place  as  PI,  which  is  located 
well  below  the  still-water  surface,  level  off  in  the 
largest  waves  (Ca/rf=l-0).  Since  no  experimental 
data  nor  other  calculation  results  corresponding  to 
the  present  ones  are  available  at  present,  the  vali¬ 
dation  of  the  presented  results  is  one  of  the  urgent 
future  tasks.  It  is  also  necessary  from  the  practical 
point  of  view  to  deal  with  a  ship  which  has  a 
realistic  hull  geometry  above  the  still-water  level. 
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Fig. 5.33:  The  time  histories  of  the  pitch 
in  three  different  wave-height 


(c)  Stem 

Fig. 5. 34:  The  time  histories  of  the  pressure 


Fig.5.35:  The  time  histories  of  the  pressure  in 
waves((^o/d  =  0.5) 


(c)  Stern 

Fig.5.36:  The  time  histories  of  the  pressure  in 

waves(Ca/<i  =  l-O)- 
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6.CONCLUSIONS 


With  an  Euler-equation-based  CFD,  it  has  been 
shown  that  wave-induced  motions  of  a  floating 
body  in  small  regular  waves  can  be  calculated 
with  the  same  degree  of  accuracy  as  that  attained 
by  the  conventional  linear  potential  theory.  By 
adding  the  viscous-force  terms  to  Euler  equations, 
it  was  demonstrated  that  a  Navier-Stokes-equation- 
based  CFD  can  be  actually  carried  out  with  essen¬ 
tially  the  same  computer  code  and  the  results  were 
obtained  that  account  for  the  additional  damping 
effect  on  the  motions  resonant  to  waves.  It  has 
also  been  shown  that  the  present  method  can  be 
used  for  the  calculations  of  wave  loads  and  asso¬ 
ciated  motions  of  a  ship  advancing  in  waves  in 
practically  the  same  manner  as  the  computation 
of  a  ship  with  no  forward  speed.  Considering 
that  the  conventional  methods  such  as  a  Green- 
function  method  or  a  Rankine  source  method  re¬ 
quire  significant  numerical  efforts  once  a  forward 
speed  is  involved  even  in  the  linear  theory,  the 
above  mentioned  feature  of  the  present  method 
is  a  significant  advantage  over  the  conventional 
methods.  With  the  present  method,  even  the  cal¬ 
culation  of  wave  loads  and  the  resultant  motions 
of  a  ship  advancing  in  large  waves  can  be  carried 
out  without  any  major  difficulty.  Overall  it  has 
been  demonstrated  that  the  CFD  computations  of 
wave-induced  motions  of  a  floating  body  can  be 
done  with  reasonable  accuracy  in  a  wide  variety 
of  practically  important  problems  by  essentially  a 
single  computer  code.  Although  the  right  direc¬ 
tion  of  the  future  strategy  for  the  development  of 
reliable  numerical  tools  that  can  predict  the  wave 
loads  and  resultant  motions  of  a  ship  advancing 
in  large  waves  may  yet  be  determined,  the  present 
strategy  could  be  one  of  the  promising  candidates 
for  that  purpose. 
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ABSTRACT 


This  article  deals  with  numerical  simulation  of  wave  radiation  by  the  force  heave  or  pitch  motion  of  a 
ship  at  forward  speed.  A  viscous,  turbulent  and  unsteady  flow  is  considered.  The  motions  of  the  hull  are 
written  in  a  cartesian  frame  moving  at  the  mean  hull  velocity.  The  hydrodynamic  loads  acting  on  the 
hull  are  calculated  at  each  time  step  during  the  unsteady  simulation  and  the  hydrodymamic  coefficients 
are  then  obtained  through  Fourier  analysis. 

The  Navier-Stokes  equations  with  nonlinear  free  surface  boundary  conditions  are  solved  by  a  fully-coupled 
method  for  velocity,  pressure  and  free  surface  elevation  unknowns  [1] .  The  discretisation  of  the  governing 
equations  by  finite  difference  schemes  provides  a  linear  system  which  is  solved  by  an  iterative  algorithm 
based  on  conjugate  gradient  or  multigrid  methods.  Kk  —  oj  model  based  on  the  solution  of  two  transport 
equations  is  used  to  evaluate  turbulent  viscosity. 

The  hydrodymamic  loads  computed  with  this  method  axe  compared  with  perfect  fluid  flow  calculations 
and  experiments  for  a  free  surface  piercing  hemisphere  and  a  merchant  ship  Series  60,  CB=0.60. 


INTRODUCTION 

The  numerical  method  to  solve  the  Reynolds- 
Averaged  Navier-Stokes  (RANS)  equations  with 
nonlinear  free  surface  boundary  conditions  pre¬ 
sented  in  the  following  has  been  already  used 
to  simulate  cases  of  ships  in  rectilinear  motion 
in  an  initially  calm  water  [1].  This  method  has 
been  modified  here  in  order  to  take  supplemen¬ 
tary  forced  motions  into  account.  The  final  pur¬ 
pose  of  this  study  is  to  divise  a  coupling  method 
between  the  present  RANS  equations  approach 
and  a  potential  flow  method  [7].  Indeed  the  main 
interest  of  computations  around  ships  in  viscous 
flow  is  the  capability  to  compute  boundary  layer, 
effects  of  turbulence  or  vorticity  which  occur  in 
the  vicinity  of  the  hull.  On  the  other  hand  it 
is  difficult  to  compute  free  surface  field  fax  from 
the  hull  in  long  term  simulations.  Moreover  influ¬ 
ence  of  turbulence,  viscosity  or  vorticity  is  weak 
far  from  the  hull.  So  it  can  be  very  interesting 
to  use  a  method  based  on  potential  flow  theory 
(with  linear  approximation  or  not)  to  compute 
this  far  field.  So  a  coupling  between  a  method 
solving  RANS  equations  and  another  one  solving 


potentiel  flow  equations  is  an  original  way  to  use 
advantages  of  each  one  :  flow  in  the  vicinity  of 
the  hull  is  solved  by  computing  Navier-Stokes- 
Reynolds  equations  with  nonlinear  free  surface 
boundary  conditions  and  flow  far  from  the  hull  by 
Laplace  equation  =  0  and  free  surface  bound¬ 
ary  conditions.  The  potential  flow  solution  is  used 
to  provide  boundary  conditions  on  the  external 
boundary  for  the  problem  in  viscous  fluid. 

For  the  present  problem  of  hydrodynamic  loads 
on  a  body  in  forced  oscillating  motions,  many  ref¬ 
erences  can  be  found  in  literature.  Solutions  in 
perfect  fluid  flow  based  on  perturbation  methods 
have  been  first  developed.  First  analytical  solu¬ 
tions  have  been  obtained  by  Havelock  [11]  and 
three-dimensional  problem  for  a  floating  body 
has  been  formulated  by  John  [12].  In  1960  We- 
hausen  and  Laitone  [23]  proposed  formulations 
of  the  Green  function  for  the  three-dimensional 
problem.  The  first  approach  of  the  3D  prob¬ 
lem  has  been  done  by  Korvin-Kroukowsky  [13] 
with  a  method  based  on  the  strip  theory.  Other 
authors  like  Faltinsen  [6]  and  Telste  [21]  have 
solved  the  fully  nonlinear  2D  problem  by  devel¬ 
oping  some  BEM  methods.  Three  dimensional 
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seakeeping  problem  with  forward  speed  has  been 
undertaken  too  since  the  middle  of  the  80 ’s.  First 
studies  treated  the  linear  and  steady  problem  in 
the  frequency  domain  (Sclavounos  and  Nakos  [20] 
or  Ohkusu  and  Iwashita  [17]  among  many  others 
contributors).  More  recently  time-domain  solu¬ 
tion  has  been  developed  and  the  nonlinear  prob¬ 
lem  is  still  in  progress  [14].  In  1998  no  fully  non¬ 
linear  code  was  available  in  the  industry. 

Concerning  viscous  approach  of  this  problem 
Nichols  and  Hirt  [16]  for  bodies  in  heave  motion 
or  Yeung  and  Ananthakrishnan  [26]  amd  other  au¬ 
thors  have  developed  numerical  algorithms  based 
on  2D  Navier-Stokes  equations.  Today  solvers 
based  on  RANS  equations  can  treat  problem  of 
ship  with  forward  speed  in  initially  calm  water 
(with  calculation  of  wave  and  viscous  resistances). 
So  such  solvers  should  from  now  on  treat  the  3D 
seakeeping  problem  (without  incoming  waves). 

In  present  article  RANS  equations  with  fully 
nonlinear  free  surface  boundary  conditions  are 
solved  by  an  original  fully-coupled  method  for 
velocity,  pressure  and  free  surface  elevation  un¬ 
knowns.  Governing  equations  are  written  in  a 
set  of  curvilinear  coordinates  fitted  to  the  body 
and  free  surface.  A  linear  system  for  all  discrete 
unknowns  (velocity,  pressure  and  free  surface  ele¬ 
vations)  is  solved  at  each  iteration  by  a  CGSTAB 
algorithm  and  mesh  of  the  fluid  domain  is  regrid- 
ded  according  to  the  new  shape  of  the  free  surface 
(moving  grid  technique) .  A  k  —  oj  model  is  used 
to  compute  the  turbulent  effects  but  the  kinetic 
energy  k  and  the  turbulent  dissipation  rate  uj  are 
not  included  in  the  fully  coupled  linear  system. 

The  hydrodynamic  loads  (pressure  effects  and 
viscous  effects)  are  computed  on  the  hull  at  each 
time  step,  allowing  for  the  influence  of  viscosity 
on  added  masses  or  damping  coefficients  to  be 
studied. 

DEFINITION  OF  COORDINATE  SYS¬ 
TEMS 

The  motion  of  the  ship  is  assumed  to  be  the 
sum  of  a  rectilinear  motion  with  the  average 
speed  (17a)  plus  a  sinusoidal  motion.  The  equa¬ 
tions  are  written  in  a  cartesian  system  (Rq)  = 
(O;  ■^;  “^;  ^)  which  is  moving  with  the  constant 
forward  speed  (C/a)-  The  x  axis  of  this  coordinate 
system  is  parallel  to  the  average  speed  of  the  ship 
but  oriented  in  the  opposite  direction.  The  y  axis 
is  on  the  free  surface  at  rest  and  the  z  axis  is 
vertically  upward  oriented. 

The  ship  can  have  movements  of  translation 
along  the  three  axis  of  the  system  (Rq)  or  move- 


^2 


Figure  1;  Used  frames 

ments  of  rotation.  These  rotations  are  defined  as 
following  (see  figure  1)  : 

the  yaw  movement  is  a  rotation  around  (O;"^) 
axis  and  {Rq)  becomes  {Ri)  =  (O;^;  jit; '^)- 
the  pitch  movement  is  a  rotation  around  (0;  yt) 
axis  and  {Ri)  becomes  (R2)  = 
the  roll  movement  is  a  rotation  around  (O;^) 
axis  and  (^2)  becomes  (R3)  =  (0;^;y|;^) 
where  (R3)  is  a  coordinate  system  connected  to 
the  hull. 

GOVERNING  EQUATIONS 

Transport  equations  and  turbulence  trans¬ 
port  equations 

RANS  equations  are  written  under  a  convective 
form  for  a  three-dimensional  turbulent  flow  of  a 
Newtonian  and  incompressible  fluid.  The  three 
components  of  velocity  (u')  ,  pressure  (p)  includ¬ 
ing  gravitational  effects  {pgx^)  and  turbulent  ki¬ 
netic  energy  {2/3pk)  are  the  dependent  unknowns 
of  the  problem.  The  independent  unknowns  are 
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the  three  coordinates  of  the  cartesian  basis  and 
the  time  (t),  A  curvilinear  system  fit¬ 

ted  to  the  physical  fluid  domain  is  defined  in  order 
to  simplify  the  implementation  of  the  boundary 
conditions  on  the  hull  and  on  the  free  surface.  So 

=  0  and  f  ^  =  0  are  the  equations  of  the  wet¬ 
ted  part  of  the  hull  and  the  free  surface  respec¬ 
tively.  At  each  time  step  a  partial  transformation 
is  defined  between  the  moving  cartesian  coordi¬ 
nate  system  and  the  fixed  curvilinear  system  :  in 
the  sequel,  the  independent  unknowns  will  be  the 
curvilinear  components  and  time  (t). 

The  metric  of  this  transformation  uses  covariant 
basis  (ai),  contravariant  basis  (a^),  contravariant 
metric  tensor  control  grid  functions  (P) 

and  grid  velocities.  These  geometric  elements  are 
computed  at  each  time  step  at  each  node  of  the 
mesh. 

The  transport  equations  in  the  non  Galilean 
frame  {Rq)  are  written  : 

Kt  +  (®i  ~ 

h<AP,k  -  -  aivt,iafu'^j  +  SiaUa,t  =  0 

(1) 

and  the  mass  conservation  implies  : 


Standard  boundary  conditions 

This  formulation  needs  boundary  conditions  for 
velocity,  turbulent  kinetic  energy  k  and  dissipa¬ 
tion  rate  a;.  No  other  pressure  boundary  condi¬ 
tion  is  necessary  at  the  boundary.  Let  us  denote 
by  Tc  the  boundary  defined  by  the  hull,  Fe  the  ex¬ 
ternal  boundary,  Fa  the  symmetry  vertical  plane 
and  Fs  the  free  surface,  are  the  carte¬ 

sian  coordinates  in  the  frame  {Rq)  corresponding 
to  the  directions  respectively. 

For  closure  of  the  turbulence  equations,  we  use 
the  following  boundary  conditions  for  k  and  a; 

on  F«  t  fc  =  krriin  ?  ^  “  ^max 


onFg  .  k  —  k'f! 

on  Fc  :  k^km 
onTa  :  &  ' 


-  /Cmtm  ^  ^ 

dk  _  dw  _ n 

aTT  —  aTT  —  U 


where  I  and  d  are  the  ship  length  and  the  dis¬ 
tance  to  the  hull  respectively. 

The  boundary  conditions  for  the  velocity  field 
all  other  boundaries,  except  the  free  surface  F^, 
are  given  by  no-slip  or  symmetry  conditions  : 


onFe  :  =V 
on  Fc  :  = 

onFa  :  =  0; 


—  u 


:  =  0 
_  du^  _ 


A  two  transport  equations  turbulence  model 
k  —  (jj  [15]  [24]  [25]  is  used  to  close  the  set  of 
equations,  lj  denotes  a  specific  dissipation  rate 
defined  by 

By  using  the  above  partial  transformation,  the 
transport  equations  for  k  and  u)  become  : 

k,t  +  (al  (u*  -  m’ )  -{u  +  cr*vt)  P  -  ai(7*Ut  ,a(^  , 
(i/  -h  a*ut)  Q^'^k^ij  —  Pr  +  =  0 


oi.t  +  (af  (u’  -  u’ )  -  (i/  +  cyvt)  P  - 

-{V  +  (JVt)  (/’•’w.ij  -  =  0 


13*  =  0.09;  <7  =  0.5;  7  =  | 
7*  =  1;  <t*=0.5;/3=:| 


Pr  and  Vt  are  the  production  term  and  the  tur¬ 
bulent  viscosity  respectively. 


Free  surface  boundary  conditions 

On  the  free  surface,  the  available  boundary  con¬ 
ditions  on  (Fs)  are  :  one  kinematic  condition, 
two  tangential  dynamic  conditions  and  one  nor¬ 
mal  dynamic  condition. 

The  kinematic  condition  expresses  that  the 
fluid  particles  of  the  free  surface  remain  on  it  : 


In  this  equation  (p)  is  a  the  bidimensional  con¬ 
travariant  basis  computed  on  the  free  surface. 

The  dynamic  conditions  arise  from  the  conti¬ 
nuity  of  stresses  at  the  free  surface.  When  the 
pressure  above  the  free  surface  is  supposed  to  be 
constant,  the  normal  dynamic  condition  is  given 
by  : 

p-pgh-  J  =  0  (10) 

|a3|  r 

where  7  is  the  superficial  tension  coefficient  and 
r  is  an  averaged  free  surface  curvature  radius.  At 
last  the  tangential  dynamic  conditions  are  a  linear 
combination  of  the  first  derivatives  of  the  carte¬ 
sian  velocity  components. 

aaiff^V,=0a€{l,2}  (11) 


4.2-3 


Body  motions 

The  present  numerical  method  has  been  first  im¬ 
plemented  to  compute  viscous  free  surface  flows 
around  a  hull  in  rectilinear  motion.  In  this  case 
the  hull  was  fixed  in  the  frame  (i2o)-  In  order 
to  study  seakeeping  with  forward  speed,  the  mo¬ 
tions  of  the  calculation  frame  have  to  be  taken 
into  account.  At  each  time  step  (n),  the  location 
of  the  hull  is  defined  in  the  frame  (Rq)  (the  sup¬ 
plementary  sinusoidal  motion  of  the  hull  being  an 
explicit  time  function);  the  fluid  domain  around 
the  hull  is  then  regridded  by  considering  the  new 
hull  and  free  surface  positions  computed  in  the 
previous  time  step  (n  —  1). 

When  the  hull  is  forced  to  oscillate  in  translation 
or  rotation,  the  no-slip  condition  implies  that  the 
fluid  velocity  on  the  hull  and  the  velocity  of  the 
hull  itself  must  be  identical.  If  we  consider  a  point 
of  the  hull  P  merged  into  a  node  of  the  grid  a 
time  (t),  the  velocity  of  (P)  is  equal  to  zero  in 
the  frame  (P3).  The  velocity  of  this  point  (P)  in 
the  frame  (Pq)  is  then 


dOp 

dt 


Ro 


dOp 

dt 


+  flos  A  Op  =  fios  A  Op 

Rz 

(12) 


where  fios  is  the  rotation  velocity  of  frame  (P3) 
with  respect  to  (Po)- 

DISCRETISATION  OF  THE  SET 
OF  EQUATIONS  BY  THE  FULLY- 
COUPLED  METHOD 


Today  most  of  numerical  methods  solving  RANS 
equations  including  free  surface  effects  are 
weakly-coupled  methods.  In  these  approaches 
discrete  transport  equations  and  continuity  equa¬ 
tion  at  time  step  (n)  are  solved  by  some  itera¬ 
tive  algorithms  like  SIMPLER  [18]  which  provide 
approximate  solutions  for  velocity  and  pressure 
fields.  The  free  surface  elevation  is  then  updated 
separately  from  them  by  using  the  normal  dy¬ 
namic  condition  or  by  integrating  the  kinematic 
condition. 

Unfortunately  these  algorithms  lead  to  a  weak 
coupling  between  velocity  and  pressure  fields. 
Complete  free  surface  boundary  conditions  can¬ 
not  be  taken  into  account.  Integration  of  the 
kinematic  condition  requires  non  physical  bound¬ 
ary  conditions;  Moreover  using  of  the  normal  dy¬ 
namic  condition  under  Dirichlet  form  inhibits  the 
mass  conservation  under  the  free  surface.  An 
original  method  has  been  developed  to  improve 


the  theoretical  and  numerical  resolution  of  these 
problems  [1].  In  this  method  three  dimensional 
RANS  equations  with  the  Newtonian  closure  are 
written  under  convective  form  in  a  curvilinear 
computational  space  fitted  at  each  time  step  to 
the  hull  and  to  the  moving  free  surface.  The 
k  —  uj  turbulence  model  gives  two  linear  systems 
solved  at  each  time  step  {n)  with  velocity  field 
computed  at  previous  step  (n  —  1).  The  transport 
equations  are  discretised  at  the  nodes  of  the  grid. 
The  Rhie  &  Chow  interpolation  [19]  with  extra 
pseudo-velocity  unknowns  is  used  to  set  up  the 
pressure  equation  discretised  at  the  center  of  each 
elementary  volume.  The  two  tangential  dynamic 
conditions  and  the  kinematic  condition  give  a  set 
of  three  velocity  boundary  conditions  on  the  free 
surface.  The  normal  dynamic  condition  is  used 
to  provide  an  implicit  relation  between  pressure 
and  free  surface  elevation. 

The  original  aspect  of  the  present  “fully- 
coupled”  method  is  that  a  single  linear  system 
for  velocity  components,  pseudo- velocity  compo¬ 
nents,  pressure  and  free  surface  elevation  is  built 
and  solved  at  each  iteration  using  a  CGSTAB 
algorithm  [22].  This  method  leads  to  a  strong 
velocity-pressure  coupling  which  is  essential  for 
good  convergence  on  non-linearities.  Moreover, 
the  complete  nonlinear  free  surface  boundary  con¬ 
ditions  (with  viscous  and  surface  tension  terms) 
are  properly  taken  into  account. 

In  the  following,  the  discrete  components  of  ve¬ 
locity  (U“),  pseudo- velocity  (U*^),  kinetic  energy 
(ATi),  turbulent  dissipation  rate  [Wi)  are  located 
along  the  curvilinear  coordinates  lines  of  the  volu- 
mic  grid  (12),  which  allows  to  write  easily  bound¬ 
ary  conditions  on  (dfl).  The  pressure  unknowns 
{Pk )  are  located  at  the  centre  of  elementary  vol¬ 
umes  (f2i;)  to  ensure  mass  conservation  without 
special  treatment  at  boundaries.  The  free  sur¬ 
face  elevation  unknowns  (Hk)  are  located  at  the 
centre  of  free  surface  interfaces  (dflsi)  in  order 
to  avoid  singularity  of  the  kinematic  free  surface 
condition.  (SQs)  are  the  nodes  of  the  grid  (12)  be¬ 
longing  to  free  surface  only;  (5126)  represent  the 
nodes  of  the  grid  belonging  to  the  boundaries  ex¬ 
cept  the  free  surface  (we  have  dQ,  =  dCls  U  drtb)» 

All  equations  are  discretised  by  second-order 
finite  differences  schemes  (in  space  or  time) . 

Discretisation  of  the  transport  equations 

The  transport  equations  are  first  linearised  :  that 
means  that  the  convection  terms  and  a  part  of  the 
turbulence  terms  and  the  diffusion  terms  (cross 
second  derivative  terms)  are  computed  at  the 
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previous  time  step.  Then  they  are  discretised 
at  nodes  of  the  grid  :  the  convection  terms  are 
computed  under  implicit  form  with  an  upward 
second-order  scheme  and  need  a  13  points  sten¬ 
cil  and  the  non  crossed  diffusion  terms  need  a 
7  points  stencil.  The  pressure  gradient  is  dis¬ 
cretised  on  the  nodes  too  with  a  8  points  sten¬ 
cil.  Finally  we  obtain  for  the  transport  equa¬ 
tions  at  node  i  for  the  three  cartesian  components 
(a  €{1,2,3}): 

ut  +  Mij  +  ixp)l  Pk  =  fufmii\  an 

(13) 

Discretisation  of  the  transport  equations 
for  the  turbulence  model 

The  transport  equations  for  k  and  oj  are  first  lin¬ 
earised  under  following  form  : 


f  (i/  +  cr*i/t)  g^k^jj  +  A^kj  -  k,t  =  S* 

{  (i/  +  aut)  ~  ^,t  =  Su, 

with  : 

(  aI  =  -aj  -  u* )  +  (i/  +  crVf)  fj  +  aia*ut^,ai 
\  Al  =  -aj  (u*  -  «’)  +  (j/  +  ai't)  P  +  alaut^^aj. 

(15) 

and  : 

j  Sk  =  -il'  +  (r*Vi)  -Pr  +  /3*wfe 

1  5u,  =  - (I/  +  (7Vt)  -PtY+ 

(16) 

In  the  equations  (14),  +  cr*vt)  , 

[v avt)  9^^ ^  -4^,  Sk  and  S^;  are  com¬ 

puted  at  previous  time  step.  Other  terms  of  the 
equations  (14)  (unsteady  term,  first  derivatives 
and  non  crossed  second  derivatives  in  space)  are 
discretised  under  implicit  form  with  schemes 
similar  to  those  used  for  the  convection-diffusion 
equations  (1). 

After  discretisation  the  equations  (14)  can  be 
written  under  following  form  : 


Discretisation  of  free  surface  boundary 
conditions 

The  kinematic  condition  (9)  is  linearised  as  an  im¬ 
plicit  relation  between  the  three  velocity  cartesian 
components  and  the  free  surface  elevation  : 

h^t  +  -t-  A^u^  -  =  A^ul  -i-  A^u^g  (18) 

This  equation  is  then  discretised  on  the  nodes 
{dQ,s)  of  the  free  surface.  The  spatial  derivatives 
of  free  surface  elevation  in  the  terms  A^  and  A^ 
are  expressed  with  second-order  centred  schemes 
on  a  4  points  stencil.  The  unsteady  term  is  im¬ 
plicitly  written  by  a  3  points  non-centred  scheme. 
H  is  the  discrete  free  surface  elevation  defined  at 
the  center  of  free  surface  cells  and  H  its  interpo¬ 
lation  at  the  nodes  of  the  grid.  Finally  we  have 
for  the  discrete  kinematic  condition  : 

Xj’^Ul  +  =  fcaondns 

(19) 


The  discretisation  of  the  two  tangential  dy¬ 
namic  conditions  (11)  on  a  6  points  stencil  can 
be  written  under  following  form  : 


+  xf^uf  +  xj'^uf+ 

Xf^Ul  +  xf^uf  +  xf^uf+ 
{vVui+’i^vj+vlfv!)  =0 


ond^ls 


(20) 


The  three  equations  (19)  and  (20)  are  the 
boundary  conditions  for  the  velocity  field  on  the 
free  surface.  In  order  to  obtain  a  fully-coupled 
linear  system  with  better  conditioning  the  linear 
system  of  these  equations  is  analytically  solved 
for  the  unknowns  C/f  {a  €  {1, 2, 3})  on  each  node 
i.  The  boundary  conditions  for  velocity  on  free 
surface  become  : 

Ur  +  {xsu)tj  +  (X5/I)f  Hi  =  fs?  on 

(21) 


J  {xk)igKj+^iWi  =  fkionn\dn 

1  {x(^)ijWj  =  fuJion^l\dn  ^  ^ 

At  each  time  step  (n)  new  values  of  the  kinetic 
energy  field  (Ki)  and  the  turbulent  dissipation 
rate  field  (Wi)  are  solved  by  using  velocity  field 
computed  at  previous  time  step  {n  —  1).  These 
fields  allow  the  calculation  of  Ut  and  other  turbu¬ 
lent  terms  in  the  transport  equations  (13)  or  in 
the  free  surface  boundary  condition  (10). 


For  the  discretisation  of  the  normal  dynamic 
condition  (10)  the  viscous  terms  are  computed 
under  explicit  form.  The  pressure  unknowns 
are  located  at  the  centre  of  elementary  volumes. 
Thus  the  pressure  on  the  free  surface  is  linearly 
extrapolated  with  the  two  pressure  unknowns  lo¬ 
cated  just  under  free  surface.  Finally  the  discre¬ 
tised  normal  dynamic  condition  is  written  : 

Pk  +  {xsp)kjPj  =  fhk  on  dQsi  (22) 
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Discretisation  of  pressure  equation  and  use 
of  generalised  Rhie  Sz  Chow  interpolation 

The  Rhie  h  Chow  method  is  commonly  used  to 
obtain  a  pressure  equation  from  continuity  equa¬ 
tion.  The  fully-coupled  linear  system  with  the 
transport  equations,  the  pressure  equation  and  all 
boundary  conditions  is  of  course  invertible  but  it 
is  not  true  for  the  single  pressure  block  that  leads 
to  a  bad  conditioning.  To  avoid  this  problem  the 
Rhie  &  Chow  procedure  is  modified  for  elemen¬ 
tary  volumes  in  contact  with  free  surface.  In  such 
cases  free  surface  boundary  conditions  are  intro¬ 
duced  for  calculation  of  the  divergence. 

In  the  equations  hereafter  X  and  X  mean  in¬ 
terpolation  of  the  discrete  variable  X  on  the  nodes 
of  the  grid  and  at  the  centre  of  free  surface  inter¬ 
faces  respectively. 

Free  surface  elevation  is  eliminated  of  equation 
(21)  by  using  the  normal  dynamic  condition  (22) 


Ui  +  (xsv)%  -  ixsh^ixsp)uPi 

=  fsf  -  {xsh)t  fhi 

(23) 


By  introducing  the  pseudo-velocity  unknowns 
(t/*"),  the  transport  equations  (13)  and  three 
free  surface  boundary  conditions  (23)  can  be  ex¬ 
pressed  at  the  centre  of  each  interface  (Hj)  : 

U^-U’'=‘+  CFu{W)nkPk  -  CFs  (^)“  {XSp)niPj  =  0 
onfti 

(24) 

with  : 


The  case  C7s  =  0  is  the  classical  Rhie  and  Chow 
method.  With  =  1  the  free  surface  boundary 
conditions  are  put  in  the  calculation  of  the  diver¬ 
gence  under  free  surface  that  gives  a  fully  coupled 
linear  system  easy  to  solve.  Finally  the  pressure 
equation  is  written  : 

{xmp)kiPi  +  {xd)tiU*°‘  =  0  on  (26) 


THE  FULLY-COUPLED  SOLUTION 

The  linear  system  (17)  allowing  to  obtain  the  ki¬ 
netic  energy  and  the  turbulent  dissipation  rate  is 
solved  separately  as  explained  before.  The  equa¬ 
tions  used  for  the  fully-coupled  linear  system  in 
velocity,  pseudo-velocity,  pressure  and  free  sur¬ 
face  elevation  are  the  following  :  the  transport 
equations  (13)  on  H  \  the  relation  between 
velocities  and  pseudo-velocities  (25)  on  Q\ 
the  free  surface  boundary  conditions  for  veloci¬ 
ties  (21)  on  do. Si  the  implicit  relation  between 
velocities  and  pseudo-velocities  (25)  on  50^  (with 
corresponding  values  of  and  cr^),  the  boundary 
conditions  for  velocities  on  dQi,  (practically,  no¬ 
slip  or  symmetry  conditions;  see  (8)),  the  implicit 
relation  between  velocities  and  pseudo-velocities 
(25)  on  the  pressure  equation  (26)  on  Qy  and 
the  normal  dynamic  condition  on  dQsi  (22). 

The  resulting  coupled  linear  system  is  solved 
at  each  iteration  by  the  CGSTAB  algorithm  [22] 
with  an  incomplete  LU  preconditioning  of  the 
pressure  block  x'^P  only. 


Ax  =  b 


with  : 


Ur+cr.{{xuhU^^i-fu?)  + 
({xsu)ijU^^i  -  fsf  +  ixsh)i  Jh^  =  0  on  Q 

^  =  Ion  (flu  fit)  \  (dfl  U  dfli) 

=  0  on  U  dQi 

Os  =  lon(QU  Qi)  \  (dQs  U  dQsi) 
cTs  =0  on  dfls  U  dQsi 

(25) 

To  summarize,  the  pseudo- velocity  (17*°")  re¬ 
groups  the  convection  terms  and  the  right  hand 
second  members  for  the  transport  equations  and 
the  free  surface  boundary  conditions,  except  the 
normal  dynamic  condition  (25), 

The  pressure  equation  is  obtained  by  cancella¬ 
tion  of  the  divergence  on  each  elementary  volume. 


Id 

--Id 

XP 

Id 

-Id 

Xshp 

Xcl 

xcl 

xcl 

XU 

XU 

XU 

Id 

Xsu 

xsu 

xsu 

Id 

-Id 

Id 

Xd 

xd 

xd 

Xmp 

Xsp 


■  U{fl\dfl)  ■ 

u{dfis) 

uidfit) 

fcl 

V  (n  \  an) 

■,b  = 

fu 

U*  (dfls) 

u*  {dfib) 

p{fiv) 

fssh 

H{dfisi) 

(27) 
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RESULTS 

Hydrodynamic  loads 


0.004 


Forces  Rpi{t)  and  Rfi  {t)  due  to  the  pressure  and 
the  friction  respectively  are  acting  on  the  hull  and 
are  computed  at  each  time  step  on  the  exact  wet¬ 
ted  part  of  this  one.  In  order  to  compute  the  hy¬ 
drodynamic  coefficients  we  have  to  taken  hydro- 
dynamic  restoring  forces  Rhdi  {t)  into  account. 

In  formula  (28),  rii  represents  the  component 
of  unit  normal  vector  pointing  outside  and  P  the 
total  pressure  : 

Rpi  (t)  -H  Rfi  (t)  +  Rhdi  (t)  = 

-  L,y  Priids  +  p.v.  (Ifi  +  ii)  .Uids 

“  fo  fro 

(28) 


Hydrodynamic  coefficients 

The  prescribed  forced  motion  in  heave  and  pitch 
are  given  under  nondimensionalised  form  : 

77  =  A  *  sin  (cJt  +  (p)  (29) 

^  =  0  *  sin  (lj  t  +  (p)  (30) 

All  variables  are  undimensionalised  with  the  hull 
length  L  ,  the  average  forward  speed  Ua  and  the 
water  density  p.  This  leads  to  the  following  rela¬ 
tions  for  :  amplitude  A,  fre^ency  cD,  motion  77, 
time  t  ,  force  F  and  torque  M. 


{ 


=  2.7r.7;  f  =  n=h 


(31) 


The  hydrodynamic  loads  axe  then  expressed  as  a 
Fourier  analysis  : 


(?)  =  Fo+Fi  cos  {wt  +  ip)  +F2  sin  (w  F+  (^) +... 

Mb(J)  =  Mo+Mi  cos  (Z7+  ip)-i-M2sm  {u)t  +  ip)+... 

(33) 

and  : 


-  ^  ^77  77 

Fr,  (?)  =  Fo  +  Ca33^+  ^“33^ 


(34) 


Mb  (?)  =  Mo  +  Ca55^+  (35) 

Finally  non-dimensionalised  added  mass  coeffi¬ 
cients  Ma  and  damping  coefficients  Ca  for  heave 
and  pitch  motion  are  obtained  : 


F^re  2:  Hydrodynamic  coefficients  Ma^z  and 
Cass  versus  time 


for  heave  motion 


Mass  =  Cazz  —  (36) 

Auj 


for  pitch  motion 


~  Ms  ^  ^  Ml 


(37) 


The  Fourier  analysis  is  performed  in  a  moving 
window  of  one  period  long.  This  method  allows 
to  determine  transient  or  stationary  part  of  the 
signal  versus  time  with  accura^  On  figure  2, 
the  hydrodynamic  coefficients  Mass  and  Cass  are 
shown  in  function  of  time  :  transient  part  of  the 
signal  can  be  observed. 

Results  for  a  hemisphere 


In  order  to  validate  the  implementation  of  sup¬ 
plementary  sinusoidal  motions  in  the  present 
RANSE  solver  [1]  computations  have  first  been 
performed  for  heaving  hemisphere  without  for¬ 
ward  speed.  In  such  a  case  theoretical  results 
[10]  and  experiments  [4]  can  be  found  in  litera¬ 
ture.  So  excitation  forces  ,  hydrodynamic  coeffi¬ 
cients  and  pressure  on  hemisphere  are  reachable. 
The  theoretical  results  have  been  obtained  under 
assumption  of  potential  flow  and  linearised  free 
surface  boundary  conditions. 

The  radius  of  the  hemisphere  R  is  equal  to 
0.152  m  and  the  entire  body  used  in  calculations 
or  experiments  is  formed  by  a  hemisphere  topped 
by  a  vertical  circular  cylinder.  The  heave  ampli¬ 
tude  is  amp— 0,0127  m,  leading  to  a  nondimen¬ 
sionalised  amplitude  ratio  ^^of  0.08.  An  0-0 
topology  grid  with  92169  cells  (57  along  the  semi¬ 
sphere,  49  in  the  radial  direction  and  33  in  the 
third  direction)  was  used  in  RANSE  computa¬ 
tions.  The  first  point  in  the  boundary  layer  is 
located  at  ^  =  0.001  from  the  hull  and  the  nu¬ 
merical  value  of  the  time  step  is  chosen  in  order 
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Figure  3:  Non  dimensional  forces  on  semi-sphere 
in  forced  heave  motion 

to  have  40  iterations  during  one  period  of  oscillat¬ 
ing.  During  the  first  five  periods,  the  amplitude 
is  gradually  increased  from  0  to  its  final  value  in 
order  to  manage  a  smooth  transition.  The  calcu¬ 
lations  were  performed  at  various  frequencies  and 
are  shown  in  figures  3  to  6. 

The  numerical  results  in  viscous  fluid  simulation 
are  in  good  agreement  with  theoretical  results 
but  little  discrepancies  can  be  observed  between 
present  numerical  results  and  experimental  data 
from  R.  A.  Gumming  [4].  No  computation  has 
been  undertaken  for  nondimensional  frequency 
lower  than  1.  Under  this  value,  experimental  re¬ 
sults  are  not  reliable  because  of  reflections  on  the 
walls  of  the  wave  tank  walls. 

The  point  located  just  under  the  hemisphere  is 
defined  by  angle  ^  =  0  degree  and  the  points  of 
the  semi-sphere  located  on  the  free  surface  at  rest 
are  defined  by  the  angle  ^  =  90  degrees.  For  the 
points  located  at  angles  between  0  and  twenty  de¬ 
grees  (the  top  pictures  of  the  figure  5),  pressures 
given  by  computation  in  viscous  fluid  are  very 
close  from  theoretical  results  and  experimental 
data  for  low  frequencies.  In  the  high  frequen¬ 
cies  range,  present  results  and  perfect  fluid  flow 
calculations  are  out  of  phase  with  experiments. 

For  ^  =  40  degrees  there  is  a  good  agreement 
between  experiments,  results  in  perfect  fluid  flow 


Figure  4:  Added  in^s  coefl^cient  Maas  and 
damping  coefficient  Cass  for  the  semi-sphere  in 
forced  heave  motion 

theory  and  present  results  for  all  frequencies  (fig¬ 
ure  5,  bottom  left). 

For  ^  =  80  degrees,  our  results  are  in  good 
agreement  with  theoretical  results  but  discrep¬ 
ancy  with  experiments  is  noticeable  (figure  5,  bot¬ 
tom  right). 

Series  60  CB=0.6  in  forced  heave  motion 

Another  case  is  the  merchant  ship  Series  60, 
CB=0.6  in  forced  heave  motion  and  a  constant 
forward  speed.  For  this  case,  experimental  data 
[8]  [9]  and  numerical  results  based  on  approxima¬ 
tion  of  encounter  frequency  [5]  in  linear  perfect 
fluid  flow  theory  are  available. 

The  parameters  of  computation  are  the  same  as 
those  used  during  experiments.  The  FVoude  num¬ 
ber  is  0,2  and  Reynolds  number  is  8.3.10^.  In 
all  computations  the  nondimensional  amplitude 
of  forced  heave  motion  is  0.01.  Compu¬ 

tations  have  been  performed  on  a  coarse  grid  - 
33  cells  along  the  hull,  33  cells  in  the  direction 
perpendicular  to  hull  and  17  in  the  third  direc¬ 
tion  -  and  on  a  finer  grid  -  57  cells  along  the  hull, 
49  cells  in  the  direction  perpendicular  to  hull  and 
33  in  the  third  direction.  For  the  coarse  grid, 
the  first  node  in  the  boundary  layer  is  located  at 
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Figure  5:  Nondimensional  pressures  on  the  semi-sphere 


Figure  6:  Added  mass  coefficient  Mass  for  the 
Series  60  in  forced  heave  motion 

J  =  1.1.10"“^  and  at  =  8.10"®  for  the  finer 
grid.  As  before  we  use  40  time  steps  per  period 
of  forced  motion. 

On  figure  6  results  given  by  the  present  method 
are  in  good  agreement  with  experiments  and  per¬ 
fect  fluid  flow  calculations  for  the  added  mass 
Mass-  For  the  damping  coefficient  Cass  (see  fig¬ 
ure  7)  the  present  method  leads  to  results  close  to 
experimental  data.  For  low  frequencies,  RANSE 
computations  give  results  closer  to  experiments 
than  perfect  fluid  flow  theory.  This  highlights  in¬ 
fluence  of  viscosity.  Computations  with  finer  grid 
do  not  improve  results  except  for  the  Cass  coef¬ 
ficient  at  lower  frequencies  (figure  7).  So  we  can 


Figure  7:  Damping  coefficient  Cass  for  the  Series 
60  in  forced  heave  motion 

consider  that  the  grid  convergence  is  almost  ver¬ 
ified  for  the  coarser  grid. 

On  figure  10  the  turbulent  viscosity  is  shown  in 
several  sections  around  the  hull  Series  60.  One 
can  notice  an  increase  of  turbulent  viscosity  near 
the  hull  and  the  formation  of  two  vortices  located 
near  the  stern  of  the  hull. 

Finally  the  wave  pattern  around  the  hull  is  rep¬ 
resented  on  figure  11.  The  numerical  wave  damp¬ 
ing  becomes  noticeable  far  from  the  hull  due  to 
the  gradual  increase  of  the  cells  size.  A  coupling 
between  the  present  method  and  a  perfect  fluid 
flow  theory  seems  necessary  in  order  to  increase 
the  accuracy  of  the  far  field  simulation  [7]. 
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Figure  8:  Added  mass  coefficient  Mass  for  Series 
60  in  forced  pitch  motion 


Figure  9:  Damping  coefficient  Cass  for  Series  60 
in  forced  pitch  motion 

Series  60  CB=0.6  in  forced  pitch  motion 

Experimental  results  [8]  [9]  an  numerical  results 
[2]  [3]  in  perfect  fluid  flow  theory  are  available 
for  Series  60  CB=0.6  in  forced  pitch  motion  with 
forward  speed. 

Computations  with  the  previous  coarse  grid 
(33*33*17)  have  been  performed  for  this  case. 
The  pitch  amplitude  is  1.5  degrees;  that  leads  to 
a  nondimensional  amplitude  ~  0.013  at  the 
bow  and  at  the  stern  of  the  hull. 

Results  for  added  mass  and  damping  coefficent 
are  shown  on  figures  8  and  9  respectively. 

For  variation  of  added  mass  coefficients  ver¬ 
sus  frequency  (see  figure  8),  present  computations 
give  overestimated  results.  For  damping  coef¬ 
ficients  (figure  9)  our  results  are  in  quite  good 
agreement  with  experiments  for  high  frequen¬ 
cies  but  experimental  values  for  low  frequencies 
are  overestimated.  Computations  with  finer  grid 
should  probably  improve  results  for  both  added 
mass  and  damping  coefficients. 

CONCLUSION 

Computation  of  three-dimensional  turbulent  and 
viscous  flow  with  fully  nonlinear  free  surface  ef¬ 
fects  by  an  original  fully  coupled  solver  for  veloc¬ 
ity,  pressure  and  free  surface  elevation  unknowns 


has  been  already  validated  for  hull  in  rectilinear 
motion  [1].  In  the  present  paper  this  solver  has 
extended  to  seakeeping  with  or  without  forward 
speed.  For  the  hemisphere  in  forced  heave  motion 
it  gives  results  in  good  agreement  with  theoreti¬ 
cal  results  and  experiments.  For  the  hull  Series 
60  CB=0.6  in  forced  heave  motion  and  forward 
speed  our  results  are  in  good  agreement  with  ex¬ 
periments  for  damping  coefficient;  that  shows  in¬ 
terest  to  take  viscosity  into  account.  For  the  Se¬ 
ries  60  in  forced  pitch  motion  and  forward  speed, 
the  agreement  between  experiments  and  present 
results  is  not  good  for  added  mass  but  it  remains 
quite  good  for  damping  coefficient. 

The  results  seem  to  show  that  our  RANSE 
solver  is  able  to  simulate  correctly  wave  radia¬ 
tion  seakeeping  problem  with  forward  speed,  A 
coupling  method  combining  such  RANSE  solver 
with  potential  flow  far  field  simulation  is  an  very 
interesting  development.  Such  developments  have 
already  been  undertaken  and  are  still  in  progress 

[7]. 

REFERENCES 

1.  Alessandrini  A.,  Delhommeau  G.  (1995),  A 
multigrid  velocity-pressure-free  surface  elevation 
fully  coupled  solver  for  calculation  of  turbulent  in¬ 
compressible  flow  around  a  hull.  9th  International 
Conference  on  Methods  in  Laminar  and  Turbu 
lent  Flows,  Atlanta,  1995. 

2.  Brument  A.  (1998),  Evaluation 
numerique  de  la  fonction  de  Green  de 
la  tenue  a  la  mer  avec  vitesse  d’avance”, 
These  de  doctorat,  universite  de  Nantes. 

3.  Brument  A.,  Delhommeau  G.,  Maury  C., 
Gaillard  L.,  Guilbaud  M.  (1998),  Comparison  be¬ 
tween  numerical  computations  and  experiments 
for  seakeeping  on  ship’s  models  with  forward 
speed.  Euromech,  Poitiers. 

4.  Cumming  R.A.  (1963),  The  experimental 
determination  of  forces  and  pressures  acting  on 
a  hemisphere  oscillating  on  a  free  surface,  report 
NA-63-1  Inst.  Eng.  Res.  Univ.  Berkeley. 

5.  Delhommeau  G.  (1987),  Les  problemes  de 
diffraction-radiation  et  de  resistance  de  vagues  : 
etude  theorique  et  resolution  numerique  par  la 
methode  des  singularites.  These  de  doctorat  es 
Sciences,  Laboratoire  d’Hydrodynanique  Navale, 
Ecole  Centrale  de  Nantes. 

6.  Faltinsen  O.M.  (1977),  Numerical  solutions 
of  transcient  nonlinear  free-surface  motion  out¬ 
side  or  inside  moving  bodies.  Proc.  2nd  Int.  Conf. 


4.2-10 


on  Num.  Ship  Hydrodyn.  Univ.  of  California, 
Berkeley,  347-357. 

7.  Guillerm  P.E.  et  Alessandrini  A.  (1999), 
3D  RANSE-Potential  coupling  using  a  Fourier- 
Kotchin  approach.  Seventh  Numerical  Ship  Hy 
drodynamics,  Nantes. 

8.  Guyot  F.  (1995),  Etude  experimentale  de 
la  resistance  ajoutee  d’une  maquette  de  navire 
soumise  a  des  oscillations  forcees  harmoniques. 
Etude  du  champ  de  vagues  instationnaires  cis- 
socie.  These  de  doctor  at,  Universite  de  Poitiers. 

9.  Guyot  F.  et  Guilbaud  M.  (1995),  Force  and 
free  surface  elevation  measurements  on  a  serie  60 
CB=0.6  ship  model  in  forced  oscillations.  Proc. 
5th  ISOPE  conference.  La  Haye. 

10.  Havelock  T.H.  (1955),  Waves  due  to  a 
floating  sphere  making  periodic  heaving  oscilla¬ 
tions.  Proc.  Royal  Soc.  serie  A  vol.  231  pp.1-7. 

11.  Havelock  T.H.,  The  pressure  of  water 
waves  on  a  fixed  obstacle.  Proc.  Roy.  Soc.  vol  A 
175  London  pp.  409-421. 

12.  John  F,,  On  the  motion  of  floating  bodies 
(1  and  2).  Communication  on  pure  and  applied 
mathematics  Vol.  2  and  3  New  York. 

13.  Korvin-Kroukowsky  B.V.  (1961),  Theory 
of  Seakeeping.  S.N.A.M.E.  New  York. 

14.  Kring  D.,  Huang  Y.-F.,  Sclavounos  P. 
(1996),  Nonlinear  Ship  Motions  and  Wave- 
Induced  Loads  by  a  Rankine  Method.  23th  Sym 
posium  on  Naval  Hydrodynamics,  Trondheim, 
Norway. 

15.  Menter  F.R.  (1993),  Zonal  two  equation 
k-uj  turbulence  models  for  aerodynamics  flows. 
AIAA  Paper,  93-2906,  Fluid  Dynamics  Confer 
ence,  Orlando. 

16.  Nichols  B.D.,  Hirts  C.W.  (1977),  Non  lin¬ 
ear  Hydrodynamic  forces  on  floating  bodies.  Pro_c, 
2nd  Int.  Conf.  on  Num.  Ship  Hydrodyn.  Univ.  of 
California.  Berkeley,  382-394. 

17.  Ohkusu  M.,  Iwashita  H.  (1991),  Evalua¬ 
tion  of  the  Green  Function  for  Ship  Motions  at 
Forward  Speed  and  Application  to  Radiation  and 
Diffraction  Problems.  4th  International  Work 
shop  on  Water  Waves  and  Floating  Bodies, 
Norway. 

18.  Patankar  S.V.  (1980),  Nu¬ 
merical  Heat  Transfert  and  Fluid 

Flow.  Series  in  Computational 

Methods  in  Mechanics  and  Thermal  Sciences. 
Mac  Graw  Hill  Book  Compagny. 

19.  Rhie  C.M.,  Chow  W.L.  (1983),  A  Nu¬ 
merical  Study  of  the  Turbulent  Flow  Past  an 


Isolated  Airfoil  with  Trailing  Edge  Separation. 
AIAA  Journal. 

20.  Sclavounos  P.D.,  Nakos  D.E.  (1988),  Sta¬ 
bility  Analysis  of  Panel  Methods  for  ]^ee  Surface 
Flows  with  Forward  Speed.  17th  Synposium  on 
Navctl  Hydrodynamics,  The  Hague,  The  Nether¬ 
lands. 

21.  Telste  J.G.  (1985),  Calculation  of  fluid 
motion  resulting  from  large  amplitude  forced 
heave  motion  of  two  dimensionnal  cylinder 
in  a  free  surface.  Proc.  fourth  Int.  Conf.  on  Nu 
merical  Ship  Hydrodynamics,  Washington  D.  C. 

22.  Van  der  Vorst  H.A.  (1992),  BiCGSTAB  : 
a  fast  and  smoothly  converging  variant  of  Bi-CG 
for  the  solution  of  non-symetric  systems.  J.  Sci_. 
Stat.  Comp,  vol  13. 

23.  Wehausen  J.V.,  Laitone  E.  (1960),  Surface 
waves.  Handbuch  der  physik  vol.  9  Springer  Ver- 
lag. 

24.  Wilcox  D.C.  (1988),  Multiscale  model  for 
turbulent  flows.  AIAA  journal,  vol.  26,  pp.  1211- 
1320. 

25.  Wilcox  D.C.  (1988),  Reassessment  of  the 
scale  determining  equation  for  advanced  turbu¬ 
lence  models.  AIAA  journal,  vol.  26,  pp.  1299- 
1310. 

26.  Yeung  R.W.,  Ananthakrishnan  P.  (1992), 
Oscillation  of  a  floating  body  in  a  viscous  fluid. 
Journal  of  Engineering  Mathematics  26,  211-230, 
1992. 


4.2-11 


bow 


Figure  10:  Turbulent  viscosity  for  forced  heave  motion  with  forward  speed 


A  FINTTE  ELEMENT  METHOD  APPLIED  TO  UNSTEADY 
VISCOUS  FLOW  AROUND  2D  BLUNT  BODIES  WITH  SHARP  CORNERS 

Rune  T0nnessen^  Odd  M.  Faltinsen^  and  Torbj0rn  Utnes^ 

^Faculty  for  Marine  Technology,  Norwegian  University  of 
Science  and  Technology  (NTNU),  N-7491  Trondheim,  Norway 
2SINTEF  Applied  Mathematics,  N-7491  Trondheim,  Norway 


ABSTRACT 


A  computer  code  based  on  the  Finite  Element  Method  has  been  developed  for  the  incompressible  2D  Navies 
Stokes  equations.  The  momentum  equations  are  projected  onto  a  divergence  free  velocity  field  by  the  semi-implici 
Fraction^-Step  formulation.  For  oscillating  flow  a  second  order  time  integration  scheme  is  applied  where^  afirst 
order  scheme  is  used  for  steady  ambient  flow.  The  emphasis  has  been  on  flow  around  sharp 
with  linear  triangular  elements  and  with  lumped  mass  matrix  approximation  were  discovered  and  fon 

A  problem  of  numerical  instability  at  the  outflow  boundary  was  solved  by  introducing  a  mrbulent  w^^  Defied 
studies  of  ambient  steady  and  oscillating  crossflow  past  a  flat  plate  were  earned  out.  Mesh  refinement  tow^ds  the 
tip  was  important,  but  only  during  the  period  of  the  formation  of  the  vortex  street.  Mesh  ^ 

be  less  important  for  low-  and  moderate  KC-number  oscillating  flow.  Conservation  of  mass  and  momentum  was 
shown.  Results  for  oscillating  ambient  flow  compare  well  with  experimental  results. 


INTRODUCTION 

The  need  for  a  consistent  method  to  calculate  the  eddy 
making  damping  of  ships  with  bilge  keels  has  been 
the  main  motivation  for  this  work.  Since  the  main 
contribution  to  the  viscous  damping  comes  from  the 
bilge  keels,  the  method  will  have  to  accurately  cal¬ 
culate  the  vortex  shedding  from  a  flat  plate  in  ambi¬ 
ent  flow  normal  to  the  plate.  Other  methods,  such 
as  vortex  sheet  methods,  e.g.  [1,  Braathen  &  Faltin- 
sen]  have  shown  good  results  in  this  respect  but  have 
proven  to  be  less  robust.  Another  possibility  is  to  use 
the  vortex-in-cell  method  in  combination  with  the  Op¬ 
erator  Splitting  Technique.  This  has  for  instance  been 
used  by  Scolan  &  Faltinsen  [2].  Good  results  were 
demonstrated.  We  have  decided  in  this  paper  to  use 
the  Finite  Element  Method  to  solve  the  Navier-Stokes 
equations.  The  current  method  represents  a  further 
development  of  the  method  by  Herjgord  [4].  Further 
studies  should  include  the  combined  effect  of  free  sur¬ 
face  waves  and  forward  speed  (Faltinsen  [3]). 

A  semi-implicit  projection  method  frequently  de¬ 
noted  the  Fractional-Step  method  [6]  has  been  ap¬ 
plied  in  combination  with  the  Finite  Element  method, 
ref.  [7]  and  [8].  First  an  ambient  steady  flow  past 
a  diamond  square  was  studied.  Using  linear  trian¬ 
gular  elements  in  combination  with  a  lumped  mass 


matrix  resulted  in  an  unphysical  asymmetric  flow.  It 
was  shown  that  higher  order  element  interpolation  in 
combination  with  a  consistent  mass  matrix  solved  this 
problem.  A  traction  free  condition  was  applied  on  the 
outflow  boundary.  This  is  a  frequently  used  condi¬ 
tion  that  has  proven  to  work  for  boundaries  far  do\^Ti- 
stream  of  the  body.  The  implementation  of  a  consis¬ 
tent  mass  matrix  then  introduced  a  problem  of  insta¬ 
bility  at  this  boundary.  A  numerical  beach,  obtained 
by  adding  eddy  viscosity  consistent  with  the  turbulent 
wake  theory  [9]  resolved  this  problem,  leaving  no  up¬ 
stream  effect.  The  steady  ambient  flow  normal  to  a 
flat  plate  was  also  studied.  Steady  state  drag  forces 
are  greatly  overpredicted  compared  to  experimental 
results,  but  are  in  good  agreement  with  other  numer¬ 
ical  results.  It  was  found  that  the  mesh  refinement 
towards  the  tip  of  the  plate  was  important,  but  only 
during  vortex  street  formation.  Finally,  the  ambient 
oscillating  cross  flow  past  a  flat  plate  was  studied.  To 
achieve  proper  conservation  of  momentum,  a  scheme 
correct  to  second  order  was  required.  It  was  found 
little  mesh  dependency  for  this  case,  and  the  results 
showed  good  agreement  with  experimental  results  for 
the  considered  KC  number  range.  It  was  shown  that 
the  flow  might  change  its  main  characteristics  during 
a  time  series,  especially  for  KC  numbers  around  7. 
This  implies  that  the  estimated  drag  and  mass  coef- 
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ficients  will  be  strongly  influenced  by  the  time  win¬ 
dow  used  for  the  analysis.  The  study  also  revealed 
the  importance  of  plate  thickness  and  edge  sharpness, 
which  is  considerable  even  for  oscillating  flow  at  low 
KC-numbers. 

THE  FINITE  ELEMENT  FORMULATION 


(5) 

(c) 


u”  -  At  •  vj 

(5) 

^n+i  +  (6) 

Re 


Two  dimensional  laminar  flow  of  an  incompressible 
fluid  around  a  fixed  bluff  body  in  infinite  fluid  is  con¬ 
sidered.  Gravity  is  neglected.  The  governing  equa¬ 
tions  are  the  Navier-Stokes  equations  and  the  conti¬ 
nuity  equation,  i.e. 

§  +  (u.V)u  =  -Ivp+i/V'u,  (1) 

at  p 

V-u  =  0.  (2) 

u  =  (it,  is  the  velocity  vector  in  the  2D  plane,  p 
is  the  pressure,  p  is  the  mass  density  and  v  is  the  kine¬ 
matic  viscosity  coefficient,  t  means  the  time  variable. 

The  Reynolds  number  is  defined  as  Re  =  for 
steady  ambient  flow,  and  as  Re  =  for  unsteady 
ambient  flow.  Here  U  is  the  steady  ambient  flow  ve¬ 
locity,  Ua  the  velocity  amplitude  of  the  oscillating 
ambient  flow  and  D  a  characteristic  cross-sectional 
dimension.  The  equations  are  non-dimensionalized 
in  the  numerical  solution  procedure. 

The  equations  have  been  solved  by  the  Fractional- 
Step  formulation  [6] ,  The  method  projects  the  Navier- 
Stokes  equations  onto  a  divergence  free  velocity  field 
and  enables  an  explicit  solution  procedure  including 
an  implicit  pressure  term.  Let  superscript  n  denote 
the  time  step  number  so  that  -f  At.  The 

time-discretized  non-dimensionalized  Navier-Stokes 
equations  may  be  written 

un+l  ^  u”-At(0Vp”  +  (l-0)Vp”+^) 

This  is  a  semi-implicit  equation  in  p  if  0  <  ^  <  1 
and  fully  explicit  if  6  =  1.  The  Fractional-Step 
formulation  consists  of  three  steps.  A  fully  explicit 
time  integration  of  the  velocity  terms  is  performed  in 
Step-1.  Normally  pressure  terms  are  excluded  from 
this  scheme,  but  the  present  method  may  also  include 
a  pressure  term  from  the  previous  time  step  n.  If 
0  =  0.5,  the  scheme  will  be  correct  to  second  or¬ 
der  in  pressure  as  well  as  in  velocity.  Several  ex¬ 
plicit  time  integration  methods  may  be  used  for  the 
advection-diffusion  parts.  We  have  chosen  a  version 
of  the  Taylor-Galerkin  method  [10]  but  adding  the 
pressure  terms.  Step-1  is  then 

(a)  u"+^  =  u"-y(u"-V)u" 


Here  u  is  an  intermediate  variable  so  that 
un+l  ^  I^n+l  ^  (1  _  Vpn-hl  (Step-3)  (7) 

according  to  eq.  (3).  Since  is  a  divergence  free 
velocity  field  while  u  is  not,  the  divergence  of  (7) 
gives  the  following  Pressure  Poisson  Equation  (PPE) 

=  (Step-2)  (8) 

This  is  valid  for  S  <  1. 

The  Fractional-Step  formulation  is  combined  with 
the  Galerkin  Finite  Element  formulation.  Both  trian¬ 
gular  and  quadrilateral  elements  are  used  to  discretize 
the  computational  domain  (H).  According  to  the  Fi¬ 
nite  Element  approximation 


nel 


u(x,t)  ! 

1=1 

(9) 

nel 

i=l 

(10) 

p(x,t) 

nel 

«^N?(x)pf  =  N*v, 

(11) 

i=l 


where  x  is  a  spatial  vector  pointing  into  element  e. 

=  [iVf  iV| ..  ]  are  interpolation  functions 

over  the  element  e,  and  nel  is  the  number  of  nodes 
for  the  element,  being  3  for  triangular  elements  and 
4  for  quadrilateral  elements,  u®  =  [tif  -  ]’ 

V*  =  [ vf  ..  ]  and  p'  =  [pf  ..  p‘ „  ]  as  the 

vectors  of  the  primary  variables  defined  at  the  nodes 
of  the  element,  and  u,  v,  p  are  the  vectors  containing 
the  nodal  values  of  the  primary  variables  of  the  whole 
mesh.  This  means  that  u  used  in  combination  with  the 
Finite  Element  Method  is  different  from  u  defined  in 
combination  with  eqs.  (1)~(8). 

The  second  order  derivatives  are  reduced  to  first 
order  by  the  weak  formulation.  We  may  therefore 
use  linear  interpolation  functions  iV®,  i  =  1,  ..,Tie/. 

to  are  also  used  as  weighting  functions 
(Galerkin  method).  The  choice  of  equal  order  inter¬ 
polation  functions  can  create  spurious  pressure  modes 
(Babuska-Brezzi  condition  [7])  but  the  Fractional- 
Step  method  circumvents  this  problem.  However  the 
pressure  term  in  Step-1  is  likely  to  create  such  modes. 
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Guermond  and  Quartapelle  [11]  circumvent  this  by  a 
mixed  interpolation  procedure. 

The  Fractional-Step  procedure  may  now  be  written 
in  matrix  form  as: 

Step-1: 

x-direction: 

(а)  Mu"+5  =Mu"  -  u" 

+  ^e  (D^p"-Ds.(p”))(12) 

(б)  Mu"+^  =  Mu”  -  At  A”+ 2  u”+ = 

+  Ate  (D^p"-Dsx(p”))  (13) 

(c)  Mu”+^=Mu”+^  +  ^Lu”+^  (14) 

Similar  we  get  in  the  y-direction  by  replacing  u  by  v, 
ii  by  V,  u  by  v,  by  and  Ds^  by  Dsy. 

Step-2: 


=  -Ai(^ 

+  Ns(p"+^)  (15) 

Step-3  on  standard  form  (used  when  9  =  0): 

M  u"+^  =  M  u"+^  -  At  D*  p"+^  (16) 

M  =  M  v”+^  -  At  Dj,  p""*'^  (17) 

Step-3  on  weak  form  in  p-terms  (used  when  ^  >  0): 


M  u”+^  =  M  4-  At  (1  -  0)  p”'*’^ 

-  At(l-fl)Ds*(p”+^)  (18) 

Mv”+i  =  Mv"+'+At(l-0)D^p”+^ 

-  At(l-&)Ds„(p”+^)  (19) 

The  equation  system  is  reduced  to  the  weak  form 
by  integrating  the  diffusion  terms  by  parts  leaving  a 
line  integral  as  well  as  the  weak  diffusion  term.  In 
eq.  (14)  and  the  corresponding  expression  in  the  y- 
direction  the  line  integrals  at  the  outer  boundaries 
are  zero  by  using  the  Traction  fiee  condition.  This 
has  relevance  for  steady  ambient  flow.  The  velocity 
Dirichlet  conditions  on  the  body  result  in  no  contri¬ 
bution  from  the  line  integrals  along  the  body  surface. 

The  pressure  parts  in  eqs.  (12),  (13),  (18)  and  (19) 
have  been  written  on  a  weak  form.  The  resulting  line 
integrals  include  Dirichlet  values  of  the  pressure.  In 
oscillatory  ambient  flow,  the  pressure  is  known  at  the 
outer  boundaries  and  implemented  in  the  line  inte¬ 
grals. 


In  the  present  studies  ^  =  0  for  steady  ambient 
flow  and  6  =  0.5  for  oscillating  ambient  flow,  when 
a  higher  order  time  discretization  in  the  pressure  is 


required. 

The  matrices  are  defined  as 

M  = 

f  N^’Ndn 

Jq 

(20) 

D,  = 

f  N  dCl ,  where  N,a; 

Jq 

=  ^(21) 

D,  = 

J  N^Ndn 

(22) 

L  =  /N^N.*dn-t-  /  Nl'N,ydSX23) 

J  fi  Jci 


Nel 


A”  = 

(24) 

Dsi  = 

f  Nn^dS 

JSd 

(25) 

Bsy  = 

f  'NnydS 

Jsd 

(26) 

Ns  = 

j  N,n  dS  ,  where  N,„  = 

J  Sn 

^  (27) 

where  M  is  the  mass  matrix,  D  =  (Dx,T>y)  is  the 
divergence  matrix  (D|  and  D®  being  element  diver¬ 
gence  matrixes)  and  L  is  the  Laplacian  matrix.  Sd 
is  the  part  of  the  boundary  where  a  Dirichlet  condi¬ 
tion  for  the  pressure  is  enforced  and  Sn  is  the  part 
of  the  boundary  where  a  pressure  Neumann  condition 
is  enforced.  The  advection  matrix  A”  is  simplified 
by  the  centroid  advection  method  (Gresho  et  al.  [12]). 
This  saves  considerable  computational  time  without 
loosing  accuracy,  and  are  the  averaged  nodal 
values  of  the  velocity  at  time  step  n  and  Nel  is  the 
total  number  of  elements  in  the  mesh. 

The  diagonal  dominance  of  the  mass  matrix  makes 
the  equation  systems  in  Step-1  and  Step-3  easy  to 
solve.  An  approximate  solution  can  be  found  by 
lumping  the  mass  matrix.  This  means  projecting 
all  non-diagonal  matrix  elements  onto  the  diagonal. 
This  gives  an  uncoupled  equation  system.  However 
lumping  will  induce  dispersion  in  advection  domi¬ 
nated  flows,  and  as  we  will  see  later,  may  lead  to 
non-physical  asymmetric  flow  around  a  symmetric 
body.  We  will  demonstrate  the  benefit  of  using  a 
Jacobi-iteration  procedure  to  obtain  a  solution  consis¬ 
tent  with  the  non-lumped  mass  matrix. 

Step-2  solves  the  Poisson  equation.  This  leads  to 
a  linear  equation  system  Ax  =  b.  The  A  matrix 
is  not  diagonal  dominant  and  have  to  be  solved  by 
an  inverting  process.  We  use  Gaussian  elimination 
process.  The  upper  triangle  of  A  is  compactly  stored 
in  socalled  Skyline  matrix,  [13].  Since  the  mesh  is 
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Figure  1:  The  boundary  value  problem  (BVP)  for 
steady  ambient  flow  past  a  blunt  body 

fixed  throughout  the  simulation,  the  time  consuming 
triangularization  process  is  only  carried  out  once. 

Our  governing  equations  are  general  in  the  sense 
that  they  may  solve  problems  that  are  both  elliptic,  hy- 
perbolic  and  parabolic  in  nature.  The  flows  currently 
studied  will  be  a  mixture  of  all.  This  generality  must 
be  reflected  in  the  complete  boundary  value  problem 
(BVP).  Since  the  Pressure  Poisson  Equation  (PPE)  is 
elliptic,  a  closed  boundary  value  problem  is  required 
in  order  to  have  a  well  posed  equation  system.  Fig.  1 
shows  the  BVP  for  a  steady  ambient  flow  around  a  di¬ 
amond  square.  The  unit  normal  vector  on  the  body  is 
pointing  into  the  body. 

We  distinguish  between  essential  boundary  condi¬ 
tions  and  natural  boundary  conditions.  The  essential 
boundary  conditions  are  most  often  of  Dirichlet  type 
and  are  implemented  by  enforcing  the  desired  Dirich¬ 
let  value  onto  the  selected  boundary  nodes.  The  natu¬ 
ral  boundary  conditions  consist  of  line  integrals  oc¬ 
curring  as  a  consequence  of  the  weak  formulation. 
The  integrand  consists  of  a  weighted  normal  deriva¬ 
tive  (Neumann  type).  Neglecting  the  integral  will 
weakly  enforce  (in  an  integrated  manner)  a  zero  nor¬ 
mal  derivative  on  this  boundary.  When  the  ambient 
flow  is  oscillatory,  inviscid  flow  is  assumed  outside 
the  computational  domain.  (This  is  difficult  to  satisfy 
for  very  high  Keulegan-Carpenter  numbers  and  if  vor¬ 
tex  pairing  occurs.  Vorticity  may  as  a  consequence  be 
convected  far  away).  The  inviscid  solution  can  then 
be  used  to  express  the  boundary  condition  for  at 
the  outer  boundary.  If  the  ambient  oscillatory  flow  is 
planar  with  velocity  uq  =  Va  sin  u)t  and  vo  =  0,  it 
follows  that  eq.  (7)  can  be  rewritten  as 

it"+i  =  !7^sinwr+^  -  Ai(l  -  6)  [7^a;coswt"+^ 

(28) 

and  =  0. 

On  the  body  boundary  we  use  instead  of 
ypu+i  is  not  known  a  priori.  We  also 

neglect  the  normal  derivative  of  the  pressure  since  the 
variation  of  pressure  normal  to  the  boundary  layer  is 


of  higher  order  [9][Ch.  VH].  However,  this  may  be 
questionable  around  a  separation  point.  The  bound¬ 
ary  condition  can  be  written 

=  At{l-9)r^-^  (29) 

=  At  (1  -  9)  Ty  ^  (30) 

UT 

by  using  eqs.  (16)  and  (17),  and  that  =  0  and 
^n+i  =  0  on  the  body,  r  =  (r^ ,  Ty)  is  the  unit  vec¬ 
tor  tangential  to  the  body.  For  simplicity  this  body 
boundary  condition  (b.b.c.)  is  also  used  for  the  other 
intermediate  velocities  used  in  the  Taylor-Galerkin 
scheme. 

The  same  type  of  body  boundary  conditions  are 
used  by  e.g,  [14]  who  used  the  Finite  Difference 
method.  Chorin  [6],  did  also  use  a  special  bound¬ 
ary  condition  for  .  Since  then,  most  authors  ap¬ 
plying  the  Fractional-Step  formulation  simply  use  the 
same  condition  for  as  for  .  This  may  be  ac¬ 
ceptable  as  long  as  the  variation  of  pressure  tangential 
to  the  body  is  small.  But,  the  flow  around  the  tip  of 
a  flat  plate  accelerates  strongly  when  approaching  the 
tip.  Hence  ^  may  have  a  significant  value  in  this 
area.  This  is  why  the  boundary  conditions  (29)  and 
(30)  should  be  applied  in  flows  around  sharp  edged 
bodies. 

Let  us  assume  that  correct  body  boundary  con¬ 
ditions  were  applied  throughout  Step-1  in  the 
Fractional-Step  method.  Then,  after  the  pressure  cor¬ 
rection  in  Step-3  (eq.7),  would  end  up  with  the 
value  assumed  for  the  velocity  Dirichlet  condition  on 
the  boundary,  revealing  a  no- slip  condition.  In  any 
case,  the  correct  boundary  condition  for  will  be 
enforced  after  the  operations  in  Step-3  is  completed. 
This  will  locally  result  in  a  flow  field  that  does  not 
satisfy  the  continuity  equation.  We  will  now  illus¬ 
trate  how  much  deviate  from  the  correct  b.b.c 
before  is  set  equal  to  zero  .  Impulsively  started 
cross  flow  at  constant  speed  past  a  flat  plate  is  in¬ 
vestigated.  Fig.  2  shows  the  average  value  of 
(left)  and  (right)  over  the  plate  before  the  b.b.c. 
is  enforced  in  Step-3.  Since  the  correct  velocity  on 
the  body  is  zero,  this  gives  a  measure  on  the  error 
in  velocity  accumulated  on  this  body  during  one  time 
step.  We  note  that  the  u-velocity  (almost  parallel  to 
the  plate)  is  very  well  predicted  with  the  introduction 
of  the  more  consistent  b.b.c  for  (eqs.  (29)  and 
(30)).  The  velocity  normal  to  the  plate  (left)  is  not  so 
much  influenced  by  this  b.b.c.  An  error  source  in  the 
formulation  is  that  ^  is  neglected  on  the  body. 

Let  us  now  consider  the  outflow  boundary  condi¬ 
tion  and  analyze  a  fixed  body  in  steady  ambient  flow. 
After  some  time  vorticity  will  cross  the  downstream 
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Figure  2:  Impulsively  started  flow  normal  to  a  flat 
plate.  The  error  in  predicted  velocity  Qeft)  and 
^n+i  (right)  averaged  over  the  body,  as  a  function  of 
non-dimensionalized  time. 


boundary.  A  physically  correct  boundary  condition  is 
difficult  to  formulate  at  the  outer  boundary.  The  trac¬ 
tion  free  condition  ([15]  and  [16])  is  most  frequently 
used.  It  states  the  following  Dirichlet  condition  for 
the  pressure 

du 


(31) 


and 


(32) 


equivalent  to  the  natural  boundary  condition  =  0. 
The  pressure  condition  is  most  often  simplified  to  a 
p  =  0  Dirichlet  condition  vnthout  any  impact  on  the 
result.  =  0  is  another  outflow  condition  that  might 

be  applied.  This  condition  is  consistent  with  the  mean 
wake  flow  solution  far  downstream  from  the  body  [9]. 
But  it  does  not  account  for  unsteady  flow  due  to  vortex 
shedding.  Neither  of  the  above  mentioned  conditions 
represent  the  acmal  physics  at  the  outflow  boundary. 
However,  a  pressure  condition  is  required  in  order 
to  close  the  Boundary  Value  Problem.  We  used  a 
p  =  0  condition,  but  experienced  serious  instability 
problems  at  the  outflow  boundary  for  denser  meshes. 
These  instability  problems  occurred  also  when  using 
eq.  (31)  and  were  not  due  to  stability  constraints  re¬ 
flected  by  the  cell  Courant  number.  If  this  had  been 
the  case,  the  instability  should  have  occurred  close  to 
the  body  and  especially  close  to  the  comers  of  the 
body  where  the  elements  are  small  and  the  velocity 
high. 

The  numerical  instability  problem  at  the  outer 
downstream  boundary  has  been  cured  by  introduc¬ 
ing  a  numerical  beach  far  downstream.  This  numer¬ 
ical  beach  has  a  physical  explanation.  The  present 
formulation  assumes  laminar  flow.  In  reality  this  is 
valid  for  quite  high  Reynolds  numbers  close  to  the 
body.  But  the  wake  becomes  turbulent  at  relatively 


Figure  3;  The  effect  of  eddy  viscosity  added  in  the 
walfft  (b)  relative  to  a  laminar  wake  (a).  Eddy  viscos¬ 
ity  is  added  in  (b)  from  x=10,  increasing  smoothly  to 
tc=15,  and  being  at  its  maximum  thereafter.  Both  ve¬ 
locity  vectors  and  vorticity  contours  are  plotted.  The 
contour  lines  in  (a)  and  (b)  represent  equivalent  vor¬ 
ticity  levels. 


low  Reynolds  numbers.  We  therefore  decided  to  use 
a  turbulent  formulation  in  the  wake  behind  a  body  in 
steady  ambient  flow.  The  eddy  viscosity  formulation 
by  Schlichting  [9]  was  used.  In  the  wake,  v  was  re¬ 
placed  smoothly  by  the  eddy  viscosity  coefficient 

j/e  =0.022217^1?  .  (33) 

Cfx  is  the  mean  value  of  the  drag  coefficient  (Cfx^ 
talfftn  over  one  vortex  shedding  period  and  is  conti- 
nously  calculated  during  the  simulation.  The  effect  of 
introducing  eddy  viscosity  is  illustrated  in  fig.  3. 

As  part  of  the  verification  process  we  check  the 
conservation  of  mass  and  momentum.  To  obtain  a 
measure  on  how  well  the  mass  is  conserved,  we  in¬ 
tegrate  the  left  hand  side  of  eq.  (2)  over  the  domain 
(0),  and  call  this  i.e. 

—  =  f  V-u<in=  f  {nxU  +  nyv)dS  .  (34) 
dt  Jq  Js 

We  can  interpret  pdVjdt  as  the  time  rate  of  change 
of  computational  fluid  mass.  ^  should  of  course 
be  zero.  This  is  what  we  have  to  check  by  calcu¬ 
lating  the  right  hand  side  of  eq.  (34).  We  relate 
the  degree  of  mass  conservation  achieved  to  the  non- 
dimensionalizing  emptying  time 

=  w  ■ 

dt 
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Figure  4:  Steady  ambient  cross-flow  past  a  diamond 
square.  Conservation  of  momentum  is  shown  by  cal¬ 
culating  the  force  coefficients  based  on  integrating  the 
stress  over  the  body  (SB)  and  by  using  conservation 
of  fluid  momentum  (MF)  respectively.  Convergence 
with  respect  to  mesh  fineness  is  shown. 


Since  the  equations  have  been  non-dimensionalized 
by  U  (or  Ua)  and  D,  it  means  that  Te  is  emptying 
time  times  U  (or  Ua)  divided  by  D. 

The  momentum  in  the  x-  and  y-  directions  within 
the  fluid  domain  Q  are  defined  by 


M=iM^,Myf  =  p  ndQ.  (36) 
Jq 

Applying  the  transport  theorem  and  using  the  Navier- 
Stokes  equations  (1)  give 


+  p/’^,n-Vud5-p/^gdfi(37) 

The  force  on  the  body  is  calculated  using  the  x-  and 
y-component  of  eq.  (37).  The  integrals  over  the  body 
(5b)  are  the  force  obtained  by  direct  integration  of 
stresses  over  the  body  (SB).  The  remaining  part  of  the 
equation  gives  us  the  force  based  on  conservation  of 
fluid  momentum  (MF).  Comparison  of  SB  and  MF  is 
a  good  measure  of  the  quality  of  the  numerical  pro¬ 
cedure  and  the  chosen  mesh.  If  SB  and  MF  deviate 
significantly  like  in  fig.  4,  we  know  that  the  mesh  has 
to  be  refined.  If  SB  and  MF  are  very  close,  it  does  not 
necessarily  mean  that  the  mesh  with  the  closest  value 
of  SB  and  MF  is  the  most  converged  result. 

The  forces  are  non-dimensionalized  as 


Cfx  = 


Fa: 

\pU^D  ’ 


(38) 


Cfy  = 


Fy 

\pU^D  ’ 


Cfx  and  Cfy  are  the  in-line  and  transverse  force  co¬ 
efficients,  or  drag-  and  lift  coefficients.  D  used  for 
the  diamond  square  is  the  length  of  one  of  the  sides. 
When  not  otherwise  stated,  D  for  the  flat  plate  is  the 
width  of  the  plate. 


Figure  5:  Lift  (Cfy)  and  drag  (Cfx)  coefficients  for  a 
diamond  square  in  steady  ambient  flow.  Re=200.  The 
effect  of  consistent  relative  to  lumped  mass  matrix  is 
shown  and  the  effect  of  linear  triangular  elements  rel¬ 
ative  to  bi-linear  quadrilateral  elements  is  shown.  It  is 
shown  that  a  mesh  with  elements  of  higher  order  than 
the  linear  triangular  element,  and  a  consistent  mass 
matrix  is  needed  in  order  to  obtain  symmetric  vortex 
shedding. 


4.3-6 


During  the  present  study  the  code  went  through  a 
number  of  serious  changes,  some  of  them  due  to  in¬ 
stability  problems,  but  others  due  to  problems  now  to 
be  discussed. 

The  original  code  used  linear  triangular  elements, 
lumped  mass  matrix  and  a  Forward  Euler  time  inte¬ 
gration  scheme  for  the  advection  diffusion  part,  with 
Balancing  Tensor  Viscosity  (BTV)  added  to  compen¬ 
sate  for  the  under-diffusivity  of  the  Euler  scheme. 
This  is  similar  to  [4].  However  this  code  showed  a 
weakness  when  applied  to  a  diamond  square  in  steady 
ambient  flow.  For  this  case  0  =  0  is  applied.  Fig.  5  (a) 
shows  that  the  force  coefficient  in  the  transverse  di¬ 
rection  iCjy)i  or  lift  coefficient,  has  a  non-zero  mean. 
This  is  believed  to  be  non-physical.  The  in-line  force 
coefficient  (Cfx)  has  also  an  unexpected  behavior  in¬ 
dicating  that  the  vortices  shed  from  the  upper  and 
lower  corners  of  the  diamond  square  are  not  of  op¬ 
posite  strength.  It  was  found  that  both  a  consistent 
mass  representation,  in  contrast  to  a  lumped  mass  ma¬ 
trix,  as  well  as  an  element  representation  with  higher 
degree  of  accuracy  than  the  linear  triangular  elements 
were  necessary  to  obtain  a  symmetric  lift  force.  Fig.  5 
(b)  demonstrates  that  a  consistent  mass  representation 
helps  but  is  not  sufficient  to  keep  the  mean  flow  sym¬ 
metric.  Fig.  5  (c)  shows  that  increasing  the  accuracy 
of  the  element  representation  is  still  not  sufficient  by 
itself. 

The  behavior  of  the  force  curves  in  figs.  5  (a)-(c) 
implies  periodic  asymmetry  of  the  flow.  This  asym¬ 
metry  is  visualized  in  figs.  6  (a)  and  (b).  Figs.  6  (c) 
and  (d)  representing  the  zero  mean  lift  case  in  fig.  5 
(d)  show  vortical  regions  that  looks  mirrored  as  ex¬ 
pected.  The  two  plots  represent  the  vortical  scenario 
when  the  lift  force  is  at  its  minimum  and  maximum 
respectively.  Even  small  details  in  (c)  are  represented 
mirrored  in  (d).  This  is  absolutely  not  the  case  in 
fig  6  (a)  and  (b)  representing  the  flow  calculated  by 
using  linear  triangular  elements  in  combination  with 
a  lumped  mass  matrix.  The  vortices  shed  from  tiie  up¬ 
per  and  lower  comers  are  looking  quite  different.  We 
will  elaborate  more  on  the  use  of  a  consistent  mass 
matrix  and  why  we  should  avoid  linear  triangular  ele¬ 
ments. 

Eqs.(12)  to  (14)  and  eqs.  (16)  to  (19)  can  be  written 
as 

Mu  =  f.  (40) 

Similarly  can  be  done  for  the  v-velocity.  M  is  the 
mass  matrix  and  f  the  vector  containing  everything  on 
the  right  hand  side,  and  (u,v)  is  the  velocity  at  any 
stage  in  the  Fractional-Step  formulation.  Now,  our 
initial  solution  u*  and  when  fc  =  1,  is  obtain^ 
using  the  lumped  mass  matrix  Mjc,.  Correcting  this 
solution  according  to  the  consistent  mass,  the  follow- 
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Figure  6:  Vorticity  contours  are  plotted  at  times  rep¬ 
resenting  maximum  and  minimum  lift  force.  The  ef¬ 
fect  of  linear  triangular  elements  in  combination  with 
a  lumped  mass  matrix  is  shown  in  (a,b)  (equivalent  to 
fig.  5  (a))  The  effect  of  quadrilateral  elements  in  com¬ 
bination  with  consistent  mass  matrix  is  shown  in  (c,d) 
(equivalent  to  fig.  5  (d)) 


ing  Jacobi-iteration  scheme  may  be  used 

Ufc+i=u*+MlHf-Mufc)  (41) 

Alternatively,  and  much  more  computationally  ef¬ 
ficient,  is  to  rewrite  the  equations  in  the  form 

MAu  =  f,  (42) 

where  Au  may  be  either  u"+ =  -  u”  according  to  eq. 

(12) ,  -  u"  or  according  to  eqs. 

(13) ’and  (14),  or  u"+^  -  according  to  eqs.  (16) 

and  (18). 

The  Jacobi-iteration  scheme  now  takes  the  form 
Aufc+i  =Ank+Ml^{f-M  Aufc) .  (43) 
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Figure  7:  Convergence  of  Jacobi-iteration  schemes 
(43)  (iteration  on  Au)  and  (41)  (iteration  on 
u).  (a)  shows  the  field  averaged  iteration  error 

norm,  (b)  shows  the  maximum  local  iteration  error 
norm.  The  local  iteration  error  norm  is  defined  as 


^{uk+i  —  Uky  +  (vfc+i 


The  latter  scheme  is  according  to  [7]  while  the 
first  is  used  by  e.g.  [18].  Scheme  (41)  results  in 
more  operations  per  iteration  loop  than  scheme  (43), 
and  converges  considerably  slower.  This  is  shown 
in  fig.  7  (a)  where  the  field  averaged  iteration  error 
norm  for  each  scheme  is  plotted.  In  fig.  7  (b)  the 
maximum  iteration  error  norm  within  the  field  is  plot- 

norm  is  defined  as 
.  Both  figures  show 
that  scheme  (41)  needs  only  3  to  5  iterations  to  con¬ 
verge  while  scheme  (43)  requires  about  15  iterations. 
If  scheme  (43)  is  used  without  reaching  proper  con¬ 
vergence,  the  field  will  be  over-diffusive.  Using  only 
1  iteration  with  this  scheme,  resulted  in  no  vortex 
shedding  even  for  a  sharp  edged  body. 

Now,  why  should  linear  triangular  elements  not  be 
used  in  this  kind  of  problem?  The  reason  is  that  the 
element  Laplacian  matrix  for  elements  with  a  right 
angle  does  not  include  any  coupling  terms  between 


ted.  The  spatial  iteration  error 


Figure  8:  Spatial  ratio  of  convergence  for 
the  Jacobi  iteration  schemes  (43)  (left)  and 
(41)  (right).  The  spatial  iteration  error  norm 
(\/(«fc+i  -  UkY  +  {Vk+i  -  VkY)  is  plotted.  Black 
areas  are  considered  converged. 


the  nodes  on  the  element  diagonal.  This  contradicts 
with  what  is  expected  from  the  elliptic  Poisson  equa¬ 
tion.  In  order  to  investigate  this  we  created  a  unit 
square  (fig.  9)  and  established  the  Laplacian  matrix 
using  both  a  formulation  with  one  bi-linear  quadri¬ 
lateral  element  (L^)  and  by  using  two  linear  triangu¬ 
lar  elements  (L^^^).  (44)  shows  the  Laplacian  ma¬ 
trix  for  the  unit  square  modeled  by  two  triangular 
elements  and  (45)  shows  the  Laplacian  matrix  us¬ 
ing  one  bi-linear  quadrilateral  element.  There  are 
no  coupling  terms  along  the  diagonal  of  the  square 
and  I-42®  are  all  zero)  when  tri- 
angular  elements  are  used.  All  matrix  elements  are 
non-zero  for  the  quadrilateral  element.  Refining  the 
square  into  more  triangular  elements  does  not  help. 
Similar  phenomena  are  experienced  within  the  field 
of  structural  mechanics.  The  text  book  [19]  refers 
to  a  convergence  study  on  the  deflection  of  a  beam 
subjected  to  an  external  load.  It  was  found  that  the 
CST  elements  (linear  triangular  elements)  converged 
very  poorly  both  with  respect  to  the  deflection  and  the 
stress  level  relative  to  using  elements  of  higher  order. 
Even  bi-linear  elements  converged  considerably  bet¬ 
ter. 
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Figure  9:  A  unit  element.  It  may  be  modeled  by  one 
bi-linear  element  or  two  linear  triangular  elements. 
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The  bad  representation  of  the  Laplacian  matrix  is 
probably  also  the  reason  why  the  pressure  field  looks 
very  scattered  when  using  linear  triangular  elements. 
Fig.  10  shows  that  there  are  large  node  to  node  vari¬ 
ations  in  the  pressure  for  the  upper  mesh  with  trian¬ 
gular  elements  relative  to  a  smooth  pressure  field  for 
the  mesh  with  bi-linear  quadrilateral  elements.  Large 
discrepancies  are  also  seen  for  the  mass  conservation. 
Fig.  1 1  shows  that  a  mesh  with  linear  triangular  ele¬ 
ments  conserves  mass  poorly  during  simulation  rela¬ 
tive  to  a  mesh  with  bi-linear  elements. 

STEADY  AMBIENT  CROSS  FLOW  PAST  A 
FLAT  PLATE 

Plates  used  in  numerical  and  experimental  studies  dif¬ 
fer  in  geometry.  The  basic  plate  that  we  have  used  is 
shown  in  fig.  12  Geft).  The  plate  used  by  Bearman 
et  al.  [20]  is  seen  in  fig.  12  (middle).  It  has  a  60  de¬ 
gree  chamfer  angle  and  a  thickness  to  width  ratio  of 
approximately  0.215.  The  plate  used  by  Fage  &  Jo¬ 
hansen  [21]  is  a  three  edge  plate  with  a  flat  front  face 
and  a  thickness  to  width  ratio  of  0.03.  The  plate  used 
by  Chua  et  al.  [22]  in  their  experiments  looks  like  the 
right  half  of  the  plate  in  figure  12  (middle)  with  a  flat 
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Figure  10:  Pressure  field  around  a  diamond  square 
in  steady  ambient  flow.  Mesh  with  linear  triangular 
elements  (upper)  and  with  bi-linear  quadrilateral  ele¬ 
ments  (lower). 


front  face  to  the  left,  chamfered  to  30  degree  chamfer 
angle  and  having  a  thickness  to  width  ratio  of  0.2.  The 
plates  used  by  the  vortex  methods  have  either  zero  or 
close  to  zero  thickness. 

Four  meshes  were  generated  for  the  flattest  plate. 
The  coarsest  one  (pi)  have  13139  elements  and  the 
finest  one  (p2)  has  25564  elements.  Mesh  p3  and  p4 
have  19452  and  24123  elements  respectively.  Mesh 
pi  is  the  basic  mesh.  Mesh  p2  is  refined  relative  to  pi 
by  dividing  the  elements  closest  to  the  body  into  five 
in  the  direction  normal  to  the  body  leaving  the  same 
element  dimension  tangential  to  the  body.  Meshes  p3 
and  p4  are  refined  towards  the  tip.  The  elements  clos¬ 
est  to  the  plate  are  refined  by  dividing  the  elements 
from  the  pl-mesh  into  three  and  six  respectively,  but 
only  refining  in  the  direction  tangential  to  the  body 
leaving  the  same  element  thickness  normal  to  the 
plate.  (See  fig.  13).  Only  one  mesh  density  is  used  for 
the  middle  and  right  plates  in  fig.  12.  This  density  is 
similar  as  pi.  The  meshes  are  named  pc60  and  pc30, 
respectively.  All  meshes  consist  of  4  noded  quadri¬ 
lateral  elements.  The  computational  domain  extends 
15D  along  the  positive  x-direction  (downstream)  and 
lOD  along  the  negative  x-direction.  The  mesh  ex¬ 
tension  in  the  y-direction  is  ±10D.  Meshes  used  for 
oscillating  ambient  flow  are  equal  to  the  those  men¬ 
tioned  above  only  extending  the  domain  in  the  nega¬ 
tive  x-direction  so  that  the  domain  becomes  symmet¬ 
ric  about  y=:0. 
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Figure  1 1 :  The  rate  of  change  of  mass  in  the  computa¬ 
tional  domain  as  a  function  of  non-dimensionalizing 
time. 
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Figure  12:  Geometries  of  the  plates  used  in  the  nu¬ 
merical  studies. 


The  present  method  has  been  compared  to  other  nu¬ 
merical  methods  based  on  vortex  sheet  methods  [23, 
24,  25,  27].  The  start-up  problem  of  crossflow 
past  a  flat  plate  is  analyzed.  The  similarity  so¬ 
lution  by  Wedemeyer  [23]  assumes  a  semi-infinite 
plate.  Pullin  [24]  and  Faltinsen  &  Pettersen  [25]  use 
a  Rott  vortex  [26]  as  an  initial  solution.  The  vor¬ 
tex  sheet  then  rolls  up  around  this  discrete  vortex. 
One  major  difference  between  the  method  by  Faltin¬ 
sen  and  Pullin,  is  that  Pullin  considers  a  semi-infinite 
plate  even  after  the  startup  (similarity  solution),  while 
Faltinsen  &  Pettersen  consider  a  finite  plate  width. 
Fink  &  Soh  [27]  start  the  computation  by  shedding 
one  vortex  sheet  segment,  which  they  represent  by 
one  equivalent  vortex.  Their  solution  seems  to  con¬ 
verge  towards  the  other  methods  by  decreasing  the 
segment  size  A5n,  where  n  denotes  the  final  segment 
shed  (see  fig.  15). 

The  start-up  flow  is  interesting  also  from  the  per¬ 
spective  of  ambient  oscillatory  flow.  When  the  ambi¬ 
ent  flow  turns,  the  oscillatory  flow  problem  has  simi¬ 
larities  to  the  start-up  problem. 

A  major  difference  between  the  present  method  and 
the  vortex  sheet  methods,  is  the  way  diffusion  is  han¬ 
dled.  A  vortex  sheet  method  assumes  that  all  the  vor- 


Figure  13:  Detailed  view  of  the  upper  tip  of  the  plate 
for  mesh  pi  to  p4. 


ticity  is  contained  within  zero  thickness  boundary  lay¬ 
ers  and  free  shear  layers.  In  other  words,  the  vortex 
sheet  methods  do  not  solve  for  the  flow  in  the  bound¬ 
ary  layer  nor  for  the  flow  inside  the  free  shear  layers. 
Therefore,  for  comparison  reasons,  a  slip  condition 
has  been  enforced  on  the  body  when  using  the  present 
method.  Due  to  the  near  vertical  edges  of  the  plate, 
the  node  of  the  plates  have  been  given  a  u=0  Dirichlet 
condition  for  the  velocity  in  the  x-direction  (normal  to 
the  plate)  and  no  Dirichlet  condition  for  the  velocity 
in  the  y-direction  (tangential  to  the  plate).  In  this  case 
the  weak  Neumann  condition  wdvjdnds  =  0, 
as  is  the  leftover  line  integral  due  to  the  weak  FEM- 
formulation,  is  valid  {w  being  the  weighting  func¬ 
tion). 

For  the  present  case  only  upper  half  of  the  plate 
and  the  domain  is  meshed.  The  new  dimensioning 
length  is  H=0.5  which  is  now  the  height  of  the  plate. 
The  meshes  are  renamed  pl-h,  p2-h,  p3-h  and  p4-h 
respectively. 

The  vorticity  shed  into  the  fluid  is  calculated  and 
compared  to  the  other  methods.  This  is  for  the  vor¬ 
tex  sheet  methods  equivalent  to  the  time  dependent 
circulation  around  the  rolled  up  vortex  shed  at  the  tip 
of  the  plate.  Since  a  slip  condition  on  the  body  is 
used,  the  total  circulation  calculated  by  the  present 
method  should  be  comparable  to  the  predicted  values 
by  the  vortex  sheet  methods.  Fig.  14  (a)  shows  a  small 
mesh-dependency.  Meshes  p3-h  and  p4-h  are  closest 
to  Wedemeyer’s  solution.  Fig.  14  (b)  shows  that  the 
vortex  sheet  methods  start  up  in  very  similar  manner. 
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Figure  14:  An  impulsively  started  flow  normal  to  a 
fiat  plate.  The  vorticity  (r  =  shed 

into  the  fluid  as  a  function  of  non-dimensionalized 
time.  H  is  the  height  of  the  half  plate.  Re=2(X)  is 
used  for  present  method. 


When  time  goes  on,  the  similarity  solution  by  Pullin 
deviates  from  the  other  vortex  sheet  methods.  The 
current  method  shows  some  initial  difference  with  the 
other  methods,  but  keep  up  nicely  with  the  method 
by  Wedemeyer  [23]  and  Faltinsen  &  Pettersen  [25]  as 
time  goes  on.  The  reason  to  the  initial  difference  may 
be  that  no  similarity  solution  was  assumed  at  the  start 
up.  A  similarity  solution  implies  that  for  any  small 
time  there  is  present  shed  vorticity.  This  was  found 
impractical  with  the  way  we  start  up  the  solution. 

The  normal  force  on  the  plate  is  also  investigated 
and  compared  with  results  by  the  vortex  sheet  meth¬ 
ods.  The  forces  from  the  present  method  are  calcu¬ 
lated  by  directly  integrating  stresses  over  the  body 
(SB).  The  effect  of  a  slip  and  a  no-slip  condition  on 
the  plate  is  investigated.  Fig.  15  (a)  shows  that  the 
body  boundary  condition  (b.b.c.)  have  in  particular 
an  influence  initially.  We  note  the  small  mesh  depen¬ 
dency  on  the  force.  Fig.  15  (b)  shows  good  agreement 


Figure  15:  An  impulsively  started  flow  normal  to 
a  flat  plate.  Drag  coefficient  as  a  function  of  non- 
dimensionalized  time,  Re=200  is  used  for  the  present 
method. 


with  the  vortex  sheet  methods  when  a  slip  condition 
is  applied.  After  some  time  the  present  method  seems 
to  overestimate  the  force  relative  to  the  method  by 
Faltinsen  &  Pettersen  [25],  but  not  so  much  relative 
to  the  method  by  Fink  &  Soh  [27].  Sedan  &  Faltin¬ 
sen  [2]  showed  good  agreement  between  the  vortex- 
in-cell  method  and  the  vortex  sheet  method  by  Faltin¬ 
sen  &  Pettersen  [25]. 

We  have  continued  the  simulations  with  meshes 
pl-p4  until  a  steady  state  vortex  shedding  is  reached. 
Asymmetry  of  the  flow  was  triggered  by  a  small  ver¬ 
tical  velocity  orthogonal  to  the  ambient  velocity.  This 
was  done  similarly  for  all  meshes.  Limited  studies 
showed  that  the  results  were  not  sensitive  to  this  per¬ 
turbation.  The  first  order  (in  pressure)  version  of  the 
Fractional-Step  procedure  is  used,  i.e.  0  =  0.  The 
results  presented  in  table  1  are  based  on  analyzing  the 
time  window:  (80  <  i7f/D  <  110).  Table  1  shows 
mean  values  (Cfic)  of  the  drag  coefficient.  Momen¬ 
tum  is  conserved  relatively  good  since  there  is  small 
difference  between  calculating  the  force  by  directly 
integrating  stresses  over  the  body  (SB)  and  by  using 
conservation  of  momentum  (MF).  Fig.  16  shows  that 
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Table  1:  Convergence  study  of  steady  ambient  cross- 
flow  past  a  flat  plate.  Mean  drag  (Cfx)  is  calcu¬ 
lated  by  both  integrating  the  stresses  over  the  body 
(SB)  and  by  using  conservation  of  momentum  (MF). 
The  Strouhal  number  is  estimated  from  half  the  os¬ 
cillation  frequency  of  Cfx  based  on  (SB).  Satisfac¬ 
tion  of  conservation  of  mass  is  expressed  by  the  non- 
dimensionalized  emptying  time  T'c[— ]  (eq.  35). 


Mod. 

Cfx 

Strouhal  number 

T,H 

SB 

MF 

SB 

MF 

pi 

3.310 

3.387 

0.1648 

0.1645 

1.8E5 

p2 

3.162 

3.278 

0.1600 

0.1600 

5.5E5 

P3 

2.937 

3.038 

0.1442 

0.1440 

1,9E5 

p4 

2.962 

3.066 

0.1432 

0.1436 

3.8E5 

pc60 

2.755 

2.854 

0.1870 

0.1870 

4.4E5 

pc30 

2.712 

2.825 

0.1568 

0.1565 

3.1E6 

the  drag  force  oscillating  with  twice  the  vortex  shed¬ 
ding  frequency  has  an  envelope  variation  over  four  to 
five  oscillation  periods.  But  this  time  variation  has  a 
small  influence  on  the  estimated  mean  drag.  Table  1 
shows  that  refinement  towards  the  tip  of  the  plate  is  far 
more  important  than  refinements  normal  to  the  plate. 
The  refinements  of  the  mesh  causes  a  reduction  in 
Cfx  until  convergence  is  reached  (p4  relative  to  p3). 
We  also  notice  by  comparing  results  from  pi,  pc30 
and  pc60  that  the  sharpness  of  the  plate  influences  the 
drag  coefficient.  A  sharper  plate  gives  higher  drag  co¬ 
efficient. 

Table  1  shows  two  regimes  of  Strouhal  numbers. 
Meshes  pi  and  p2  have  higher  Strouhal  numbers 
than  meshes  p3  and  p4.  Considerable  difference  in 
Strouhal  number  usually  means  that  the  flow  pattern 
is  different.  This  is  the  case  here.  Fig.  17  shows  that 
mesh  pi  (fig.  a)  produces  a  different  flow  pattern  than 
mesh  p3  (fig.  b).  Flow  pattern  (b)  looks  more  like  a 
regular  vortex  street  normally  seen  in  laminar  wakes 
while  it  seems  like  the  vortices  shed  in  (a)  are  getting 
paired  after  some  time,  again  influencing  on  the  shed¬ 
ding  frequency.  Similar  differences  were  observed 
between  the  denser  meshes  p2  and  p4. 

Fig.  16  shows  the  time  series  of  the  drag  coeffi¬ 
cient  from  start-up  and  until  some  time  after  steady 
state  is  reached.  Only  results  from  meshes  pi  and  p3 
are  shown,  but  simulations  based  on  the  other  meshes 
show  a  similar  behavior  until  the  drag  stabilizes  in  ei¬ 
ther  of  the  two  levels.  A  detailed  view  of  the  start-up 
shows  similar  behavior  for  all  meshes.  This  is  consis¬ 
tent  with  the  results  presented  in  fig.  15.  An  exper¬ 


iment  was  carried  out  to  investigate  the  effect  of  the 
mesh  in  more  details.  The  velocity  and  pressure  field 
from  the  simulation  with  mesh  pi  were  mapped  onto 
the  p3  mesh,  and  the  simulation  was  continued  from 
there.  The  same  was  done  by  mapping  from  the  p3 
mesh  onto  the  pi  mesh.  It  was  found  that  the  drag 
coefficient  keeps  its  level  after  having  been  mapped 
over  to  the  coarser  mesh  even  after  30  shedding  cy¬ 
cles.  The  same  happens  when  mapping  the  field  the 
other  way  around.  It  was  also  found  that  the  different 
flow  patterns  survive  the  mapping.  Mesh  refinements 
for  such  fine  mesh  considered  is  mainly  of  importance 
in  the  transient  phase  when  the  vortex  street  is  being 
formed.  But  the  transient  phase  is  shown  to  be  of  con¬ 
siderable  importance  for  the  steady  state  vortex  shed¬ 
ding. 


Figure  16:  Flat  plate  in  steady  ambient  crossflow. 
Re=200.  Drag  coefficient  is  shown  for  two  meshes. 
Mesh  pi  is  the  reference  mesh  while  the  mesh  p3  is 
refined  towards  the  tip  of  the  plate  (tangential  to  the 
body).  (See  fig.  13.) 


Figure  17:  Rat  plate  in  steady  ambient  crossflow. 
Re=200.  Vorticity  contours  shown.  Mesh  pi  (a)  is 
the  reference  mesh  whereas  mesh  p3  (b)  is  refined  to¬ 
wards  the  tip  of  the  plate  (tangential  to  the  body),  (See 
fig.  13.) 
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Chua  et  al.  [22]  collected  different  numerical  and 
experimental  results.  We  have  retabulated  these  in  ta¬ 
ble  2  and  added  the  results  from  the  present  method 
and  from  Bearman  et  al.  [20],  The  values  by  [20]  are 
obtained  by  extrapolating  their  high  KC-number  ex¬ 
perimental  results  by  relation  (7.32)  in  Faltinsen  [5]. 


Figure  18:  Time  averaged  pressure  coefficient  on  a 
fiat  plate  in  steady  ambient  crossflow.  Comparisons 
between  the  present  Navier-Stokes  solver  (Re=200), 
a  vortex  blob  method  by  Chua  et  al.  (1990)  (Re=10'^) 
and  wind  tunnel  experiments  by  Fage  &  Johansen 
(1927)  (Re=1.5  •  10®). 

The  large  scatter  in  the  Strouhal  numbers  tabulated 
in  table  2  indicates  that  various  methods,  either  nu¬ 
merical  or  experimental,  reach  different  steady  state 
situations,  not  only  for  the  value  of  the  drag  but  also 
for  the  behavior  of  the  flow  pattern. 

Table  2  shows  that  the  numerically  predicted  val¬ 
ues,  which  are  all  based  on  2D  methods,  in  general 
greatly  overpredicts  the  drag  compared  to  experimen¬ 
tal  values.  The  present  method  overestimates  the  drag 
with  38%  compared  to  the  experimental  results  by 
Fage  &  Johansen  [21].  However,  somewhat  comfort¬ 
ing  is  the  good  agreement  for  the  predicted  Strouhal 
number. 

Possible  causes  to  the  difference  between  our  pre¬ 
dicted  drag  and  the  experimental  results  will  be  dis¬ 
cussed. 

The  time  rate  of  shed  vorticity  into  the  fluid 
(dT Idt)  is  of  importance  to  the  drag.  The  degree  of 
sharpness  of  the  shedding  edge  has  a  strong  effect  on 
dT/dt.  This  is  reflected  in  table  2.  The  plate  with 
the  sharpest  edge  has  higher  drag  coefficient  than  the 
chamfered  plates. 

Large  differences  between  the  computed  and  ex¬ 
perimental  values  for  drag  force  are  often  explained 
by  three-dimensional  effects  in  the  experiments.  Two 
3D  effects  are  considered  important.  One  is  due  to 
end  effects  of  finite  span  bodies.  Another  effect  is  the 


Table  2:  Comparison  of  drag  coefficients  {Cfx) 
and  Strouhal  numbers  (St)  between  different  numer¬ 
ical  methods  and  experiments.  The  table  is  taken 
from  Chua  et  al.  [22]  adding  the  results  from  the 
present  method  and  extrapolated  experimental  results 
by  Bearman  et  al.  [20].  (})  Empirical  circulation  de¬ 
cay  models  are  used  to  reduce  Cfx  from  higher  val¬ 
ues. 


Method 

Ref. 

Bl 

Re  1 

Bi 

mm 

BH 

[29] 

[22] 

3.5 

0.11 

o 

1-H 

±0.1 

[30] 

3.4 

— 

— 

)> 

[31](^> 

2.4- 

0.14- 

— 

2.8 

0.16 

— 

[32](‘^ 

2.8 

0.14 

— 

[33] 

3.0- 

•— 

— 

4.0 

— 

— 

Wind 

[21] 

2.13 

0.146 

1.510® 

tunnel 

[34] 

2.0 

— 

10®  -  10® 

99 

[35] 

1.74 

0.135 

10®  -  lO"* 

Towing 

[22] 

2.05 

0.133 

510® 

tank 

±0.05 

HighKC 

[20] 

2.10 

— 

— 

exp. 

— 

— 

spanwise  lack  of  correlation  of  vortex  shedding  due 
to  3D  instabilities  of  the  shed  vortices.  This  effect 
is  Reynolds  number  dependent.  It  does  generally  not 
occur  for  Re  <  180  where  one  may  achieve  2D  flow 
even  in  experiments  if  care  is  taken  to  control  end 
effects.  The  effect  of  the  spanwise  correlation  was 
briefly  investigated  by  Chua  et  al.  [22].  They  did  nu¬ 
merical  simulations  in  2D  as  well  as  experiments  (3D) 
on  an  oscillating  plate  in  steady  ambient  crossflow. 
The  oscillation  direction  was  orthogonal  to  the  steady 
ambient  flow.  They  obtained  perfect  spanwise  corre¬ 
lation  and  the  agreement  between  the  2D  numerical 
results  and  3D  experiments  increased  considerably. 

Chua  et  al.  [22]  have  compared  the  time  averaged 
pressure  coefficient  over  a  flat  plate  with  measured 
values  by  [21].  Fig.  18  shows  a  comparison  with  our 
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2D  numerical  results.  The  results  by  Chua  et  al.  [22] 
show  a  very  large  base  suction  with  a  concentration 
of  the  suction  towards  the  tips  of  the  plate.  Page  & 
Johansen  [21]  obtained  experimentally  a  nearly  spa¬ 
tially  constant  suction  pressure.  Our  numerical  results 
show  also  small  spatial  variations  of  the  suction  pres¬ 
sure.  Chua  et  al.  [22]  have  more  confidence  into  the 
shape  of  the  pressure  distribution  obtained  by  their 
numerical  method  than  what  Page  &  Johansen  mea¬ 
sured.  This  is  also  discussed  by  Roshko  [28].  He  sug¬ 
gests  that  the  nearly  ,  spatially  uniform  base  pressure 
is  due  to  loss  of  spanwise  phase  coherence,  i.e.  3D 
effects.  Since  the  present  method  is  2D  and  showing 
simito  constant  base  pressure  as  Page  &  Johansen, 
one  cannot  relate  this  to  3D  effects  only.  Instead  we 
suggests  another  explanation  for  the  varying  base  suc¬ 
tion:  Chua  et  al.  [22]  reports  that  the  roll-up  vortices 
from  their  numerical  cadculations  form  closer  to  the 
body  than  what  is  observed  from  experiments.  The 
location  of  the  roll-up  vortex  relative  to  the  body  is 
believed  to  be  important  for  the  base  pressure,  and 
hence  the  drag. 

OSCILLATING  AMBIENT  FLOW  NORMAL 
TO  A  FLAT  PLATE 


When  analyzing  ambient  oscillating  flow,  the 
Keulegan-Carpenter  (KC)  number  is  important.  This 
is  defined  as  _ 

KC  =  ^  ,  (46) 


where  T  is  the  oscillation  period  of  the  ambient  flow. 

We  will  analyze  our  results  by  fitting  them  to  Mori- 
son’s  equation 


=  IpDC,\U\U  +  ,  (41) 

where  Fm  is  the  total  force  per  unit  length  in  direction 
of  the  ambient  flow  velocity.  Cd  and  Cm  are  the  drag- 
and  mass-  coefficients. 

We  express  the  free  stream  velocity  as 


?7  =  C/a  sin  —  =  Ua  sinut .  (48) 


There  is  no  y-component  of  the  ambient  velocity. 

Cd  and  Cm  are  found  by  the  “method  of  Pourier 
Averaging”  [36],  i.e. 


Cd 


— L —  f  Fsmutd{u)t)  (49) 
8  yUlD  Jo 

/  F  COS  ut  d{u}t)  ,(50) 

Jo 


2f'^A 

4 


pD'^Ua’^^ 


where  F  is  the  computed  force. 


The  physics  that  the  boundary  conditions  at  the 
outer  boundaries  represent  are  somewhat  simpler  in 
the  oscillatory  problem.  We  simply  say  that  we  have 
undisturbed  free  stream  at  the  outer  boundaries.  This 
free  stream  may  be  introduced  by  giving  Dirichlet- 
conditions  for  uosu=^Ua  sin  u)t  on  the  outer  bound¬ 
aries.  This  is  what  HerQord  [4]  does  in  his  thesis. 
Since  we  should  avoid  having  both  pressure  Dirichlet 
and  velocity  Dirichlet  conditions  on  the  same  bound¬ 
ary,  such  a  method  will  leave  no  boundaries  where  to 
impose  pressure  Dirichlet  condition.  If  no  pressure 
Dirichlet  condition  is  given,  the  total  pressure  will  be 
wrong.  The  error  is  space  independent,  but  varies 
with  time.  However  the  pressure  gradient,  which  is 
actually  what  we  solve  for,  and  what  is  needed  to 
correctly  calculate  the  integrated  pressure  force  over 
the  body,  will  in  principle  be  correct.  This  is  only 
in  principle  since  the  space  independent  error  will  af¬ 
fect  the  numerical  accuracy  as  time  goes  on.  Because 
this  constant  error  is  so  large,  it  uses  so  many  signifi¬ 
cant  digits  that  only  a  few  is  left  to  the  physical  pres¬ 
sure.  If  no  pressure  is  given,  then  the  weak  Neumann 
condition  ^  normal 

vector  out  of  the  domain)  will  be  satisfied  because  in 
general  the  line  integral  is  simply  neglected.  Since 
|£  =  at  the  outer  boundary  for  the  oscillatory 

flow  problem,  the  line  integral  should  be  implemented 
in  the  method. 

Many  combinations  of  Dirichlet  conditions  for  the 
velocity  and  the  pressure  have  been  tested.  It  was 
found  that  implementing  pressure  Dirichlet  condi¬ 
tions  on  the  inflow  and  outflow  boundaries,  thus  let¬ 
ting  the  Froude-Kriloff  (ambient)  flow  be  driven  by 
the  pressure  gradient,  was  more  robust  and  gave  bet¬ 
ter  conservation  of  momentum  than  implementing 
Dirichlet  conditions  for  the  u  velocity  at  these  bound¬ 
aries.  It  was  also  shown  that  better  momentum  con¬ 
servation  was  achieved  by  disregarding  the  Dirichlet 
conditions  for  u  at  the  upper  and  lower  boundaries, 
leaving  the  weak  Neumann  condition  there.  The  ap¬ 
plied  boundary  conditions  are  shown  in  fig.  19. 

Vortex  pairing  may  occur  for  KC  numbers  as  low 
as  1 .  The  vortex  pairs  may  travel  at  any  angle  be¬ 
tween  0  and  45  degrees  from  the  x-axis  and  at  quite 
high  speed  due  to  their  mutual  influence.  They  may 
therefore  hit  the  outer  boundaries  and  thereby  contra¬ 
dict  the  assumption  of  planar  inviscid  flow  outside  the 
domain.  Also  when  the  KC-number  is  high,  vorticity 
may  cross  the  outer  boundaries.  This  may  eventually 
lead  to  numerical  instability  of  the  kind  that  was  dis¬ 
cussed  earlier  for  steady  ambient  flow.  The  result¬ 
ing  numerical  instabilities  were  cured  by  adding  eddy 
viscosity  on  both  sides  of  the  plate  in  a  similar  man¬ 
ner  as  we  discussed  for  the  steady  ambient  flow.  The 
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Figure  19:  Boundary  conditions  for  planar  oscillating 
ambient  flow  normal  to  a  flat  plate. 


eddy  viscosity  can  only  be  related  to  the  Cd  in  a  quasi¬ 
steady  manner  for  high  KC-numbers. 


Figure  20:  Oscillating  ambient  flow  normal  to  a  flat 
plate.  One  oscillation  period  is  simulated  with  KC  ^ 

1,  Force  coefficients  in  x-direction  based  on  stress  in¬ 
tegration  over  the  body  (SB)  and  by  conservation  of 
momentum  (MF)  are  compared,  (a)  shows  conserva¬ 
tion  of  momentum  with  pressure  accurate  to  0(Af) 
and  (b)  shows  conservation  of  momentum  with  pres¬ 
sure  accurate  to  O(Af^). 

In  problems  with  ambient  steady  flow  past  blunt 
bodies  we  normally  say  that  we  have  a  convection 
dominated  flow,  which  is  not  alway  true  because  dif¬ 
fusion  is  important  in  the  inner  part  of  the  bound¬ 
ary  layer.  However,  in  such  problems  when  trying 
to  improve  the  accuracy  of  the  time  integration  one 
normally  concentrate  on  the  advection  terms  leav¬ 
ing  the  pressure  term  to  first  order  in  time.  This 
is  the  case  with  the  Taylor-Galerkin  time  integration 
scheme  with  0  =  0.  Fig,  20  (a)  shows  clearly  that  a 
first  order  scheme  for  the  pressure  does  not  conserve 
momentum  in  the  computational  domain.  Other  stud¬ 
ies  not  reported  here  with  a  body  oscillating  in  calm 
fluid  give  conservation  of  momentum  even  with  a  first 
order  scheme.  The  only  difference  between  these  two 
cases  is  the  presence  of  a  Froude-Knloff  (ambient) 
pressure  in  fig.  20  (a)  which  is  the  driving  force  in 


the  problem,  and  is  dominating.  The  morale  is  then 
that  we  do  not  need  higher  order  schemes  on  all  the 
terms  in  Navier-Stokes  equations.  Their  importance 
in  the  problem  studied  should  be  investigated  before 
proceeding  to  a  higher  order  scheme.  But  obviously 
the  pressure  driven  ambient  flow  requires  a  higher  or¬ 
der  time  integration  scheme.  Therefore,  the  results 
shown  for  oscillating  flow  in  the  rest  of  paper  are  cal¬ 
culated  by  the  second  order  scheme,  i.e.  0  =  0.5. 

Results 

Oscillatory  crossflow  past  a  flat  plate  has  not  been  as 
extensively  reported  as  oscillatory  flow  past  a  circu¬ 
lar  cylinder.  Experiments  have  been  carried  out  by 
Keulegan  &  Carpenter  [36]  mounting  the  plate  be¬ 
neath  a  standing  wave,  and  by  Singh  et  al.  [39]  us¬ 
ing  a  U-tube.  Shih  &  Buchanan  [40]  did  experi¬ 
ments  with  plates  oscillating  in  fluid  at  low  Reynolds 
numbers.  Graham  [41]  did  numerical  simulations 
at  low  KC  numbers  using  a  discrete  vortex  method 
around  an  isolated  edge.  Faltinsen  &  Pettersen  [42] 
and  Lian  [43]  used  a  vortex  sheet  method.  Sedan  & 
Faltinsen  [2]  used  the  vortex-in-cell  method. 

When  proceeding  to  the  oscillatory  problem  from 
the  steady  ambient  flow  problem,  a  legitime  question 
is  whether  a  converged  mesh  in  the  steady  ambient 
flow  problem  should  be  considered  converged  for  the 
oscillatory  flow  problem.  Mesh  p3  was  considered 
converged  for  steady  ambient  flow  while  mesh  pi  was 
not.  The  influence  of  the  mesh  on  the  force  occurred 
after  the  von-Karman  vortex  street  was  established. 
No  significant  differences  were  seen  during  the  start 
up  phase.  Since  the  oscillatory  problem  for  low  KC  is 
similar  to  the  start-up  problem,  mesh  pi  may  be  ap¬ 
propriate  for  the  oscillatory  problem  even  if  it  was  not 
for  steady  ambient  flow.  This  is  confirmed  in  table  3 
for  KC=1.  Since  the  denser  mesh  p3  requires  consid¬ 
erably  more  epu-time  per  step  and  shorter  time  steps, 
mesh  pi  is  used  in  the  comparative  studies  with  other 
numerical  methods  and  experimental  results. 

Table  3  shows  the  effect  of  Reynolds  number  (Re). 
Re  is  varied  between  94  and  940.  Cd  increases  with 
about  15%  in  this  Reynolds  number  range.  Most  of 
the  increase  occurs  between  Re=94  and  Re=188.  The 
effect  of  Re  on  Cm  is  minor.  Since  the  effect  of  Re  for 
values  above  200  is  small,  the  following  calculations 
are  done  with  Re=200. 

Our  numerical  results  have  been  compared  with  ex¬ 
periments  and  with  Graham’s  isolated  edge  theory, 
presented  in  Bearman  et  al.  [44]  and  Grdiam  [41]. 
This  theory  is  a  non-viscous  (Re  oo)  low  KC 
number  theory.  The  experiments  originate  from 
Singh  [39].  Another  set  of  experimental  results  were 
taken  from  [36].  They  do  not  describe  the  detailed 
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Table  3:  Influence  of  Reynolds  number,  mesh  and 
time  step  (At)  for  oscillating  crossflow  past  a  flat 
plate  at  KC=1.  a  is  the  respective  standard  deviation 
defined  as  a  -  i^dj  ~  ^)»  Cdj  being  the 

Cd  calculated  from  cycle  j  where  j  goes  from  1  to  n 
.  Cdj  is  the  value  averaged  over  n  cycles.  Similarly 
for  Cm-  Wm  and  Wc  are  the  work  carried  out  on  the 
body  by  the  flow  using  the  Morison  force  Fm  in  eq. 
(47)  or  the  force  F  in  eqs.  (49)-(50)  respectively.  50 
oscillations  are  considered  except  for  the  the  two  last 
rows  where  25  and  35  oscillations  are  considered. 


Mesh 

Re 

Cd, 

a 

Cm ) 
cr 

Wm/Wc 

pi 

94 

0.001 

9.96 

0.01 

1.26 

0.00 

1.03 

P3 

94 

0.0005 

10.05 , 
0.01 

1.26, 

0.00 

1.03 

pi 

188 

0.001 

11.24, 

1.01 

1.27, 

0.02 

1.02 

p3 

188 

0.0005 

11.52, 

0.98 

1.29, 

0.02 

1.02 

pi 

376 

0.001 

11.38, 

1.32 

1.25, 

0.08 

1.05 

pi 

564 

0.001 

11.59, 

1.15 

1.28, 

0.06 

1.04 

pi 

940 

0.001 

11.20, 

1.64 

1.25, 

0.08 

1.06 

pi 

940 

0.0005 

11.50, 

1.46 

1.26, 

0.12 

1.05 

shape  of  the  plates  they  use.  The  Reynolds  num¬ 
ber  range  is  between  4500  and  11400.  The  results 
from  [36]  are  plotted  in  figs.  21  and  22.  We  have  also 
compared  with  the  results  from  Lian  [43]  and  Scolan 
&  Faltinsn  [2]. 

Shih  &  Buchanan  [40]  compared  their  experi¬ 
mental  results  with  Keulegan  &  Carpenter’s  experi¬ 
ments  [36],  and  found  good  agreement.  Their  results 
are  therefore  not  presented  here.  However,  they  con¬ 
structed  a  formula  that  describes  Cd  as  a  function  of 
KC  and  Re,  when  KC  is  between  1.57  and  4.71  and 
Re  is  between  1.01  and  1057.  The  formula  is 

Cd  =  15  KC-i  exp 

This  is  plotted  in  fig.  21.  Other  similar  formulas  are 

Cd  -  SKC-^  (Graham),  (52) 
Cd  =  9.555  KC-i  (Himeno).  (53) 

Graham  uses  a  factor  8  based  on  experimental  results 
instead  of  1 1 .8  which  he  numerically  calculated  by  his 
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Figure  21:  Drag  coefficients  for  oscillating  crossflow 
past  a  flat  plate. 


isolated  edge  theory,  ref.  [41].  The  exponent  —1/3 
follows  from  Graham’s  low  KC-number  theory.  Hi- 
meno’s  formulae  is  found  in  [45].  The  formula 

Cd  =  15JirC7-=  (54) 

was  found  to  fit  our  calculated  values  for  a  plate  of 
zero  thickness  in  a  KC  range  between  2  and  15. 

Numerical  simulations  with  the  present  method  are 
carried  out  on  plate  meshes  pi,  pc60  and  pc30.  The 
first  two  meshes  were  used  for  KC  between  0.5  and 
15.  The  last  model  was  used  only  for  KC=2.  Results 
in  terms  of  drag-  and  mass-coefficients  for  plate  mesh 
pi  is  tabulated  in  table  4.  At  least  two  time  windows 
are  analyzed  for  each  KC  number.  Values  from  all 
time  windows  are  plotted  in  figs.  21  and  22.  The  scat¬ 
ter  in  the  results  for  some  KC  numbers  are  relatively 
large. 

Figs.  21  and  22  have  to  be  analyzed  together  with 
table  4.  For  instance,  fig.  22  shows  large  scatter  for 
Cm  2Li  KC  =  7.  Some  values  deviate  significantly 
from  experimental  results.  However,  table  4  shows 
that  Cm  estimated  from  the  last  time  window,  when 
the  flow  pattern  is  supposed  to  have  stabilized,  is  in 
fact  not  so  far  from  the  experimental  values.  The 
standard  deviation  a  presented  in  table  4  measures  the 
spread  of  Cd  or  Cm-  This  is  due  to  the  changing  flow 
characteristics  within  the  time  window. 

Fig.  21  shows  that  the  scatter  in  Cd  is  small  at  high 
KC  and  larger  for  smaller  KC,  and  especially  for  KC 
between  2  and  7.  Since  the  contribution  from  the  drag 
force  to  the  total  force  is  small  for  small  KC-numbers, 
the  extraction  of  Cd  from  the  computed  force  can  be 
sensitive.  This  is  true  for  a  circular  cylinder.  But,  the 
Cff-values  are  higher  for  flat  plates  than  for  circular 
cylinders.  The  scatter  in  estimated  Cd  for  KC<2  is 
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Figure  22:  Mass  coefficients  for  oscillating  crossflow 
past  a  flat  plate. 


low.  We  note  that  the  scatter  is  more  pronounced  for 
the  plate  (pi)  with  zero  degree  internal  angle,  relative 
to  the  Bearman  type  plate  (pc60)  with  60  degree  inter¬ 
nal  angle.  A  similar  effect  is  seen  in  fig.  22  where  Cm 
is  plotted.  The  spread  in  Cm  is  large  for  higher  KC, 
especially  for  the  flattest  plate.  However,  going  back 
to  table  4,  and  choosing  Cm  from  the  last  time  win¬ 
dow  for  KC=10  and  KC=15,  we  see  a  good  fit  with 
the  experimental  results  in  spite  that  this  is  a  KC  range 
considerably  influenced  by  the  drag.  The  flow  in  the 
KC  range  between  approximately  4  and  8  is  unsta¬ 
ble  and  the  relative  importance  between  the  mass  and 
drag  terms  changes  as  the  flow  develops.  The  results 
for  different  time  windows  for  KC=7  in  table  4  indi¬ 
cate  this.  It  means  that  a  very  long  simulation  time  (or 
experimental  time)  is  needed  for  these  KC-numbers. 
Another  thing  about  the  intermediate  KC  numbers  is 
the  relatively  bad  estimation  of  the  estimated  work 
done  per  cycle  of  the  Morison  force  relative  to  real 
work  done  based  on  the  computed  force.  Deviations 
of  up  to  13%  is  seen,  and  again,  being  more  pro¬ 
nounced  at  intermediate  KC  numbers  indicating  er¬ 
rors  in  estimated  drag-  and  mass-  coefficients.  It  indi¬ 
cates  also  that  Morison’s  equation  is  not  an  accurate 
representation  of  the  force.  Tdnnessen  [46]  uses  also 
a  least  square  fit  to  extract  the  drag-and  mass  coeffi¬ 
cients  from  the  computed  force.  However,  the  Mori¬ 
son  force  calculated  with  these  coefficients  seem  to 
overpredict  the  work  done  even  more.  Overpredic¬ 
tions  of  up  to  22%  were  shown. 


Table  4:  Cd  and  Cm  for  a  flat  plate  in  oscillat¬ 
ing  crossflow.  Mesh  pi  is  used.  Re=200  and 
L/a  At/D=0.001  for  all  cases,  a  is  the  respective 
standard  deviation.  The  Wm/Wc-factor  indicates  how 
well  the  Morison  force  predicts  the  work  done  over 
one  period  (Imperfect).  N.O.  is  the  number  of  oscilla¬ 
tions  in  the  time  window  considered. 


KC 

Time 
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Cd, 

a 

Cm,  1 

(7  1 

Wm/ 

Wc 

0.5 

2.5-27.5 

50 
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0.01 

1.14,  1 
0.00 

1.02 
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25 
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0.03 
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0.00 
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1.0 
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25 
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CONCLUSIONS 


The  sharpness  of  the  plate  influences  the  results. 
This  was  also  documented  for  steady  ambient  cross- 
flow.  The  effect  on  Cd  is  clearly  visible  in  fig.  21. 
Fig.  22  demonstrates  also  an  effect  on  Cm  ^ox  KC  = 
10.  The  details  of  the  body,  i.e.  the  sharpness  of  the 
edges  are  more  important  for  the  lower  KC  numbers. 
Cd  ^tKC  —  2  for  plate  pc30  is  between  the  results 
for  the  flattest  plate  (pi)  and  Bearman’s  plate  (pc60). 
Since  it  has  a  sharpness  between  pi  and  pc60,  this 
looks  reasonable.  The  scatter  due  to  the  chosen  time 
window  is  generally  larger  for  the  flattest  plate,  how¬ 
ever  not  in  the  vicinity  of  KC=2  and  3  where  also  the 
plate  pc60,  and  as  a  matter  of  fact  also  Bearman’s  ex¬ 
perimental  results  show  scatter. 

We  find  surprisingly  good  agreement  by  compar¬ 
ing  our  numerical  results,  based  on  plate  pc60,  with 
the  experimental  results  from  Berman  et  al.  [44]  plot¬ 
ted  in  figs.  21  and  22.  The  same  can  be  said  about  the 
numerical  results  based  on  model  pi  (0  degree  inter¬ 
nal  angle)  compared  with  the  results  from  Keulegan  & 
Carpenter  [36]  plotted  in  the  same  figures.  One  might 
have  expected  an  overestimation  of  Cd  for  high  KC 
numbers  due  to  the  absence  of  3D  effects,  but  no  such 
effects  are  seen.  Thus,  for  KC  about  4  to  5  we  can  see 
that  Cd  is  slightly  overestimated  for  the  plate  (pc60). 
The  same  can  be  said  abut  Cm  shown  in  fig.  22  but  in 
the  range  of  KC  from  5  to  7.  At  the  same  time  it  was 
found  that  Wm  IWc  =  1.1  for  this  KC  range,  meaning 
that  the  Morison’s  equation  overestimates  the  work 
done  during  a  cycle  with  about  10%  compared  to  the 
work  done  by  the  numerically  calculated  force.  Eq. 
(54)  fits  very  well  the  experimental  results  by  Keule¬ 
gan  &  Carpenter  for  KC  >  2.  But  the  scatter  in  the 
experimental  results  at  KC  =  2  is  large.  Compar¬ 
ing  the  mass  coefficient  we  see  similar  good  agree¬ 
ment  and  similar  large  scatter  for  high  KC  numbers. 
We  also  note  the  relatively  large  discrepancy  between 
results  based  on  the  chamfered  plate  and  the  flattest 
plate. 

The  results  by  Scolan  &  Faltinsen  [2]  using  a 
vortex-in-cell  method,  and  Lian  [43]  using  a  vortex 
sheet  method  are  also  plotted  in  figs.  21  and  22.  Both 
use  a  plate  with  close  to  zero  thickness.  While  the 
present  method  tends  to  underestimate  Cd  for  low 
KC  numbers,  the  vortex-in-cell  method  tends  to  over¬ 
estimate,  but  the  agreement  is  in  general  very  good 
compared  to  experiments.  The  vortex-in-cell  method 
shows  also  large  scatter  in  Cd  for  KC  numbers  around 
7.  The  vortex  sheet  method  seems  to  underestimate 
Cd  for  all  KC  numbers.  A  large  scatter  is  shown  in 
Cm  for  the  vortex-in-cell  method  especially  for  KC 
numbers  greater  than  5  and  the  values  are  in  general 
overestimated.  Also  the  vortex-sheet  method  seems 
to  overestimate  Cm  for  KC  numbers  greater  than  5. 


Steady  ambient  flow 

•  Both  a  consistent  mass  matrix,  in  contrast  to 
a  lumped  mass  matrix,  and  higher  order  accu¬ 
racy  of  the  element  formulation  (at  least  bi-linear 
quadrilateral  elements)  are  recommended. 

•  The  introduction  of  consistent  mass  matrix  in¬ 
troduced  instabilities  at  the  outflow  boundary  for 
some  denser  meshes  and  some  time  steps.  Use  of 
well  recognized  outflow  boundary  conditions  do 
not  help.  Adding  eddy  viscosity  based  on  turbu¬ 
lent  wake  theory  cured  the  instability  problem. 

•  Crossflow  past  a  flat  plate  in  steady  ambient  flow 
normal  to  the  plate  is  studied.  The  refinement  of 
the  mesh  towards  the  tip  of  the  plate  is  impor¬ 
tant  while  refinement  normal  to  the  plate  is  rel¬ 
atively  unimportant.  The  refinement  is  only  im¬ 
portant  in  the  transient  phase  after  the  start  up  of 
the  flow  and  before  steady  state  is  reached.  The 
relatively  small  differences  in  meshes  used  in  the 
study  may  result  in  quite  different  flow  patterns 
in  the  wake. 

•  The  start-up  of  impulsively  started  crossflow 
past  a  flat  plate  agrees  well  with  other  methods. 

•  The  drag  on  a  flat  plate  in  crossflow  is  overpre¬ 
dicted  by  38%  relative  to  experimental  results 
with  a  similar  plate.  Compared  to  other  numeri¬ 
cal  methods,  the  present  method  seems  to  show 
drag  closer  to  experimental  results,  than  most 
other  numerical  methods  (without  any  artificial 
simulation  of  3D  effects).  Prediction  of  Strouhal 
number  is  satisfactory. 

•  It  is  shown  numerically  that  the  drag  on  a  flat 
plate  with  zero  thickness  in  cross  flow  is  higher 
than  the  drag  on  plates  with  relatively  larger 
thickness  and  hence  larger  internal  angles  at  the 
tips  (chamfer  angle).  This  is  confirmed  by  avail¬ 
able  experimental  results. 

Oscillating  flow 

•  The  chamfer  angle,  or  thickness  to  width  ratio, 
of  the  plate  has  a  large  influence  on  Cd  and  Cm- 

•  The  present  numerical  method  predicts  very  well 
the  forces  on  flat  plates,  no  matter  whether  the 
plate  has  a  nonzero  chamfer  angle  or  close  to 
zero  thickness. 

•  Empirical  formulas  for  Cd  must  include  the  ef¬ 
fect  of  sharpness  of  the  plate.  It  is  also  important 
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to  state  what  KC  number  range  one  is  consider¬ 
ing.  Cd  —  15  gives  a  good  representa¬ 

tion  of  Cd  for  KC  between  2  and  16  for  a  plate 
with  close  to  zero  thickness. 

•  The  choice  of  time  window  influences  estimated 
Cd  and  Cm-  The  flow  may  change  its  character¬ 
istics  even  after  a  long  time  of  simulation.  This 
is  especially  true  for  KC  in  the  range  from  3  to 

7. 

•  Fourier  averaging  has  been  used  to  estimate  Cd 
and  Cm-  The  force  based  on  the  extracted  values 
of  Cd  and  Cm  do  generally  overpredict  the  work 
done  during  a  cycle.  For  the  intermediate  KC 
numbers,  the  overprediction  may  be  up  to  13%. 
Using  a  least  square  fit  method  to  extract  Cd  and 
Cm  gives  even  worse  result 
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ABSTRACT 

The  flow  around  the  HSVA  tanker  is  computed  with  an  explicit  algebraic  stress  model  (EASM)  and  a  Reynolds 
stress  model.  Near-wall  models  based  on  a  transport  equation  for  the  turbulent  frequency  are  proposed  for  both 
closures  such  that’ the  same  pressure-strain  model  can  be  employed.  The  EASM  model  improves  the  prediction 
in  all  aspects  compared  with  simple  linear  eddy-viscosity  model.  Further  improvements  on  the  prediction  of 
the  longitudinal  vortex  are  obtained  with  the  Reynolds  stress  model.  The  analysis  of  the  computational  results 
reveals  the  limitation  of  the  linear  eddy- viscosity  model  as  well  as  the  existence  of  flow  regions  where  the  local 
equilibrium  assumption,  on  which  the  algebraic  stress  model  is  based,  is  no  longer  valid. 


INTRODUCTION 

This  paper  is  devoted  to  the  assessment  of  the  most  re¬ 
cent  turbulence  models  for  steady  flows  around  ships. 
The  so-called  HSVA  Tanker,  intensively  studied  ex¬ 
perimentally  by  Dr.  J.  Kux  at  the  Institute  of  Ship¬ 
building  in  Hamburg,  is  chosen  as  test  case  because 
it  is  one  of  the  best  experimental  ship  flow  databases 
(Wieghardt  and  Kux,  1980)  [1].  The  flow  is  character¬ 
ized  by  a  strong  thickening  of  the  boundary  layer,  the 
generation  of  an  intense  longitudinal  vortex  motion 
creating  complex  “hook-shaped”  velocity  contours  in 
the  central  part  of  the  wake  near  the  location  of  pro¬ 
peller  and  many  other  characteristics  which  are  not 
recalled  here  for  the  sake  of  brevity  (see  Figs.  1  and 
2). 


Figure  1:  HSVA  Tanker  -  Re  =  5.0 10®  Experimen¬ 
tally  observed  wall  flow. 


Figure  2:  HSVA  Tanker  -  Re  =  5.0 10®  Experimental 
isowake  contours  at  x/L=0.978 

Even  though  classical  k—e  models  with  near- wall 
low-Reynolds-number  modifications  are  able  to  pre¬ 
dict  the  gross  features  of  the  flow  and  the  wall  flow, 
the  characteristic  hook  shape  present  in  the  measured 
velocity  contours  is  not  captured  by  the  computations. 

A  detailed  analysis  conducted  by  Deng,  Queutey 
&  Visonneau  (1993)  [2]  and  confirmed  by  Sotiropoulos 
&  Patel  (1994)  [3],  have  established  that  the  -  e  tur¬ 
bulence  models  used  at  that  time  were  responsible  for 
these  inaccuracies  because  of  too  high  a  level  of  tur¬ 
bulent  viscosity  generated  in  the  core  of  the  longitu¬ 
dinal  vortex.  This  analysis  was  confirmed  during  the 
1994  Tokyo  Workshop  for  Improvement  of  Hull  Form 
Design  (Tokyo  Workshop,  1994,  [4]). 

Although  the  ^  —  w  model  developed  by  Wilcox 
(1993)  [5]  and  its  variants  due  to  Menter  (1993)  [6] 
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bring  noteworthy  improvements  in  the  simulation  of 
the  near-wake  flow,  as  indicated  by  Deng  &  Vison- 
neau  (1996)  [7]  and  confirmed  recently  by  [8],  they 
cannot  be  considered  as  a  fully  satisfactory  answer. 
A  recent  computation  of  a  wing-body  junction  flow 
performed  by  the  authors  shows  that  both  ^  -  e  and 
k-uf  models  are  not  able  to  predict  accurately  the  in¬ 
tensity  of  the  horse-shoe  vortex  [9],  In  addition  to  the 
inability  to  simulate  turbulence  anisotropy,  the  limita¬ 
tions  of  eddy-viscosity  models  for  modeling  complex 
flows  are  related  to  models’  inability  to  account  for 
the  selective  amplification  or  attenuation  of  Reynolds 
stresses  by  curvature-related  strain  components,  which 
explains  their  bad  performances  on  flows  character¬ 
ized  by  intense  longitudinal  vortices. 

Whereas  second-order  closures  (RST  models)  are 
based  on  the  solution  of  a  modeled  form  of  the  full 
Reynolds  stress  transport  (RST)  equations,  the  explicit 
algebraic  stress  models  (EASM)  are  derived  from  equi¬ 
librium  hypotheses  imposed  on  the  convective  and  dif¬ 
fusive  terms  in  the  RST  equations.  Both  models  are 
able  to  provide  an  anisotropic  description  of  the  tur¬ 
bulence  but  the  RST  closures  include  additional  phys¬ 
ical  terms  such  as  the  convection  and  the  turbulent 
diffusion  of  the  Reynolds  stresses  which  makes  possi¬ 
ble  a  more  accurate  description  of  turbulent  complex 
flows.  However,  the  current  generation  of  RST  clo¬ 
sures  does  not  perform  outstandingly  well  on  flows 
far  from  equilibrium.  This  observation  suggests  that 
EASM  could  be  a  good  compromise  for  some  three- 
dimensional  flows. 

Therefore,  the  main  goal  of  this  paper  will  be  to 
evaluate  the  relative  iniportance  of  transport  and  dif¬ 
fusion  mechanisms  of  the  Reynolds  stresses  for  the 
steady  flows  around  ships.  The  EASM  model  pro¬ 
posed  by  Gatski  &  Speziale  [10]  will  be  used  in  con¬ 
junction  with  a  turbulent  frequency  w  equation  pro¬ 
posed  by  the  authors  which  allows  direct  integration 
of  the  EASM  model  up  to  the  wall.  In  order  to  facil¬ 
itate  the  evaluation  of  the  role  played  by  these  addi¬ 
tional  physical  terms,  the  same  models  for  the  pressure- 
strain  and  turbulent  dissipation  term  will  be  imple¬ 
mented  in  both  EASM  and  RST  closures. 

Sotiropoulos&  Patel  (1994)  [3]  have  shown  a  suc¬ 
cessful  prediction  of  ship  flow  with  the  low  Reynolds 
number  Reynolds  stress  model  proposed  by  Shima. 
However,  our  personal  experience  with  the  Shima  model 
was  not  so  positive  since  our  implementation  of  this 
closure  was  systematically  unable  to  give  a  satisfac¬ 
tory  prediction  because  of  stability  problems  (Deng 
&  Visonneau  (1996)  [7]).  Attempts  were  made  to  sta¬ 
bilize  the  Shima  model  by  replacing  the  e  equation 
with  an  u;  equation  (Deng  &  Visonneau  (1996)  [1 1]). 
Unfortunately,  the  proposed  model  was  also  unable 


to  give  a  stable  prediction  for  the  ship  flow.  This  is 
the  reason  why  a  completely  new  near  wall  model  is 
proposed  in  the  present  study.  Without  modifying  the 
numerical  method,  a  stable  solution  is  obtained  with 
the  new  near  wall  model.  Although  it  is  calibrated 
only  on  a  simple  boundary  layer  flow,  a  good  agree¬ 
ment  between  the  computations  and  the  experiments 
is  observed  for  the  flow  around  the  HSVA  tanker. 

NUMERICAL  METHOD 

The  simulation  has  been  performed  with  the  HORUS 
code  developed  in  our  CFD  group.  The  solution  of  the 
Reynolds  Averaged  Navier-Stokes  Equations  is  ob¬ 
tained  by  using  finite  difference  method  with  a  body- 
fitted  structured  grid.  A  cell-centered  layout  is  em¬ 
ployed  in  which  the  pressure,  turbulence  and  veloc¬ 
ity  unknowns  share  the  same  location.  The  momen¬ 
tum  and  continuity  equations  are  coupled  through  the 
PISO  procedure  and  several  implicit  first  and  second 
order  accurate  schemes  are  implemented  for  the  space 
and  time  discretizations.  In  the  present  computation, 
convection  terms  written  in  convective  form  are  dis¬ 
cretized  with  a  third  order  upwind-biased  scheme  which 
is  similar  to  the  well  known  Quick  scheme  for  the 
conservative  formulation.  Finally,  preconditioned  con¬ 
jugate  gradient  solvers  (CGS,  CGSTAB)  are  used  to 
solve  the  linear  systems. 

Implementation  of  Reynolds  stress  transport  model 
in  a  non-staggered  layout  is  not  straightforward.  Due 
to  the  absence  of  numerically  stabilizing  eddy  vis¬ 
cosity  and  the  predominant  influence  in  the  momen¬ 
tum  transport  equations  of  the  equilibrium  between 
several  strong  and  opposite  source  terms,  namely  the 
pressure  and  Reynolds  stress  gradients,  a  special  nu¬ 
merical  stabilizing  technique  has  to  be  implemented. 
The  main  characteristics  are  listed  below: 

•  To  build  the  mass  flux  at  the  interface  such  that 
the  equilibrium  between  the  pressure  and  the 
Reynolds  stress  gradients  is  preserved. 

•  To  keep  the  relaxation  of  the  pressure  field  con¬ 
sistent  with  that  of  Reynolds  stress  so  that  the 
balance  between  them  is  maintained. 

•  To  design  an  appropriate  procedure  to  solve  the 
coupling  between  the  velocity,  the  pressure  and 
the  Reynolds  stresses. 

Details  of  the  implementation  have  been  given  in 
Deng  &  Visonneau  (1996)  [7].  Such  numerical  treat¬ 
ments  are  also  applied  in  the  implementation  of  ex¬ 
plicit  algebraic  stress  model.  In  addition  to  the  above 
mentioned  technique,  a  defect  correction  approach  is 
used  to  take  into  account  the  contribution  of  the  Reynolds 
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stress  in  the  momentum  transport  equation,  which  makes 
the  computation  with  the  new  near  wall  Reynolds  stress 
model  as  stable  as  a  simulation  using  a  two-equation 
model.  The  defect  correction  approach  will  be  de¬ 
scribed  later  in  the  paper. 

TURBULENCE  MODEL 


Model 

Cl 

C2 

C3 

Ci 

LRR 

3.0 

0.8 

1.75 

1.31 

IP 

3.6 

0.8 

1.2 

1.2 

SSG 

6.8 

0.36 

1.25 

0.4 

Table  1:  Pressure-strain  model  constants 


Reynolds  Stress  Model 

The  Reynolds  stress  transport  equations  can  be  writ¬ 
ten  as: 

Dvjuj  r,  ,  1  ^  fri  ^ 

The  production  terms  are  given  by: 

„  f _ dUi  _ dUA 

An  isotropic  model  for  the  dissipation  rate  is  used: 

_  2. 

^ij  — 

A  linear  model  with  wall  reflection  terms  is  re¬ 
tained  in  the  present  study  for  the  pressure-strain  terms: 

<l>ij  =  <t>{l)ij  +  +  ^{xv)ij 


where 

=  -Cisbij 

=  C2^Sij 

4*  Csk  ^ikSjk  +  bjkSik  —  '^bmnSmn^i^ 

+  C^kibikWjk  +  bjkWik) 

and  the  wall  reflection  terms  proposed  by  Gibson 
&  Launder  (1978)  [12]  are  given  by: 

(f>{w)ij  =  (^UkUmTiknmSij  - 

3 _  \  Ar3/2 

+  Cu/2  ^^{2)km‘^k'^m^ij  ”” 

In  the  above  formula,  5,j  and  Wij  are  the  strain 
rate  and  the  rotation  rate  tensors  respectively: 

c  _  i  4. 

■  2  \dxj  ^  dxi) 


bij  is  the  Reynolds  stress  anisotropy  tensor  defined  as 


6.-i  = 


UiUj 

IT 


Hi  is  the  wall  normal  vector,  and  is  the  wall 
normal  distance.  The  Daly  &  Harlow  model  is  used 
for  the  diffusion  correlation  terms: 


Cijk  =  -Cs-ukur 


duiUj 

dxi 


A  variety  of  linear  pressure-strain  correlation  mod¬ 
els  have  been  proposed.  The  most  popular  models  are 
the  Launder,  Reece  andRodi  (1975)  [13]  LRR  model, 
the  isotropization-of-production  (IP)  model,  and  more 
recently,  the  Speziale,  Sarkar  and  Gatski  (1991)  [14] 
(SSG)  model.  For  high-Reynolds-number  flows,  the 
model  constants  are  given  in  the  following  table. 

In  the  original  version,  the  SSG  model  contains  a 
quadratic  term 


1^" 


%) 


bmnSij  )  with  Cl  =  4.2 


which  is  neglected  in  the  present  study,  since  it  pre¬ 
vents  the  solution  of  the  algebraic  stress  model  to  be 
obtained  explicitly.  Originally,  the  Ci  and  C2  coeffl- 
cients  take  die  form 


Cl  =  3.4  -h  1.8—,  C2  —  0.8  —  l-Zy/bmnbfnn 

The  coefficients  in  table  1.  are  taken  from  Gatski  and 
Speziale  (1993)  [10]  for  equilibrium  flows.  It  may  be 
noticed  that,  when  using  the  IP  model,  the  <l>{2)ij  can 
be  simplified  as: 

The  above  model  is  only  valid  for  high  Reynolds 
number  flows,  A  near  wall  modification  needs  to  be 
included  in  order  to  be  able  to  apply  the  model  in  the 
wall  region.  When  calibrating  a  near  wall  model,  the 
most  important  requirements  that  should  be  taken  into 
account  are  the  following: 
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♦  To  satisfy  the  numerical  constraints  so  that  all 
equations  can  be  integrated  to  the  wall. 

•  To  predict  a  correct  behavior  of  the  law  of  wall 
and  a  good  estimation  of  the  wall  friction  ve¬ 
locity  for  simple  wall  flow.  This  requirement  is 
guaranteed  by  the  good  prediction  of  the  shear 
stress. 

•  To  predict  correctly  the  normal  stress  anisotropy. 

#  To  predict  a  correct  wall  limiting  behavior  of 
the  Reynolds  stresses. 

The  complexity  and  the  numerical  stiffness  of  the 
model  increase  with  the  constraint  imposed  on  the 
model.  In  the  present  study,  we  try  to  construct  a  near 
wall  model  which  is  as  simple  as  possible.  Conse¬ 
quently,  only  the  first  two  requirements  are  taken  into 
account. 

The  numerical  requirement  concerns  only  the  Ci 
coefficient.  Near  the  wall,  the  turbulent  dissipation  is 
in  balance  with  the  viscous  diffusion  of  the  turbulent 
kinetic  energy: 


Cs  =  0.22 

A  =  I  -  -A2  +  ^As 

A2  —  dijdji 
Az  —  dij  djkdfi  i 

The  Cw2  formula  proposed  by  Hanjalic  &  Jakir- 
lic  (1998)  [15]  is  used  here  since  it  is  found  useful  to 
avoid  any  unphysical  separation.  The  same  near  wall 
treatment  is  adopted  for  the  LRR  model,  the  IP  model, 
and  the  SSG  model.  Calibration  for  different  models 
are  done  only  in  the  turbulent  frequency  equation  pre¬ 
sented  below. 

The  Reynolds  stresses  determined  from  transport 
equations  are  not  directly  used  in  the  momentum  trans¬ 
port  equations.  Actually,  the  effective  Reynolds  stres¬ 
ses  in  the  momentum  equations  are  computed  as  : 

j..j  ^  —2l/tSy  + 

+  fc  +  UiUj  - 


1/ 


dxl 


-£:  =  0 


At  the  same  time,  the  balance  of  each  Reynolds 
stress  component  is  governed  by: 


d^UiUj 


Ciebij  — 


0 


where 


I't 

U 

Ry 


t2 

0.09/p— 

1-.-* 


mdx 


It  can  be  easily  shown  that  the  above  system  of 
equations  admits  a  solution  when  and  only  when  Ci 
2  when  y  — >  0.  This  solution  does  not  satisfy  the  cor¬ 
rect  wall  limiting  behavior  for  the  Reynolds  stresses, 
since  all  Reynolds  stresses  are  of  the  same  order  when 
y  0.  We  believe  that  the  correct  wall  limiting  be¬ 
havior  of  Reynolds  stresses  is  not  mandatory  to  obtain 
a  good  prediction  of  the  mean  flow.  It  is  more  impor¬ 
tant  to  use  a  model  which  does  not  increase  signifi¬ 
cantly  the  numerical  stiffness.  As  a  consequence,  we 
prefer  to  retain  the  isotropic  dissipation  model  even  if 
it  is  responsible  for  the  drawback  just  mentioned.  In 
the  present  near  wall  model,  the  Ci  coefficient  is  just 
replaced  by  : 

Cl  2  +  (Cl  -  2)tanh 

The  remaining  coefficients  are  given  below: 

Cwi  ~  0.4 
C^u2  =  mm(0.3,A) 

Q  =  2.5 


where  the  function  fc  remains  to  be  defined. 

The  first  two  terms  representing  a  linear  eddy  vis¬ 
cosity  model  are  treated  implicitly,  while  the  last  term 
is  treated  explicitly.  The  function  is  calibrated  such 
that  the  implicit  term  gives  a  good  approximation  of 
the  shear  stress  for  simple  wall  boundary  layer  flow. 
The  choice  of  the  correction  function  fc  is  flexible. 
With  /c  =  0,  the  present  model  is  reduced  to  an  eddy- 
viscosity  model  even  Reynolds  stress  transport  equa¬ 
tions  are  solved  to  determine  k  and  e.  Although  this 
choice  is  not  interesting  for  turbulence  modelization, 
a  first  run  with  /c  =  0  can  give  a  good  initializa¬ 
tion  of  the  Reynolds  stress.  With  fc  =  1,  the  above 
implementation  can  be  considered  as  a  defect  correc¬ 
tion  approach.  However,  even  with  this  choice,  the 
implicit  term  does  not  cancel  the  corresponding  ex¬ 
plicit  term.  In  one-dimension  for  example,  the  im¬ 
plicit  discretization  of  the  implicit  term  involves  grid 
points  (i-l,i,i-i-l),  while  the  explicit  discretization  of 
the  source  term  involves  grid  points  (i-2,i,i+2).  The 
difference  between  the  implicit  and  the  explicit  dis¬ 
cretization  provides  a  numerical  dissipation  which  is 
beneficial  for  the  numerical  stabilization. 
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For  the  computation  of  complex  flows  such  as  the 
flow  around  the  HS  VA  tanker,  it  is  found  that  the  com¬ 
putation  with  /c  =  1  fails  to  converge.  For  such 
a  complex  flow,  the  validation  of  the  wall  reflection 
model  calibrated  from  simple  wall  boundary  layer  flow 
becomes  questionable.  However,  this  term  has  no 
direct  contribution  to  the  prediction  of  the  turbulent 
kinetic  energy.  Therefore,  we  may  expect  that  rea¬ 
sonable  prediction  of  the  kinetic  energy  can  still  be 
obtained  when  solving  the  Reynolds  stress  transport 
equation.  Consequently,  an  eddy  viscosity  model  based 
on  the  predicted  kinetic  energy  can  provide  a  reason¬ 
able  approximation.  To  obtain  a  stable  solution,  we 
have  chosen  the  correction  fc  as 

/,  =  1-e-^ 

In  this  case,  the  present  model  is  reduced  to  eddy- 
viscosity  model  in  the  near  wall  region. 

Ibrbulent  Frequency  Equation  for  the 
Reynolds  Stress  Model 

The  turbulent  dissipation  e  is  determined  from  a  tur¬ 
bulent  frequency  w  equation  rather  than  from  a  turbu¬ 
lent  dissipation  equation.  When  y  -4  0,  the  u  equa¬ 
tion  is  decoupled  from  any  other  equations.  Conse¬ 
quently,  it  is  less  stiff  compared  with  the  e  equation. 
In  addition,  a  near  wall  model  for  u  is  easier  to  im¬ 
plement  than  for  e.  The  transport  equation  for  u  used 
in  the  present  study  is  given  below. 


Du 

'm 


^  k _ 6u 

Cu;-UkUl^ - 1- 

e  oxi 


du\ 

"'dxj 


du  dk 


dxk  dxi 


Where 


0 

a 

/w 


(Cel  “*  1)  /w  H"  Cotiy(l-  ““  fw) 

C,  (Ce2  -  1) 

0.18 


e  =  Cfxku 
Cy,  =  0.09 

The  coefficients  Cei,  Cs2  and  Caw  given  in  the 
following  table  are  calibrated  for  different  pressure- 
strain  model  by  using  the  experimental  data  for  a  bound¬ 
ary  layer  under  zero  pressure  gradient. 


Model 

Cn 

Ce2 

CotW 

LRR 

1.55 

1.90 

0.63 

IP 

1.53 

1.92 

0.60 

SSG 

1.53 

1.92 

0.60 

Table  2:  Model  coefficients  for  the  u  transport  equa¬ 
tion 


Away  from  the  wall,  the  u  equation  returns  to  the 
classical  e  equation  with  the  constants  Csi  and  Ce2 
given  in  table  2.  Unlike  in  a  near  wall  model  for  e 
where  a  damping  function  is  often  used  to  change  the 
order  of  the  dissipation  term,  the  damping  function 
in  the  above  model  is  used  to  change  the  value  of  the 
a  coefficient  as  well  as  to  cancel  flie  cross  diffusion 
term  in  the  near  wall  region.  Therefore,  such  a  model 
is  more  universal. 

Explicit  Algebraic  Stress  Model 

By  using  a  local  equilibrium  assumption,  Rodi  [16] 
has  deduced  an  algebraic  stress  model  (ASM)  from 
the  Reynolds  stress  transport  model.  The  ASM  model 
can  be  explicitly  solved.  Such  an  explicit  algebraic 
stress  model  (EASM)  has  been  first  proposed  by  Pope 
[17]  for  two-dimensional  flows.  EASM  models  for 
3D  flow  have  been  developed  by  Gatski  &  Speziale 
[10]  and  widely  used.  In  this  study,  we  use  the  EASM 
model  proposed  by  Gatski  &  Speziale  [10]  based  on 
a  three-term  basis  which  is  the  exact  solution  of  the 
ASM  model  only  for  2D  flow.  For  3D  flow,  it  can  be 
only  considered  as  an  approximation.  However,  it  is 
expected  that  it  can  improve  the  prediction  compared 
with  linear  eddy- viscosity  model. 

With  the  EASM  model,  the  Reynolds  stresses  are 
given  by 


muj  = 


-h 


2 

“Wij  —  2i't  Si j 
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Model 

SSG 

LRR 

JP 

Caw 

0.61 

0.63 

0.61 

Table  3:  Values  of  Caw 


<^3  =  (2-C3)| 


a2  =  (2-C4)|, 

1 

^  “  Ci/2  +  Cs  -  1 


CiiC2^Cz  and  C4  are  the  coefficients  of  the  linear 
pressure-strain  model  given  previously.  The  value  of 
C5  is  2.09  for  the  LRR  and  the  IP  model,  and  1.89 
for  the  SSG  model.  We  use  the  formula  proposed  by 
Gatski  [10]  for  the  coefficients  Cfi  and  C*. 

To  take  into  account  the  wall  effect,  k*  is  em¬ 
ployed  instead  of  k.  Its  definition  is  given  by: 


k*  =  Rt  =  ky(ve) 


To  determine  k  and  e,  we  solve  a  two-equation 
k  —  u  model  which  reads  as  follow: 
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with 


C/c 

Cijj 

fw 
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c, 

C,1 

C.2 


(Cel  “  l)/a;  +  Caui(l  “  fu) 

C;.(l  -  Ce2) 


1.0 

1.3 

tank 


m 


C fx  ku 


0.09 

1.45 

1.92 


The  coefficient  Caw  depends  on  the  pressure  strain 
model.  The  following  table  summarizes  the  values  for 
each  model: 

At  high  Reynolds  numbers  where  =  1,  the 
u  equation  is  equivalent  to  the  e  equation  with  the 
Cel  and  Ce2  coefficients  given  above.  The  reason  for 
retaining  the  s  equation  for  High  Reynolds  Number 
flows  is  that  the  e  equation  is  well  established  with 


well  calibrated  coefficients.  Besides,  it  is  well  known 
that  the  solution  of  the  u  equation  may  be  sensitive 
to  the  free  stream  value  of  u.  By  retaining  the  cross 
diffusion  term,  this  problem  can  be  avoided. 

NUMERICAL  RESULTS 

Computations  have  been  performed  on  a  domain  cov¬ 
ering  the  whole  ship  with  120  x  81  x  34  nodes  in  the 
streamwise,  radial  and  girthwise  directions  respectively. 
A  third  order  upwind-biased  scheme  is  used  to  dis¬ 
cretize  the  convection  term.  The  convergence  is  en¬ 
sured  by  checking  the  evolution  of  the  wall  friction 
velocity.  Several  thousand  iterations  are  necessary  to 
achieve  convergence.  Computational  time  with  the 
Reynolds  stress  model  is  about  twice  more  important 
than  with  the  EASM  or  two-equation  models. 

The  influence  of  the  different  linear  pressure-strain 
models  presented  previously  will  be  studied  only  with 
the  EASM  model.  Computations  show  that  the  LRR 
model  gives  results  which  are  similar  to  those  ob¬ 
tained  with  the  IP  model.  Consequently,  only  the  re¬ 
sults  obtained  with  the  IP  and  SSG  models  will  be 
presented.  W^th  the  Reynolds  stress  model,  compu¬ 
tation  has  only  been  done  with  the  IP  model  for  the 
pressure-strain  term  at  the  present  time.  For  com¬ 
parison,  results  obtained  with  a  linear  eddy- viscosity 
model  are  also  given.  The  linear  eddy- viscosity  model 
selected  is  the  SST  model  proposed  by  Menter  [6]. 


Cl 


Figure  3:  Wall  limiting  streamlines  predicted  with  the 
Menter’s  SST  model 


Cl 


Figure  4:  Wall  limiting  streamlines  predicted  with  the 
EASM  model  using  the  IP  pressure-strain  model 

The  wall  limiting  streamlines  are  found  to  be  very 
sensitive  to  turbulence  model.  The  limiting  stream¬ 
lines  predicted  with  the  SST  model,  the  EASM-IP 
model  (explicit  algebraic  stress  model  with  isotropi- 
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ent  turbulent  models  suggest  that  the  pressure  field  is 
mainly  determined  by  the  shape  of  the  ship.  Discrep¬ 
ancies  between  the  prediction  and  the  measurements 
are  likely  due  to  a  blockage  effect. 


Figure  5:  Wall  limiting  streamlines  predicted  with  the 
EASM  model  using  the  SSG  pressure-strain  model 


Figure  6:  Wall  limiting  streamlines  predicted  with  the 
Reynolds  stress  model. 

zation-of-production pressure- strain  model),  the  EASM 
SSG  model,  and  the  Reynolds  stress  model  are  shown 
in  figures  3  to  6  respectively.  All  turbulence  models 
predict  the  main  features  of  the  wall  limiting  stream¬ 
lines  observed  in  the  experiments:  an  horizontal  line 
of  convergence  Cl,  a  vertical  line  of  convergence  C2, 
and  a  reversed  flow  region.  Among  the  computational 
results,  two  different  patterns  can  be  distinguished. 
With  the  EASM-SST  model  and  the  Reynolds  stress 
model,  a  line  of  convergence  C3  can  be  observed  in 
the  reverse  flow  region.  Above  this  line,  a  spiraling 
flow  can  also  be  identified.  A  saddle  point  S  associ¬ 
ated  with  the  line  of  convergence  C3  can  be  also  iden¬ 
tified  in  firont  of  the  reversed  flow  region.  Although 
experimentally  visualized  limiting  streamlines  seem 
to  be  in  better  agreement  with  the  computed  limiting 
streamlines  obtained  with  the  EASM-IP  model  and 
the  SST  model  for  which  the  above  mentioned  fea¬ 
tures  are  not  observed,  flows  with  the  former  limiting 
streamlines  pattern  give  better  agreements  concerning 
prediction  of  the  mean  velocity  field.  The  existence  of 
the  spiraling  flow  above  the  C3  line  is  associated  with 
a  strong  longitudinal  vortex.  Although  the  EASM- 
IP  model  and  the  Reynolds  stress  model  are  based  on 
the  same  pressure-strain  model,  the  predicted  limit¬ 
ing  streamlines  are  quite  different.  However,  with  the 
SSG  pressure-strain  model,  the  EASM  model  predicts 
similar  results  (figure  5)  as  the  Reynolds  stress  model 
(figure  6). 

The  distributions  of  the  pressure  coefficient  along 
the  keel  and  the  waterline  predicted  with  different  tur¬ 
bulent  models  are  compared  with  the  measurements 
in  figure  7.  The  similar  predictions  provided  by  differ¬ 


Figure  7:  Pressure  coefficient  distribution 


Figure  8:  Streamwise  velocity  profiles  at  xyL=0.941 
as  function  of  y  for  several  depths 

The  predicted  mean  streamwise  and  vertical  ve¬ 
locity  components  will  be  compared  with  the  experi¬ 
mental  data  at  several  horizontal  sections.  Since  the 
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Figure  9:  Vertical  velocity  profiles  at  x/L=0.941  as 
function  of  y  for  several  depths 

EASM-EP  model  gives  similar  result  as  the  EASM- 
SSG  model,  we  will  mainly  compare  the  SST  model, 
the  Reynolds  stress  model,  and  the  EASM-SSG  model. 
At  section  x/L=0.941,  the  Reynolds  stress  model  gives 
a  better  prediction  of  the  streamwise  velocity  com¬ 
ponent  near  the  keel  where  the  curvature  (profiles  in 
the  lower  part  of  the  figure  8).  Improvement  is  also 
observed  in  the  region  with  the  EASM-SSG  model 
compared  with  the  SST  model.  Near  the  water  sur¬ 
face  however,  the  Reynolds  stress  model  fails  to  cap¬ 
ture  correctly  the  growth  of  the  turbulent  boundary 
layer,  while  both  the  EASM  model  and  the  SST  model 
provide  a  good  prediction.  The  imperfections  of  the 
Reynolds  stress  model  are  also  observed  in  the  free 
stream  region  where  a  low  momentum  domain  exists 
because  of  the  convection  of  lower  momentum  from 
the  upwind  station.  Comparison  of  the  vertical  veloc¬ 
ity  component  (figure  9)  also  indicates  that  the  most 
satisfactory  result  is  obtained  with  the  EASM-SSG 
model,  while  the  Reynolds  stress  model  underesti¬ 
mates  the  vertical  velocity  component  near  the  wall. 

The  EASM  model  is  deduced  from  the  Reynolds 
stress  model  under  a  local  equilibrium  assumption. 
Thus,  the  domain  of  validation  of  the  Reynolds  stress 
model  is  expected  to  be  larger  than  that  of  the  EASM 
model.  However,  the  opposite  conclusion  must  be 
drawn  in  the  present  computation.  Since  the  same 
pressure-strain  model  is  used  in  both  models,  the  only 
differences  between  the  Reynolds  stress  model  and 
the  EASM  model  concern  the  local  equilibrium  as- 


Figure  10:  Budget  of  the  kinetic  energy  equation  pre¬ 
dicted  by  the  SST  model  at  the  section  x/L=0.941 

sumption,  the  approximations  employed  to  obtain  the 
explicit  solution  of  the  algebraic  stress  model,  and 
the  wall  reflection  terms  used  only  in  the  Reynolds 
stress  model.  The  local  equilibrium  assumption  can 
be  easily  checked  with  the  budget  of  the  kinetic  en¬ 
ergy  transport  equation.  From  the  budget  predicted 
with  the  SST  model  shown  in  figure  10,  it  can  be  ob¬ 
served  that,  at  this  station,  bo±  convection  and  turbu¬ 
lent  diffusion  terms  are  small,  compared  with  the  pro¬ 
duction  and  turbulent  dissipation  terms.  Therefore, 
the  flow  can  be  considered  in  local  equilibrium.  It  is 
unlikely  that  the  approximations  employed  to  obtain 
the  explicit  solution  of  the  algebraic  Reynolds  stress 
model  significantly  improve  the  deficiencies  presented 
in  the  original  model.  This  is  the  reason  why  we 
believe  that  the  deficiencies  of  the  Reynolds  stress 
model  at  this  station  is  mainly  due  to  the  modeliza- 
tion  of  the  wall  reflection  term. 

At  a  station  further  downstream  x/L=0.962,  the 
convection  and  the  turbulent  diffusion  become  more 
important.  At  the  center  of  the  longitudinal  vortex, 
the  sum  of  these  two  terms  represents  about  40%  of 
the  production  (figure  1 1).  However,  the  prediction 
obtained  with  the  EASM-SSG  model  remains  glob¬ 
ally  the  best  for  the  streamwise  and  vertical  velocity 
components  compared  with  the  SST  model  and  the 
Reynolds  stress  model  (figures  12  and  13).  By  using 
different  initializations  and  doing  more  iterations,  it 
has  been  checked  that  the  unsatisfactory  solution  pro¬ 
vided  by  the  Reynolds  stress  model  was  not  due  to 
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possible  numerical  problems.  It  is  neither  due  to  the 
correction  function  fc  used  in  the  numerical  imple¬ 
mentation.  Figures  14  and  15  present  the  results  ob¬ 
tained  with  different  correction  functions.  With  fc  = 
0,  the  linear  eddy- viscosity  model  is  recovered  and 
the  solution  of  the  Reynolds  stress  transport  equation 
is  only  used  to  determine  the  turbulent  velocity  scale. 
With  this  choice,  a  very  good  prediction  of  the  ve¬ 
locity  field  is  obtained  at  this  station.  However,  it  ex¬ 
hibits  similar  drawbacks  as  other  linear  eddy- viscosity 
model  at  downstream  stations,  and  should  not  be  con¬ 
sidered  as  an  acceptable  model.  Similar  results  are 
obtained  when  two  different  correction  functions  fc  = 
1  -  e“*5o-  and  /c  =  1  -  are  used  (figures  14 
and  15). 


Figure  11:  Budget  of  the  kinetic  energy  equation  pre¬ 
dicted  by  the  SST  model  at  the  section  x/L=0.962 

X/L=0.978  is  the  station  where  the  propeller  should 
be  present.  The  successful  prediction  of  the  hook¬ 
shaped  mean  streamwise  velocity  contours  observed 
in  the  measurements  has  always  been  considered  as  a 
key  criterion  for  assessing  the  performance  of  a  turbu¬ 
lence  model  designed  for  ship  flows.  In  the  center  of 
the  longitudinal  vortex,  the  streamwise  velocity  pro¬ 
files  are  correctly  predicted,  while  the  SST  model  and 
the  EASM-SSG  model  predict  a  lower  value  (figure 
16).  The  width  of  the  longitudinal  vortex  is  however 
better  captured  with  the  EASM-SSG  model.  Com¬ 
pared  with  the  previous  stations,  the  prediction  of  the 
vertical  velocity  with  the  Reynolds  stress  model  is 
dramatically  improved.  This  results  provides  further 
justification  that  the  poor  prediction  of  the  vertical  ve- 


Figure  12:  Streamwise  velocity  profiles  at  xyL=:0.962 
as  function  of  y  for  several  depths 


Figure  13:  Vertical  velocity  profiles  at  x/L=0.962  as 
function  of  y  for  several  depths 

locity  component  with  the  Reynolds  stress  model  is 
due  to  the  wail  reflection  t^m. 

By  comparing  the  predicted  mean  streamwise  ve¬ 
locity  contours  with  the  experimental  measurements 
at  this  station  (figures  18  to  21),  it  can  be  observed 
that  the  hook-shaped  velocity  contours  are  remark¬ 
ably  well  captured  with  this  new  Reynolds  stress  model 
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Figure  14:  Prediction  of  the  streamwise  velocity  pro¬ 
files  at  x/L=0.962  by  the  Reynolds  stress  model  with 
different  correction  functions 


Figure  15:  Prediction  of  the  vertical  velocity  profiles 
at  xyL=0.962  by  the  Reynolds  stress  model  with  dif¬ 
ferent  correction  functions 

(figure21).  With  the EASM  model  and  theSST  model, 
the  streamwise  velocity  at  the  center  of  the  longitudi¬ 
nal  vortex  is  under-predicted.  Compared  with  the  IP 
model  (figure  19),  the  SSG  model  provides  a  simu¬ 
lated  flow  in  better  agreement  with  the  experiments 
(figure  20).  The  improved  performance  of  the  EASM 


Figure  16:  Streamwise  velocity  profiles  at  x/L=0.978 
as  function  of  y  for  several  depths 


Figure  17:  Vertical  velocity  profiles  at  x/L=0.978  as 
function  of  y  for  several  depths 

and  Reynolds  stress  models  reveals  the  limitation  of 
linear  eddy- viscosity  model  for  the  prediction  of  com¬ 
plex  three-  dimensional  turbulent  flows. 

In  a  previous  study  using  an  algebraic  model  [2], 
the  authors  have  found  that  the  prediction  of  turbu¬ 
lent  velocity  and  length  scales  was  a  key  issue.  Fig¬ 
ures  22  and  23  show  the  predicted  turbulent  kinetic 
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energy  and  turbulent  length  scales  obtained  with  dif¬ 
ferent  models.  The  good  agreement  between  all  tested 
turbulent  models  suggests  that  the  performance  of  a 
turbulence  model  does  not  depend  only  on  its  ability 
to  provide  a  good  estimation  of  the  turbulent  velocity 
and  length  scales.  The  turbulent  kinetic  energy  bud¬ 
get  at  the  station  x/L=0.978  shown  in  figure  24  reveals 
that  the  sum  of  the  convection  and  the  turbulent  dif¬ 
fusion  terms  is  almost  as  important  as  the  turbulent 
dissipation  term.  Consequently,  the  convection  and 
the  turbulent  diffusion  terms,  intrinsically  present  in 
the  Reynolds  stress  transport  equations,  can  not  be  ne¬ 
glected.  In  the  algebraic  stress  model,  the  convection 
and  the  diffusion  effects  are  taken  into  account  by  em¬ 
ploying  a  local  equilibrium  assumption.  For  example, 
the  convection  term  is  approximated  by 

Dvij  Tij  DK 
~W  Dt 

To  check  the  validity  of  this  assumption,  the  correla¬ 
tion  maps  between  and  Tij  ^  are  plotted  for 
the  normal  and  shear  stresses,  respectively,  for  the  sta¬ 
tion  x/L=0.978  by  using  the  solution  of  the  Reynolds 
stress  model.  If  the  local  equilibrium  assumption  can 
be  accepted  for  the  normal  stress  as  illustrated  by  fig¬ 
ures  25,  the  figure  26  indicates  that  the  same  assump¬ 
tion  is  not  valid  for  the  shear  stress.  Since  the  convec¬ 
tion  of  the  Reynolds  stresses  is  not  negligible,  it  is  not 
possible  to  obtain  the  details  of  the  velocity  distribu¬ 
tion  at  this  station  with  the  EASM  model  or  the  exact 
solution  of  algebraic  stress  model.  A  full  Reynolds 
stress  transport  model  is  the  only  alternative. 

The  turbulence  relaxation  in  the  wake  is  unfortu¬ 
nately  not  very  well  captured  with  the  Reynolds  stress 
model.  This  is  illustrated  by  the  prediction  of  the  ve¬ 
locity  profiles  shown  in  figures  27  and  28.  The  bud¬ 
get  of  the  kinetic  energy  transport  equation  shown  in 
figure  29  indicates  that,  while  the  production,  dissipa¬ 
tion  and  the  convection  term  decrease  compared  with 
the  situation  at  upstream  stations,  the  turbulent  diffu¬ 
sion  term  is  increased  and  becomes  important  at  this 
station.  Since  the  EASM  model  provides  a  reason¬ 
able  prediction  for  the  vertical  velocity  component, 
the  modelization  of  the  tmbulent  diffusion  term  with 
the  Daly  &  Harlow  model  is  likely  responsible  for  the 
inadequacy  of  the  Reynolds  stress  in  the  wake. 

CONCLUDING  REMARKS 

The  flow  around  the  HS VA  tanker  has  been  calculated 
by  using  different  turbulent  models  ranging  from  lin¬ 
ear  eddy-viscosity  model,  the  explicit  algebraic  stress 
model,  to  full  Reynolds  stress  transport  model.  A 
stable  solution  of  the  Reynolds  stress  transport  equa¬ 
tions  has  been  obtained  by  implementing  a  new  near¬ 


wall  model  and  a  defect  correction  approach.  On  one 
hand,  non-linear  models  obtained  from  an  approxi¬ 
mate  explicit  solution  of  the  algebraic  stress  models 
improve  the  prediction  in  all  aspects  compared  with 
simple  linear  eddy-viscosity  models.  On  the  other 
hand,  the  solution  of  the  Reynolds  stress  transport 
equations  shows  that  the  local  equilibrium  assump¬ 
tion  on  which  the  algebraic  stress  model  is  based  is 
not  valid  in  the  region  where  the  longitudinal  vortex  is 
intense.  Physically  accurate  computations  of  this  flow 
can  only  be  obtained  by  solving  the  Reynolds  stress 
transport  equations.  However,  although  an  improved 
prediction  has  been  obtained  in  the  region  where  the 
convection  of  the  Reynolds  stress  is  important,  the 
present  Reynolds  stress  model  provides  a  relatively 
less  satisfactory  prediction  elsewhere  compared  with 
less  sophisticated  turbulence  models.  The  weaknesses 
of  the  proposed  Reynolds  stress  model  are  likely  due 
to  the  modelization  of  the  wall  reflection  and  the  tur¬ 
bulent  diffusion  terms.  Finally,  the  computational  re¬ 
sults  suggest  that  the  exact  representation  of  the  con¬ 
vection  and  production  terms  is  mandatory  but  not 
sufficient  to  improve  the  prediction  in  the  whole  fluid 
domain.  It  is  necessary  to  improve  simultaneously 
the  modelization  of  the  pressure-strain,  turbulent  dif¬ 
fusion  and  turbulent  dissipation  terms,  otherwise  the 
solution  may  be  globally  less  accurate  than  the  one 
provided  by  cruder  turbulence  closures. 
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Figure  18:  SST  model  -  Comparison  between  experi¬ 
mental  and  computed  isowakes  at  x/L=0.978 
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Figure  19:  EASM-IP  model  -  Comparison  between 
experimental  and  computed  isowakes  at  x/L=0.978 
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Figure  20:  EASM-SSG  model  -  Comparison  between  Figure  22:  Comparison  of  predicted  turbulent  kinetic 
experimental  and  computed  isowakes  at  xyL=0.978  energy  at  station  x/L=0.978 
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Figure  21:  Reynolds  str^s  model  -  Comparison  figure  23:  Comparison  of  predicted  turbulence  length 

“  scLVfc/e  at  station  xyL=0.978 


Figure  25:  Correlation  map  for  the  normal  stress  at 
the  station  x/L=0.978 


Figure  27:  Streamwise  velocity  profiles  at  xyL=L045 
as  function  of  y  for  several  depths 


Figure  28:  Vertical  velocity  profiles  at  x/L=1.045  as 
function  of  y  for  several  depths 


Figure  29:  Budget  of  the  kinetic  energy  equation  pre¬ 
dicted  by  the  SST  model  at  the  station  x/L^1.045 
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ABSTRACT 


A  numerical  procedure  for  the  prediction  of  the  forces  and  moments  of  a  2D  airfoil  with  a  flap  and  a  tab  has  been 
developed.  The  procedure  is  based  on  solving  the  incompressible  Reynolds-averaged  Navier-Stokes  equations  coupled 
with  a  K-co  turbulence  model.  Some  features  of  the  numerical  method  use  have  been  highlighted.  In  particular,  the 
preconditioning  method,  multigrid  method,  nonreflecting  far  field  boundary  condition,  wall  boundary  condition  for  the 
specific  dissipation  rate  and  the  approach  to  obtain  good  convergence  in  solving  the  K--CU  equations  have  been 
discussed.  Computed  results  of  the  airfoil  section  lift  coefficients,  airfoil  section  pitching  moment  coefficients,  flap 
hinge  moment  coefficients  and  tab  hinge  moment  coefficients  have  been  compared  with  the  measured  data.  The  trend 
of  the  variation  of  forces  and  moments  has  been  accurately  captured.  The  airfoil  section  lift  coefficients  have  been 
predicted  within  5  percent  discrepancy  from  the  data  even  at  high  angles  of  attack  and  high  flap  deflections.  The 
discrepancy  of  the  airfoil  section  pitching  moment  coefficients  is  slightly  higher  at  about  15  percent.  Higher 
discrepancy  occurs  when  values  of  the  moments  are  small.  The  flap  hinge  moment  coefficients  are  in  general 
overpredicted.  The  prediction  of  the  tab  hinge  moment  coefficients  can  only  capture  the  trend  properly  with  uneven 
discrepancy.  In  general,  the  predictive  procedure  is  believed  to  be  useful  for  design  applications. 


INTRODUCTION 

A  control  surface  here  will  be  defined  as  consisting  of 
a  main  control  surface,  a  flap  and  a  tab.  The  main 
control  surface  may  be  fixed  or  movable  but  the  flap 
and  tab  are  always  movable.  Control  surfaces  have  at 
least  three  major  functions  applicable  to  both  aircraft 
and  marine  vehicles.  (1)  The  main  control  surface, 
flap  and  tab  can  be  aligned  to  form  a  high  cambered 
control  surface  to  increase  the  lift  significantly.  In 
aerospace  industry,  this  is  the  so  called  high-lift  multi¬ 
element  airfoil  (or  wing).  (2)  Control  surfaces  are 
normally  designed  for  low  speed  operation,  because 
undesirable  excessive  control  may  occur  at  high  speed. 
A  smoother  control  at  high  speed  may  be  achieved  by 
keeping  the  main  control  surface  fixed  and  using  the 
flap  and/or  tab  for  control.  (3)  At  high  speed,  an 
excessively  large  hinge  moment  can  arise  in  the  main 
control  surface.  This  large  moment  can  be  reduced  by 
deflecting  the  flap  and/or  tab  in  the  direction  opposite 
to  the  direction  of  the  angle  of  attack  of  the  incoming 
flow.  The  purpose  of  this  paper  is  to  report  the 
progress  made  in  the  development  of  a  predictive 
capability  of  the  forces  and  moments  of  control 
surfaces.  The  design  of  efficient  control  surfaces  using 
the  predictive  capability  will  be  left  for  future  work. 


This  paper  will  also  be  confined  to  2D  configurations. 

A  2D  study  in  the  development  stage  of  a  predictive 
capability  has  a  great  advantage  over  a  3D  study. 
Because  of  a  much  smaller  grid  size  requirement,  it  is 
much  easier  to  do  grid  refinement  study  to  determine  a 
good  grid  distribution  and  size  required  to  achieve 
grid-independent  solution.  This  information  is 
invaluable  to  3D  studies.  Progress  in  the  3D  study  will 
be  reported  in  the  future. 

There  is  an  extensive  literature  on  both  experiments 
and  computations  on  the  high-lift  multi-element  airfoil 
(wing).  Many  references  can  be  found  in  [1].  For 
marine  applications,  work  on  control  surfaces  (rudders) 
is  mostly  experimental  and  very  little  computational 
work  has  appeared  in  the  literature.  Forces  and 
moments  on  control  surfaces  (no  flap  nor  tab)  has  been 
measured  by  Whicker  et  al.[2]  and  those  on  a  flapped 
control  surface(no  tab)  has  been  measured  by 
Bowers[3].  Water  tunnel  experiments  on  a  series  of  12 
rudders  with  systematic  variations  of  flap  area  and  flap 
balance  have  been  performed  by  Kerwin  et  al.[4]. 
Three  variations  of  skeg-rudders  (i.e.,  fixed  main 
control  surfaces  with  movable  flaps)  have  been 
investigated  in  the  wind  tunnel  in[5].  The  effect  of 
gaps  between  the  rudder  and  the  skeg  has  also  been 
investigated.  It  has  been  observed  that  the  effect  from 
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gap  is  insignificant.  Unlike  aerospace  industry,  there 
are  not  too  many  computational  works  on  control 
surfaces.  Recently,  Soding  [6]  discussed  the 
application  of  potential  theory  in  Rudder  flow 
predictions.  The  effects  of  flaps  and  tabs  were  not 
discussed.  Computations  for  rudders  (no  flap  nor  tab) 
based  on  solving  the  Reynolds-averaged  Navier-Stokes 
(RANS)  equations  with  a  k-e  turbulence  model  have 
been  reported  by  Chau  [7].  The  2D  computations  to  be 
reported  in  this  paper  will  be  compared  with  the  data 
of  a  NACA-0015  airfoil  with  flap  and  tab  measured  by 
Sears  et  al.  [8].  The  3D  computations  to  be  reported 
later  will  be  compared  with  Ae  data  to  be  reported  in 
[9].  All  the  investigations  discussed  so  far  assumed 
that  the  control  surface  was  operating  in  a  uniform 
flow  without  the  influence  of  the  hull  boundary  layer, 
horse-shoe  vortex  shed  by  appendages  and  finally 
propeller. 

In  the  next  section,  the  governing  equations  of  the 
incompressible  Reynolds-averaged  Navier-Stokes 
equations  and  the  two  equations  of  a  x-o)  turbulence 
model  will  be  described.  The  numerical  method  used 
will  be  discussed  next.  Only  some  special  features  of 
the  numerical  schemes  will  be  highlighted  omitting 
most  of  the  details.  The  experiment  performed  on  the 
airfoil  with  flap  and  tab  will  be  described  and  the 
comparisons  between  computations  and  measurements 
will  then  be  discussed.  Finally  some  conclusions  are 
mentioned. 


GOVERNING  EQUATIONS 


The  incompressible  Reynolds-averaged  Navier-Stokes 
(RANS)  equations  and  a  nonlinear  K-co  turbulence 
model  are  to  be  solved.  The  nonlinear  x-n>  model 
used  here  is  a  standard  k-co  turbulence  model 
developed  by  Wilcox  [10]  coupled  with  a  nonlinear 
Reynolds  stress  model. 
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where  Uj  is  the  Cartesian  velocity  component,  p*  is  the 
pressure  p  divided  by  a  constant  density  p,  xis  the 
turbulent  kinetic  energy,  (o  is  the  specific  dissipation 
rate,  vis  the  kinematic  viscosity,  v,  is  the  eddy 
viscosity  given  as  k/co  and  Ty  is  the  Reynolds  stress 
tensor.  A  quadratic  Reynolds  stress  model  developed 
by  Speziaie  [11]  will  be  used  here  and  an  explicit 
expression  can  be  found  there.  Standard  modeling 
coefficients  are  used;  0.09,  J3  =  3/40,  a  =  5/9  and 

Ok-Cco=  1/2. 

NUMERICAL  METHOD 

The  incompressible  RANS  equations  are  solved  by  the 
artificial  compressibility  approach  first  proposed  by 
Chorin  [12]  and  subsequently  generalized  and 
improved  by  Turkel  [13].  A  finite  volume  method  is 
used.  The  mean  flow  (i.e.,  Eqns  (1)  and  (2))  is 
discretized  by  a  second-order  accurate  central 
difference  method  with  fourth-order  dissipation  terms. 
The  turbulent  flow  (i.e.,  Eqns  (3)  and  (4))  is  discretized 
by  one  of  the  several  upwind  schemes  suggested  by 
Yee  [14].  The  reason  for  using  an  upwind  scheme  to 
solve  the  turbulent  flow  is  that  the  matrix  is  already 
diagonal;  therefore  there  is  no  additional  cost  in  doing 
characteristic  formulation.  The  time  step  is  based  on 
an  explicit  one-step  multi-stage  Runge-Kutta  method 
to  reach  a  steady-state  solution.  This  approach  can 
also  be  extended  in  a  very  simple  manner  to  solve  the 
time  dependent  problems  as  discussed  by  Jameson  [15] 
and  Liu  [16].  Several  convergence  acceleration 
techniques  including  multigrid,  local  time  step, 
implicit  residual  smoothing,  preconditioning  and  bulk 
viscosity  damping  have  been  implemented.  To  handle 
complex  geometry,  the  multi-block  grid  structure  is 
adopted. 

These  numerical  techniques  have  been  implemented  in 
a  code  named  BFLOW,  synonymous  with 
Incompressible  FLOW.  IFLOW  is  intended  to  be  a 
production  code  for  solving  2D,  3D,  steady  and 
unsteady  problems.  The  code  is  highly  modular  in 
structure  so  different  turbulence  models  and  higher 
order  schemes  can  be  easily  implemented.  Some 
special  features  of  the  numeric^  schemes  used  will  be 
highlighted.  Detailed  derivations  will  be  mostly 
omitted. 

Preconditioned  Method 

The  preconditioned  method  is  developed  based  on  a 
system  of  hyperbolic  equations,  but  the  idea  goes  back 
to  the  effort  to  reduce  the  condition  number  of  a  matrix 
in  linear  algebra.  For  hyperbolic  equations,  the 
objective  is  to  make  the  various  speeds  of  different 
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wave  modes  more  or  less  the  same  so  that  convergence 
can  be  significantly  accelerated.  This  is  particularly 
important  if  the  artificial  compressibility  approach  is 
adopted  to  solve  incompressible  flows.  The  reason  is 
that  the  sound  speed,  which  is  one  of  the  wave  modes 
in  the  incompressible  flow,  propagates  much  faster 
than  the  fluid  speed.  The  result  is  a  very  slow 
convergence  as  often  encountered  in  the  attempts  to 
compute  low  Mach  number  flows  using  a  compressible 
flow  code. 

The  preconditioned  mean  flow  (i.e.,  Eqns  (1)  and  (2)) 
can  be  written  in  the  conservative  form  as 

Po-'q,  +  F^+G^+H,=0  (5) 

where  the  preconditioned  matrix  Po  and  the  three 
components  of  fluxes  F,  G,  and  H  are  defined  as 


The  condition  a=  /ensures  the  system  of  partial 
differential  equations  is  well-posed.  However,  the 
implication  of  well-posedness  to  numerical  solution  is 
not  clear.  In  this  paper,  it  is  equal  to  a  =  /=  0  and  j}’^ 
is  given  as 

=max(lMp,£) ,  £  =  0.7  (10) 

Through  rather  tedious  algebraic  manipulations,  the 
eigenvalues  and  left  and  right  eigenfunctions  can  be 
found.  The  maximum  of  eigenvalues  is  used  to  define 
a  local  time  step.  The  eigenfunctions  are  of  no  use  to 
central  difference  schemes  except  for  establishing  a 
nonreflecting  boundary  condition  at  far  field.  The  final 
system  of  equations  to  be  solved  in  the  conservative 
form  is 
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where  a,  and  y  are  preconditioning  parameters,  % 
IJ  =  X,  y,  z»  are  Reynolds  stresses.  For  mathematics 
anSysis,  it  is  easier  to  write  Eqn  (5)  in  a  non¬ 
conservative  form.  Neglecting  the  viscous  terms,  it 
can  be  derived  as: 


Po-%+F,+Gy+H^=iP;UPA\q^)^  + 

(6)  iP;UPB\q^)^+(P;^\PC\q^),  (11) 

Since  the  formulation  is  based  on  hyperbolic  equation 
only,  viscous  terms  should  be  added  to  the  fluxes  F,  G 
and  H  as  shown  in  Eqn  (7).  The  right-hand  side  of  Eqn 
(1 1)  is  the  fourth-order  matrix  dissipation  terms.  The 
matrix  dissipation  gives  the  most  accurate  solution  but 
is  less  stable  because  a  smaller  amount  of  dissipation  is 
added.  As  a  compromise  between  accuracy  and 
robustness,  vector  dissipation  is  adopted  in  this  paper. 
For  vector  dissipation,  matrices  PA,  PB  and  PC  are 
replaced  by  their  corresponding  radius  spectra.  In  the 
curvilinear  coordinates,  the  maximum 

eigenvalue  in  the  i-direction  is  given  by 

U‘=u»a‘,a‘=y4‘  (12) 


Multigrid  Method 


P~^q.+Aq.+Bq,+Cq^=0  (8) 

The  explicit  forms  of  matrices  A,  B,  and  C  are  omitted 
here.  TTie  preconditioning  matrix  is  different  from 
the  previous  one  P„’^  and  is  given  by 


= 


(l  +  y)j3-" 

ap-\ 

ocp-^w 


yP~^u  yP~^w 

1  0  0 

0  1  0 

0  0  1 


(9) 


Multigrid  is  one  of  the  most  effective  methods  to 
accelerate  the  rate  of  convergence  and  should  be  used 
routinely  in  every  production  code.  The  approach  in 
IFLOW  follows  mostly  the  ideas  of  Brandt  [17]  and 
Jameson  [18].  Several  variations  including  V-,  W-  and 
F-cycles  have  been  implemented.  In  general,  W-  and 
F-cycles  are  more  efficient  but  not  significantly  so. 
More  levels  of  multigrid  cost  a  little  more  but  are  more 
efficient.  For  simplicity,  most  computations 
performed  with  IFLOW  use  three  levels  of  multigrid  in 
V-cycle.  The  multigrid  method  is  used  routinely  in 
IFLOW.  For  large  scale  computations  on  complex 
geometries,  the  starting  of  computation  is  often  jumpy. 
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To  obtain  a  smoother  start,  a  multigrid  starting 
procedure  is  used.  Consider  a  3-level  multigrid 
computation:  A  2-level  multigrid  consisting  of  the 
medium  and  coarse  grids  is  run  for  about  50  cycles. 

The  solution  is  then  extrapolated  to  the  fine  grid  to 
start  the  3-leveI  multigrid  computation.  In  general,  a 
solution  adequate  for  engineering  applications  can  be 
achieved  in  100-500  multigrid  cycles.  This  efficiency 
is  at  least  as  good  as  the  best  Computational  Fluid 
Dynamics  (CFD)  codes  available  but  is  far  from  the 
Textbook  Multigrid  Efficiency  (TME,  less  than  10 
cycles)  advocated  by  Achie  Brandt  [19].  Achieving 
TME  is  a  noble  endeavor  and  will  have  a  significant 
impact  on  engineering  applications  of  CFD. 

Boundary  Conditions 

Only  the  solid  wall  and  the  farfield  boundary 
conditions  need  to  be  discussed.  At  the  wall,  the  three 
components  of  velocity  and  the  turbulent  kinetic 
energy  k  are  set  equal  to  zero,  the  pressure  p  is  derived 
from  the  zero  normal  pressure  gradient  at  the  wall. 
Finally,  the  wall  boundary  condition  of  specific 
dissipation  rate  co  originally  given  by  Wilcox  (p.  148  in 
[10])  is  modified  as 

(13) 

where  Qvv  is  the  vorticity  at  the  wall  and  a„  is  a 
constant  varying  from  a  value  of  6  given  by  Wilcox  to 
20.  The  choice  of  Qo  may  vary  the  convergence  rate 
slightly  but  once  the  convergence  is  achieved  the 
solution  is  about  the  same.  The  motivation  in  deriving 
the  modified  wall  boundary  condition  (13)  is  to  get  rid 
of  the  requirement  that  the  first  grid  normal  distance 
must  be  given.  The  non-dimensional  normal  distance 
}>■*■  requirement  creates  difficulty  for  coarser  grids 
because  the  first  grid  normal  distances  tend  to  be  too 
large  in  the  coarse  grids.  With  Eqn  (13),  the  normal 
distance  does  not  appear  and  the  of  the  first  grid 
normal  distance  of  the  finest  mesh  should  be  in  the 
order  of  1  or  2. 

At  the  far  field,  the  gradients  of  the  three  components 
of  velocity  and  the  gradients  of  the  two  turbulence 
quantities  yrand  co  are  set  to  zero.  The  pressure  is 
obtained  by  a  non-reflecting  condition  discussed  by 
Hedstrom  [20],  Rudy  and  Strikverda  [21]  and  Sung 
[22].  This  is  one  of  the  most  important  boundary 
conditions  for  external  flows  and  will  be  outlined.  The 
idea  is  based  on  the  characteristic  formulation  of 
hyperbolic  equations,  such  that  the  outgoing  solution 
modes  will  not  be  reflected  back  into  the 


computational  domain  to  corrupt  the  solution.  To  do 
this,  the  time  derivatives  of  the  characteristic  variables 
(pi  corresponding  to  the  positive  eigenvalue  A+  at  the 
left  boundary  0  and  the  negative  eigenvalue  A_at 
the  right  boundary  (^  =  1  are  set  equal  to  zero,  i.e., 

for  =  0 

+^13'^,  +^14’^,  =0 

for  X_  <0at^'  =  l 

^2.  ‘  =  hx  P]  +  +  ^23^,  +  =0  (14) 


where  0  =  i?  =  [t.j }  (15) 


q  is  the  vector  defined  in  Eqn  (7)  and  is  the  matrix 
of  the  left  eigenvectors.  The  matrix  P  '  is  quite 
complex  for  general  preconditioning.  For  the  simpler 
case  of  non-symmetric  preconditioning,  Eqn  (14)  is 
quite  simple  and  is  given  as 


/or|'=0 

p:J 


\\a\^  -ap-^UX, 

'  \\a\^ -ap-'^UX^ 

where  U  a  =  V^, 


q,u,+a^v,+a^w,)=0 


a^u,  +  a  V,  +  a  j  w, )  =  0  (16) 


4  =  ^^  IqP  (17) 


Eqn  (17)  is  used  as  the  outflow  far  field  boundary 
condition  of  P*  after  the  three  components  of  velocity 
are  specified. 


Two-Equation  Turbulence  Models 

It  is  well  known  that  the  convergence  of  the  two- 
equation  turbulence  models  is  rather  temperamental. 
Two  techniques  have  been  used  in  IFLOW  and  as  a 
result  the  same  convergence  rate  as  using  the  Baldwin- 
Lomax  turbulence  model  has  been  achieved.  One  of 
the  techniques  is  the  point-implicit  method  for  source 
terms.  Here,  the  positive  part  of  the  source  term  is 
treated  explicitly,  the  negative  part  implicitly.  This 
technique  is  in  fact  quite  widely  used.  The  other 
technique  is  to  establish  a  lower  bound  for  the  specific 
dissipation  rate  co  by  Schwartz  inequality.  To  illustrate 
the  method,  it  is  sufficient  to  consider  a  linear 
Reynolds  stress  model 
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T,J  =  u-u]  =^k5,j  -  -^(25, y)  (18) 

7  O  1 

Where  5,=i(^+-g^) 

By  Schwartz  inequality,  it  can  be  shown  that 


u.Uj  <4k 


(19) 


Taking  square  of  the  both  sides  of  Eqn  (18)  gives 

P^^2S,S,J  (20) 


degrees.  Airfoil  section  lift  coefficient  Q  was  defined 
as  (I/qc),  where  I  is  the  lift,  c  is  the  airfoil  chord  length, 
and  q  is  the  dynamic  pressure  defined  by  1/2  p  uj. 
Airfoil  section  pitch-moment  coefficient  C„  was 
defined  by  (m/qc\  where  m  is  the  airfoil  section 
moment.  Flap  section  hinge-moment  coefficient  C*/ 
was  defined  by  {hflqcf)  and  tab  section  hinge-moment 
coefficient  Q;  was  defined  by  {htlqct\  where  was 
the  flap  hinge  moment  and  hj  was  the  tab  hinge 
moment.  The  accuracy  of  data  was  claimed  to  be  ±  0.2 
degrees. 

DISCUSSION  OF  RESULTS 
Convergence  and  Grid-Independent  Solution 


A  lower  bound  for  o)  is  then  obtained  by  combing  Eqns 
(19)  and  (20)  as 

(21) 

The  proportionality  factor  in  Eqn  (21)  can  be  taken  as 
a  value  in  the  neighborhood  of  2.  Different  values  for 
this  factor  can  affect  the  convergence  rate.  But  once 
the  convergence  is  achieved,  they  all  give  about  the 
same  answer.  The  value  used  in  this  paper  is  2.1. 

DESCRIPTION  OF  EXPERIMENT 

An  experiment  was  performed  in  the  NACA  4-  by  6- 
foot  vertical  tunnel  of  an  NACA-0015  airfoil  equipped 
with  a  plain  flap  and  a  plain  tab.  The  effective 
Reynolds  number  was  approximately  2.76x10^  based 
on  the  chord  length  (c  -  24  inches)  of  the  entire  airfoil. 
The  aerodynamic  center  was  at  0.23c.  The  hinge  axes 
of  flap  and  tab  were  located  at  0.7c  and  0.94c, 
respectively.  Thus  the  flap  chord  length  was  defined 
as  C/=  0.3c  and  the  tab  chord  length  was  c,  =  0.06c. 

The  noses  of  the  flap  and  tab  were  semicircles  with  the 
centers  at  the  corresponding  hinge  axes.  The  flap  gap 
was  0.005c  and  the  tab  gap  was  0.001c.  The  cases 
with  both  sealed  and  unsealed  gaps  were  considered. 

Airfoil  section  lift  coefficient  Q,  airfoil  section  pitch- 
moment  coefficient  C„,  flap  section  hinge-moment 
coefficient  Q/and  tab  section  hinge-moment 
coefficient  Cfa  were  measured  under  variations  of 
angles  of  attack  and  deflections  of  flap  and  tab.  The 
angle  of  attack  varied  from  +16  to  -18  degrees  and  flap 
deflection  varied  from  0  to  30  degrees.  With  the  flap 
at  0  degree,  tab  deflection  varied  from  0  to  25  degrees; 
with  the  flap  deflected  at  5  degrees,  tab  deflection 
varied  from  15  to  -20  degrees;  with  the  flap  deflected 
at  15  and  25  degrees,  tab  deflection  varied  from  0  to  20 


As  CFD  plays  an  increasingly  important  role  in 
practical  engineering  applications,  it  is  important  to 
have  some  idea  about  how  accurate  and  reliable  the 
computed  solutions  are.  It  is  possible  to  perform 
meaningful  error  analysis  on  a  simple  problem  in  a 
Cartesian  computational  domain  with  a  uniform  grid 
for  inviscid  or  laminar  flows.  However,  it  is  not 
possible  to  analyze  the  order  of  accuracy  of  a  spatial 
discretization  scheme  in  a  highly  stretched 
computational  domain  in  a  curvilinear  coordinate 
system.  The  situation  becomes  much  worse  with  the 
additional  complication  from  turbulence  models. 

Efforts  to  quantify  the  errors  in  RANS  computations 
for  practical  problems  are  dubious.  From  our 
experience  and  that  of  other  researchers  as  in  e.g.,  [23], 
it  appears  that  a  careful  check  of  convergence  history 
and  mesh  refinement  to  obtain  grid-independent 
solution  remains  the  most  effective  approach  to 
establish  confidence  on  solution. 

The  size  of  the  computational  domain  and  how  the  grid 
cells  are  distributed  significantly  affect  the 
convergence  rate  and  the  quality  of  the  solution. 
Originally,  a  smaller  computational  domain  was  used. 
The  inflow  was  set  at  3c  ^ead  of  the  airfoil  and  the 
outflow  was  set  at  about  5c  after  the  airfoil  tail.  The 
convergence  was  bumpy  and  hung  after  about  3  orders 
of  magnitude  drop  in  residue,  A  larger  computational 
domain  was  later  used.  Now  the  inflow  was  at  5c  and 
the  outflow  at  12c  and  the  grid  lines  immediately 
after  the  tail  were  also  forced  to  align  with  the 
streamlines  as  shown  in  Figure  1.  Convergence  rate  is 
significantly  improved.  Figure  1  shows  a  typical  grid 
with  3  blocks.  Block  1  covers  the  entire  airfoil,  block 
2  and  3  are  for  the  flap  gap  and  the  tab  gap, 
respectively.  Since  the  effect  of  gaps  is  not  significant, 
all  the  computed  results  shown  are  based  on  sealed 
gaps.  Nevertheless,  the  grid  distributions  of  block  1 
used  for  computations  of  the  sealed  case  are  the  same 
as  if  there  were  gaps.  This  is  to  demonstrate  that  good 
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solutions  can  be  obtained  even  with  rather  awkward- 
looking  grids.  Several  grid  sizes  have  been 
investigated  for  mesh  refinement.  To  investigate  the 
effect  of  the  changes  in  the  grid  size  in  the  transverse 
direction  (j-direction)  with  the  grid  size  in  the 
longitudinal  (i-direction)  fixed,  three  grids  184x48, 
184x64  and  184x96  were  used  for  computations.  Then 
another  three  grids  184x64,  256x64  and  368x64  were 
used  to  investigate  the  effect  of  the  changes  in  the  grid 
size  in  the  i-direction  with  the  grid  size  in  the  j- 
direction  fixed. 


Fig  1.  Grid  used  in  the  computation  of  flow  over  an 
NACA  0015  airfoil  with  flap  and  tab 

Figure  2  shows  that  the  forces  and  moments  Q.  Cm, 
and  C}^  all  become  steady  after  about  100  multigrid 
cycles  for  all  five  grids.  The  deviations  from  the 
experimentally  measured  forces  and  moments  are  less 
than  7  percent  The  reductions  of  the  root-mean- 
square  residues  of  the  pressure  of  the  five  grids 
mentioned  above  are  shown  in  Figure  3.  It  is  noted 
that  all  5  convergence  curves  are  decreasing  at  about 
the  same  rate  after  500  multigrid  cycles.  It  should  also 
be  noted  that  the  residual  reduction  due  to  the 
multigrid  starting  procedure  has  not  been  included  in 
Figure  3.  This  explains  why  log  (residue)  starts  at  -1 
or  -2  instead  of  0.  It  is  concluded  from  Figures  2  and  3 
that  the  solutions  are  converged  and  grid-independent 
solutions  have  been  achieved.  The  above  results 
justify  the  use  of  the  grid  184x64  for  the  comparison  of 
computed  and  measured  forces  and  moments  to  be 
discussed. 


Number  of  cycles 

Fig  2.  Convergence  of  Q,  C„,  and  C*/  vs.  multigrid 
cycles 


Number  of  cycles 

Fig  3.  Root-mean  square  residue  of  pressure  vs. 
multigrid  cycles 

Forces  and  Moments 

In  the  following  discussion,  the  grid  used  is  184x64 
and  the  Reynolds  number  based  on  the  airfoil  chord 
length  is  2.7x10^.  As  mentioned  earlier  the  effects  of 
flap  and  tab  gaps  are  not  particularly  significant. 
Therefore,  only  the  results  with  the  sealed  case  will  be 
presented  despite  of  the  fact  that  computations  have 
been  done  for  both  the  sealed  and  the  unsealed  cases. 
It  should  also  be  noted  that  the  uncertainty  bounds  of 
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and  Cl 


the  measured  data  have  not  been  defined.  Thus  when  a 
discrepancy  of  a  certain  percent  is  mentioned  in  the 
following  discussion,  it  will  mean  the  discrepancy 
between  computation  and  experiment  without  taking 
into  account  the  experimental  uncertainty.  Obviously, 
the  discrepancy  to  be  mentioned  represents  the  upper 
bound  of  the  actual  discrepancy.  Figure  4  shows  the 
comparison  of  computed  and  measured  airfoil  section 
lift  coefficient  Q  as  the  angle  of  attack  cCo  varies  from 
-12  to  +12  degrees  and  the  flap  deflections  varies  from 
0  to  30  degrees. 


Fig  4.  Comparison  of  calculated  and  measured  airfoil 
section  lift  coefficients  (sealed  gap),  184x64  grid, 

Re  =  2.7x10® 

The  agreement  is  very  good.  The  deviation  is  larger  at 
higher  angles  of  attack.  But  even  at  an  angle  of  attack 
of  12  degrees  and  a  flap  deflection  of  30  degrees,  the 
discrepancy  between  computation  and  measurement  is 
no  more  than  5  percent  Figure  5  shows  the 
comparison  of  computed  and  measured  airfoil  pitching 
moment  coefficient  C„  with  the  same  variations  in 
angles  of  attack  and  flap  deflections  as  Figure  4.  The 
agreement  between  computation  and  measurement  are 
still  quite  good  although  the  discrepancies  are  larger 
than  the  case  with  Q.  The  largest  discrepancies  occur 
at  an  angle  of  attack  of  12  degrees.  The  discrepancy  is 
.  about  50  percent  at  a  flap  deflection  of  10  degrees, 
about  15  percent  at  a  flap  deflection  of  20  degrees  and 
about  8  percent  at  a  flap  deflection  of  30  degrees.  The 
large  percentage  in  discrepancy  at  a  flap  deflection  of 
10  degrees  is  not  particularly  alarming  because  the 
moments  are  rather  small.  Figure  6  shows  the 
comparison  of  computed  and  measured  flap  hinge 


moment  coefficient  C*/ with  again  the  same  variations 
in  angles  of  attack  and  flap  deflections  as  Figure  4. 

The  agreement  between  computation  and  measurement 
are  still  quite  good.  The  trend  is  completely  captured. 
The  computations  tend  to  overpredict  consistently.  At 
present,  the  reason  can  not  be  explained. 


Fig  5.  Comparison  of  calculated  and  measured  airfoU 
pitching  moment  coefficients  (sealed  gap),  184x64 
grid,  Re  =  2.7  x  10* 
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Fig  6.  Comparison  of  calculated  and  measured  flap 
hinge  moment  coefficients  (sealed  gap),  184x64  grid, 
Re  =  2.7x10* 
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Tab  Deflection 

The  increments  of  airfoil  section  lift  coefficient  AQ, 
flap  section  hinge-moment  coefficient  AC^  and  tab 
section  hinge-moment  coefficient  Q,  are  compared 
with  the  measured  values  at  a  flap  deflection  of  5 
degrees,  angles  of  attack  from  -8  to  +8  degrees  and  tab 
deflections  from  -15  to  +15  degrees  as  shown  in  Figs 
7-9.  The  increment  of  airfoil  section  lift  coefficient 
AC/  is  obtained  by  deducting  the  coefficient  with  tab 
neutral  from  that  with  the  tab  deflected,  with  all  other 
factors  constant.  AC/,/ and  are  defined  similarly.  It 
can  be  seen  from  Figs  7-9  that  the  slopes  of  the  curves 
have  been  captured  quite  well.  In  general,  the 
discrepancies  are  within  10  percent  with  occasional 
discrepancies  in  the  order  of  20  percent. 


Fig  7.  Comparison  of  calculated  and  measured 
increment  of  airfoil  lift  coefficients  vrfth  flan 


CONCLUSIONS 

A  numerical  procedure  for  the  prediction  of  the  forces 
and  moments  of  a  2D  airfoil  with  a  flap  and  a  tab  has 
been  developed.  The  procedure  is  based  on  solving  the 
incompressible  Reynolds-averaged  Navier-Stokes 
equations  coupled  with  a  k-(0  turbulence  model. 
Computed  results  of  the  airfoil  section  lift  coefficients, 
airfoil  section  pitching  moment  coefficients,  flap  hinge 
moment  coefficients  and  tab  hinge  moment 
coefficients  have  been  compared  with  the  measured 
data.  The  trend  of  the  variation  of  forces  and  moments 
has  been  accurately  captured.  The  airfoil  section  lift 
coefficients  have  been  predicted  >vithin  5  percent 


discrepancy  from  the  data  even  at  high  angles  of  attack 
and  high  flap  deflections.  The  discrepancy  of  the 
airfoil  section  pitching  moment  coefficients  is  slightly 
higher  at  about  15  percent.  Higher  discrepancy  occurs 
when  values  of  the  moments  are  small.  The  flap  hinge 
moment  coefficients  are  in  general  overpredicted.  The 
prediction  of  the  tab  hinge  moment  coefficients  can 
only  capture  the  trend  properly  with  uneven 
discrepancy.  In  general,  the  predictive  procedure  is 


Fig  8.  Comparison  of  calculated  and  measured 
increment  of  flap  hinge  moment  coefficients  with  flap 
deflection  5°  (sealed  gap),  184x64  grid,  Re  =  2.7  x  10^ 


Tab  Deflection  8^  (deg) 


Fig  9.  Comparison  of  calculated  and  measured 
tab  hinge  moment  coefficients  with  flap  deflection 
(sealed  gap),  184x64  grid,  Re  =  2.7  x  10^ 
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believed  to  be  useful  for  design  applications. 
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ABSTRACT 

A  CFD  simulation  method  has  been  developed  for  simulating  unsteady  motions  of  a  vehicle  with  movable 
lifting  surfaces.  The  coordinate  system  used  in  this  simulation  method  is  fixed  to  the  moving  body  and  inertia 
forces  such  as  Corioli’s  force  and  the  centrifugal  force  are  treated  as  body  forces  in  the  incompressible  Navier- 
Stokes  equation.  A  multi-block  grid  scheme  is  introduced  for  the  body  having  a  number  of  lifting  surfaces  and 
the  control  of  movable  lifting  surfaces  is  treated  in  a  moving  grid  scheme.  Motion  Simulation  System  (MSS)  can 
be  constructed  by  coupling  these  CFD  techniques  and  the  equations  of  motion  of  a  vehicle.  The  concept  of  MSS 
and  the  method  of  the  simulation  are  explained  and  some  results  of  the  simulation  by  using  MSS  applied  to  the 
keel  of  a  racing  yacht  and  under  water  vehicle  are  presented. 


INTRODUCTION 

The  evolution  of  hardware  computational 
resources  has  lead  Computational  Fluid  Dynamics 
(CFD)  to  undergo  thorough  development  in  the  last 
years.  CFD  is  used  for  configuration  design, 
performance  improvement,  environmental 
assessment,  etc.,  for  a  lot  of  aircraft,  machines, 
structures,  etc.  In  the  field  of  ship  and  ocean 
engineering,  CFD  is  used  for  the  design  of  a  hull 
form  as  a  powerful  tool.  There  are  many  CFD  codes, 
which  can  simulate  the  flow  field  around  a  vehicle  in 
steady  straight,  oblique,  and  circling  motion,  and 
their  outputs  are  useful  for  the  development  and 
design  of  hull  forms.  However,  in  these  simulations 
running  attitude  of  a  vehicle  is  assumed  and  they  are 
useful  to  evaluate  only  a  part  of  hydrodynamic 
performances.  For  high-speed  ships  and  underwater 
vehicles,  not  only  resistance  but  also  running 
attitude,  maneuverability  and  interaction  with 
appendages  generating  lifting  forces  must  be 


carefully  considered.  Therefore,  the  design  of  hull 
forms  mostly  relies  upon  experts  who  can  consider 
various  complex  conditions.  It  would  be  very 
convenient  for  a  designer  if  we  could  construct  a 
system,  which  can  simulate  six-degree  of  freedom 
motion  and  evaluate  all  hydrodynamic  performances 
of  a  running  vehicle.  When  this  system  is  wholly 
completed,  most  part  of  the  design  of  mobile  vehicles 
is  done  by  design-by-simulatibn  procedure. 

The  coupling  of  the  equations  of  motion  of 
vehicles  and  the  flow  equations  can  be  an  answer  to 
this  assignment.  Kaiden  et  al.[l]  have  applied  the 
such  a  method  to  the  simulation  of  SRB  (Solid 
Rocket  Booster)  separation  on  the  H-II  rocket.  Their 
numerical  method  for  the  flow  simulation  was  based 
on  the  Chimera  technique.  The  motion  of  the  SRB 
after  the  separation  from  the  H-II  core  was  calculated 
by  solving  the  equations  of  motion.  Amaud  et 
al.[2][3]  have  simulated  the  launching  of  a  torpedo 
from  a  moving  submarine!  Their  numerical  model  is 
based  on  an  original  coupling  between  unsteady  NS 
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equations  in  a  moving  grid  attached  to  the  torpedo 
and  an  intersection  model  based  on  a  VOS  method 
(volume  of  solid)  to  represent  the  independent 
motion  of  the  submarine.  Akimoto  et  al.[4]  have 
applied  the  above  numerical  method  to  the 
simulation  of  a  maneuvering  motion  in  1996.  They 
have  introduced  a  technique  that  solves  the  flow 
around  the  hull  of  a  racing  yacht  in  unsteady  motion 
with  moving  grid  scheme  and  simulated  the 
maneuvering  motion.  However,  there  was  a  difficulty 
that  the  fair  grid  following  the  movement  of  the  hull 
was  generated  in  a  large  amplitude  motion. 
Therefore,  Sato  et  al.[5]  have  introduced  a  method 
that  solves  NS  equations  in  the  coordinate  system 
fixed  to  a  ship  making  the  planar  motion  and 
simulated  the  maneuvering  motion  of  tankers  in  the 
horizontal  plane.  In  these  simulations,  however,  the 
hydrodynamic  or  aerodynamic  forces  and  moments 
acting  on  appendages  such  as  a  rudder  and  a 
propeller  were  estimated  from  mathematical  models 
on  the  basis  of  experimental  databases.  Davoudzadeh 
et  al.[6][7]  have  introduced  a  rotating  propeller  in  the 
flow  simulation  about  a  fully-appended  SUBOFF  by 
using  the  technique  of  a  rotating  dynamic  grid 
scheme.  However,  their  maneuvering  control  is  not 
made  by  pure  CFD,  but  either  by  fixed  appendages 
with  pre-determined  angles  or  directly-given  external 
yawing  moment. 

The  present  study  introduces  a  technique 
that  solves  the  flow  around  a  vehicle  in  steady  or 
unsteady "  motion  with  the  movement  of  lifting 
surfaces  as  motion  control  system.  And  we  construct 
motion  simulation  system,  so  that  it  can  simulate 
overall  hydrodynamic  performances  of  a  vehicle 
advancing  in  fluid. 

MOTION  SIMULATION  SYSTEM 

Motion  Simulation  System  (MSS)  is  a 
system,  which  is  coupled  a  NS-solver  with  equations 
of  six-degree  of  freedom  and  a  prediction  system  of 
hydrodynamic  performances  of  vehicles  advancing  in 
fluid  as  shown  in  Fig.l.  MSS  consists  of  four 
modules  that  are  the  flow  simulator,  i.e.  NS-solver, 
the  grid  generator,  equations  of  six-degree  of 
freedom  motion  and  the  control  system  of  lifting 


surfaces.  First  of  all,  when  movable  lifting  surfaces 
of  a  vehicle  are  moved,  the  computational  grid  fitted 
it  is  generated.  Next,  NS-solver  solves  the  flow  about 
it  and  consequent  hydrodynamic  forces  and  moments 
acting  on  the  vehicle  are  calculated  in  this  grid. 
When  the  equations  of  six-degree  of  freedom  motion 
are  solved  by  using  this  hydrodynamic  forces  and 
moments,  translational  and  angular  velocities  and 
accelerations  of  the  vehicle  are  obtained.  They  are 
fed  back  to  the  NS-solver  and  the  control  of  the 
movable  lifting  surfaces.  The  trajectory  of  the  vehicle 
can  be  obtained  by  iterating  this  procedure.  There  are 
three  of  this  simulation  method  ways  of  application. 
One  is  the  simulation  of  forced  motion  that  solves  the 
flow  around  and  the  hydrodynamic  forces  and 
moments  acting  on  the  vehicle  in  the  compulsorily 
given  steady  or  unsteady  motion.  The  second  one  is 
the  simulation  of  free-motion  that  obtains  the 
trajectory  of  the  vehicle  with  given  control  of 
movable  lifting  surfaces  by  solving  the  equations  of 
motion  coupled  with  NS-solver.  The  last  one  is  the 
control  simulation  with  the  addition  of  the  control 
system  of  movable  lifting  surfaces  so  that  the  vehicle 
can  move  autonomously.  Using  this  system,  not  only 
hydrodynamic  performances  in  steady  state  but  also 
overall  maneuverability  can  be  predicted.  For  such  a 
purpose,  NS-solver  should  provide  with  the 
following  conditions.  That  is,  the  flow  about  a 
vehicle  in  the  unsteady  motion  of  large  amplitude 
with  controllable  lifting  surfaces  can  be  solved  at 
each  time  step  time-evolutionarily. 
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In  the  following  sections,  description  is 
made  of  the  equations  of  six-degree  of  freedom 
motion  and  the  NS-solver  by  which  such  a  simulation 
can  be  enabled.  And,  some  results  of  simulations  of 
forced  motions  and  a  free-motion  for  the  keel  of  a 
racing  yacht  and  under  water  vehicle,  respectively 
are  presented. 

NUMERICAL  METHOD 

Equations  of  six-degree  of  freedom  motion 

The  equations  of  six-degree  of  freedom 
motion  are  expressed  in  the  coordinate  system  fixed 
to  a  vehicle  shown  in  Fig.2.  The  origin  of  this 
coordinate  system  is  on  the  center  of  gravity  (C.G.) 
of  the  vehicle.  The  x-axis  lies  along  the  centerline  of 
the  vehicle  and  is  oriented  backward.  The  y-axis  is 
oriented  in  the  starboard  direction  and  the  z-axis  is 
oriented  upward. 

When  {F^,Fy,F^)  md  (M^, My, M,) 

are  the  total  forces  acting  on  the  vehicle  and  the  total 
moments  working  at  the  C.G.  of  the  vehicle, 
respectively,  the  equations  of  six-degree  of  freedom 
motion  are 

m(U+QW-RV)^F,  (1) 

m(y  +  RU-PW)^Fy  (2) 

m(W-^PV-QU)^F,  (3) 

-Iyy)QR-I»PQ-M, 

(4) 

I„Q  +  (/^  -IJRP^  {P^  -R^)  =  My 

(5) 

-  l„P  +  l^R  +  (lyy  -  l„)PQ  -  I  MR  = 

(6) 

where  m  is  the  mass  and  ,  and  I ^ 

are  the  moments  of  inertia  of  the  vehicle.  Since  the 
geometry  of  the  vehicle  is  generally  symmetry  about 

the  x-z  plane,  and  are  zero.  The  change  of 
moments  of  inertia  caused  by  moving  the  lifting 
surfaces  is  ignored  in  this  study.  (U and 
{PjQ,R)  are  the  translational  and  the  angular 
velocities.  By  solving  these  equations,  the  trajectory 
of  the  vehicle  are  obtained.  The  attitude  of  the 


vehicle  is  defined  as  Euler’s  angles  (roll  angle  <f> , 
pitch  angle  6  ,  and  yaw  angle  i/;). 


Fig.2  Definition  of  a  body-fixed  coordinate  system 


NS-solver 

The  present  NS-solver  is  developed  on  the 
basis  of  WISDAM-V[8][9][10][11],  which  has  been 
successfully  used  for  the  flow  simulation  about  ships 
dealing  with  wave-making,  viscous  boundary  layer, 
turbulence,  etc.  The  method  adopts  staggered 
allocation  of  pressure  and  velocity  components  in  the 
Cartesian  coordinates  with  the  MAC-type  algorithm 
for  incompressibility,  finite-volume  formulation  in  a 
curvilinear  body-fitted  grid  system.  The  convection 
and  the  diffusion  terms  are  discretized  in  the  third- 
order  upwind  differencing  scheme  constructed  within 
flux-difference  splitting  framework  and  the  second- 
order  central  differencing  scheme,  respectively.  The 
Poisson  equation  for  pressure  is  discretized  in  the 
second-order  central  differencing  scheme  and  is 
solved  iteratively  by  the  Successive  Over  Relaxation 
(SOR)  procedure.  See  the  references  on  each 
computational  procedure  for  more  details.  In  this 
study,  we  have  provided  the  WISDAM-V  code  with 
some  modifications  for  motion  simulations,  which 
are  described  in  the  following  sections. 
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Fluid  flow  equations  for  motion  simulations 

The  Navier-Stokes  equations  in  the 
conservative  form  for  an  incompressible  fluid  in  a 
coordinate  system  fixed  to  the  moving  body  are 
formulated  as  follows: 

Continuity  equation: 

V-M=0  (7) 

Momentum  equation: 

■^  +  V-[«*(z2-v)  +  /7/-t]-/ =0  (8) 
at 

where  U  is  the  absolute  velocity  and  v  the  velocity 
of  the  grid  points.  V  is  needed  since  the  movement 
of  movable  lifting  surfaces  is  treated  in  a  moving 
grid  scheme,  p  is  the  pressure  and  r  the  viscous 

stress  tensor.  /  is  the  inertia  force  caused  by  the 
transformation  of  coordinate  and  is  given  by 

A  •  ^  A 

/  =~2c5xw  -  ft)x(c5xr)-c5xr -(F  +  cy  xF) 

(9) 

where  c5  is  the  angular  velocity  vector  {P^Q^K) 
and  f  the  position  vector  (x,y,z)  of  the  point 

defining  the  fluid  velocity  and  F  the  translational 
velocity  vector  (UyV^W)  .  Four  terms  in  the  RHS 
of  Equation  (9)  indicate  the  Coriolis  force,  the 
centri^gal  force  and  the  unsteady  forces  due  to 
angular  and  translational  accelerations,  respectively. 

Time  integration  scheme 

The  original  WISDAM-V  adopted  explicit 
time  integration  scheme  with  MAC-type  algorithm 
and  the  time  increment  has  to  be  so  small  as  to  be 
sufficient  for  the  expression  of  the  motion.  Therefore, 
a  semi-implicit  time  integration  scheme,  which  is 
explained  as  follows,  is  introduced  in  order  to 
increase  the  time  increment  and  shorten  the 
calculation  period. 

In  this  scheme,  the  Equation  (8)  is  time- 
discretized  as  follows: 

(10) 

and 

-Vp"  (11) 


In  the  first  equation,  w*  and  A/  are  the 
“intermediate”  velocity  and  the  time  increment, 
respectively,  and  the  superscript  n  denotes  the  time 
level.  and  are  implicit  convection  and 

diffusion  operators,  and  and  are 

explicit  parts  of  the  convection  term  and  diffusion 
term,  respectively.  The  convection  term  is  split  into 
implicit  and  explicit  parts  as  follows: 

(12) 

J 

(13) 

J 

where  is  the  volume  flux  at  the  cell  face. 
A^O  and  Q^Q  are  the  first-order  and  the  third- 
order  upwind  interpolations,  respectively.  And  the 
diffusion  term  is  split  into  implicit  and  explicit  parts 
as  follows: 


1  a 


2  dx^ 

1  a 


2  dx 


dXf 

duf 

dXf 


dx, 


du]  \ 

dx,  J 


(14) 


(15) 


where  is  the  effective  viscosity  defined  firom  the 
eddy-viscosity  type  turbulence  model  used  in  this 
study.  The  linear  equation  system  Equation  (10)  is 
solved  iteratively  by  the  SOR  procedure  and 
intermediate  velocity  u  is  obtained.  Then, 
substituting  Equation  (11)  into  Continuity  equation 
(7),  we  obtained  the  Poisson  equation  as  follows: 

VV"=V-«*  (16) 


This  equation  is  also  solved  iteratively  by  SOR 
procedure  and  the  pressure  field  is  obtained.  Finally 
the  velocity  field  is  incremented  by  Equation  (11).  In 
this  scheme,  the  time  increment  can  be  10  times  as 
large  as  that  in  the  original  explicit  scheme  and  the 
computational  time  is  shortened  by  about  60  %, 


Computational  grid 


Multi-block  grid  scheme 


In  this  study,  a  multi-block  grid  scheme  is 
employed  for  a  body  having  a  number  of  lifting 
surfaces.  For  example,  the  grid  of  the  keel  with 
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wings  of  a  racing  yacht  made  up  of  3  blocks  is  shown 
in  Fig.3.  Each  block  is  a  rectangular  parallelepiped  in 
computational  coordinate.  On  the  interface  of  the 
blocks,  discontinuity  of  grid  points  is  not  allowed. 
Therefore,  sweeps  for  the  solution  procedure  for 
pressure  throughout  the  whole  computational  domain 
are  capable  and  the  efficiency  of  the  calculation  can 
be  kept  to  the  level  of  the  case  of  a  single  grid.  The 
body  boundary  conditions  are  easily  controlled  since 
surfaces  of  the  body  are  defined  on  boundary 
surfaces  of  the  grid. 


Fig.3  Multi-block  grid  system  for  a  keel  with  wings 

Moving  grid  system 

The  movement  of  movable  lifting  surfaces 
is  treated  by  a  moving  grid  scheme.  In  the  present 
scheme,  when  lifting  surfaces  is  moved,  the  grid 
fitted  is  accordingly  regenerated  at  each  time  step. 
Since  the  magnitude  of  movement  of  lifting  surfaces 
is  equivalent  to  the  angle  on  the  coordinate  system 


fixed  to  an  arbitrary  moving  vehicle,  it  is  not  very 
difficult  that  the  fairness  of  the  grid  fitted  to  surfaces 
of  the  vehicle  is  retained.  For  example,  the  grid  in  the 
vicinity  of  the  rudder  of  an  underwater  vehicle  is 
shown  in  Fig.4  (a)  and  (b).  (a)  is  the  case  of  rudder 
angle  0  degrees  and  (b)  is  the  case  of  rudder  angle  10 
degrees.  The  algebraic  interpolation  method  is 
adopted  to  generate  a  grid  in  order  to  save 
computational  time. 


Fig.4  Grid  for  the  rudders  of  an  underwater  vehicle 
rudder  angle  is  0  degrees  (a)  and  10  degrees 

(b) 


Boundary  condition 

The  boundary  conditions  for  the  NS-solver 
are  time-dependent,  since  the  computational  region  is 
fixed  to  an  arbitrary  moving  vehicle.  At  the  inflow 
boundary,  the  velocity  is  given  as 
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=  (16) 
where  is  the  position  vector  on  the  boundary.  On 
the  body  boundary,  no-slip  condition  is  given,  i.e.  the 
velocity  on  the  body  surface  is  given  as 

Usrf=K  (17) 

where  is  the  velocity  on  moving  lifting  surfaces 

and  set  at  zero  on  the  other  body  surfaces.  The 
outflow  boundary  condition  is  zero-normal-gradient 
Neumann  condition. 

The  Neumann-type  pressure  condition  on 
the  body  boundary  has  to  be 

=  +/  (18) 

A  Dirichlet  condition  (p=0)  is  imposed  at  the 
inflow  boundary  and  a  zero-normal-gradient 
condition  at  the  outflow  boundary. 

On  the  interface  of  the  blocks,  boundary 
information  is  given  on  each  boundary  surface  of  a 
block. 

Itirbulence  model 

There  are  two  kinds  of  eddy-viscosity  type 
turbulence  model  used  in  this  study.  One  is  a 
combination  of  a  Smagorinsky-type  subgrid  scale 
and  a  Baldwin-Lomax  turbulence  models  (Hybrid 
model).  Another  is  a  Dynamic  SGS  model  (DSM), 
which  is  proposed  by  Germano  et  al[12]. 

SIMULATION  OF  RACING  YACHT  KEEL  IN 
FORCED  MOTION 

Firstly,  we  apply  MSS  to  three  simulations 
of  forced  motions  for  the  keel  of  a  racing  yacht.  The 
keel  of  a  racing  yacht  shown  in  Fig.5  consists  of  a 
bulb,  a  strut,  and  wings,  and  is  attached  to  the  bottom 
of  the  hull  at  the  top  of  the  strut.  The  length  of  the 
bulb  is  4.6  m  and  the  depth  from  the  top  of  the  strut 
to  the  bottom  of  the  bulb  is  3.1  m.  A  part  of  the 
trailing  edge  of  the  strut  consists  of  the  trim-tab  such 
as  a  flap. 


Fig.5  Geometry  of  the  keel  with  wings  of  a  racing 
yacht 


The  racing  yacht,  which  we  focus  on,  is 
generally  required  to  sail  in  two  conditions,  i.e. 
downwind  sailing  and  upwind  sailing  (close-hauled 
condition).  In  the  former  condition,  the  keel  of  a 
yacht  works  only  for  stability.  On  the  other  hand,  the 
keel  works  not  only  for  stability  but  also  for 
generating  lifting  forces  preventing  the  drift  of  the 
boat  in  the  close-hauled  condition.  Therefore,  the 
hydrodynamic  performance  of  the  keel  in  this 
condition  is  very  important  for  the  design  of  a  high 
performance  racing  yacht.  In  this  condition,  the 
racing  yacht  sails  with  an  angle  between  the 
windward  direction  and  the  advancing  direction  of 
the  boat.  The  angle,  which  depends  on  the  wind 
velocity  however,  is  generally  40  degrees.  Fig.6 
shows  the  state  of  the  balance  of  forces  acting  on  the 
racing  yacht  at  this  point.  The  keel  has  to  generate  a 
side  force  opposing  the  side  force  generated  by  the 
sails  to  prevent  the  drift  of  the  boat. 

Oblique  tow  motion 

Before  the  simulation  of  the  flow  about  the 
keel  in  an  upwind  sailing  condition,  computation  is 
made  for  the  flow  about  the  keel  without  wings  in  an 
oblique  tow  condition  in  order  to  validate  the  NS- 
solver.  The  hydrodynamic  drag  and  side  force  and 
the  flow  field  of  the  simulation  with  the  Hybrid 
model  and  the  DSM  are  compared  with  those  of 
experiments,  which  are  measured  with  1/5  scale 
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model  of  the  keel  without  wings  in  the  circulating 
water  channel  of  Kobe  University  of  Mercantile 
Marine.  The  leeway  (drift)  angle  and  the  trim-tab 
angle  are  set  at  -2  degrees  and  6  degrees, 
respectively.  The  Reynolds  number  of  the  simulation 
is  1.0X10^  which  is  almost  consistent  with  that  of 
the  experiment  (9.2  X  10^).  The  grid  of  the  keel 
without  wings  is  made  up  of  a  single  block  and  the 
number  of  grid  points  are  103,402  (97X26X41  in 
the  longitudinal,  radial,  and  circumferential 
directions,  respectively). 


Fig.6  Balance  of  force  and  moment  on  the  vertical 
plane  normal  to  the  axis  of  advancement 


comparison  of  the  ratio  of  the  side  force  to  the  drag  is 
shown  in  Fig.8.  For  the  ratio  of  the  side  force  to  the 
drag,  the  agreement  of  the  simulation  by  the  Hybrid 
model  with  the  experiment  is  superior  to  the 
simulation  by  the  DSM. 


0.030 

0.025 

&  0.020 

1 

L  0.015 

3 

I  0.010 

31 

5  0.005 

0.000 

_ 1 

■ 

■ 

- 1 

Drag 

Side  Force 

□  Hybrid 

0.0024 

0.0248 

■  DSM 

0.0025 

0.0209 

0.0029 

0.0277 

Fig.7  Comparison  of  drag  and  side  force 


10.0 

8.0 

6.0 

4.0 

2.0 

0.0 

414: 

§8 

'1'  v: 

Hybrid 

OSM 

Exp.  ! 

\mSFJD 

10.3 

8.3 

9.5  ■  t 

Fig.8  Comparison  of  the  ratio  of  side  force  to  drag 


The  comparison  of  the  drag  and  side  force 
non-dimensionalized  by  pVqL^  between  the 
simulations  and  the  experiment  is  shown  in  Fig.7. 
p  is  the  density  of  water,  Vq  the  velocity  of 
uniform  flow  (the  boat  speed)  and  L  the  length  of 
the  bulb.  Henceforth,  hydrodynamic  forces  are  non- 
dimensionalized  in  the  same  manner.  And  the  drag 
and  the  side  force  directs  backward  along  the  axis  of 
advancement  and  the  starboard  side  normal  to  it, 
respectively.  The  calculated  drag  by  the  Hybrid 
model  and  the  DSM  are  smaller  than  the  measured 
value  by  17.7%  and  13.3%,  respectively.  The 
calculated  side  forces  are  10.5%  and  24.5%  smaller 
than  the  side  force  measured,  respectively.  The 


The  comparison  of  the  velocity  vector  of  the 
fluid  in  the  transverse  plane  at  the  aft  end  of  the  bulb 
between  computation  by  the  Hybrid  model  and 
measurement  is  shown  in  Fig.9.  The  rotational  flow 
is  generated  about  the  bulb  in  the  clockwise 
direction,  which  is  caused  by  the  circulation  of  the 
strut.  This  rotational  flow  is  realized  in  the 
computation,  and  it  qualitatively  accords  with  the 
experimental  results.  In  the  following  simulations 
about  the  keel,  the  Hybrid  model  is  used  as  a 
turbulence  model,  since  the  calculated  side  force 
accords  with  the  measured  better. 
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the  heel  (roll)  angle,  and  the  trim-tab  angle,  are  set  to 
-2  degrees,  -25  degrees,  and  6  degrees,  respectively. 
The  geometry  of  the  wings  is  rectangle,  the  chord  is 
0.25m  and  span  is  1.1m.  The  wings  are  assumed  to 
be  installed  at  the  position  4m  from  the  fore  end  of 
the  bulb  in  the  longitudinal  direction. 

As  shown  in  Fig.3  above,  the  computational 
region  of  the  keel  with  wings  is  made  up  of  3  blocks. 
The  number  of  grid  points  are  128,622  (97X26X17 
X  3  in  the  longitudinal,  radial,  circumferential 
directions,  and  the  number  of  blocks,  respectively). 
The  grid  of  the  keel  without  wings  is  same  with  that 
of  simulation  of  the  previous  section. 


(b) 


Fig.  9  Comparison  between  measured  (a)  and 
computed  (b)  velocity  vector  field  on  the 
transverse  plane  at  the  aft  end  of  bulb 


Results  of  Simulation 

Fig.lO  shows  the  ratio  of  the  hydrodynamic 
forces  acting  on  the  starboard  and  port  side  wings 
relative  to  the  forces  acting  on  the  keel  without 
wings.  The  drag  of  the  wing  on  the  windward  (port) 
side  is  larger  than  that  on  the  leeward  (starboard)  side 
and  the  drag  increase  of  the  keel  when  the  wings  are 
equipped  becomes  12.4%.  The  rate  that  both  wings 
contribute  to  the  increase  of  the  side  force  of  the  keel 
does  not  come  up  to  as  much  as  1%.  Therefore,  the 
ratio  of  the  side  force  to  the  drag  of  the  keel  with 
wings  decreases  by  11%  compared  with  the  keel 
without  wings  as  shown  in  Fig.  11. 


Steady  upwind  sailing 

The  keel  is  required  to  generate  large  side 
force  accompanied  with  low  drag  and  is  equipped 
with  wings  as  devices  to  improve  efficiency. 
However,  the  scale  of  wings  and  the  location  must  be 
carefully  optimized.  Therefore,  simulation  is 
performed  for  the  flow  around  the  keel  with  wings  in 
steady  upwind  sailing  in  order  to  obtain 
hydrodynamic  forces  acting  on  wings  and  the 
structure  of  the  flow  field. 
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forces 

The  keels  without  wings  and  with  wings  are 
taken  as  objects  of  the  simulation.  The  leeway  angle. 
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Fig.ll  Comparison  of  the  ratio  of  side  force  to  drag 

Fig.l2  (a)  and  (b)  indicate  the  velocity 
vector  of  the  fluid  in  the  transverse  plane  at  the  aft 
end  of  the  bulb.  The  clockwise  rotational  flow  can  be 
observed  in  each  figure,  although  the  intensity  of  the 
rotational  flow  of  the  keel  with  wings  is  smaller  than 

that  of  the  keel  without  wings. 

The  contour  map  of  the  pressure  on  the 
surface  of  wings  is  shown  in  Fig.  13.  The  pressure  is 

non-dimensionalized  by  pV^  where  Vq  is  the  boat 

speed.  Solid  and  dashed  lines  indicate  the  positive 
and  negative  pressure,  respectively. 

It  is  shown  that  the  simulation  using  multi 
block  scheme  is  effective  to  the  analysis  of  the  flow 
around  a  body  having  a  complicated  configuration 
like  the  keel  with  wings.  It  seems  that  this  simulation 
method  can  be  applied  to  the  design  of  the  keel. 

Tacking  motion 

Tacking  of  a  racing  yacht  is  a  maneuvering 
motion  accompanied  by  large  rolling  (heel)  angle 
changes  in  a  short  period.  In  general,  the  maximum 
rolling  angle  changes  from  positive  20  degrees  to  the 
opposite  value,  as  the  heading  angle  of  the  boat 
varies  90  degrees  within  15  seconds.  The 
hydrodynamic  forces  acting  on  the  keel  of  a  racing 
yacht  in  this  kind  of  large  amplitude  motion  are  not 
exactly  clarified.  The  trim-tab  of  the  keel  is  moved 
during  the  tacking  and  it  isn’t  well  clarified  how  the 
trim-tab  is  moved  for  an  effective  tacking.  Therefore, 
the  flow  is  solved  for  the  keel  without  wings  in  a 
tacking  motion  in  order  to  know  hydrodynamic 


forces  and  find  out  effective  steering  methods  for  the 
trim-tab. 


(b) 


Fig.l2  Computed  velocity  vector  field  on  the 
transverse  plane  at  the  aft  end  of  bulb  (a) 
without  wings,  (b)  with  wings 


fOI9 


Fig.l3  Contours  of  computed  pressure  on  the  surface 
of  wings,  (a)  port  upper  surface,  (b)  port  lower 
surface,  (c)  stbd  upper  surface,  (d)  stbd  lower 
surface 
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Conditions  of  Simulation 

Tacking  motion  is  assumed  as  follows: 

a(0  =  «o(-siny;-)-^+l  (19) 

where  a{t)  are  roll  angle  0,  pitch  angle  0, 
heading  angle  'ijJ  defined  as  Euler’s  angles  and 
leeway  (drift)  angle  P .  is  initial  angle  before 
tacking  motion,  t  is  non-dimensional  time  and  T 
is  time  during  tacking  motion.  a(t)  change 
smoothly  from  Cq  to  -aQ  in  J*.  Initial  jS,  0 
and  Jp  are  ~2  degrees, -25  degrees  and -40  degrees, 
respectively.  Pitch  angle  does  not  change  and  is  set  at 
0  degrees.  T*  is  15  seconds  (f=3'^18)  and  1 
second  is  1  as  non-dimensional  time.  The  velocity  of 
the  racing  yacht  is  assumed  constant.  Fig.  14  shows 
the  path  of  C.G.  and  attitude  of  the  keel.  Xg-axis  lies 
along  wind  direction  in  the  still  horizontal  plane. 

The  trim-tab  angle  changes  from  6  degrees 
to  -6  degrees  in  5  seconds.  There  are  3  simulation 
cases  with  differences  in  the  start  time  of  steering 
trim-tab.  The  start  time  of  Case  1,  2,  and  3  are  3,  8, 
and  13,  respectively.  The  time  histories  of  the  trim- 
tab  angle  and  leeway  angle  are  shown  in  Fig.  15. 

Results  of  Simulation 

The  time  histories  of  the  hydrodynamic 
forces  are  shown  in  Fig.l6.  (a)  is  the  drag  and  (b)  is 
the  side  force  acting  on  the  keel.  They  indicate  the 
differences  of  the  hydrodynamic  forces  in  each  of 
cases  caused  by  the  difference  of  the  trim-tab 
movement.  Drags  in  all  cases  reduce  in  tacking 
motion  and  the  result  of  Case  1  shows  the  longest 
time  during  drag  reduction.  The  drag  reduces  rapidly 
from  t  =3.5  to  t  =6.5  and  at  t  =6.5  the  drag  is  60% 
of  the  drag  before  tacking.  Side  forces  in  all  cases 
vary  along  with  the  variation  of  trim-tab  angle  and 
leeway  angle.  Negative  values  of  the  side  force  mean 
that  the  side  force  directs  the  port  side. 


Yg 


Fig.l4  Trajectory  of  the  keel  (3D- View) 
Trim-tab  angle 


Leeway  ^ - Case  1 . .  Case  2 - Case 


non-dimensional  time 


Fig.l5  Time  history  of  the' tab  angle  and  the  leeway 
angle 


(b) 

Fig.l6  Time  history  of  drag  coefficient  (a)  and  side 
force  coefficient  (b)  of  the  keel 


The  developed  NS-solver  can  simulate  the 
flow  around  the  keel  in  the  large  amplitude  motion 
such  as  tacking  and  with  movement  of  the  trim-tab. 
This  simulation  clarified  that  the  hydrodynamic 
forces  acting  on  the  keel  in  the  tacking  motion 
depend  on  the  difference  of  the  start  time  of  steering 
trim-tab.  Therefore,  it  can  be  said  that  the  steerage  of 
the  trim-tab  is  important  for  the  effective  tacking. 

SIMULATION  OF  UNDERWATER  VEHICLE 
WITH  CONTROLLABLE  SURFACES 

Secondly,  we  apply  MSS  coupled  NS-solver 
with  equations  of  motion  to  the  simulation  of  a  firee- 
motion  (maneuvering).  We  focus  on  underwater 
vehicle,  the  geometry  of  which  is  shown  in  Fig.l7. 
The  underwater  vehicle  consists  of  the  fuselage  of 
body  of  revolution,  the  length  of  which  is  3.7m,  with 
fore  and  aft  horizontal  wings  and  upper  and  lower 
vertical  tails.  The  fore  horizontal  wings  equipped 
with  elevators  and  the  vertical  tails  namely  rudders 
are  wholly  movable.  The  mass  of  the  vehicle  is 
243.3kgf  and  the  inertia  moments  7^,  7^,  7^, 
and  7^  are  4.7,  32.8,  34.4,  and  Okgf  •  m  •  s^ 
respectively.  The  location  of  the  center  of  gravity  is 
consistent  with  the  location  of  center  of  buoyancy. 
The  initial  velocity  of  the  vehicle  is  2.0m/s. 

The  grid  system  consists  of  4  blocks  and 
110,292  grid  points  as  shown  in  Fig.18  and  the 
dynamic  SGS  model  is  used  as  the  turbulence  model. 
Hydrodynamic  forces  and  moments  needed  in  this 
maneuvering  simulation  are  obtained  firom  the  NS- 
solver  except  thrust.  Thrust  is  assumed  point-wise 
load  given  at  the  aft  end  of  the  vehicle,  of  which 
value  is  assumed  same  with  the  simulated  negative 
resistance  to  the  vehicle  in  straight  course  and  is  also 
regarded  as  constant  during  the  vehicle  motion. 
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Fig.l7  Notation,  plan  view  (a),  profile  (b) 


First  of  all,  the  steady-state  flow  in  straight 
course  is  simulated  until  t  =3.  Then,  the 
maneuvering  simulation  is  started  and  elevators  and 
rudders  are  moved  as  shown  in  Fig.  19.  The  port  and 
starboard  side  elevators  start  moving  upward  and 
downward,  respectively  until  their  angles  become  5 
degrees,  from  ^  =3  to  t  =3.25.  And  the  rudders  also 
start  rotating  clockwise  at  the  top  view  until  their 
angles  become  10  degrees  in  the  same  time  interval. 
After  that  angles  of  elevators  and  rudders  are  fixed 
constant  until  ^=20. 
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Fig.18  Grid  system  for  underwater  vehicle 


Fig.l9  Control  of  elevators  and  rudders 


Fig.20  (a),  (b),  and  (c)  show  the  path  of  the 
vehicle  and  the  attitude  of  the  vehicle  at  t  =3,  5, 10, 
15,  and  20  in  the  horizontal,  transverse,  and  vertical 
plane,  respectively  and  at  3-dimensional  view  is 
shown  in  Fig.21.  From  /  =3  to  t  =5,  the  vehicle 
gradually  turns  left  with  rolling  to  the  inside  of  turn 
and  then  starts  to  nose  down  as  the  roll  angle 
increases.  From  r=10  to  ^=15,  the  vehicle  nose¬ 
dives  in  the  vertical  state  and  start  to  nose  up  from 
t  =15.  At  the  end  of  simulation  =20),  the  vehicle 
resumes  horizontal  state  and  the  attitude  almost 
becomes  consistent  with  that  at  the  start  time  of  the 
motion  ( t  =3).  The  attitude  of  the  vehicle  at  t  =3,  5, 
7,  9,  11,  13,  15, 17,  and  19  is  shown  in  Fig.22.  The 
view-direction  of  these  figures  is  fixed  to  the 
centerline  of  the  vehicle  at  t  =3  and  the  viewpoint 
moves  with  the  C.G.  of  the  vehicle.  Pressure 
distribution  on  the  surface  of  the  vehicle  is  shown  in 
color. 
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Fig.20  Trajectory  of  the  underwater  vehicle, 
horizontal  (a),  transverse  (b)  and  vertical  (c) 
plane 
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trajectory  of  C.G.  - 


Fig.21  Trajectory  of  the  underwater  vehicle  (3D- 
view) 

CONCLUSIONS 

Motion  Simulation  System  has  been 
constructed  for  predicting  the  hydrodynamic 
performances  of  a  body  having  a  number  of  lifting 
surfaces.  The  numerical  simulation  method  has  been 
developed  for  solving  maneuvering  motion  of  a 
vehicle  by  coupling  the  equations  of  motion  and  the 
flow  equations.  Since  these  equations  are  solved  in  a 
coordinate  system  fixed  to  the  arbitrarily  moving 
vehicle,  inertia  forces  are  incorporated  into  the  flow 
equations.  The  multi-block  grid  scheme  is  introduced 
into  our  NS-solver  for  the  body  having  a  number  of 
lifting  surfaces  and  the  control  of  movable  lifting 
surfaces  is  treated  in  the  moving  grid  scheme. 


We  applied  MSS  to  the  simulation  of  forced 
motion  about  the  keel  of  a  racing  yacht  at  the  first 
stage.  It  was  confirmed  that  our  NS-solver  could 
simulate  flow  around  the  body  having  a  number  of 
lifting  surfaces  in  the  steady  and  unsteady  motion 
with  control  of  the  movable  lifting  surfaces.  We 
obtained  the  properties  of  hydrodynamic  forces 
acting  on  the  keel  in  steady  or  unsteady  motion.  At 
the  second  stage,  we  applied  MSS  to  the  simulation 
of  free-motion  about  an  underwater  vehicle.  The 
hydrodynamic  forces  and  moments  acting  on  the 
vehicle  including  controlling  forces  of  the  movable 
lifting  surfaces  are  obtained  by  the  NS-solver.  It  was 
shown  that  the  present  numerical  simulation  method 
could  simulate  the  maneuvering  arbitrary  motion  of 
the  underwater  vehicle. 

Though  the  validation  of  the  accuracy  of  the 
computed  motion  is  left  for  the  future  study,  it  is 
shown  that  MSS  is  useful  for  evaluating  the 
hydrodynamic  performances  of  arbitrarily  moving 
vehicles.  Moreover,  this  system  has  a  wide-ranging 
available  possibility,  and  be  able  to  applied  to  general 
ships  and  underwater  vehicles. 
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Fig.22  Time  series  of  computed  pressure  distribution  on  the  surface  of  the  vehicle  in  the  spiral  motion.  Red, 
yellow,  green,  and  blue  in  sequence  mean  from  positive  to  negative  pressure. 
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ABSTRACT 

This  paper  presents  a  numerical  method  to  predict  the  3-D  flow  of  water  on  deck  and  resulting  loads 
using  the  shallow  water  equations.  The  numerical  simulation  of  water  flow  on  deck  has  been  coupled  to  the  pre¬ 
diction  of  large  amplitude  ship  motions  in  waves. 

The  large  amplitude  relative  motions  at  bow  in  head  seas  are  obtained  by  using  a  nonlinear  ship  motion 
program.  An  empirical  formula  based  on  an  experimental  database  estimates  the  water  height  at  the  deck  bound¬ 
ary.  Glimm’s  method  has  been  used  to  simulate  the  three-dimensional  shallow  water  flow  over  deck.  An  algo¬ 
rism  of  flow  flux  deals  with  the  water  interaction  along  the  deck  boundary. 

Extensive  comparison  studies  have  been  carried  out  to  validate  the  method.  Numerical  results  have 
been  compared  with  the  following:  1)  theoretical  results  of  dam-breaking  theory;  2)  model  test  measurements  of 
a  reservoir-breaking  impact  on  a  structure;  3)  experimental  data  of  green  water  impact  tests  with  moored  tankers 
having  different  bow  flare  configurations  in  regular  waves. 


INTRODUCTION 

Green  water  impact  loads  have  an  impor¬ 
tant  influence  on  the  design  of  turret  moored  Float¬ 
ing  Production  Storage  and  Offloading  (FPSO) 
structures.  Due  to  the  weathervaning  properties  of 
turret  moored  system,  the  bow  of  the  vessel  is  al¬ 
ways  exposed  to  waves  in  harsh  environments.  The 
impact  of  green  water  can  cause  serious  damage  to 
critical  equipment  at  the  bow.  Green  water  is  also  a 
factor  that  limits  the  sustained  sea  speed  for  seago¬ 
ing  ships. 

In  recent  years,  efforts  have  been  made 
towards  understanding  the  physics  of  green  water 
and  the  flow  properties.  The  influence  of  the  impact 
of  green  water  on  FPSO  design  was  investigated  by 
Buchner  [1,2,3]  experimentally.  The  water  height  on 
the  deck  of  a  container  ship  model  was  measured, 
and  the  shipping  of  water  was  investigated  numeri¬ 
cally  with  the  method  of  characteristics  by  Mizogu- 


chi  [4].  In  his  work,  the  ship  model  was  held  captive, 
the  initial  conditions  along  the  deck  boundary  were 
given  by  the  measured  results,  and  the  simulation 
terminated  when  a  bore  formed.  Buchner  and  Cozijn 
[5]  simulated  the  water  onto  deck  in  a  2-D  simplified 
configuration  by  a  fully  nonlinear  boundary  integral 
method.  Dillingham  [6]  studied  the  motions  of  sway 
and  roll  of  a  vessel  with  shallow  water  on  a  two  di¬ 
mensional  deck  by  using  Glimm’s  method.  Dilling¬ 
ham  and  Falzarano  [7],  and  Pantazopoulos  [8],  ex¬ 
tended  and  applied  the  shallow  water  equations  ap¬ 
proach  to  the  3-D  case.  Huang  and  Gu  [9]  consid¬ 
ered  the  influence  of  water  on  deck  on  rolling  pre¬ 
diction.  Huang  and  Hsiung  [10]  introduced  a  flux- 
difference  splitting  method  to  predict  shallow  water 
flow  on  deck. 

This  paper  presents  a  numerical  method  to 
predict  the  3-D  flow  of  green  water  on  deck  and 
resulting  impact  loads  with  shipping  water  on  and 
off  the  deck  boundary  in  head  sea.  It  includes  a  de- 
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scription  of  the  theory,  numerical  procedures  and 
validation  against  experimental  data. 

The  objective  of  the  numerical  model  in 
this  paper  is  to  simulate  the  following  sequential 
phases  of  water  on  deck  dynamics: 

1)  the  large  amplitude  relative  motion  around  the 
bow; 

2)  the  green  water  flow  onto  the  deck  boundary; 

3)  the  green  water  flow  across  the  deck; 

4)  the  impact  of  green  water  on  a  deck  structure. 

To  account  for  these  distinct  aspects,  the 
approach  consists  of  the  combination  of  nonlinear 
theory  and  experimentally  derived  formulations: 

•  The  large  amplitude  relative  motions  at  the  bow 
are  obtained  in  the  time  domain  using  a  nonlin¬ 
ear,  large  amplitude  ship  motion  program. 

•  An  empirical  formula  based  on  model  test  data 
estimates  the  water  height  at  the  deck  boundary 
as  a  function  of  relative  motion,  flare  angle  and 
location  along  the  deck  edge. 

•  Glimm’s  method  is  used  to  simulate  the  3-D 
nonlinear,  shallow  water  flow  across  the  deck, 
while  applying  time-dependent  boundary  con¬ 
ditions  and  local  deck  motions  obtained  from 
the  large  amplitude  ship  motion  program. 

•  A  hydraulic  model  simulates  water  flow  through 
scuppers  and  over  the  bulwarks. 

To  validate  the  water  on  deck  simulation 
model,  numerical  results  for  water  height  on  deck 
and  pressure  have  been  compared  with  the  follow¬ 
ing: 

•  theoretical  results  of  dam-breaking  theory. 

•  model  test  measurements  of  a  reservoir- 
breaking  impact  on  a  structure. 

•  experimental  data  of  green  water  loading  tests 
with  moored  tankers  having  different  bow  flare 
configurations  in  regular  waves. 

The  paper  discusses  the  influence  of  differ¬ 
ent  formulations  for  impact  pressure,  the  influence 
of  computational  grid  selection,  the  numerical  sta¬ 
bility,  and  methods  for  dealing  with  the  numerical 
simulation. 

LARGE  AMPLITUDE  RELATIVE  MOTION 

Experimental  investigation  has  shown  that 
although  the  wave-induced  motion  of  a  ship  is  de¬ 
termined  quite  accurately  by  linear  theory,  the  rela¬ 
tive  motion  can  exhibit  strong  nonlinearity  espe¬ 
cially  in  the  bow  region,  mainly  due  to  the  flare  of 
the  bow  and  due  to  deformation  of  the  wave  surface. 

The  correct  prediction  of  the  ship’s  absolute 
motion  and  relative  wave  motion  is  an  important 
step  in  the  simulation  of  water  flow  on  deck.  The 
relative  wave  motion  has  a  direct  relation  with  water 
height  at  the  deck  boundary.  Since  deck  motion  is  a 


result  of  absolute  ship  motions  at  every  time  instant, 
the  ship  absolute  motion  has  an  influence  on  the 
phase  of  water  flow.  Without  correct  prediction  of 
ship  motion,  the  water  flow  on  deck  will  be  out  of 
phase  with  experimental  measurements. 

In  present  analysis,  the  ship  motion  and 
relative  wave  motion  prediction  in  head  sea  have 
been  performed  with  a  large  amplitude  ship  motion 
program,  which  is  based  on  a  nonlinear  time-domain 
strip  method  by  Zhou  et  al.  [11].  In  this  method, 
nonlinearities  flare  and  large  amplitude  motion  are 
modelled  due  to  the  integration  of  the  wave  pressure 
over  the  instantaneous  wetted  surface  of  a  ship  hull 
in  waves.  The  sectional  hydrodynamic  forces  are 
estimated  according  to  the  time-varying  submerged 
portion  at  each  time  step  based  on  2-D  solutions, 
then  integration  along  the  longitudinal  direction  of 
ship  hull  is  carried  out  to  obtain  the  total  hydrody¬ 
namic  forces  and  moments  acting  on  the  ship. 

The  equations  of  motion  in  head  seas  for 
heave  and  pitch  are  as  follows  in  the  model  by  Zhou 
etal.  [11]: 

[Mo+a^(t)^g+a2y(t)\j/= 

Fsw(0+ReFdz(Oe''^*]--Mog+b^(t)2g  +b^(t)\ir  (1) 

Ms„(t)+Repvi^(t)e“^'  ]+b^(t)Zg  +b^(t)vi;  (2) 

The  relative  motions  are  calculated  with 
respect  to  the  disturbed  wave  surface.  The  relative 
motion  components  resulting  from  the  diffracted  and 
radiated  waves  are  obtained  by  following  equation: 

S(x.  y,  t)  =  ?„  (X,  t)  +  (X,  t)  +  5^  (X,  t)  -  Zp  (X,  y,  t) 

(3) 

where: 

S(x,  y ,  t)  :  the  relative  motion; 

(x,t)  :  the  incident  wave  elevation; 

(x,  t) :  the  radiation  wave  elevation; 

(;^j(x,t) :  the  diffraction  wave  elevation; 

Zp(x,y,t) :  the  vertical  displacement  of  ship. 

WATER  ONTO  DECK  BOUNDARY 

How  to  deal  with  water  flow  onto  the  deck 
boundary  is  a  key  question  in  green  water  simula¬ 
tion.  It  is  very  difficult  to  predict  water  onto  deck 
boundary  by  an  exact  nonlinear  method  [5). 

In  typical  methods  for  the  prediction  of 
deck  wetness  or  green  water,  it  is  assumed  that: 
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1.  Every  freeboard  exceedance  results  in  deck 
wetness; 

2.  Water  height  on  deck  boundary  is  equal  to  the 
exceedance  of  freeboard  by  the  relative  wave 
motion  beside  the  bow. 

However,  experimental  investigations  on 
water  onto  deck  [1,12]  suggest  the  following: 

1.  The  water  height  at  deck  boundary  is  different 
from  freeboard  exceedance  at  the  corresponding 
position; 

2.  In  regular  wave  case,  the  relation  between  the 
water  height  on  deck  boundary  and  the  free¬ 
board  exceedance  is  almost  independent  of  the 
wave  length. 

Lloyd  [13,14]  observed  that  in  head  sea  the 
relative  motion  at  the  stem  determines  the  probabil¬ 
ity  of  deck  wetness.  Experimental  investigation 
[1,12]  supported  this  conclusion.  During  the  test,  a 
large  number  of  freeboard  exceedances  occurred  at 
the  side  of  the  bow,  without  resulting  in  green  water 
on  deck,  or  with  only  very  little  green  water  from  the 
sides.  Only  at  the  most  forward  point  of  the  bow,  the 
stem,  every  freeboard  exceedance  resulted  in  green 
water  on  deck. 

Green  water  onto  bow  deck  is  a  complex 
phenomenon  affected  by  many  strong  nonlinear 
frctors.  It  is  influenced  by:  a)  Ship  motion;  b)  Geo¬ 
metric  hull  form,  especially  the  bow  flare  effect  of 
bow  flare  is  not  only  pushing  the  water  around  bow 
swell-up,  but  also  push  the  water  away  from  the 
bow;  c)  Sea  waves:  including  the  wave  height,  pe¬ 
riod  and  progressing  direction  as  well  as  the  effect  of 
wave  deformations;  d)  Ship  forward  speed. 

If  we  predict  the  relative  motion  based  on  a 
ship  motion  theory,  we  may  consider  that  all  the 
influence  on  green  water  onto  deck,  have  been  taken 
into  account  by  the  relative  wave  motion  and  free¬ 
board  exceedance  calculation,  except  for  the  influ¬ 
ence  of  above  water  bow  flare. 

This  influence  of  bow  flare  on  green  water 
onto  deck  is  difficult  to  predict  by  a  theoretical 
method.  In  Fig.  1  an  example  is  given  of  the  relation 
between  the  water  depth  on  deck  compared  to  the 
freeboard  exceedance  for  different  regular  wave 
tests.  From  this  type  of  figure  empirical  relations 
between  freeboard  exceedance  and  water  depth  on 
deck  can  be  determined  [12].  By  using  such  rela¬ 
tions,  the  time  history  of  water  height  at  the  deck 
edge  can  be  generated,  which  will  be  the  outer  re¬ 
gion  condition  for  deck  flow  simulation  (see  Fig. 
21). 


Fig.  1  Relation  of  water  height  on  deck  boundary 
and  freeboard  exceedance 


WATER  FLOW  ON  DECK 

The  problem  of  water  flow  on  deck  is,  in 
fact,  a  dynamic  coupling  problem.  Since  the  flow  of 
deck  water  depends  on  the  vessel  motion,  which  in 
turn  may  be  influenced  by  the  forces  exerted  on  the 
vessel  by  the  deck  water.  The  first  part  of  this  cou¬ 
pling  problem  is  to  describe  the  vessel  motions 
given  the  forces  acting  on  it,  which  has  been  per¬ 
formed  in  this  paper  by  using  a  large  amplitude  ship 
motion  program.  The  second  part  of  the  problem  is 
to  determine  the  water  flow  on  deck  and  the  forces 
exerted  on  the  vessel  by  the  water  given  the  motion 
of  the  ship,  which  will  be  described  in  detail  in  fol¬ 
lowing  sections.  It  is  assumed  that  the  ship  motion  is 
not  affected  by  the  water  on  deck. 

Coordinate  Systems 

Four  coordinate  systems  are  employed  to 
describe  the  shallow  water  flow  on  a  three- 
dimensional  deck  and  a  six-degree-of-freedom  ship 
motion,  as  shown  in  Fig.  2. 

Earth-Fixed  Coordinate  System 

A  right-handed  coordinate  system  Oq  - 
XoyoZo^^  fixed  in  space.  The  (Xo,yo)  plane  lies  on 
the  still  water  surface,  Xq  is  directed  as  the  wave 
propagation  direction  and  Zq  is  directed  upwards. 

Ship-Fixed  Reference  Coordinate  System 

Let  6~xyz  define  a  right-handed  coordi¬ 
nate  system  with  the  origin  located  at  the  mean  po¬ 
sition  of  center  of  gravity,  which  translates  forward 
with  a  constant  ship  speed  U  without  rotation.  The 

(x,y)  plane  parallel  to  (Xo,yo)  plane,  and  0-z 
axis  is  positive  upwards.  Let  T|i,Ti2,'n3  be  the 
translation  displacements  of  the  vessel  in  the  x,y,z 
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directions  respectively,  and  114,115,115  be  the  rota¬ 
tional  displacements  about  the  x,y,z  axes. 

Moving  Coordinate  System 

Let  G-xyz  define  a  coordinate  system 
attached  to  the  ship  vv^ith  G  at  the  ship’s  gravity 
center.  The  directions  of  the  axes  are:  x  in  the  lon¬ 
gitudinal  forward  direction,  y  in  the  lateral  port  side 

direction  and  z  upwards.  The  (x,y)  plane  is  paral¬ 
lel  to  the  still  water  surface  when  the  ship  is  at  its 
static  equilibrium  position.  This  coordinate  system 
moves  with  the  vessel. 


Governing  Equations 

The  problem  of  the  flow  on  deck  may  be 
formulated  as  a  nonlinear  hyperbolic  system  of 
equations  using  the  shallow  water  wave  theory. 

Assuming  the  water  on  deck  is  shallow 
comparing  with  the  radius  of  curvature  of  the  water 
surface.  The  ship  undergoes  arbitrary  motions  in 
waves  in  a  six  degree  of  freedom.  By  satisfying  the 
conditions  of  conservation  of  mass  and  momentum, 
and  the  kinematics  condition  on  the  free  surface  and 
the  bottom,  the  dynamic  condition  on  the  free  sur¬ 
face,  the  nonlinear  shallow  water  wave  equations  are 
obtained  [8]; 


Deck  Coordinate  System 

Let  Z^j-xyz  define  a  deck-flow  coordi¬ 
nate  system  attached  to  the  ship,  -xy  plane  co¬ 
incides  with  the  deck  bottom  plane  well.  The  origin 
locates  above  G  with  distance  ,  and  the  z  axis 
is  directed  vertically  upward.  In  Z^-xyz  coordi¬ 
nate  system,  the  water  depth  is  h  and  the  free  sur¬ 
face  elevation  is  T|(x,y,t),  measured  from  z  =  h. 
Fluid  particle  velocities  u,  v,  w  are  expressed  in  this 
system. 

It  is  convenient  to  describe  the  water  flow 
on  deck  in  Z4  -  xyz  system  and  the  oscillating  ship 

motion  in  0-5^2  system. 


Fig.  2  Coordinate  systems 


9u  9u  9u  9r| 

- - —  +  v- —  =  -g — - 

3t  dx  dy  dx 

(4) 

3v  dv  d\  3ri 

- hU h  v —  =  -g — - 

di  dx  dy  ^dy 

(5) 

a[u(T|  +  h)]  j  a[v(Ti  +  h)]_ 

3ti 

(6) 

3x  dy 

dt 

These  equations  represent  the  movement  of 
water  in  a  stationary  and  level  reference  frame.  To 
couple  the  vessel  motion  with  the  water  flow  on 


deck,  these  equations  must  be  transformed  into  the 
coordinate  system  -  xyz  attached  to  the  moving 

vessel. 

Thus,  in  a  moving  vessel,  the  equations  of 
motion  of  water  are  written  as  [8]: 

du  9u  3u 

_ — 1-  u-_ — }.  V-—  =  -a/.^  -r — + f,  (x) 

at  ax  ay  ^^’ax  ^ 

(7) 

3v  3v  3v  3A.  ^  , 

(8) 

dX  3X  dX  .3u  .3v 

4*  u  + V— -1- X.:— + Xt:— =  0 

ot  3x  dy  dx  dy 

(9) 

where  X=r|+h  and  to<t<to+Dt,  Dt  is  the  time 
interval  of  ship  motion. 

Initial  conditions  and  boundary  conditions 
are  (see  Fig.  4): 

X  =  Xq  (x,  y),  u  =  u 0 (x,  y),  V  =  Vo (x,  y) 

t<to,  (x,y,z)onni„ 
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X = >.  (x,  y,  to  X  u  =  u(x,  y,  t© ),  v  =  v(x,  y ,  to ) 

t  =  to ,  (x,  y,  z)  on  deck  boundary 

where  fj(x)  and  f2(y)  represent  the  various  body 
force  contributions  acting  on  the  fluid  in  local  x  and 
y  direction  in  the  ship  fixed  coordinate  system  (for 
detailed  expressions  see  e.g.  Pantazopoulos  [8]).  a^ 
represents  the  total  acceleration  acting  on  the  fluid  in 
vertical  direction  in  the  moving  coordinate  system 
Zd  -  xyz. 

With  a  proper  initial  condition  and  bound¬ 
ary  condition  at  every  time  step,  these  equations 
represent  the  three-dimensional  shallow  water  flow 
on  deck  in  the  moving  coordinate  system  -  xyz . 

Method  Of  Solution 

The  main  difficulty  of  finding  the  solution 
for  Eq.  (7)  -  Eq.  (9)  is  the  handling  of  the  hydraulic 
jumps  which  almost  inevitably  appear.  Dillingham 
[6]  initiated  the  shallow  water  flow  computation  in 
2-D  deck  by  applying  Glimm’s  method. 

Glimm’s  method  is  used  in  this  paper  to 
simulate  a  three-dimensional  water  flow  on  deck. 
This  method  consists  of  two  steps.  First  the  analyti¬ 
cal  solutions  of  a  local  Riemann  problem  (the  dam¬ 
breaking  problem)  in  each  time  interval  are  obtained 
by  solving  the  initial  value  problem  using  the  solu¬ 
tion  of  the  previous  time  step.  Then  the  solution  in 
the  whole  spatial  domain  is  constructed  as  piecewise 
constant  solutions,  by  using  a  random  sampling  pro¬ 
cedure  to  sample  a  series  of  the  obtained  explicit 
solutions  of  the  local  Riemann  problems. 

By  using  Glimm’s  method,  the  solution  of 
water  elevation  and  the  velocities  u  and  v  with 
respect  to  the  x  and  y-direction  at  each  grid  point 
are  obtained  at  each  time  step.  The  resulting  esti¬ 
mates  of  elevation  and  velocity,  which  are  random 
over  short  time  spans,  converge  to  the  exact  solution 
of  Eq.  (7)  -  Eq.  (9),  as  the  number  of  time  steps  be¬ 
comes  large. 

Glimm’s  method  is  in  particular  attractive 
because  it  handles  relatively  complex  flows  with 
multiple  hydraulic  jumps  without  any  special  treat¬ 
ment  of  the  discontinuities,  as  well  as  the  case  where 
the  deck  becomes  partially  dry.  Glimm’s  method  is 
unconditionally  stable  and  numerical  errors  can  be 
reduced  to  a  relatively  small  size  by  satisfying  the 
Courant-Friedrichs-Levy  (CFL)  condition. 

In  this  paper,  at  every  time  step  Dt  of  ship 
motion,  the  calculation  of  shallow  water  flow  on 
deck  consists  of  first  a  calculation  in  x-direction 
followed  by  a  calculation  in  y-direction  as  has  been 
applied  by  Dillingham  and  Falzarano  [7]. 


During  the  x-direction  calculation,  Eq.  (7)  - 
Eq.  (9)  are  reduced  by  retaining  derivatives  in  the  x- 
direction  only,  and  the  following  equations  are 
solved: 


3u  3u 

(10) 

dX  dX  .3u 

(11) 

3t  3x 

(12) 

During  the  y-direction  calculation,  using  as 
initial  conditions  the  solutions  found  in  the  x-sweep, 
after  dropping  the  derivatives  in  x-direction,  Eq.  (7) 

~  Eq.  (9)  become: 

dv  3v 

(13) 

ii+vii+xii-o 

dt  dy  dy 

(14) 

du  du 

_+v— =  0 
d  t  dy 

(15) 

Glimm’s  Method 

To  illustrate  the  algorithm  of  Glimm’s 
method  in  some  detail,  we  introduce  the  x-direction 
solution  of  Eq.  (10)  -  Eq.  (12)  as  an  example.  More 
details  of  the  method  can  be  found  in  [6]. 

The  first  step  is  to  apply  the  technique  of 
operator  splitting  to  remove  the  inhomogeneous 
term  fj(x)  from  the  right  side  of  Eq.  (10).  At  each 
time  step,  we  obtain  an  approximate  solution  to  the 
following  equations  by  Glimm’s  method: 

3u  3u  dX  „ 

— +u— +a(-  — =  0 

3t  3x  ' ^  3x 

(16) 

3X  dX  . du 

(17) 

and  then  solve  the  following  equation  by  a  simple 
Runge-Kutta  integration: 

|^  =  f,(x)  (18) 

dT 

We  divide  the  deck  length  into  intervals  of 
length  Ax  and  approximate  the  water  elevation  X 
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and  velocity  u  by  piecewise  constant  functions  of 
position  X  and  the  time  interval  At. 

The  procedure  for  finding  the  solution  for 
Eq.  (16)  and  Eq.  (17)  consists  of  two  steps. 

Step  I 


Let  U„(x,T)  be  the  exact  solution  to  the 
following  initial  value  problem  for  nAT<t 
<(n*M)Ax, 


ur  = 


h 


Ui 


(i  <  X  <  (i  +~)  Ac,  X = nAx 

(i  — i)  Ax  <  X  <  (i  -hi)  Ax,  X = nAx 
i  =  (19) 


The  initial  data  consist  of  intervals  where 
the  solution  is  constant,  separated  by  jump  disconti¬ 
nuities  (Fig.  3a): 

U(x,  nAx)  =  U x  >  (i  4-  l/2)Ax 

(20) 

U(x,  nAx)  =  U“  X  <  (i  + 1/2) Ax 


(u)  ,2  =fJ(i+-^+r„)Ax,(n+LAT] 

2  2 

"4  1  1 

(^)  ,2=fJ(i+-+rJAx.(n+-)AT] 

i-h-  2  2 

2 

i  =  0,±14^,...  (22) 

then  the  piecewise  constant  solution  is  constructed 
as  (Fig.  3b): 

1  “■4 

u[x,(n+-)Ai:]  =  (u)  2  (23) 

2  i+— 

2 

2.[x,(n  +  l)AT]  =  (>.)’7 

2  i+- 

2 

where  iAx  <  x  <  (i  + 1) Ax . 

In  this  way  the  solution  advances  half  a 

time  step  from  time  x  =  n  •  Ax  to  time  (n  H“i)Ax . 


Step! 


Eq.  (16),  (17)  and  Eq.  (20)  represent  a 
Riemann  problem.  The  initial  conditions  at  two  sides 
of  an  imaginary  dam  are  known  at  time  nAx .  The 
new  solution  at  time  x+ Ax  is  sought,  after  breaking 
of  the  imaginary  dam.  The  method  for  solving  the 
Riemann  problem  can  be  found  in  [6]. 

If  the  Courant-Friedrichs-Levy  (CFL)  con¬ 
dition 

— XH.C)  ,21, 

is  satisfied,  where  C  is  the  local  celerity,  the  waves 
generated  by  Riemann  problem  at  every  grid  point 
cannot  propagate  more  Aan  one-half  the  length  of  a 
cell  (Fig.  3c).  Consequently,  the  local  solutions  of 
Riemann  problem  at  each  grid  point  can  be  obtained 
analytically  [6].  A  random  choice  method  is  used  to 
obtain  a  solution  for  the  whole  space  domain. 

Let  fu[x,(n+-j)A-i:],  fx[x,(n+^)AT]  (iAx 

<  X  <  (i  +  l)Ax  )  be  the  exact  local  solution  to  Rie¬ 
mann  problems  at  time  (n  +  l/2)Ax.  Let  r^  be  a 
random  number  from  a  uniform  distribution  in  the 
interval  [-1/2, 1/2], 


To  advance  the  solution  an  additional  half 
time  step  we  repeat  the  above  procedure,  but  with  a 
different  choice  of  random  number.  The  second  step 
is  finding  the  solution  of  Eq.  (16)  and  Eq.  (17)  in 
time  x  =  (n  +  l)‘Ax,  taking  Eq.  (38)  as  the  initial 
condition. 

The  same  procedure  as  before,  let 
fu[x,(n  +  l)Ax],  f;^[x,(n  +  l)Ax]  ((i+-i)Ax  <  x  <  (i 
3 

-f— )Ax)  be  a  sequence  of  the  exact  local  solutions 

to  Riemann  problems.  Then  we  construct  the  piece- 
wise  constant  solution  in  time  x  =  (n  +  l)-Ax  by 

using  random  number  r^  <  0  (Fig.  3c). 

Defining  at  every  i  +  1  position: 

(u)w  =f„[(i  +  l+rJAx,(n  +  l)At] 


0^)m  =fx[(i  +  l  +  r„)Ax,(n  +  l)AT] 

i  =  0,±1,±2,...  (24) 

The  piecewise  constant  solution  is  given  by 
u[x,(n+l)AT]  =  (u)|''"' 

(25) 
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p(x,  y,  2,  t)|^o  =  p  (X,  y,  Zj,  t)^  (x,  y) 


(26) 


X[x,(n  +  l)Ax]  =  (X)r' 


At  this  stage,  we  have  found  the  solution  of 
equations  of  (16)  and  (17)  at  time  (n  +  l)AT,  given 
the  initial  condition  at  time  nAt . 


i-l  i-l/2  i  i+I/2  i+1  x 


Fig.  3a 


i-l/2  i  i+1/2  i+1  i+3/2  x 


The  pressure  exerted  on  a  structure  on  the 
deck  is  given  by: 

p(x,  y,  z,  t)  =  p  a  J  (x,  y  ,Zd ,  t)(X  (x,  y)  -  z)  (27) 

where  (x,y,z)  in  deck-flow  coordinate  sys¬ 
tem  -xyz. 

Forces  on  Structures 

The  forces  exerted  on  deck  structures  (as 
well  as  bulwarks)  are  given  by: 

F(x,y,z,t)  =  JJp(x,y,z,t)nds  (28) 

S 

and  the  moment  about  an  origin  is: 

M(x,  y,  z,  t)  =  JJp(x,  y,  z,  t)  r  X  n  ds  (29) 

S  • 

where  h  is  unit  exterior  normal  to  the  wall. 

Forces  on  Deck 

The  green  water  force  exerted  on  deck  is: 


Fig.  3b 


Fig.  3c 


Green  Water  Loads 
Pressure 

The  forces  and  moments  exerted  on  deck 
and  deck  structures  are  mainly  caused  by  the  hy¬ 
draulic  jump  and  the  impinging  water  jet.  The  pres¬ 
sure  exerted  on  deck  is  estimated  as  follows: 


Fz(t)  =  J| p(x,y,z,t)n3ds  = 

S 

“XXp  aj(x,y,z<,,t)^(Xi.yj,t)AXiAyj 
i  j 


(30) 


The  roll  moment  exerted  on  deck  about  the 
x-axis  is: 


M  ,  (t)  =  JJ  p(x,  y,  z,  t)n4ds  = 

S 

“ZXp  aj(x,y,z<,,t)A.(Xi,yj,t)yjAXiAyj 
i  j 


(31) 


The  pitch  moment  exerted  on  deck  about 
the  y-axis  is: 


M  y  (t)  =  j|  p(x,  y,  z,  t)n  jds  = 

S 

XXp  a2(x,y,z<j,t)A.(Xi,yj,t)XiAXjAyj 
i  j 


(32) 
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WATER  INTERACTION  AT  DECK  BOUND¬ 
ARY 

The  solution  of  shallow  water  flow  found 
by  Glimm’s  method  is  based  typically,  on  the  as¬ 
sumption  that  the  bulwark  height  is  infinitely  high, 
so  that  no  water  interaction  takes  place  at  the  bound¬ 
ary.  In  fact,  water  flow  across  the  deck  boundary 
depends  upon  the  deck  motion  and  the  water  flow  on 
deck.  A  flow  flux  method  has  been  adopted  to  deal 
with  flow  interaction  at  the  boundary. 

Deck  Geometry  Boundary 

The  deck  profile  defined  in  the  simulation 
model  can  be  either  the  bow  deck,  or  the  complete 
ship  deck,  even  a  part  of  deck.  The  computational 
area  consists  of  xNy  rectangular  cells.  The  deck 

profile  then  automatically  is  distributed  on  the  com¬ 
putational  grids.  The  computation  starts  at  the  deck 
boundary  grid.  The  computational  domain  consists 
of  two  areas:  and  fio„,(Fig.  4).  is  an 

imaginary  area  outside  the  deck  boundary. 


Fig.  4  Computational  domain 


Hydraulic  flow  model 

Usually  a  vessel  has  bulwarks  around  the 
bow  and  some  openings  along  the  deck.  The  flow 
through  freeing  ports  depends  upon  the  pressure 
difference  along  the  boundary  between  the  outer 
region  and  inner  region  . 

In  a  practical  way,  we  may  assume  that  the 
flow  can  be  treated  as  steady  flow  over  a  weir.  The 
water  elevation  along  the  deck  boundary  in  the  outer 
region  is  estimated  at  each  time  step  by  using  the 
empirical  correction  procedure  described  in  Fig.  1. 
Total  water  elevation  at  the  deck  boundary  may  be 
corrected  at  each  time  instant  by  adding  or  subtract¬ 


ing  water  amount  based  on  the  water  elevation  dif¬ 
ference  at  two  sides  of  the  deck  boundary. 

The  interaction  of  deck  water  with  water  in 
the  outer  region  is  illustrated  for  the  following  two 
cases. 

Case  I:  hi,>0,ha<0 

In  Fig.  5,  q  is  the  reference  coordinate, 
h^  ,hb  are  the  water  depths  at  two  sides  of  a  bul¬ 
wark  relative  to  the  top  of  bulwarks.  The  ideal  flow 
velocity  at  depth  q  may  be  easily  computed  by  con¬ 
verting  the  static  head  q  into  a  velocity  head  ac¬ 
cording  to  Bernoulli’s  equation  v  =  ^[igq  . 

Integrating  over  the  depth  we  obtain  the 
flow  rate  over  the  bulwark: 

Q"  =  |v  d?  =  J  =  |hb  VzihT  (33) 

0  0  ^ 


Fig.  5  Flow  through  scuppers  and  over  bulwarks 

Case  2:  h^  >hb  >0 

In  this  case,  the  flow  rate  will  be: 

Q-=~(2h,+hb)V2g(h,-hb)  (34) 

Water  elevation  on  Deck  Boundary  Grid  in  Inner 
Domain 

Assuming  water  flow  rate  Q  to  be  constant 
in  the  ship  motion  interval  Dt ,  the  water  amount  in 
or  off  the  deck  boundary  will  be: 
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Vw  =Ax,yXQxDt 


(35) 


where  is  the  area  coefficient,  equal  to  Ay  x  1.0 

in  the  x-direction  and  Ax  x  1.0  in  y-direction. 

Assuming  this  part  of  water  amount 
only  distributed  over  the  boundary  cell  at  initial  time 
to ,  thus  the  water  depth  translated  onto  the  bound¬ 
ary  cell  will  be. 


hout(x,y,t)  = 


AxxAy 


The  total  water  height  on  boundary  cell  at 
initial  time  to  will  be  the  combined  results  of  the 
new  coming  water  with  water  in  last  time  step. 


h(xo,yo,to)  =  h(xo,yo,to-Dt) 

+  houi(xo»yo»to) 


(37) 


This  water  depth  is  added  to  the  two  grid 
points  of  first  cell.  The  similar  procedure  is  applied 
to  the  boundary  in  y-direction. 

According  to  experimental  observations  for 
a  moored  vessel,  the  piled  up  water  around  the  bow 
like  a  vertical  wall  in  the  outer  region  translates  onto 
deck  boundary,  its  horizontal  velocity  being  almost 
zero  [12].  Thus  the  horizontal  velocity  of  the  water 
column  at  the  grid  points  along  deck  boundary  at 
initial  time  is  assumed  to  be  zero. 


RESULTS 


Based  on  the  method  described  above,  a 
prediction  tool  of  green  water  dynamics  has  been 
designed.  To  validate  the  method  of  the  time  domain 
simulation  module,  extensive  comparative  studies 
have  been  carried  out. 


Dam-Breaking  Problem:  Comparison  with  The¬ 
ory 

Using  Glimm’s  method  the  dam-breaking 
problem  [15]  can  be  solved  numerically.  Values  of 
water  depth  and  velocity  are  computed  at  grid 
points.  In  initial  state,  the  water  depth  is  taken  to  be 
lO.m  on  right  side  of  the  dam,  the  left  side  without 
water.  Fig.  6  and  Fig.  7  show  the  values  of  water 
height  and  velocity  obtained  analytically  [15]  and 
numerically  at  the  instant  of  t  =  1.0  s. 


.30  ^  .10  0  10  20  30 

Distance  from  dam  (m) 


Fig.  6  Comparison  of  water  depth  of  dam-breaking 
problem 


Distance  from  dam  (m) 


Fig.  7  Comparison  of  velocity  of  dam-breaking 
problem 


Dam-Breaking  Impact  Model  Test 

Model  tests  of  a  reservoir-breaking  impact 
on  a  structure  were  performed  at  MARIN  to  investi¬ 
gate  green  water  impact.  A  set  up  overview  of  the 
test  is  given  in  Fig.  8. 


Fig.  8a  The  locations  of  water  depth  probes  (in  mm) 
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Fig.  8b  The  location  of  pressure  transducers  (in 
mm) 

At  the  beginning  of  the  test,  water  was  lo¬ 
cated  in  the  reservoir  area  on  the  right  hand  side  of 
the  flap  with  a  depth  of  0.60  m.  At  the  moment  the 
flap  was  lifted,  the  vertical  wall  of  water  in  the  res¬ 
ervoir  area  crashed  into  the  flow  area,  resulting  in  a 
high  speed  jet  impact  on  the  impact  plate  at  the  left 
side  of  the  flow  area. 

The  comparisons  of  simulation  results  with 
experimental  measurements  are  presented  in  Fig.  9 
to  Fig.  11.  The  total  simulation  time  length 
Tn  =  6.0  s  ,  the  corresponding  ship  motion  time 
interval  Dt  =  0.1s.  The  grid  space  length  Ax  = 
0.01  m  and  the  time  step  of  flow  simulation 
AT  =  Dt/nj,  n^is  determined  according  to  CFL 
condition  at  every  ship  motion  time  interval  Dt .  The 
pressure  formula  used  in  this  simulation  is  simplified 
to  the  normal  hydrostatic  pressure  p  =  p  g(X-z) . 

The  figures,  suggest  that  the  water  flow 
progression  and  the  water  jet  impact  are  simulated 
quite  well.  The  vertical  motion  of  flap  is  assumed  to 
have  an  infinite  vertical  velocity  at  the  beginning 
instant.  Test  records  showed  that  even  for  a  repeat 
test,  the  test  results  are  not  exactly  same.  The  high 
frequency  fluctuation  of  pressure  records  in  Fig.  1 1 
may  result  from  the  dynamic  response  of  the  trans¬ 
ducer  attached  to  the  impact  plate.  Experiments  and 
simulations  carried  out  by  Stansby  et  al.  [16]  also 
suggest  that  dam-break  flow  is  modelled  correctly 
by  means  of  shallow  water  theory. 


Fig.  9  Water  depth  at  Hi 


Fig.  10  Water  height  at  H2 


Green  Water  Impact  Model  Test  On  A  Typical 
Tanker  With  A  Large  Flare  Bow 

A  comparative  study  has  been  carried  out 
with  green  water  impact  model  test  of  a  typical 
160,000  tDWT  tanker  moored  in  regular  head 
waves. 

The  model  tests  have  been  reported  by 
Buchner  [1].  To  investigate  the  effect  of  flare  on  the 
relative  motion  and  green  water,  a  significant  flare 
above  the  waterline  was  made  shown  in  Fig.  12  with 
the  dash  lines.  A  drawing  of  the  instrumented  fore¬ 
deck  of  the  ship  is  shown  in  Fig.  13.  No  bulwark 
was  placed  around  the  bow.  To  simulate  a  turret 
protection  house  or  superstructure,  an  instrumented 
vertical  wall  was  used  in  this  test  (see  Fig.  14).  The 
main  particulars  are  given  in  Table  1. 
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Denomination 


Length  (between  perpendiculars) 
Breadth 

Draft  (even  keel) 

Freeboard 

Depth 

Displacement  weight 
COG  above  base 
COG  forward  of  midship 
Longitudinal  radius  of  gyration 
Pitch  period 

Heave  Period  • _ 


Dimension 


260.34  m 

47.10  m 
17.52  m 

8.88  m 
26.40  m 
183053.  t 
14.22  m 
+6.72  m 

65.10  m 
11.0  s 
11.3  s 


The  dimension  of  the  bow  deck  in  the 
simulation  is  as  following:  =  34.6875  m.  By  = 

47.50  m.  The  grid  number  used  is  NxXNy  = 

21x25  .  The  flare  angle  at  station  19.5  is  27  deg. 

Fig.  15  to  Fig.  17  are  the  water  depths  on 
deck.  The  hydraulic  jumps  have  been  well  simu¬ 
lated.  Especially  the  very  steep  water  front  has  been 
captured  with  accurate  phase.  The  phenomena  of 
double  peak  due  to  water  interfere  has  been  well 
described  in  Fig.  17  and  Fig.  16.  The  water  height  of 
bores  at  forward  part  of  deck  is  almost  constant 
during  flowing  and  be  reduced  in  height  due  to  the 
interfere  of  transverse  water  fronts.  In  Fig.  17,  in 
front  of  the  structure,  due  to  the  piled  up  of  water  jet, 
the  hydraulic  jump  reaches  two  times  as  high  as  in 
location  H4  in  Fig.  16.  Fig.  20  is  the  impact  pressure 
on  deck;  Fig.  21  is  the  impact  pressure  on  the  struc¬ 
ture  (see  Fig.  14).  In  Fig.  18  and  Fig.  19,  the  maxi¬ 
mum  peak  pressure  has  been  correctly  predicted. 


Fig.  13  Foredeck  of  a  tanker 


Fig.  14  Vertical  bulkhead  on  deck  (in  m)  located 
34.69  m  form  bow  stem 


5.M1 


Time  (sec.) 


Fig.  15  Water  depth  on  deck  at  location  H6  (0.69  m 
from  the  bow  stem) 


Fig.  16  Water  depth  on  deck  at  location  H4  (19.69  m 
from  stem) 


Fig.  17  Water  height  on  deck  at  location  H9,  in  front 
of  impact  plate  (33.84  m  from  the  stem) 


Time  (sec.) 


Fig.  18  Pressure  on  deck  (17.19  m  from  the  stem) 


Fig.  19  Impact  pressure  on  transducer  F2  (34.69  m 
bulkhead  from  stem) 


Additional  comparisons  between  simula¬ 
tions  and  model  tests  have  been  made  for  a  tanker 
with  a  different  bow  shape.  A  few  relevant  results 
are  shown  below.  A  bulwark  with  a  height  of  1.4  m 
was  placed  around  the  ship  bow.  Rare  angle  of  ship 
hull  is  30  deg.  The  computational  grid  is 
N^jXNy  =  41x21,  the  time  interval  of  ship  motion 

simulation  is  about  0.36  s. 

Fig.  20  shows  a  comparison  of  the  relative 
motion  at  F.P.,  which  is  an  example  of  ship  motion 
results  obtained  by  using  the  large  amplitude  ship 
motion  code  referred  to  in  [11].  Fig.  21  shows  the 
time  series  of  water  height  on  outer  deck  boundary. 
The  prediction  of  relative  motions  at  bow  and  abso¬ 
lute  motions  of  the  ship  ensure  the  correct  amplitude 
and  phase  of  the  deck  motion. 

The  height  and  phase  of  the  hydraulic 
jumps  show  similar  agreement  as  in  the  previous 
case.  Fig.  22  shows  the  green  water  pressure  on 
deck.  Fig.  23  and  Fig.  24  shows  the  total  water  im¬ 
pact  moment  exerted  on  the  vertical  bulkhead. 
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Impact  pressure  on  deck  PD,  (kPa)  21  Water  depth  along  ■)«*  boundary  H^^lrn)  Relative  motion  at  FPD  R.  (ml 


ig.  20  Relative  motion  at  F.P.  in  severe  head 
waves  (amplitude:  9.73  m) 


21  Measured  time  series  of  water  height  along 
deck  boundary  in  bow  region. 


Fig.  22  Pressure  on  deck  (13.26  m  from  the  bow 
stem) 


Fig.  23  Impact  moment  exerted  on  vertical  bulkhead 
aft  of  F.P. 


DISCUSSION 

Influence  of  Green  Water  on  Ship  Motions 

The  influence  of  deck  water  on  the  ship 
motions  and  on  the  bending  moment  lies  outside  the 
scope  of  this  paper.  However,  it  should  be  pointed 
out  that,  the  pitch  motion  and  phase  in  short  waves 
can  be  influenced  by  water  flow  on  deck,  whereas 
the  influence  in  the  longer  waves  small  [2],  The 
computation  examples  presented  in  this  paper  apply 
to  long  waves.  In  this  case,  the  predicted  relative 
motion  of  the  ship  is  quite  accurate  without  the  in¬ 
fluence  of  the  deck  water  effect. 

Influence  of  Grid  Size 

Grid  size  may  influence  simulation  results. 
The  first  factor  of  influence  is  the  application  of 
Glimm’s  method  in  which  different  cell  numbers  or 
the  space  step  size  Ax,  Ay  were  adopted.  If  the  CFL 
condition  is  satisfied,  the  influence  of  grid  size  on 
simulation  results  can  be  limited  to  a  known  accept¬ 
able  level.  The  second  factor  is  induced  by  imposing 
the  deck  boundary  condition  on  the  boundary  grid. 
Since  a  fluid  flux  method  was  adopted  to  deal  with 
the  water  interaction  at  boundary,  see  Eq.  (38),  the 
water  height  on  the  boundary  grid  varies  according 
to  the  size  of  grid,  which  will  influence  the  compu¬ 
tations.  However,  according  to  dam-breaking  theory, 
the  possible  maximum  difference  will  be  less  than 
4 

—Ah  at  the  boundary  grid. 

Fig.  24  is  an  example  of  the  influence  of 
the  grid  number  on  water  height.  The  figure  shows 
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that  the  influence  of  grid  size  in  the  method  pre¬ 
sented  in  this  paper  is  fairly  limited. 


Fig.  24  Influence  of  grid  size  on  water  height 
simulation 


Numerical  Stability 

Since  Glimm’s  method  is  unconditionally 
stable,  the  method  presented  in  this  paper  to  simulate 
the  3-D  green  water  dynamics  does  not  suffer  from 
any  numerical  stability  problems. 

Fig.  25  is  an  example  of  the  water  height  on 
deck  comparison  for  duration  simulation.  The  simu¬ 
lation  is  stable,  which  suggests  that  the  treatment  of 
the  boundary  conditions  is  successful  without  dis¬ 
turbing  the  inner  domain  computation. 


Fig.  25  Long  duration  simulation  of  water  height  on 
deck  (tanker  in  head  waves). 


Pressure  Formulation 

In  the  present  method  the  pressure  exerted 
by  water  on  deck  is  based  on  a  hydrostatic  concept 
with  the  absolute  vertical  (ship-fixed)  deck  accel¬ 
eration,  see  eq.  (26)  and  (27).  Fig.  26  shows  for  one 
case  a  comparison  between  this  pressure  formulation 
and  a  similar  formulation  where  the  vertical  accel¬ 
eration  az  (t)  is  replaced  with  the  gravitational  accel¬ 
eration.  In  this  case,  the  static  pressure  component  is 
still  a  predominant  part.  However,  the  correct  pre¬ 
diction  of  hydraulic  jump  height  is  very  important  in 
the  pressure  computation. 


0  10  20  30  40  so  60 

nma  (sec.) 


Fig.  26  Comparison  between  different  pressure 
formulations 


CONCLUSIONS 

The  three-dimensional  nonlinear  green  wa¬ 
ter  has  been  studied  systematically.  A  time  domain 
simulation  approach  has  been  developed.  Extensive 
comparisons  have  been  carried  out  to  validate  the 
accuracy  of  the  method.  The  following  conclusions 
apply: 

1.  Coupling  the  3-D  shallow  water  equations  to  a 
large  amplitude  ship  motion  model  is  a  reliable 
approach  for  predicting  water  on  deck  dynamics 
in  terms  of  height  and  pressures. 

2.  The  water  height  at  the  deck  edge  is  not  the 
same  as  the  relative  motion  exceedance  at  the 
location.  Therefore,  the  methodology  does  re¬ 
quire  some  empirically  based  input:  model  tests 
provide  quantitative  information  on  water 
height  at  the  deck  edge  as  a  function  of  relative 
motion. 
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3.  Maximum  deck  pressures  are  predicted  well 
using  a  quasi-hydrostatic  formulation  based  on 
the  instantaneous  hydraulic  jump  height  and  ab¬ 
solute  vertical  (ship-fixed)  acceleration  at  a 
point  on  the  deck. 
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ABSTRACT 

The  paper  presents  progress  with  the  development  of  the  time-domain  Rankine  Panel  Method  SWAN  for 
the  simulation  of  steady  and  unsteady  free  surface  flows,  forces  and  responses  of  realistic  ships  in  calm 
water  and  in  waves.  The  relevant  free  surfece  boundary  value  problems  are  reviewed,  the  fundamental 
stability  analysis  und^lying  the  spatial  and  temporal  discretization  of  the  governing  equations  is  presented 
and  applications  of  the  method  are  discussed.  Th^  include  the  prediction  of  the  resistance  of  a  sailing  yacht, 
a  high-speed  transom  stem  semi-displacement  ship,  the  wave  pattern  and  motions  of  multi-hull  vessels,  the 
second-order  maneuvering  forces  of  a  ship  in  waves  and  the  nonlinear  seakeeping  of  a  containership  in  steep 
oblique  waves. 


1.  ESIRODUCTION 

Computation  is  gaining  ground  as  a  versatile, 
reliable  and  inexpensive  tool  in  ship  design.  The 
last  two  decades  have  witnessed  the  development 
of  a  broad  spectrum  of  computational  methods 
for  the  simulation  of  ideal  and  viscous  flows  past 
realistic  ship  fains,  which  are  finding  their  way 
to  the  desk  of  ship  designos  and  naval  architects. 
A  surv^  of  such  developments  is  presented  by 
Beck,  Reed  and  Rood  (1996),  Larson  (1996)  and 
Sclavounos  (1996).  Recent  progress  has  been 
reported  in  the  proceedings  of  the  Naval 
Hydro(fynamics  Symposia  and  the  Numerical 
Ship  Hydrodynamics  Conferences. 

An  important  class  of  Computational  Fluid 
Dynamic  (CFD)  methods  has  been  developed  for 
the  solution  of  &e  potential  flow  past  ships  in 
calm  water  and  in  waves.  Ideal  fluid  effects  are 
known  to  be  important  ft>r  the  prediction  of  the 
ship  wave  pattern,  flow  properties  along  the  ship 
huU,  the  wave  resistance,  a  potion  of  the  induced 
resistance  of  ships  and  the  ship  seakeeping 


properties.  The  flow  within  the  ship  boundary 
layer,  its  wake  and  into  the  flow  regime  where 
propulsos  are  located  as  well  as  into  a  significant 
portion  of  the  ship  wake  requires  the  solution  of 
the  free  surface  Navier  Stokes  equations,  a  task 
curroitly  undertaken  by  several  studies. 

A  variety  of  free  surface  conditions  have  bear 
considered  for  the  solution  of  potential  flows  past 
ships,  ranging  from  the  classical  linear  Neumann- 
Kelvin  condition  to  the  fully  nonlinear  forward 
speed  free  surface  condition.  All  have  their  merits 
and  limitations.  The  pioneering  work  of  Dawson 
(1977)  demonstrated  that  such  ship  flows  may  be 
treated  numerically  by  the  distribution  of  Rankine 
sources  and  dipoles  ova  the  ship  hull  and  the  free 
surface  and  the  majority  of  solution  methods 
today  fell  into  that  category.  The  use  of  methods 
based  on  free-sur&ce  Rankine  singularity 
distributions  howeva  revealed  that  a  careful 
study  of  their  numaical  stability  propaties  was 
necessary  for  the  solution  to  be  robust,  accurate 
and  capable  to  resolve  the  broad  range  of  length 
scales  which  are  present  in  steady  and  unsteady 
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ship  wave  patterns.  This  task  was  undertaken  in  a 
sequence  of  rational  stability  studies  by 
Sclavounos  and  Nakos  (1988),  Nakos  and 
Sclavounos  (1990),  Vada  and  Nakos  (1993),  and 
Kring(1995). 

Early  versions  of  the  method  solved  the  linearized 
steady-state  and  time-harmonic  linear  free  surface 
flows  past  ships  [cf.  Nakos  and  Sclavounos 
(1990, 1993)],  hence  treating  analytically  time 
derivatives  in  the  free  surface  condition  and  ship 
motion  equations.  This  approach  enjoys  unique 
advantages  when  it  comes  to  the  simulation  of 
details  of  wave  patterns  generated  by  ships 
advancing  in  calm  water  and  in  regular  waves.  It 
is  however  limited  when  it  comes  to  the 
simulation  of  second-order  and  nonlinear  effects 
which  can  be  treated  more  naturally  in  the  time 
domain.  Such  an  extension  of  the  method  was 
therefore  developed.  The  linear  time  domain  ship 
seakeeping  problem  was  treated  by  Kring,  Nakos 
and  Sclavounos  (1993),  the  second-order  problem 
with  forward  speed  by  S.  Kim  and  Sclavounos 
and  Nielsen  (1997)  and  S.  Kim  (1998),  the 
nonlinear  ship  seakeeping  problem  by  Huang  and 
Sclavoimos  (1996)  and  the  second-order  zero- 
speed  problem  around  floating  structures  by  Y. 
Kim,  Kring  and  Sclavounos  (1996).  The 
application  of  SWAN  to  a  broad  range  of  ship 
and  offshore  structure  problems  has  been 
reviewed  by  Sclavounos  et  al.  (1996)  and  its  use 
as  a  CFD  ship  design  method  was  recently 
addressed  by  Sclavounos  and  S.  Kim  (1999). 

This  article  reports  on  recent  developments  of 
SWAN  for  the  treatment  of  linear  and  nonlinear 
ship  flows.  Section  2  formulates  the  free-surface 
boundary  value  problems  for  the  linear,  second- 
order  and  nonlinear  forward-speed  flows  and 
responses  of  ships.  More  details  may  be  found  in 
the  above  references  and  in  several  doctoral 
dissertations  completed  at  MIT  over  the  past  10 
years  which  detail  the  various  stages  in  the 
development  of  the  method.  Sections  3  and  4 
summarize  the  Rankine  panel  method  and  the 
stability  properties  of  the  discretization 
algorithms  underlying  the  solution  of  the  zero- 
and  forward-speed  time-domain  flows  past  ships. 


Section  5  describes  the  performance  of  the  linear 
version  of  SWAN  in  predicting  the  wave 
resistance  and  seakeeping  of  realistic  hull  forms, 
including  an  Americans  Cup  yacht,  a  high-speed 
semi-displacement  mono-hull  and  a  tri-maran 
hull  foim.  Section  6  addresses  the  solution  of  the 
second-order  forward-speed  problem  around 
ships  with  finite  steady-state  or  slowly-varying 
velocities  in  surge-sway-yaw.  Second-order 
effects  are  important  in  a  variety  of  contexts  in 
ship  hydrodynamics.  They  include  the  evaluation 
of  the  slowly-varying  wave  forces  acting  on 
vessels  undergoing  a  maneuver  in  waves.  Such 
wave  effects  are  time-dependent,  quadratic  in  the 
wave  ^plitude  and  important  in  Ae  evaluation 
of  the  course  keeping  in  waves.  A  second 
problem  of  critical  interest  to  the  offshore 
industry  is  the  position  keeping  of  FPSO's,  ship¬ 
like  vessels  moored  offshore  for  the  exploration 
and  extraction  of  hydrocarbons  from  deep-water 
reservoirs. 

Section  7  describes  recent  extensions  of  SWAN 
to  the  nonlinear  seakeeping  problem  of  ships  in 
steep  oblique  waves.  The  weak  scatterer  method 
which  has  been  demonstrated  in  earlier  SWAN 
studies  to  be  very  accurate  in  steep  head  waves 
has  been  extended  to  oblique  waves. 
Computations  of  the  motions  of  a  containership 
advancing  with  forward  velocity  in  oblique  waves 
are  presented  and  shown  to  be  in  very  good 
agreement  with  experiments,  presenting  a 
significant  improvement  over  the  linear  version 
of  the  method.  Section  8  presents  a  summary. 

2.  FTtEE-SIJM’ACE  BOUNDARY  VA^ 
PROBLEMS 

Consider  a  ship  in  the  presence  of  incoming 
waves.  A  body-fixed  Cartesian  coordinate 
system,  jc  =  (x,  y,  z) ,  is  defined  in  Fig.  1  with  the 
positive  z-axis  pointing  upwards  and  the  positive 
x-axis  pointing  upstream.  The  ship  is  assumed  to 
translate  with  velocity  u . 
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Fig.  1  Coordinate  system 

Assume  that  the  fluid  is  ideal  and  the  flow 
irrotational.  A  total  flow  velocity  potential  'F(x,/) 
may  thus  be  defined,  governed  by  the  Laplace 
equation  in  the  fluid  domain.  In  Ais  study,  three 
distinct  formulations  are  considered  for  the  linear, 
second-order  and  nonlinear  forward-speed 
problems,  respectively. 


The  velocity  potential  is  decomposed  into  the 
incident-wave  and  perturbation  potentials.  The 
linear  and  second-order  incident  wave  potentials 
can  be  expressed  as  follows: 


«’i,o  =  } 


(7) 


«»2,o  =  Re{  "  (g) 


2.1  Linear  and  Second-Order  Forward-Speed 
Problems 

Perturbation  series  expansions  for  the  velocity 
potential  'F(3c,0  and  wave  elevation  are 
assumed,  leading  to  the  definition  of  linear, 
second-  and  higher-order  quantities. 


'FCx,  0  =  <I)(x,  0  +  (x,  0  +  (Pz  (Xy  t) + ....  (1 ) 

TJ(X,  t)  =  (X,  t)  +  ^2  0  +  •••••  (^) 

Here,  O  is  the  basis  flow  potential,  and  and 
are  the  linear  and  second-order  wave 
potentials,  respectively.  Up  to  second-order,  the 
free-surface  boundary  conditions  take  the  form: 

Linear 


[A-(i7-V4>)  V]?),  +  gs-,=t/-V<l>-ivO-V®  (3) 

dt  2 


[1  (P-V<t>)-V]g, 
dt 


d(Pi  _ 

dz  dz^ 


(4) 


where  o)j  is  the  frequency  of  the  j-th  wave 

component.  The  second-order  wave  consists  of 
two  distinct  components  arising  from  the  sum- 
and  difference-frequency  contributions. 

The  linear  and  second-order  hydrodynamic  forces 
can  be  obtained  by  integrating  the  pressxire  of  the 
respective  order. 


^2  =  ds+^pgjg^n  dl 

Ot  I  ^  wl 


where  are  the  wata*  density  and  the  umt 

vector  normal  to  the  ship  hull  and  pointing  out  of 
the  fluid  domain.  The  line  integral  in  the 
definition  of  the  second-order  force  is  defined 
over  the  static  water  line,  and  involves  the  square 
of  the  wave  elevation. 
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2,2  Nonlinear  Forward-Speed  Problem 

When  the  ship  advances  with  a  constant  forward 
speed  u  in  steep  waves,  the  seakeeping  problem 
is  treated  by  the  weak-scatterer  approximation.  In 
this  formulation,  the  total  velocity  potential  is 
decomposed  as  follows: 


T (x, t)  =  <D(5c, /) + ^(x, t)^(pQ{x,t)+<p{x,t)-  (10) 


Here,  <I)  and  ^  are  the  basis  and  impulsive  flow 
potentials,  while  and  ^  are  the  prescribed 

incident  wave  and  the  memory  potentials, 
respectively.  In  particular,  the  basis  flow  is  the 
solution  of  a  boundary  value  problem,  which 
assumes  a  no-flux  condition  on  all  solid 
boundaries  and  the  free  surface  defined  by  the 
known  incident  wave  elevation.  Similarly,  the 
total  wave  elevation  7(x,y,/)  is  decomposed  into 
two  components, 

rj{x,y,t)  =  i;^{x,y,t)  +  g(x,y,t)  (11) 

where  denote  the  incident  and  disturbance 
wave  elevations,  respectively. 


dt 


-{u-v^-v^-V(p,yv 


— -((7-Vo)-V  (P  +  ivct-VO- 

La/  '  ’  \  2 


(13) 


-(i7-va)-Vji)-v  ^+iv(!S-v^s- 


01 


5-_(<D  +  ^  +  <Z»„) 
dz 


The  ship  motion  equations  take  the  form, 

(M  +  a„)|  +  + (C  +  (14) 

where  the  matrix  coefficients  represent 

the  impulsive  flow  forces  proportional  to  the  ship 
acceleration  | ,  the  velocity  ^  and  the 
displacement  | ,  respectively.  M  and  C  are  the 
mass  and  restoring  coefficient  tensors.  In 
addition,  is  the  integrated  memory  force 

arising  from  surface  wave  effects,  obtained  from 
the  solution  of  the  surface  wave  flow  around  the 
ship  in  waves. 


Assuming  that  the  basis  flow,  O ,  the  impulsive 
flow,  (f) ,  and  the  incident  wave  flow,  (p^  provide 

the  dominant  contributions  to  the  total  wave  flow, 
the  free  surface  conditions  with  respect  to  (p  and 
g  may  be  linearized  about  ^  =  g^{x,yj)  ?  as 
follows: 


(12) 


dz^  dz^ 


^  d(Po 
dz  dz 


V^o 


3.  RANKBNE  PANEL  METHOD 

The  solution  algorithm  is  based  on  a  three- 
dimensional  Rankine  panel  method  derived  from 
the  studies  of  Sclavounos  &  Nakos  (1988)  for  the 
steady  wave  flow  problem  and  Nakos  and 
Sclavounos  (1990)  for  the  time  harmonic 
problems.  Recently,  extensions  of  this  method 
were  introduced  by  Y.  Kim,  Kring  and 
Sclavounos  (1997),  S.  Kim,  Sclavounos  and 
Nielsen  (1997)  and  Huang  and  Sclavounos 
(1998). 

The  boundary  of  the  fluid  domain  is  discretized 
into  quadrilateral  panels,  and  the  physical 
variables  are  represented  with  a  higher-order  B- 
spline  basis  function.  The  velocity  potential 
adopts  the  representation, 
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>  (15) 

j 

where  Bj(x,)  is  the  B-spline  basis  function  of 
order  (p,q) ,  defined  relative  to  the  local  panel 
coordinates  (^^,^2)  •  approximation  is 

applied  to  the  wave  elevation  and  normal  velocity 
over  the  fluid  boundaries. 

According  to  Green’s  theorem,  the  velocity 
potential  and  normal  velocity  over  the  fluid 
boundaries  are  related  by  the  integral  relation 


(<p,)Tb,j  +(<p,)T  (16) 

-(^)T 

where  the  superscript  denotes  the  time  step,  and 
the  Green  function  is  the  Rankine  source.  Here, 
symbolizes  all  velocity  potentials  involved. 


The  free  surface  conditions  are  integrated  using  a 
modified  Euler  scheme.  In  this  scheme,  the  free 
surfrce  elevation  is  obtained  from  the  kinematic 
free  surfece  condition. 


(17) 

At 


and  the  velocity  potential  from  the  dynamic 
condition. 


The  nonlinear  equation  of  motion,  (14),  is 
numerically  integrated  using  a  fourth-order 
Adam-Bashford-Moulton  predictor-corrector 
scheme.  The  first  four  time  steps  were  integrated 
by  a  fourth-order  Runge-Kutta  scheme.  Kring  and 
Sclavounos  (1995)  showed  that  this  method  is 
stable  as  long  as  a  set  of  conditions  governing 
temporal  and  spatial  discretization  are  met.  Note 
that,  in  the  we^-scatter  formulation,  the 
nonlinear  restoring  force  has  been  included  in  C, 
while  only  the  linear  inertia  has  been  considered 
inM. 

The  enforcement  of  the  radiation  condition  is  also 
necessary  over  the  truncated  region  of  the  free 
surfece  computational  domain.  In  the  present 
computation,  a  numerical  dissipative  beach  is 
employed.  Over  this  artificial  beach,  the  method 
introduces  a  Newtonian-type  cooling  term,  , 
into  the  kinematic  free  surfece  condition  together 
with  an  extra  term,  >  ^dded  to  ensure  no 
change  of  the  linear  dispersion  relation  when 
^  =  -^2  /  4g .  Details  are  presented  in 

Nakos(1993). 

4,  STABILITY  ANALYSIS 

The  stability  analysis  for  the  current  Rankine 
panel  method  using  B-spline  basis  functions  can 
be  found  in  the  studies  of  Sclavounos  &  Nakos 
(1988)  for  the  steady  state  and  Nakos  and 
Sclavounos  (1990)  for  the  time-harmonic 
problems,  respectively.  Nakos  (1993)  extended 
the  method  to  the  unsteady  time-domain  problem. 


W'  (Vi)"  ^  .  (18) 

At 


P  and  Q  are  the  forcing  terms,  which  are  defined 
in  equations  (3),  (4)  or  (12),  (13).  It  should  be 
noted  that  the  wave  elevation  obtained  from 
equation  (17)  is  used  as  input  in  equation  (18). 
Combining  equations  (17)  and  (18)  with  the 
boimdary  integral  equation  (16),  allows  the  values 
of  the  velocity  potentials  on  the  submerged  body 
surface  and  the  normal  velocities  on  the  free 
surface  to  be  updated. 


The  stability  analysis  considers  the  propagation 
of  surfece  waves  over  a  discrete  domain,  hence 
only  the  free  surface  is  considered.  Furthermore, 
it  is  assumed  that  the  panel  dimensions  in  the  x- 
and  y-directions  are  constant.  Ax, Ay.  The  spatial- 
temporal  discrete  Fourier  transform  and  its 
inverse  are  introduced  in  the  form: 

f(u,v,6))  =  AxAyAtx 

-(^)  iiulAx+vmAy-an£U) 

2^  2md  2ij  ^ 

1  m  n 
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Their  use  plays  a  central  role  in  the  Neumann 
stability  analysis  discussed  next 

4.1  Zero-Speed  Problem 

When  the  discrete  Fourier  transform  is  applied  to 
Green’s  theorem,  (16),  and  free  surface 
conditions,  (17)  and  (18)  with  zero  speed,  the 
velocity  potential  takes  the  form: 


(-iy*'As(vAsy*' _ ^ 

(vAs  +  2ny*'-J(uAsy  +  (vAs  +  2;r)^ 

(-!)""*  A5(«A;)'’*‘ _ 

(uAs  +  ■^/(uAs  +  +  (vAsY 

_ (-l)^^'^^A?(t/Ay)'’^'(vA^)’^' _ 

(i/As  +  2iry*'  (vAs  +  2^y*'  ■JiuAs  +  2;r)^  +  (vAs  +  2;r)^ 
+  C)(Ar'’-^’"') 

(25) 

Therefore,  as  A/  ^  0 ,  it  is  easy  to  prove  that  the 
discrete  dispersion  relation  becomes 


r  =  ffl"  -  gVi/'  +  v"  +  0(As'’•^^  A<)  =  0  (26) 


where  the  denominator,  w ,  contains  all  when  p  =  q.  This  result  proves  consistency, 

information  about  the  dispersion  relation  namely  that  the  discrete  problem  reduces  to  the 

governing  the  propagation  of  surfece  waves  over  continuous  one  in  the  limit  as  the  panel  size  and 

the  discrete  free  surfece.  It  takes  the  form:  time  step  tend  to  zero. 


r  =  /7'Z'-(2^^-5)Z+y?'  (22) 

where  Z  =  c'“',  ^  =  .^A* / gA/S and  s  =AcB/5’(,. 
Here,  B  and  si,are  the  Fourier  transforms  of  the 

basis  function  and  its  integral  with  the  Rankine 
source  potential. 


B  =  Ar Ay  x 


V  V  +  J*w;r)sin^^\v;r  +  n^r) 

{{t7c+mny*\v7:-¥nny*' 


S..^. 


^  ^ _ sin^'*'^(u;r  +  w;r)sin^'^^(v;r  +  rifr) _ 

m=^n=^  {uTT  +  ntTtY^'^iyTt  +  n7^y'^'^](^i  +  mf  +  (v  +  rif 


where  u  =  uAxI^,  v  =  v^y /tv  •  The  discrete 
dispersion  relation,  (22),  must  reduce  to  the 
continuous  dispersion  relation  when  Ax,  Ay,  A/ 
tend  to  zero.  When  <9(  Ax,  Ay)  =  0(  As)  and  As  ->  0 , 
the  series  expansion  of  Ax/S  becomes 


A  separate  issue  is  temporal  stability,  which  can 
be  studied  using  the  above  results.  For  temporal 
stability,  the  roots  Z  of  equation  (22)  must  reside 
inside  of  unit  circle  in  the  complex  frequency 
plane.  Especially,  when  Z  is  on  a  unit  circle,  the 
scheme  becomes  neutrally  stable.  In  the  present 
scheme,  the  condition  for  neutral  stability 
becomes 


(27) 


Fig.2  shows  the  continuous  and  discrete 
dispersion  relations  when  a  =  1.0  and  =  i.o .  As 
shown  above,  when  Ax,  A/  0 ,  the  two  solutions 
approach  the  same  limit.  This  figure  supports  the 
fact  that  the  primary  source  of  discretization  error 
is  not  the  spatial  but  the  time  discretization. 
Therefore,  increasing  the  order  of  the  basis 
function  does  not  improve  the  solution  accuracy. 
Moreover,  the  group  velocity  becomes  zero  when 
ubxfln  ~  0.5,  leading  to  the  generation  of  the 
familiar  saw-tooth  waves,  present  in  many  free 
surface  Rankine  panel  mediods. 
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Fig.2  Continuous  and  discrete  dispersion  relation; 
a  =  l,^=:l,v  =  0,  C/  =  0 


uAx/27t 

Fig.3  Magnitude  of  two  solutions  of  equation 

(22);  £r  =  L0,y!?  =  O.5,C/-0,p  =  ^=2 

Fig3  shows  the  magnitude  of  the  two  solutions  of 
equation  (22)  when  a  =  1.0  and  =  0.5 .  In  this 
case,  a  bi-quadratic  basis  function  was  applied. 
The  magnitude  of  7^  becomes  larger  than  1  from 
a  certain  value  of  uhxfTju^  and  the  computation 
will  be  unstable  at  this  condition.  Fig.4  is  a 
contour  plot  of  Sl^0^  when  a  =  1.0.  Therefore, 
stable  computation  is  expected  when  <  1.0  - 


Fig.4  Contour  plots  of  SIA0'^  and  stability  zone; 

a  =  1.0,  (7  =  0,  p  =  q  =  2 

4.2  Forward-Speed  Problem 

The  stability  analysis  for  the  weak-scatterer 
formulation  is  too  complex  to  undertake  over  the 
surface  of  the  ambient  wave.  However,  when  the 
incident  wave  steepness  is  small,  the  classical 
linear  problem  is  recovered  and  its  stability 
properties  often  persist  in  the  nonlinear  problem. 
For  the  linear  free  surface  conditions, 


(28) 

(29) 

dt  dx  dz 


the  discrete  dispersion  relation  takes  the  form: 

(30) 

-  S'  +  F^D^)Z  + 

where  Ff,  =  U/4^  and  D  =  5,/B.  Moreover, 
is  the  Fourier  transform  of  the  first  derivatives 
of  the  basis  function  with  respect  to  ;c .  i)  takes 
the  form, 

5  _  ^  {u^r-¥m7ry  (31) 
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Here,  B  is  defined  in  equation  (23).  We  can 
easily  determine  that  Z)  is  a  function  of  u  only 
and  it  is  written  as 

D  =  uAx + )  (3  2) 

Equations  (31),  (32)  and  in  the  zero-speed  case, 
equations  (23)-(26),  are  the  general  forms  of 
Nakos’s  result,  which  is  valid  for  a  basis  function 
of  arbitrary  order. 


Fig.5  Contour  plots  of  H  and  |  Z^  |  and  the 
stability  zone;  a  =  =  3.0, v  -  0.5 


From  equations  (25)  and  (32),  the  limit  case  of 
equation  (30)  becomes 

#  =  (a>  - Uuf  - g4^FW-¥  =  0 ,  (33) 

recovering  the  continuous  dispersion  relation.  As 
in  the  zero-speed  problem,  a  condition  for 
temporal  neutral  stability  may  be  derived  from 
equation  (30)  in  the  form 

(34) 

45 

Nakos.  (1993)  suggested  a  similar  condition,  but 
equation  (34)  is  a  preferable  form,  which  takes 
into  account  the  negative  values  of  *s  and 

Fig.5  (a)  and  (b)  show  the  contour  plots  of  H  for 
the  piece- wise  constant  and  bi-quadratic  basis 
functions.  When  the  piece- wise  constant  basis 
function  is  applied,  this  result  corresponds  to  the 
two-point  central  difference  method.  It  is  obvious 
that  the  bi-quadratic  basis  function  offers  a  wider 
stability  zone.  Figure  (c)  shows  the  contour  of 
I Z,  1  in  the  same  condition  as  figure  (a)  and  (b). 
The  computation  will  be  unstable  if  |  Zj  |  is 
greater  than  1 .0,  and  this  contour  plot  is 
consistent  with  figure  (b),  proving  that  equation 
(34)  is  correct. 


relations;  a  =  1 .0,^  =  2.0, F,  =  1 .0 
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Fig.7  Residuary  resistance  of  an  America’s  Cup 
yacht 


Fig.6  shows  the  continuous  and  discrete 
dispersion  relations  for  different  wave  numbers, 

V .  As  shown  in  equation  (33),  the  two  solutions 
are  very  close  near  (MAx,fiA/)/2;r = (0,0)  -  However, 
in  shorter  waves,  a  larger  discrepancy  is  found. 
Moreover,  there  exist  frequencies  where  the 
group  velocity  vanishes.  These  pose  a  significant 
threat  to  the  overall  performance  of  the 
computation,  it  is  therefore  very  important  to 
keep  a  fine  spatial  resolution. 

5  Linear  Forward-Speed  Problem 

The  prediction  of  the  ship  wave  pattern  and 
resistance  is  important  in  ship  design.  This 
section  presents  comparisons  between 
measurements  and  computations  of  the  wave 
resistance  and  seakeeping  of  three  realistic  hull 
forms,  using  the  linear  version  of  SWAN. 

Fig,7  compares  the  residuary  resistance  of  an 
America’s  Cup  yacht  cruising  upright  at  a  Froude 
number  of  0.3 .  At  each  speed  the  yacht  is  allowed 
to  sink  and  trim.  Moreover,  the  apparent 
lengthening  of  the  wetted  length  of  the  yacht  due 
to  the  overhangs  near  the  bow  and  stem  has  also 
been  taken  into  account 

Fig.8  and  Fig.9  illustrate  the  steady  wave  pattern 
and  the  residuary  power  of  the  FastShip™,  a 
770ft  40knot  containership  being  considered  for 
service  across  the  Atlantic  with  a  wide  and 
shallow  transom  stem. 


Fig.8  Steady  wave  pattern  of  FastShip™ 


Fig.9  Residuary  power  of  FastShip™ 


Fig.l0  Kelvin  wave  pattern  of  a  trimaran  vessel 
advancing  at  Froude  numbers  0.42  and  0.49 

In  Fig.9,  the  residuary  resistance  of  the 
FastShip™  predicted  by  SWAN  is  compared  with 
the  measur^  values.  The  residuary  resistance 
was  evaluated  as  the  sum  of  the  wave  resistance 
computed  by  SWAN  and  an  induced  resistance 
component  that  depends  on  the  geometry  of  the 
transom  stem.  The  induced  resistance  of  the 
FastShip™is  found  to  be  significant  and 
relatively  constant  across  the  speed  range  shown 
in  Fig.9. 
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Fig.l  I  Heave  and  pitch  RAO’s  of  the  FastShip™ 


Fig.  10  presents  the  Kelvin  wave  pattern  of  a  tri¬ 
maran  vessel  advancing  at  Froude  numbers  0.42 
and  0.49.  In  recent  years  such  hulls  forms  have 
emerged  as  attractive  alternative  to  monohulls  or 
catamarans,  both  from  the  point  of  view  of  their 
calm  and  rough  water  performance. 

Fig.l  1  illustrates  the  SWAN  computations  of  the 
heave  and  pitch  RAO’s  of  the  FastShip™  hull 
and  their  correlation  with  experiments  in  waves 
of  moderate  steepness. 

6.  Second-Order  Forward-Speed  Problem 

SWAN  has  been  extended  to  the  solution  of  the 
second-order  forward-speed  problem  around 
ships  in  the  time  domain.  The  free  surface 
boundary  conditions  are  defined  in  equation  (3) 

and  (4),  where  the  body  velocity  vector  U  can  be 
a  constant  or  a  slowly- varying  velocity  in  the 
surge-sway-yaw  modes.  Second-order  wave 
effects  acting  on  the  ship  undergoing  a  maneuver 

in  waves  with  a  time-dependent  velocity  U  can 
be  very  important  in  the  evaluation  of  the  vessel 
course-  or  station-keeping  properties. 

Unlike  conventional  ships  which  cruise  with 
forward-speed,  moored  floating  structures  are 
designed  to  operate  at  a  stationary  position  in  an 
environment  which  includes  waves,  wind  and 
current.  Due  to  their  compliant  mooring  systems, 
the  floating  structures  often  undergo  large 


excursions  about  their  mean  positions,  called  the 
‘slow-drift’  motions.  The  yaw  slow-drift  motion 
is  of  practical  importance  for  the  design  of  FPSO 
vessels  subject  to  the  ‘weathervaning’  motions 
when  positioned  by  Turret  mooring  systems.  The 
wave-current-body  interaction  may  thus  cause  an 
instability  in  the  yaw  slow-drift  motion  of 
FPSO’s  or  ship-like  vessels. 

The  yaw  drift  moment  and  wave-drift  damping  of 
a  mathematical  hull  has  been  studied  by  Grue  and 
Palm  (1996)  in  the  frequency  domain.  The 
geometry  of  a  mathematical  hull  they  considered 
is  defined  as  follows 


r(x)  =  0.55  1 


where  L  is  the  ship  length,  B  is  the  ship  beam 
and  L/B=5.6.  In  llie  present  study,  the  hull 
surface  is  discretized  with  40  stations,  1428 
panels  and  the  entire  free  surface  is  discretized 
with  4268  panels. 


Time  domain  simulations  for  the  yaw  drift 
moment  on  the  mathematical  hull  were  carried 
out,  considering  the  diffraction  problem  only.  The 
time  history  of  the  force  acting  on  the  hull  is 
converted  to  the  frequency  domain  using  Fourier 
analysis  in  order  to  compare  with  the  results  of 
Grue  and  Palm. 
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Fig.l2  Yaw  drift  moment  of  a  mathematical  hull 
in  waves  of  heading  =135® 


Fig.l3  Yaw  drift  damping  of  a  mathematical  hull 
in  waves  of  heading  P  =90®  and  135® 

Fig.  12  shows  the  yaw  drift  moment  acting  on  the 
hull  in  waves  of  heading  yff  =135°.  The  yaw  drift 
damping  coefficient  is  defined  as  follows: 


_  dM, 

^66  - - 


1^3=0 


where  dM^  is  a  variation  of  the  yaw  drift 
moment  and  SQ3  is  a  variation  of  the  yaw 
velocity  about  Q3  =  0 .  Fig.  13  shows  the  yaw 
wave-drift  damping  of  the  hull  in  beam 

waves,  J3  =90  and  in  oblique  waves,  P  =135° 


7.  NonKnear  Forward-Speed  Problem 

In  the  present  paper,  the  oblique  wave  seakeeping 
problem  is  considered.  The  head  wave  problem, 
using  ±e  weak-scatterer  formulation,  was  solved 
by  Huang  and  Sclavounos  (1998).  The  present 
study  extends  their  work. 

In  oblique  seas,  a  ship  undergoes  motions  in  6- 
D.O.F.,  experiencing  lateral  and  torsional  loads  as 
well  as  vertical  loads.  From  the  computational 
viewpoint,  a  new  set  of  problems  must  be 
addressed.  Firstly,  proper  numerical  modeling  is 
needed  for  the  sway,  yaw  and  surge  motions. 

Since  these  motions  are  subject  to  no  restoring 
forces,  the  body  may  undergo  a  drifting  motion  in 
these  modes.  This  results  in  a  numerical 
instability  and/or  poor  accuracy.  Adopting  an 
auto-pilot  or  soft-spring  concept  are  candidates  to 
address  this  problem,  but  a  thorough  related  study 
has  not  been  reported.  Furthermore,  in  oblique 
sea  computations,  the  symmetry  of  the  hull 
geometry  with  respect  to  the  x-z  plane  is  absent, 
therefore  the  solution  grids  must  be  distributed 
over  the  entire  computational  domain.  As  a  result, 
the  CPU  time  and  memory  size  are  larger  than 
those  in  head  waves. 

In  the  present  study,  two  wave  headings,  120°  and 
150°,  are  consider^  for  the  SI 75  containership. 
The  hull  surface  was  extended  smoothly  up  to  8m 
above  the  mean  water  level,  and  600  panels  were 
distributed  on  the  wetted  surface  at  every  time 
step.  On  free  surfece,  an  annular  0-type  body- 
fitted  grid  system  with  about  2000  panels  was 
applied.  In  this  computation,  the  surge,  sway  and 
yaw  motions  are  not  allowed,  and  the 
computations  concentrated  on  heave  and  pitch. 
Since  the  heave  and  pitch  motions  are  generally 
weakly  coupled  with  other  motions,  restraining 
the  surge,  sway  and  yaw  motions  provides  almost 
no  effect  on  heave  and  pitch.  Furthermore,  the 
frequency  range  considered  in  the  present  study  is 
far  from  the  roll  resonance  frequency,  so  the  roll 
amplitude  is  not  large. 
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Fig.  14  Solution  grids  on  the  ship  hull  and  free 
surface  at  different  time  steps 

Fig.  14  shows  the  solution  grids  on  ship  huU  and 
free  surface  at  three  time  steps.  In  the  weak- 
scatterer  formulation,  the  solution  grid  is  re¬ 
distributed  at  every  time  step  since  the  free 
surface  conditions  are  imposed  on  the  exact 
position  of  the  incident  wave  profile  and  the  exact 
nonlinear  body  boundary  condition  is  enforced. 

Fig.  15  shows  the  instantaneous  hydrodynamic 
pressure  distribution  over  the  hull  wetted  surfece 
for  two  cases.  Both  correspond  to  the  same 


incident  wave  frequency,  but  the  encounter 
frequencies  are  different.  The  Froude  number  in 
this  case  is  0.275.  A  large  pressure  variation  is 
shown  in  the  bow  and  stem  regions,  and 
sometimes  around  the  bottom. 

Fig.  16  shows  snapshots  of  the  surface  wave 
elevation  contours,  and  the  evolution  of  the 
surface  wave  disturbance  may  also  be  observed  in 
these  figures.  In  particular,  strong  reflection 
waves  may  be  observed  on  the  weather  side  of 
ship,  which  are  then  carried  downstream. 

Fig.  17  illustrates  the  heave  and  pitch  motion 
RAOs.  In  head  seas,  Huang  and  Sclavounos 
(1998)  reported  that  the  weak-scatterer 
formulation  provides  much  better  agreement  to 
experiments  than  linear  theory.  As  expected,  the 
same  accuracy  is  found  in  the  oblique  sea 
problem.  The  experimental  data  in  this  figure 
correspond  to  an  incident  wave  amplitude  to  ship 
length  ratio  of  1/50,  and  the  same  steepness  was 
used  in  the  computation.  Generally  strip  theory  is 
known  to  predict  a  highly  tuned  resonance.  The 
weak-scatterer  computation  leads  to  less 
pronounced  peaks,  particularly  when  the  incident 
wave  amplitude  is  large,  a  trend  also  confirmed 
by  the  experimental  measurements. 

8.  SUMMARY 

The  treatment  of  linear,  second-order  and 
nonlinear  potential  flows  past  realistic  ships 
advancing  with  forward  speed  in  waves  of 
moderate  or  large  steepness  was  presented  using 
the  time-domain  Rankine  panel  method  SWAN. 
The  versatility  of  the  solution  method  allows  the 
enforcement  of  a  progression  of  free  surface 
conditions  appropriate  for  the  problem  under 
study.  This  approach  is  demonstrated  to  lead  to 
robust,  accurate  and  efficient  simulation  of  a 
variety  of  flows  past  ships. 
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Fig.l7  Heave  and  pitch  motion  RAOs  of  S175  container  ship  at  oblique  sea,  Froude  No.=0.275 
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ABSTRACT 

This  paper  is  dedicated  to  the  study  of  non-linear 
wave  forces  and  free  surface  motions  in  the  vicin¬ 
ity  of  three  dimensional  surface-piercing  structures. 
This  topic,  which  is  of  the  utmost  interest  in  many 
aspects  of  marine  engineering,  is  addressed  using  a 
time  domain  simulation  method  for  non-linear  po¬ 
tential  flows  with  a  free  surface.  The  model  is  based 
on  a  formulation  of  the  fully  non-linear  diffraction 
problem  in  which  the  incident  wave  is  given  explic¬ 
itly,  with  sensible  advantages  in  terms  of  efficiency 
and  accuracy  over  more  conventional  formulations. 

Original  results  using  this  model  have  already 
been  published,  with  emphasis  on  higher  order 
forces  in  long  waves  ([11],  [12]),  or  non-linear  wave- 
current-body  interactions  ([1][10]).  In  these  calcu¬ 
lations,  the  incident  wave  was  given  by  the  stream 
function  model  of  Rienecker  &  Fenton  [23],  and 
waves  were  diffracted  by  a  vertical  circular  cylinder. 
This  latter  restriction  allowed  an  easy  implementa¬ 
tion  of  bi-cubic  splines  interpolations,  for  accurate 
estimations  of  slopes  and  fluid  velocity  at  free  sur¬ 
face  markers. 

In  this  paper,  we  present  the  extension  of  this 
fully  nonlinear  diffraction  model  to  arbitrary  3D 
geometries.  This  extension  is  essentially  based  on 
the  implementation  of  more  flexible  schemes  for  the 
computation  of  slopes  and  fluid  velocities  around 
free  surface  piercing  structures  of  complex  shape. 
After  a  review  of  validation  results  obtained  in  the 
simplified  case  of  a  vertical  surface-piercing  cylinder, 
the  new  capabilities  of  the  model  are  illustrated  by 
the  simulation  of  the  diffraction  of  non  linear  waves 
by  a  four-column  structure. 


*  Paper  presented  at  the  7th  International  Conference  on 
Numerical  Ship  Hydrodynamics,  Nantes,  July  1999 


INTRODUCTION 

The  accurate  calculation  of  forces  and  free  surface 
motions  in  the  vicinity  of  sea  going  structures  is  a 
topic  of  permanent  interest  both  for  offshore  engi¬ 
neers  and  naval  architects.  In  the  domain  of  off¬ 
shore  structure  design,  free-surface  motions,  includ¬ 
ing  wave  runup  on  cylindrical  columns,  as  well  as 
resonant  interaction  effects  between  columns  have  a 
direct  incidence  on  the  airgap  (or  deck  clearance). 
The  airgap  estimation  is  a  major  design  parameter, 
with  considerable  consequences  on  the  building  and 
operational  costs  of  structures. 

Beyond  linear  diffraction  theory,  the  usual  prac¬ 
tice  for  estimating  loads  and  free  surface  motions 
is  to  rely  on  frequency  domain  second  order  theory. 
This  theoretical  basis  is  now  well  established,  and 
a  number  of  numerical  implementations  for  general 
geometries  have  been  published,  see  e.g.  [4],  [19], 
[6].  Meanwhile,  semi  analytic  solutions  for  simpli¬ 
fied  geometries  appeared  [15],  and  proved  to  be  par¬ 
ticularly  useful  for  the  validation  of  the  above  men- 
tionned  fully  numerical  schemes.  However,  for  real¬ 
istic  offshore  structures,  the  computation  of  the  full 
quadratic  transfer  function  (QTF)  matrix  remains  a 
difficult  task,  relying  on  the  computation  of  slowly 
convergent  integrals  on  the  free  surface. 

An  interesting  alternative  is  to  solve  the  second 
order  diffraction  problem  in  the  time  domain.  This 
solution  presents  a  number  of  advantageous  fea¬ 
tures.  First,  the  truncation  of  the  free  surface, 
and  the  associated  radiation  condition  may  be  easily 
handled  by  including  an  absorbing  zone  on  the  outer 
part  of  the  free  surface  mesh.  Secondly,  we  have  the 
possibility  of  directly  simulating  the  interaction  of 
a  complex  wave  system  with  a  body,  once  a  sec¬ 
ond  order  representation  of  the  incoming  wave  field 
has  been  derived.  On  the  condition  that  computer 
time  requirements  reduce  to  a  sufficiently  low  level, 
this  approach  will  ultimately  allow  the  direct  esti¬ 
mation  of  design  parameters  such  as  significant  or 
extreme  loads  and  runup,  by  applying  usual  statis¬ 
tical  analysis  to  second  order  simulated  signals,  just 
as  what  can  be  achieved  by  exploiting  experimental 
time  series.  Time  domain  solutions  to  second  order 


diffraction  problems  in  three  dimensions  include  the 
early  work  of  Isaacson  &  Cheung  [14],  based  on  a 
low  order  panel  method,  and  more  recently  Skourup 
et  al  [26],  and  Kim  et  al  [16].  These  applications, 
however,  mostly  concern  simple  geometries  such  as 
vertical  cylinders.  The  extension  to  more  complex 
geometries  is  limited  not  only  by  the  larger  com¬ 
puter  resources  necessary,  but  also  by  the  more  es¬ 
sential  difficulty  of  accurately  evaluating  derivatives 
of  the  first  order  solution  on  a  general  free  surface 
mesh. 

Furthermore,  in  a  number  of  situations,  impor¬ 
tant  non  linear  phenomena  are  induced  by  higher 
than  second  order  effects.  This  includes  the  so- 
called  ringing  phenomenon,  causing  high  frequency 
loads  on  offshore  structures  in  steep  waves.  Ringing 
has  been  proved  to  be  related  to  third  or  higher 
order  diffraction  phenomena,  and  the  best  solu¬ 
tion  here  is  to  abandon  perturbation  theory  and 
to  build  a  fully  non  linear  diffraction  model.  Such 
a  model  has  been  applied  to  a  submerged  geom¬ 
etry  by  Ferrant[7].  The  scheme  has  then  been  im¬ 
proved  and  applied  to  surface-piercing  cylinders  ( see 
e.g.[9]).  Extensive  validation,  both  with  refined  ex¬ 
periments  or  third  order  perturbation  theory  may  be 
found  in  Ferrant  [11],  or  Ferrant  et  al  [12].  Mean¬ 
while,  a  non  linear  diffraction  scheme  has  been  pro¬ 
posed  by  Di  Mascio  et  al  [5] ,  in  which  the  incident 
field  is  modeled  by  a  fifth  order  Stokes  wave,  while 
in  the  present  scheme  the  incident  wave  is  a  fully 
non  linear  stream  function  wave[23].  The  use  of  an 
explicit  incident  wave  results  in  considerable  advan¬ 
tages  in  terms  of  accuracy  and  computational  effi¬ 
ciency.  Other  fully  non  linear  wave-body  interaction 
results  in  three  dimensions  have  been  obtained  us¬ 
ing  numerical  wave  tank  models,  in  which  the  full 
process  of  incident  wave  generation  and  propagation 
towards  the  model  has  to  be  simulated  [2].  The 
resulting  computing  demand  is  very  high,  and  up 
to  now,  fully  validated  results  using  this  latter  ap¬ 
proach  have  not  been  reported. 

In  the  present  paper,  we  wish  to  present  the  ex¬ 
tension  of  our  fully  nonlinear  diffraction  model  ([9], 
[11],  [12])  to  the  case  of  arbitrary  three  dimensional 
structures.  This  extension  has  required  a  substan¬ 
tial  modification  of  the  free  surface  geometry  and 
fluid  velocity  calculation  procedure,  in  order  to  be 
able  to  cope  with  general  mesh  arrangements.  The 
issues  associated  with  these  new  developments  of 
the  model,  as  well  as  results  of  the  fully  non  linear 
diffraction  of  a  regular  wave  on  a  four-legged  struc¬ 
ture  are  presented  and  discussed. 


MATHEMATICAL  FORMULATION 

Semi-Lagrangian  approach 

We  consider  a  three-dimensional  fluid  domain  (D), 
bounded  by  a  free  surface  F  and  a  set  of  N  solid 
boundaries  5*.  These  boundaries  include  the  sur¬ 
face  of  a  marine  structure,  as  well  as  the  sea  floor 
at  finite  distance.  The  domain  is  of  infinite  extent 
in  the  horizontal  directions.  The  fluid  flow  problem 
is  formulated  in  the  frame  of  potential  flow  theory. 
The  fluid  velocity  thus  derives  from  a  scalar  poten¬ 
tial  satisfying  Laplace’s  equation  at  any  point  of  the 
fluid  domain: 

V  {M,t)  =  {M,t)  ;  forM  e  {D)  (1) 

A^(M,t)  =  0  ;  forM  e  (D)  (2) 

On  the  free  surface,  both  kinematic  and  dynamic 
conditions  must  be  satisfied.  The  kinematic  con¬ 
dition  states  that  the  mass  flux  through  the  free 
surface  is  zero,  and  writes,  in  Lagrangian  form: 

^  =  V[$(M)]  ;  /orM  e  F  (3) 

If  surface  tension  is  ignored,  the  dynamic  condi¬ 
tion  expresses  the  continuity  of  the  pressure  across 
the  free  surface,  and  derives  from  Bernoulli’s  equa¬ 
tion: 

-  .r  +  ■,  forM  eF  (4) 

where  D/Dt  stands  for  the  material  derivative. 
Equations  (3)  and  (4)  suppose  a  fully  Lagrangian 
description  of  the  free  surface,  with  markers  iden¬ 
tified  as  material  points.  In  the  present  paper,  the 
formulation  will  be  modified  by  inhibiting  the  hor¬ 
izontal  motions  of  free  surface  markers,  leading  to 
a  semi-Lagrangian  description.  In  such  a  formula¬ 
tion,  the  free  surface  vertical  co-ordinate  becomes 
implicitly  single- valued,  and  may  be  expressed  as: 

^  =  ;  forM{x,y,z,t)  G  F  (5) 

Plugging  this  notation  into  (3)  and  (4),  and  af¬ 
ter  some  manipulations,  we  obtain  new  forms  of  the 
non-linear  kinematic  and  dynamic  boundary  con¬ 
ditions,  in  which  a  fixed  projection  of  free  surface 
meukers  in  the  x-y  plane  is  implied: 
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where  tj  is  the  free  surface  elevation,  z  is  posi¬ 
tive  upwards  with  its  origin  on  the  mean  position  of 
the  free  surface.  Non  dimensional  quantities  are  as¬ 
sumed,  based  on  a  reference  length  L  and  with  the 
acceleration  of  gravity  g  as  the  acceleration  of  ref¬ 
erence.  In  the  present  paper,  L  is  the  water  depth 
h. 

On  fixed  material  boundaries,  no-flux  Neumann 
conditions  are  applied: 

^=0  ;  forMeSi,i  =  l,N  (8) 
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Note  that  at  this  point,  $e  and  rje  are  totally  inde¬ 
pendent  of  each  other,  the  only  constraint  is  on  $e 
which  have  to  satisfy  Laplace’s  equation  throughout 
the  fluid  domain.  Up  to  this  point  (9)  and  (10).  sim¬ 
ply  represent  changes  of  variables  for  #  and  t].  The 
usefulness  of  this  operation  appears  when  and  rje 
are  identified  to  the  incoming  flow  components. 


Separation  of  an  explicit  part  of  the  solution 

In  some  situations,  it  is  practical  to  re-formulate  the 
general  problem  described  in  the  preceding  section, 
by  substracting  from  the  total  flow  a  contribution 
which  may  be  explicitly  described.  The  aim  of  such 
a  procedure  is  to  be  left  with  a  modified  problem  for 
the  remaining  part  of  the  flow  which  will  be  easier  to 
solve.  This  is  what  is  usually  achieved  in  linearized 
radiation-diffraction  theory  when  prescribing  the  in¬ 
cident  wave  potential  and  solving  the  problem  for 
the  diffracted  flow  alone.  Here  the  situation  is  sen¬ 
sibly  more  complicated,  since  the  boundary-value 
problem  is  non  linear.  However,  the  field  equation 
itself,  namely  Laplace’s  equation,  remains  linear  so 
that  we  may  write: 

$  =  +  ;  forM  e  {D)  (9) 


Specification  of  the  incoming  flow 

In  the  present  study,  the  incoming  flow  is  composed 
of  non  linear  regular  waves,  modeled  by  a  stream 
function  model  [23].  In  this  model,  which  is  valid 
for  both  deep  and  shallow  water,  the  velocity  po¬ 
tential  and  elevation  of  a  periodic  wave  traveling 
over  a  horizontal  bottom  are  expressed  as  Fourier 
series.  Nonlinear  free  surface  conditions  are  satis¬ 
fied  exactly  at  some  equidistant  points  distributed 
over  one  wave  length,  so  that  the  error  in  the  solu¬ 
tion  is  driven  by  the  truncation  of  the  Fourier  series 
only.  The  incident  wave  elevation  is  given  by: 

f)  =  ^  ^  cos\jk{x  -Xq-  ct)]  (13) 

and  the  potential 


where  #e  is  a  scalar  potential  satisfying  Laplace’s 
equation  in  the  whole  fluid  domain.  In  the  same 
manner,  in  a  single- valued  description  of  the  free 
surface,  we  may  write: 

rj{x,y,t)  =  r]e{x,y,t)+r]dix,y,t)  (10) 

where  7]e  is  some  explicit  time  dependent  function 
of  the  horizontal  co-ordinates.  Plugging  (9)  and  (10) 
into  (6)  and  (7),  we  are  left  with  free  surface  con¬ 
ditions  for  and  rjd,  in  which  terms  depending  on 
and  r}e  are  supposed  to  be  evaluated  explicitly. 


^i{x,y,z,t)=  (14) 


^  ^  cosh{ jkh) 


sin\jk{x  —  Xq  —  ct)] 


where  c  is  the  wave  celerity,  k  the  wave  number 
and  the  order  of  truncation  of  the  Fourier  series. 

Coefficients  of  the  series  (13)  and  (14)  are  ob¬ 
tained  through  an  optimization  procedure  leading  to 
the  minimization  of  an  objective  function  based  on 
the  error  on  the  kinematic  and  dynamic  free  surface 


conditions  evaluated  at  the  control  points.  In  cur¬ 
rent  applications,  i.e,  for  amplitudes  sensibly  lower 
than  the  limiting  amplitude  leading  to  a  sharp  crest, 
we  use  about  50  points  distributed  on  half  a  wave¬ 
length  {Nyj  =  50),  and  coefficients  converge  to  ma¬ 
chine  accuracy  within  less  than  10  iterations.  The 
resulting  truncated  series  expressions  for  rj  and  $ 
may  thus  be  considered  as  exact  analytical  repre¬ 
sentations  of  the  incident  non  linear  wave.  Note 
that  (14)  is  continuous  in  the  whole  fluid  domain. 
This  property  is  essential  to  the  success  of  the  for¬ 
mulation  derived  in  the  following  section. 

The  incoming  flow  being  specified,  conditions  at 
infinity  simply  write: 


been  included.  The  role  of  these  terms  is  to  absorb 
the  diffracted  waves  on  the  outer  part  of  the  free 
surface  mesh.  More  details  on  the  implementation 
of  this  absorbing  zone  technique  are  given  in  a  fol¬ 
lowing  section. 

Initial  conditions  (undisturbed  incident  wave) 

=  0)  =  0  ;  forM  e  {D)  (19) 

Body  boundary  condition 

3^ A  3^ ' 

;  /orM  e  5i  (20) 


$(M,t) $i(M,t)  ;  for 00  (15) 

Formulation  for  the  perturbation  flow 

The  most  evident  choice  for  $e  is  of  course  $*.  With 
this  choice,  a  major  contribution  to  the  total  flow 
will  be  represented  analytically,  with  advantages  in 
terms  of  global  accuracy.  Furthermore,  conditions 
at  infinity  reduce  to  $d(M,t)  ->  0  ;  forM  oo. 
For  identical  reasons,  we  shall  also  adopt  7]e  =  rji. 
The  resulting  boundary  value  problem  to  be  solved 
for  i^d^Vd)  is  thus: 

Laplace  equation  in  the  fluid  domain 

A$d(M,t)  =  0  ;  forM  e  (D)  (16) 

Non  linear  kinematic  and  dynamic  free  surface 
conditions  applied  for  {z  =  •q{x^y^t)) 
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^In  these  equations,  ^  stands  for  ^3l3x  + 
j  3l3y^  and  terms  involving  and  r]i  will  be 
evaluated  exactly  from  the  stream  function  model. 
Damping  terms  involving  functions  i/{R)  have  also 


where  CK(t)  is  a  smooth  ramp  function  varying 
from  0  to  1  during  the  beginning  of  the  simula¬ 
tion  (typically  1  to  2  wave  periods).  This  gradual 
imposition  of  the  body  boundary  condition  for  the 
diffracted  potential  avoids  a  shock  at  the  beginning 
of  the  simulation,  which  would  result  in  the  gener¬ 
ation  of  spurious  short  wave  components. 

Conditions  at  infinity 

$d(M,  f)-4  0  ;  forM-¥oo  (21) 

The  quasi-analytical  representation  of  incident 
waves,  combined  with  the  formulation  of  the  prob¬ 
lem  in  terms  of  the  non  linear  perturbation  potential 
(radiation  and/or  diffraction)  thus  results  in  a  sim¬ 
ple  and  clean  account  of  conditions  at  infinity,  even 
in  the  case  of  steep  non  linear  incident  waves. 

It  must  be  emphasized  that  the  boundary-value 
problem  being  non-linear,  equations  (17)  and  (18) 
are  satisfied  on  the  instantaneous  free  surface  po¬ 
sition,  so  that  the  incident  potential  may  pos¬ 
sibly  be  evaluated  above  the  undisturbed  incident 
wave  z  =  77i(x,y,t).  This  is  possible  here  because 
the  stream  function  potential  has  a  continuous  pro¬ 
longation  above  the  incident  wave.  One  of  the  ad¬ 
vantages  of  this  formulation  is  that  the  non  linear 
incident  wave  is  handled  analytically,  so  that  it  is 
not  altered  during  its  propagation  from  the  outer 
surface  of  the  computational  domain  to  the  body. 
In  addition,  perturbations  represented  by  ($^,77^) 
are  essentially  composed  of  waves  propagating  in 
radial  directions,  allowing  relatively  coarse  meshes 
to  be  adopted  far  from  the  body,  in  the  absorbing 
zone.  This  results  in  considerable  savings  in  com¬ 
puter  resources,  without  loss  of  accuracy.  On  the 
other  hand,  this  formulation  is  not  universal  and 
relies  on  the  availability  of  an  explicit  model  for  the 
incident  wave,  with  appropriate  continuity  proper¬ 
ties  across  the  incident  wave  profile. 


Boundary  integral  equation  method: 

The  initial  boundary  problem  being  properly  posed, 
a  solution  procedure  based  on  a  boundary  inte¬ 
gral  equation  method  is  set-up.  Applying  Green’s 
identity  to  the  velocity  potential  and  to  the  free 
space  Green  function  (Rankine  source)  G(M,  M')  = 
— l/47rMM',  we  obtain  an  integral  representation  of 
the  velocity  potential 

=  (22) 


in  the  RHS  of  (22)  would  appear  at  the  left-hand 
side.  This  solution  procedure  belongs  to  the  fam¬ 
ily  of  mixed  Euler-Lagrange  methods  and  involves  a 
combination  of  numerical  schemes  described  in  the 
following  sections, 

Calculation  of  wave  loads 

Time  depending  wave  loads  on  material  surfaces  are 
evaluated  by  direct  integration  of  the  pressure  over 
the  body  surface.  In  non-dimensional  form,  this 
writes: 


p{M,t)  =  - 


-±|V$  |2  -z 


where  fi(M)  is  the  internal  solid  angle  at  point 
M  and  G  holds  for  G(M,  M').  In  (21),  S  represents 
the  instantaneous  fluid  domain  boundary,  including 
incident  and  diffracted  components. 

The  global  solution  procedure  of  the  initial 
boundary  value  problem  for  the  diffracted  potential 
and  free  surface  elevation,  and  rjd  ,  is  based  on 
the  consideration  that  free  surface  conditions  (17) 
and  (18)  may  be  used  to  advance  the  solution  in 
time  from  t  to  t  -f  dt  ,  once  the  boudary  value  prob¬ 
lem  has  been  solved  at  time  t  ,  by  exploiting  the 
integral  representation  (21).  For  this  purpose,  at  a 
given  time  instant  t ,  on  F  and  rjd  (and  thus  S  ) 
are  first  evaluated  from  values  at  the  previous  time 
step  through  (17)  and  (18),  while  9$d/9n  on  the 
body  is  explicitly  given  by  (20).  The  integral  rep¬ 
resentation  (21)  is  thus  recast  into  a  Fredholm  inte¬ 
gral  equation  for  9$d/9n  on  the  free  surface  F  and 
on  Neumann  boundaries.  This  integral  equation 
is  of  the  first  kind  for  unknowns  on  the  free  sur¬ 
face  (Dirichlet  condition)  and  of  the  second  kind  for 
unknowns  on  Neumann  boundaries.  For  example, 
when  the  control  point  M  belongs  to  the  free  sur¬ 
face  F  ,  the  integral  equation  writes: 

G{M,  M') 

(23) 


While  for  a  control  point  on  a  material  bound¬ 
ary  supporting  a  Neumann  condition,  the  last  term 


For  practical  calculations  on  time  depending 
grids,  the  following  expression  is  preferred,  in  which 
djdt  stands  for  the  pseudo-material  derivative  fol¬ 
lowing  the  motion  of  mesh  nodes  on  the  body  sur¬ 
face  and  ^  (M)  is  the  velocity  of  point  M  : 

p{M,t)  =  ^  I  V$  P  -z 

(25) 

The  fluid  force  on  the  body  is  then  given  by: 

F{t]  =  f  p{M^t)ltdS  (26) 

Jsb  ' 

where  the  fluid  pressure  is  integrated  on  each 
body  panel  as  a  linearly  varying  quantity,  expressed 
from  its  values  at  panel  vertices. 

NUMERICAL  TECHNIQUES 

Boundary  element  method 

A  boundary  element  method  is  used  for  the  solution 
of  the  boundary  integral  equation  formulation  of  the 
problem.  The  method  is  based  on  iso-parametric 
triangular  elements  distributed  over  the  different  el¬ 
ementary  surfaces  composing  E.  A  piecewise  lin¬ 
ear,  continuous  variation  of  the  solution  over  each 
sub-boundary  is  assumed,  and  collocation  points  are 
placed  at  panel  vertices.  This  level  of  discretisation 
is  considered  to  be  a  good  compromise  between  ac¬ 
curacy  and  versatility.  The  BEM  solver  has  been 
devised  with  the  view  of  preserving  the  possibility 
to  solve  a  large  variety  of  boundary  value  problems, 
including  forced  motions,  diffraction,  wave-current- 
body  interaction  problems,  etc.  Meshes  are  made  of 
an  assembly  of  different  patches,  with  the  assump¬ 
tion  of  continuous  normal  on  each  of  them.  On  in¬ 
tersection  lines  between  two  patches,  two  collocation 


points  are  considered  for  one  single  geometrical  loca¬ 
tion,  and  the  boundary  conditions  corresponding  to 
the  two  elementary  surfaces  are  both  satisfied.  This 
is  particularly  the  case  for  points  at  the  waterline 
of  a  surface-piercing  body  for  which  both  the  Neu¬ 
mann  condition  on  the  body  surface  and  the  free 
surface  conditions  are  satisfied.  Higher  orders  of 
multiplicity  may  also  be  accounted  for,  for  instance 
at  the  intersection  between  a  line  of  discontinuity  of 
the  normal  vector  on  a  material  boundary,  and  the 
free  surface  (see  figure  1) 

This  discretization  scheme  reduces  the  integral 
formulation  to  a  linear  algebraic  system  to  be  solved 
for  the  normal  velocity  on  Dirichlet  boundaries  (free 
surface)  and  the  potential  on  Neumann  boundaries. 


Figure  1:  Multiple  node  arrangement  at  the  in¬ 
tersection  between  elementary  surfaces 

This  system  is  assembled  from  the  influence  co¬ 
efficients  of  linearly  varying  distributions  of  sources 
and  dipoles  on  boundary  elements,  and  may  be  rep¬ 
resented  as  follows,  provided  a  proper  renumbering 
scheme  has  been  applied  in  order  to  place  free  sur¬ 
face  nodes  at  the  top  of  the  global  node  vector: 


SpF  DbF 

ap 

Sfb  Dbb 

Dff  Sbf 

fJ'F 

Dfb  Sbb 

In  this  full,  non-symmetric,  square  system  of  lin¬ 
ear  algebraic  equations,  a  and  /i  represent  respec¬ 
tively  the  source  and  normal  dipole  densities  on  S, 
and  subscripts  F  and  B  refer  to  the  free  surface 
and  body  boundaries.  Matrix  elements  in  (27)  are 
pointwise  influence  coefficients.  If,  for  instance,  we 
consider  the  potential  induced  at  point  Mi  by  a  lin¬ 
ear  distribution  of  sources  on  the  triangular  panel 
Pj,  we  may  write: 


3 

^  (28) 

iv=l 

Where  a{iv)  is  the  source  density  at  vertex  iv.  Then 
the  generic  pointwise  source  influence  coefficient  in 
(27  )is: 

npan{i) 

Sij  ^  'y  ^  Siy(^i^ip'^[ijk{ip)'\  (29) 

ip=l 

Where  iv{i,ip)  is  the  index  of  point  i  as  a.  vertex 
of  panel  ip  ,  npan{i)  is  the  number  of  panels  hav¬ 
ing  point  i  as  a  vertex,  and  k  is  the  index  of  the 
considered  panel  in  the  global  panel  table.  Identi¬ 
cal  equations  apply  for  dipole  influence  coefficients. 
In  (29),  elementary  coefficients  S2i;(i,ip)[i,/c(fp)]  are 
evaluated  using  analytical  formulas  for  the  near 
field,  and  different  approximate  formulas  for  the  in¬ 
termediate  and  far  field. 

Solution  of  linear  systems  of  equations 

In  3D  non  linear  applications  large  systems  of  equa¬ 
tions  have  to  be  solved  at  each  time  step,  and  any 
0{N^)  solution  algorithm  is  absolutely  unsuitable. 
In  the  present  formulation,  the  linear  systems  to  be 
solved  are  full  and  non-symmetric.  The  now  classical 
GMRES  scheme  of  Saad  &  Schultz  [24]  is  applied  to 
the  solution  of  these  systems.  The  method  is  used 
with  diagonal  pre-conditioning,  which  reduces  the 
necessary  number  of  iterations  by  a  factor  close  to 
2,  at  no  additional  cost.  Further  reductions  of  the 
number  of  iterations  may  be  obtained  with  more 
elaborate  pre-conditioning  techniques,  but  the  cost 
of  such  pre-conditionings  applied  to  full  matrices  is 
not  negligible  and  may  annihilate  the  advantage  of 
the  reduction  of  the  number  of  iterations.  Exploit¬ 
ing  the  monotonic  convergence  of  residuals  in  the 
GMRES  scheme,  we  also  introduce  a  polynomial  ex¬ 
trapolation  of  solution  vectors  at  previous  time  steps 
as  a  first  estimate  of  the  new  solution  vector.  This 
estimation  slightly  reduces  the  necessary  number  of 
iterations  for  a  given  convergence  criterion,  again  at 
almost  no  cost. 

Time  marching  scheme 

After  the  solution  of  the  boundary  value  problem 
and  the  computation  of  the  fluid  velocities  and  nor¬ 
mal  vector  at  the  free  surface,  free  surface  conditions 
(17)  and  (18)  considered  as  ODE  for  #  and  rj  are  ad¬ 
vanced  in  time.  A  fourth  order  Runge-Kutta  scheme 
is  used  for  that  purpose,  requiring  four  solutions  of 
the  boundary  value  problem  per  time  step.  In  order 


to  reduce  CPU  times,  results  presented  in  this  paper 
were  obtained  using  the  ’’frozen  coefficient”  approx¬ 
imation,  in  which  influence  coefficients  are  updated 
only  once  per  time  step,  while  four  solutions  of  the 
boundary  value  problem  are  performed. 

SCHEMES  FOR  THE  FREE  SURFACE 
Standaird  procedure 

Our  fully  nonlinear  diffraction  model,  up  to  now, 
has  been  applied  to  a  very  simple  simple  free  surface 
configuration,  namely  a  circular  annulus  extending 
radially  from  the  waterline  of  a  circular  cylinder. 
In  this  configuration,  the  mesh  is  structured  in  the 
azimutal  direction,  that  is  nodes  are  distributed  on 
circles  surrounding  the  body,  with  a  regular  spac¬ 
ing  on  each  circle.  This  situation  allows  us  to  apply 
a  bi-cubic  interpolation  scheme  for  both  the  poten¬ 
tial  and  the  vertical  co-ordinate  at  the  free  surface. 
These  quantities  are  first  interpolated  at  each  radial 
station  as  functions  of  the  azimutal  angle.  Then  in¬ 
terpolating  splines  are  computed  in  the  radial  direc¬ 
tion,  at  each  free  surface  node.  We  are  thus  left  with 
C2  representations  of  $  and  t]  at  the  free  surface, 
which  allow  accurate  and  straightforward  evalua¬ 
tions  of  the  velocity  components  and  of  the  normal 
vector,  by  direct  differentiation  of  the  interpolating 
splines. 

The  structure  of  the  free  surface  mesh  is  also  ex¬ 
ploited  for  the  application  of  smoothing  procedures 
at  the  free  surface.  This  smoothing  may  become 
necessary  for  removing  saw-tooth  instabilities  ap¬ 
pearing  during  the  simulation  of  strongly  non-linear 
flows.  In  structured  parts  of  the  mesh  we  use  five 
points  formulas  based  on  Chebyshev  polynomials, 
applied  sequentially  in  each  parametric  direction. 
The  smoothing  is  applied  typically  every  five  time 
steps. 

Extension  to  arbitrary  geometries 

The  extension  of  our  numerical  model  to  more  gen¬ 
eral  geometries  essentially  requires  the  adaptation 
of  three  parts  of  the  model,  corresponding  respec¬ 
tively  to  (i)  grid  generation,  (ii)  computation  of  tan¬ 
gential  plane  and  fluid  velocity  at  the  free  surface, 
and  (iii)  spatial  filtering  at  the  free  surface.  These 
three  items  are  addressed  in  the  following  sections. 

Grid  generation 

The  choice  of  the  grid  generation  method  is  in  fact 
partly  dictated  by  the  interpolating  and  filtering 
procedure  described  in  the  following  paragraphs. 


Methods  for  triangulating  arbitrary  domains,  such 
as  Delaunay  triangulation,  or  advancing  front  tech¬ 
niques  are  available,  but  do  not  always  lead  to  regu¬ 
lar  meshes.  They  may  become  interesting  for  the  au¬ 
tomatic  grid  generation  in  very  complicated  configu¬ 
rations,  when  applied  together  with  grid  smoothing 
algorithms,  and  their  inclusion  in  our  model  is  left 
for  future  work. 


Figure  2:  Free  surface  grid  for  a  single  vertical 
cylinder 


Figure  3:  Free  surface  grid  for  a  four-column 
structure 

For  the  applications  presented  in  this  paper,  we 
have  devised  a  taylor-made  procedure  for  triangu¬ 
lating  the  free  surface  in  the  vicinity  of  a  four- 
column  structure.  Figures  2  and  3  give  an  idea  of 
the  grids  used  respectively  in  the  standard  case  of 
a  single  vertical  cylinder,  and  in  the  case  of  a  four- 
column  arrangement. 


Tangential  plane  and  fluid  velocity 

The  problem  here  is  to  compute  the  fluid  velocity 
and  the  components  of  a  unique  normal  vector  at 
the  vertices  af  the  free  surface  grid,  which  are  cho¬ 
sen  as  control  points  in  our  formulation.  This  tasks 
essentially  reduce  to  the  problem  of  computing  the 
derivatives  of  a  function  of  horizontal  coordinates 
{x,y),  with  nodal  values  of  the  function  on  the  free 
surface  mesh  as  input  data.  The  procedure  already 
described  and  exploiting  the  polar  topology  of  the 
free  surface  mesh  around  a  single  vertical  cylinder 
is  robust  and  accurate,  but  it  cannot  be  directly  ap¬ 
plied  on  arbitrary  geometries. 

Different  solutions  may  be  considered  for  the  ex¬ 
tension  to  arbitrary  free  surface  conflgurations. 


Figure  4'  First  and  second  level  neighbourhood 
of  a  free  surface  node 

a)  standard  case,  b)  control  point  close  to  a 
boundary,  c) control  point  on  a  boundary 

Most  candidates  belong  to  the  wide  family  of  local 
approximation  methods,  in  which  a  locally  defined 
analytical  expression  is  first  fitted  to  the  field  (po¬ 
tential  or  free  surface  elevation)  in  the  vicinity  of  a 
given  free  surface  node.  Derivatives  with  respect  to 
X  and  y  are  then  obtained  by  differentiation  of  the 
local  interpolant.  In  [3],  for  example,  a  quadratic 


polynomial  is  used  as  a  local  interpolant  on  a  piece- 
wise  linear  triangulation.  Such  a  method  has  the 
advantage  of  a  relatively  straightforward  applica¬ 
tion,  without  constraint  on  the  mesh  arrangement. 
A  similar  approach  is  used  in  [26]  in  the  time  domain 
simulation  of  the  second  order  diffraction  problem. 
However,  in  these  approaches  where  the  number  of 
coefficients  of  the  local  interpolant  is  fixed,  one  is 
faced  with  the  problem  of  selecting  the  set  of  neigh¬ 
boring  points  for  which  the  local  interpolant  is  fitted 
to  nodal  values,  in  order  to  obtain  square  systems  of 
linear  algebraic  equations  for  the  coefficients.  This 
sometimes  has  to  be  done  one  a  trial  and  error  ba¬ 
sis,  for  ill-conditioned  systems  are  often  encoutered, 
depending  on  the  local  arrangement  of  the  mesh. 
Another  solution  is  to  keep  each  first  and  possibly 
second  level  neighbor  (  see  figure  4),  and  to  solve 
the  problem  in  a  least-square  sense.  The  scheme  is 
then  more  robust,  but  also  sensibly  more  computa¬ 
tionally  intensive. 

In  order  to  avoid  such  problems,  we  have  been 
looking  for  a  local  interpolating  method,  with  the 
constraints  of  good  accuracy  and  adaptable  number 
of  coefficients,  leading  to  square  systems  of  equa¬ 
tions  for  arbitrary  number  of  nodes  included  in  the 
neighborhood.  Pseudo-polynomial  splines  and  ’thin 
plate’  splines  described  in  [18]  and  [20]  have  been 
selected  and  tested. 

Given  Pq  one  node  on  a  triangular  grid,  and 
(Pi,i  =  l,n)  the  selected  (first  or  second  level)  set 
of  neighbours  of  Po  ,  the  pseudo-polynomial  spline 
of  order  m  interpolating  the  function  of  (a;,  y)  to  be 
differentiated  is  defined  by: 

CTmit)  =  (30) 

i=0 

and  the  ’thin  plate’  spline  by: 

n 

<^(*)  =  XI  I*  “  1*  -  til  (31) 

1=0 

-f  an+22^  + 

with: 

t={x^y)  ;  ti  =  {xi^yi)  nodes  in  the  neighbor  hood 


\t-ti\=  [(x  -Xi)^  +  iy-  Vif] (32) 

and 


ttn+l  +  Oin-{’2^  +  CXn+SV  +  •^Oin+m{n+l)/2y^^^ 

Conditions  for  interpolation  at  nodes  (Pi,i  = 
0,  n)  and  positivity  of  splines  result  in  square  sys¬ 
tems  of  linear  equations  to  be  solved  for  the  spline 
coefScients,  see  [18]  or  [20]  .  In  the  present  study 
the  ’thin  plate’  spline  a  as  well  as  the  pseudo¬ 
polynomial  splines  a2  and  have  been  considered. 
a  and  (72  have  71  +  4  coefficients,  while  n  +  7  coef¬ 
ficients  are  needed  for  ctz  (n  is  the  number  of  con¬ 
sidered  neighbours  of  Po).  In  terms  of  computing 
time,  on  the  basis  of  a  mean  number  of  6  neigh¬ 
bours,  and  solving  the  systems  with  a  direct  O(n^) 
method,  this  means  that  the  computation  of  deriva¬ 
tives  using  splines  as  is  about  twice  as  long  as  with 
cr  or  (72, 

After  solution,  the  derivatives  at  node  Pq  (or 
in  the  vicinity  of  Po)  are  obtained  by  direct  dif¬ 
ferentiation  of  the  local  splines  (30)  or  (31).  Af¬ 
ter  implementation,  tests  have  been  run  by  us¬ 
ing  the  diffraction  potential  about  a  vertical  cylin¬ 
der  bottom-mounted  cylinder  in  regular  waves  (Me 
Gamy  &  Fuchs)  as  the  the  function  to  be  differenti¬ 
ated.  For  fixed  discretizations  of  the  free  surface,  a 
and  (72  gave  similar  levels  of  accuracy  compared  to 
the  exact  analytical  derivatives,  while  a  noticeable 
increase  of  accuracy  was  observed  with  (73.  On  this 
simple  geometry,  the  bi-cubic  interpolation  scheme 
referred  to  as  ’standard  procedure’  gives  an  accu¬ 
racy  comparable  to  (7  or  (72,  and  is  overperformed 
by  (73. 

The  next  step  was  to  test  the  new  schemes  on 
the  case  of  a  multiple  column  structure,  on  a  mesh 
similar  the  one  depicted  in  figure  3,  and  by  using 
the  analytical  spatial  derivatives  of  the  linearized 
diffraction  potential  given  by  Linton  &  Evans  formu¬ 
lation  [21]  as  a  reference.  It  happened  that  the  con¬ 
ditioning  of  systems  for  pseudo  polynomial  splines, 
estimated  by  a  SVD  solution  procedure,  became 
very  high  on  this  mesh.  Computed  values  of  the 
derivatives  became  completely  meaningless  in  cer¬ 
tain  zones.  On  the  contrary,  conditioning  was  found 
to  remain  within  reasonable  bounds  with  the  ’thin 
plate’  spline  (7,  with  an  accuracy  comparable  with 
the  one  observed  on  the  simplest  free  surface  mesh. 

On  the  basis  of  these  observations,  we  selected 
the  ’thin  plate’  a  as  the  local  interpolating  method 
for  the  computation  of  slopes  and  potential  gradi¬ 
ents  at  the  free  surface  for  simulation  on  arbitrary 
free  surface  grids.  However,  further  investigations 
are  planned  on  (73,  with  the  view  of  overcoming  the 
bad  conditioning,  while  retaining  the  better  accu¬ 
racy  observed  on  the  single  cylinder  test  case. 


Numerical  filtering 

Numerical  filtering  at  the  free  surface  is  necessary 
in  the  presence  of  significant  non-linearities.  In  the 
applications  for  multicolumn  structures,  we  apply 
the  filtering  only  in  the  close  vicinity  of  the  cylinders 
waterlines,  were  we  keep  a  locally  structured  mesh. 
This  has  been  found  to  be  sufficient  in  moderately 
steep  waves. 

NUMERICAL  RESULTS 

Single  Vertical  Cylinder 

Review  of  published  results: 

First  results  obtained  with  ANSWAVE  on  the 
diffraction  of  regular  non  linear  waves  about  a  verti¬ 
cal  surface  piercing  cylinder  were  presented  in  1995 
[8],  using  a  slightly  different  formulation  in  which 
the  total  flow  was  simulated,  the  separation  between 
incident  and  diffracted  components  being  exploited 
only  in  the  damping  zone,  in  order  to  ease  the 
implementation  of  absorbing  conditions.  In  1996, 
the  formulation  with  full  separation  of  incident  and 
diffracted  components  was  implemented,  and  first 
results  on  higher  order  diffraction  effects  in  long 
waves  were  obtained.  Although  not  fully  converged, 
these  results  presented  in  [9]  allowed  a  first  vali¬ 
dation  the  third  harmonic  force  components  pre¬ 
dicted  by  the  third  order  frequency  domain  theory 
of  Malenica  &:  Molin  [22].  The  coupling  with  non 
linear  vertical  body  motions  was  also  incorporated 
in  the  model,  see  [9]. 

With  the  availability  of  faster  computing  re¬ 
sources,  fully  converged  results  for  the  higher  har¬ 
monic  components  of  the  diffraction  force  in  long 
waves  were  obtained,  exhibiting  both  the  conver¬ 
gence  to  higher  order  perturbation  analysis  in  the 
low  steepness  regime,  and  the  fully  nonlinear  influ¬ 
ence  of  wave  ampliude  in  more  severe  conditions. 
The  detailed  comparative  study  between  fully  non 
linear  time  domain  diffraction  theory  and  third  or¬ 
der  frequency  domain  theory  is  presented  in  [12], 
with  also  a  comparison  of  nonlinear  runup  estimates 
with  second  order  theory  for  a  ’fat’  vertical  cylinder 
in  the  diffraction  regime  {kh  =  1.0,  kR  =  1.0). 

In  the  meanwhile,  a  comparison  of  higher  har¬ 
monic  diffraction  forces  in  long  waves  with  experi¬ 
mental  results  at  small  scale  from  the  University  of 
Oslo  [13]  had  been  undertaken,  with  strikingly  good 
agreement  both  for  the  amplitudes  and  phases,  up 
to  the  seventh  harmonic,  and  for  varying  wave  am¬ 
plitudes  [11]. 

Note  that  the  model  may  also  account  for  a 
current  (or  forward  speed)  superimposed  to  inci- 


dent  waves,  allowing  the  study  of  non  linear  wave- 
current-body  interactions.  ANSWAVE  has  been 
used  in  this  configuration  ,  and  results  compared 
for  cross-validation  with  a  finite  order  time  domain 
model,  see  [1].  Comparisons  with  experimental  mea¬ 
surements  from  Ifremer  on  the  runup  about  a  ver¬ 
tical  truncated  cylinder  in  waves  and  current  may 
also  be  found  in  [11]. 

Some  examples: 

Recovering  results  from  higher  order  diffraction 
theory  using  a  fully  non  linear  model  is  a  very  de¬ 
manding  exercise.  On  one  hand,  the  model  has  to 
be  run  in  sufficiently  low  wave  amplitude  in  order 
to  remain  within  the  domain  of  validity  of  Stokes 
expansion  theory.  On  the  other  hand,  asymptoti¬ 
cally  small  components  have  to  be  extracted  from 
the  non  linear  time  series  for  comparison  with  Stokes 
expansion  force  coefficients.  An  example  of  such  a 
comparison  is  given  by  figures  5  to  8.  For  kh  =  8.0 
and  A/h  =  0.0075  (steepness  kA  =  0.06  ),  with  h 
the  water  depth,  A  the  wave  amplitude,  simulations 
were  run  for  a  vertical  bottom-mounted  cylinder, 
with  varying  radius  a  ,  so  that  ka  varies  from  0.05 
to  0.3  .  Time  series  of  the  inline  diffraction  force 
were  submitted  to  a  moving  window  Fourier  analysis 
in  order  to  obtain  the  harmonic  components  of  the 
steady-state  periodic  wave  load.  Figures  5  to  8  give 
normalized  force  components,  from  the  steady  force 
to  the  third  harmonic,  compared  to  results  of  the 
frequency  domain  third  order  approach  of  Malenica 
&  Molin  [22].  Both  sets  of  results  appear  to  be  very 
close,  which  indicates  that  Stokes  expansion  gives 
reliable  estimates  of  the  force  components  up  to  the 
third  harmonic,  for  this  low  wave  steepness. 

One  of  the  advantages  of  the  present  model,  of 
course,  is  the  possibility  to  investigate  the  influ¬ 
ence  of  wave  amplitude  on  the  flow  characteristics 
in  a  fully  non  linear  manner.  Especially,  we  are 
able  to  study  the  influence  of  the  wave  amplitude 
on  harmonic  force  components,  while  Stokes  ex¬ 
pansion  analysis  gives  constant  normalized  compo¬ 
nents  asymptotically  valid  for  vanishing  wave  steep¬ 
ness.  An  example  of  such  an  investigation  is  illus¬ 
trated  by  figure  9,  in  which  the  variation  of  the 
normalized  third  harmonic  inline  force  is  given,  for 
ka  =  0.2,  kh  =  0.8,  and  for  wave  heights  varying 
from  A/h  =  0.005  {kA  =  0.04)  to  A/h  =  0.015 
{kA  =  0.12).  Components  of  the  3cu  force  obtained 
by  fully  non  linear  simulation  are  compared  with 
third  order  values  indicated  by  arrows.  Non  linear 
results  are  shown  to  converge  pretty  well  towards 
third  order  Stokes  expansion  results  when  the  ampli¬ 
tude  is  reduced.  In  larger  amplitudes,  an  apprecia¬ 


ble  discrepancy  is  observed,  with  the  onset  of  higher 
than  third  order  effects.  For  example,  for  kA  =  0.12, 
the  3a;  force  predicted  by  third  order  theory  is  18% 
larger  than  the  fully  non  linear  result,  with  also  a 
noticeable  phase  shift. 

A  the  same  trend  is  observed  in  figures  10  and  11 
giving  amplitude  and  phases  of  the  third  harmonic 
inline  force  on  a  vertical  cylinder  in  regular  waves, 
for  ka  =  0.245,  and  for  varying  amplitudes,  com¬ 
pared  with  experimental  values  obtained  by  Huseby 
&  Grue  [13].  Despite  oscillations  of  the  experimen¬ 
tal  force  module  at  lower  amplitudes,  probably  due 
to  the  difficulty  of  extractiong  a  very  small  part  of 
the  measured  force  time  series,  the  agreement  is  very 
satisfying. 

Runup  profiles  on  a  cylinder  in  regular  waves  have 
also  been  investigated.  The  runup  at  the  waterline 
is  a  very  sensible  local  quantity  which  is  very  de¬ 
manding  in  terms  of  accuracy.  Comparison  of  fully 
non  linear  runup  profiles  with  first  and  second  order 
estimations  are  given  in  figures  12  to  14.  The  body 
is  a  ’fat’  cylinder,  a/h  =  1.0,  and  computations  were 
run  for  regular  waves  of  intermediate  wave  length, 
kh  =  1.0.  Runup  profiles  are  given  for  A/h  =  0.005, 
A/h  =  0.025  and  A/h  =  0.15.  For  the  smallest 
wave  amplitude,  figure  12,  second  order  and  fully 
non  linear  runup  estimates  are  graphically  identi¬ 
cal,  while  a  very  small  deviation  from  the  first  order 
solution  is  observed.  For  A/h  =  0.025,  figure  13,  a 
small  discrepancy  between  non  linear  and  second  or¬ 
der  results  appears  at  the  rear  part  of  the  cylinder, 
while  second  order  contribution  is  significant  along 
the  whole  profile.  For  the  largest  wave  amplitude, 
figure  14,  there  are  considerable  differences  between 
fully  non  linear  and  second  order  runup  profiles. 

Figures  5  to  9  and  12  to  14  are  reproduced  from 
[12],  while  figures  10  and  11  come  from  [11].  More 
details  on  these  validation  studies,  both  with  exper¬ 
imental  and  numerical  data,  may  be  found  in  these 
papers. 


Four-column  structure 

As  a  first  test,  we  have  considered  a  square  array 
of  four  bottom-mounted  vertical  cylinders,  each  of 
radius  r/h=0.1,  with  a  spacing  d/h=0.8,  where  h 
is  the  water  depth.  The  incident  wave  amplitude 
is  15%  of  the  cylinders  radius,  A/a  =  0.15,  and 
the  wavelength  is  A//i  =  1.0.  This  corresponds  to 
a  moderate  steepness  wave,  kA  =  0.094.  The  nu¬ 
merical  scheme  described  in  the  preceding  sections 
is  applied  with  the  local  ’thin  plate’  spline  inter¬ 
polation  method  for  the  computation  of  derivatives 


at  the  free  surface.  Each  cylinder  is  meshed  with  32 
nodes  on  the  waterline,  and  7  stations  in  the  vertical 
direction,  with  a  local  refinement  at  the  waterline. 
The  total  number  of  panels  is  7040,  but  the  symme¬ 
try  about  the  vertical  plane  xOz  is  accounted  for  to 
reduce  the  effective  computational  domain  to  3520 
triangular  panels.  100  time  steps  per  wave  period 
are  used  in  the  simulation,  the  free  surface  mesh 
extends  up  to  R/A=3.0,  and  the  outer  part,  from 
R/A=1.2  to  R/A=3.0  is  used  as  a  damping  zone  for 
the  absorption  of  the  diffracted  wave.  In  this  simu¬ 
lation,  smoothing  has  been  applied  only  on  the  two 
first  radial  stations  of  the  free  surface  mesh  around 
each  cylinder.  The  incident  wave  propagates  in  the 
positive  X  direction. 

Figures  15  and  16  give  the  force  on  the  two  up- 
wave  and  the  two  downwave  cylinders,  respectively. 
The  simulation  has  been  run  over  about  10  wave 
periods.  A  periodic  steady  state  is  obtained,  and 
maintained  until  the  end  of  the  simulation,  with¬ 
out  apparent  perturbation.  One  can  notice  that 
this  steady  state  periodic  force  seems  to  be  reached 
sooner  on  the  downwave  cylinder,  while  the  ampli¬ 
tude  of  the  force  is  sensibly  lower. 

A  more  thorough  analysis  results  from  the  com¬ 
parison  of  harmonic  inline  force  components  on 
front  and  aft  columns. 

Table  1  below  gives  for  comparison  normalized 
harmonic  coefficients  of  the  inline  force  Fx  on  the 
upwave  and  downwave  cylinders. 


Fr^lpga^iA/ar 

FO 

FI 

F2 

F3 

Upwave  cylinders 

-0.03 

14.7 

1.2 

5.4 

Downwave  cylinders 

0.8 

12.7 

0.25 

2.8 

Table  1:  harmonic  inline  force  components  on  up¬ 
wave  and  downwave  cylinders, 
a/h  =  0.10;  d/a  =  8.;  kh  =  .094;  a/h  =  0.015 


A  strong  difference  in  the  different  components 
is  observed.  First,  we  observe  that  the  major  part 
of  the  drift  force  is  concentrated  on  the  downwave 
cylinder.  On  the  contrary,  higher  harmonic  forces 
are  sensibly  stronger  on  the  upwave  cylinder.  The 
second  harmonic  is  almost  5  times  larger  than  on 
the  downwave  cylinders,  while  the  ratio  is  close  to 
2  for  the  third  harmonic. 

These  observations  may  be  correlated  with  the 
analysis  of  the  diffraction  pattern  around  the  struc¬ 
ture.  Figures  17  and  18  give  maps  of  the  maximum 
wave  elevation  observed  in  the  steady  state  part  of 
the  simulation,  after  the  initial  transients.  The  ele¬ 
vation  is  normalized  with  the  incident  wave  ampli¬ 
tude.  Figure  17  corresponds  to  the  non  linear  sim¬ 


ulation  described  above,  while  Figure  18  has  been 
obtained  on  the  same  mesh  by  running  the  model 
in  the  linear  mode.  Differences  appear  especially 
between  the  two  upwave  cylinders,  where  short  res¬ 
onant  waves  are  highlighted  by  the  non  linear  anal¬ 
ysis.  Strong  higher  harmonic  forces  observed  on  the 
upwave  cylinders  are  probably  connected  with  these 
short  waves.  At  the  moment,  however,  these  obser¬ 
vations  are  to  be  considered  as  qualitative,  before 
confirmation  by  simulations  on  finer  meshes. 

Note  also  in  figures  17  and  18  the  attenuation  of 
diffracted  waves  in  the  absorbing  zone. 

CONCLUSION 

In  this  paper,  we  have  extended  our  fully  non-linear 
time  domain  diffraction  model  to  arbitrary  3D  ge¬ 
ometries,  essentially  by  implementing  a  new  inter¬ 
polation  scheme  for  the  computation  of  slopes  and 
fluid  velocities  at  free  surface  nodes. 

The  new  capabilities  of  the  model  are  illustrated 
by  simulating  the  non  linear  diffraction  of  a  reg¬ 
ular  wave  about  a  four-column  structure.  Signifi¬ 
cant  non  linear  phenomena,  such  as  higher  harmonic 
force  components  on  different  structure  elements, 
and  higher  order  free  surface  resonance  between  up¬ 
wave  columns  of  the  structure  are  exhibited. 

Future  work  include  validation  of  computed 
higher  harmonic  force  components  with  available  ex¬ 
perimental  data  or  higher  order  Stokes  expansion 
theory,  with  the  objective  of  obtaining  the  same 
level  of  validation  as  on  the  single  vertical  cylinder. 

The  non  linear  description  of  resonant  modes  be¬ 
tween  offshore  platforms  columns,  which  may  have 
major  influence  on  deck  clearance  predictions,  will 
be  another  interesting  outcome  of  the  model,  with 
possible  validation  by  comparison  with  existing  sec¬ 
ond  order  or  experimental  results,  see  e.g.  [25]. 
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Figure  5:  Normalized  steady  second  order  force 
versus  wave  number  ka 
Vertical  cylinder,  radius  a, 
fcft  =  8.  ,  A/h  =  0.0075 
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Figure  6:  Normalized  first  harmonic  force  com¬ 
ponents 

Vertical  cylinder,  radius  a, 
fc/i  =  8,  ,  A/h  =  0.0075 


Figure  7:  Normalized  second  harmonic  force  com¬ 
ponents 

Vertical  cylinder,  radius  a 
fc/i  =  8.  ,  A/h  =  0.0075 


Figure  8:  Normalized  third  harmonic  force  com¬ 
ponents 

Vertical  cylinder,  radius  a, 
fc/i  =  8.  ,  A/h  =  0.0075 
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Figure  9:  Influence  of  wave  amplitude  on  third  Figure  10  :  Influence  of  wave  amplitude  on  third 
harmonic  force  components  harmonic  force  coefficient;  ka  =  0,245 

Fully  non  linear  simulations  compared  to  3rd  or-  Fully  non  linear  simulations  compared  to 
der  Stokes  expansion  results  experiments  from  University  of  Oslo 

A;/i  =  8.  ,  fca  =  0.2 


Figure  11  :  Influence  of  wave  amplitude  on  third 
harmonic  force  phase;  ka  =  0.245 


Figure  12:  Runup  profile  on  a  large  vertical  cylinder  in  regular  waves 

Fully  non  linear  model  compared  to  first  and  second  order  theory;  ajh  =  1.0  ;  kh  =  1.0  ,  A/h  =  0.005 


Figure  13:  Runup  profile  on  a  large  vertical  cylinder  in  regular  waves 

Fully  non  linear  model  compared  to  first  and  second  order  theory;  o//i  =  1.0  ;  kh  =  1.0  ,  A/h  =  0.025 
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Figure  14:  Runup  profile  on  a  large  vertical  cylinder  in  regular  waves 

Fully  non  linear  model  compared  to  first  and  second  order  theory;  a//i  =  1.0  ;  fc/i  =  1.0  ,  i4//i  =  0.15 


Figure  17:  Contour  map  of  the  maximum  wave  elevation.  Non  linear  simulation 
ajh  =  0.10;  dja  =  8.;  kh  =  .094;  a/h  =  0.015 


Figure  18:  Contour  map  of  the  maximum  wave  elevation.  Linear  simulation 
a/h  =  0.10;  d/a  =  8.;  kh  =  .094;  a/h  =  0.015 
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ABSTRACT 

In  this  paper  the  hydroelastic  interaction  during  the  impact  of  a  two  mass  oscillator  over  the  water  surface  is 
analyzed.  The  system  consists  of  a  massive  wedge,  plunging  the  free  surface,  elastically  connected  to  a  carried 
mass.  When  the  wedge  impacts,  the  system  is  excited  by  the  pulse  hydrodynamic  force  and  an  oscillatory  coupled 
motion  takes  place.  The  attention  is  focused  on  a  parametric  analysis  of  the  maximum  of  both  hydrodynamic  and 
elastic  forces  originated  by  the  collision.  A  simplified  theoretical  model  is  proposed  starting  from  the  slamming 
force  estimated  by  similarity  solutions  of  an  impacting  fiat  plate.  This  model  is  validated  by  comparisons  with 
a  numerical  simulation  of  the  fluid-structure  interaction.  The  unsteady  potential  flow  is  computed  through  a 
boundary  elements  formulation  and  a  fully  non  linear  boundary  condition  is  applied  on  the  free  surface.  The 
hydrodynamic  load  is  then  used  to  force  the  dynamic  system.  A  good  agreement  between  numerical  results  and 
theoretical  estimate  has  been  found  validating  the  simplified  model. 


NOMENCLATURE 

Cl 

Vertical  position  of  the  wedge 

Vector  positions 

C2 

Vertical  position  of  the  suspended  body 

G 

Two-dimensional  Green’s  function 

k 

Elastic  constant 

S 

Boundary  of  the  fluid  domain 

Fh 

Hydrodynamic  force 

4> 

Velocity  potential 

F, 

Elastic  force 

u 

Inward  unit  normal  vector 

F* 

Maximum  hydrodynamic  force 

u 

Fluid  velocity 

f 

Time  corresponding  to  F* 

Sb 

Body  contour 

C 

Depth  corresponding  to  F’* 

Sp 

Free  surface 

/? 

Deadrise  angle  of  the  wedge 

t 

lime 

Q 

Water  density 

9 

Acceleration  of  gravity 

7 

Non  dimensional  added  mass  coefficient 

c 

Vertical  coordinate  (positive  downwards) 

<5 

Mass  ratio  m2 /mi 

c 

Actual  entry  velocity 

<7 

Non  dimensional  elastic  parameter 

Vo 

Initial  entry  velocity 

S{f) 

Residual  shock  spectrum 

mi 

Mass  of  the  impacting  wedge 

Hf) 

Fourier  spectrum  of  the  shock  signal 

m2 

Mass  of  the  suspended  body 

fcr 

Critical  natural  frequency 
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Gcr  Critical  value  of  a 


INTRODUCTION 

The  problem  of  collision  of  an  elastic  structure  over  a 
fluid  surface  has  a  quite  long  tradition,  starting  from 
the  pioneer  studies  of  von  Karman  [1]  during  the  thir¬ 
ties  to  investigate  the  seaplane  floating  landing.  Al¬ 
though  the  curiosity  for  this  subject  never  ceased  to 
stimulate  the  scientific  community,  in  this  last  decade 
a  renewed  interest  has  been  brought  by  the  design 
problem  related  to  high  speed  vessels. 

At  the  actual  state  of  the  art,  though  at  least  some 
basic  phenomena  seem  to  be  quite  well  established  for 
the  rigid  body  entry,  not  a  complete  understanding  of 
the  complex  mutual  fluid-structure  interaction  is  yet 
possible. 

Under  a  general  point  of  view,  two  distinct  charac¬ 
teristic  phases  are  recognized:  the  compressible  and 
the  incompressible  one.  In  fact,  although  the  water  is 
commonly  dealt  with  an  incompressible  assumption, 
in  an  early  impact  stage,  especially  for  flat  bottom  ge¬ 
ometry  of  the  impacting  body,  water  compressibility 
can  claim  its  important  role.  Authoritative  literature 
can  be  found  [2]  on  this  subject.  In  a  second  stage  of 
the  impact,  the  water  density  variation  are  negligible 
at  all  and  a  correct  analysis  can  be  carried  on  by  using 
the  more  usual  incompressible  approach. 

Rather  simple  but  effective  models  to  study  the 
problem  were  introduced  by  von  Karman  [1]  and 
Wagner  [3]  by  assuming  that  the  velocity  field  around 
the  wetted  part  of  the  wedge  can  be  approximated  by 
that  around  an  expanding  fiat  plate.  The  von  Kar¬ 
man  model  assumes  a  flat  free  surface  while  the  Wag¬ 
ner  approach  accounts  for  a  free  surface  deformation 
leading  to  a  more  reliable  result. 

More  recently  the  water  entry  problem  has  been 
analyzed  by  a  fully  numerical  approach  by  Zhao  & 
Faltinsen  [4].  Through  a  boundary  element  formula¬ 
tion,  they  simulated  the  flow  about  a  wedge  for  dif¬ 
ferent  values  of  the  deadrise  angle.  In  view  of  the 
extension  to  three  dimensional  problems,  the  model 
has  been  successively  applied  to  axisymmetric  bodies 
[5]. 

In  the  previous  mentioned  works,  as  in  the  present 
analysis,  several  assumptions  are  made.  These  are  re¬ 
lated  to  particular  phenomena  as  air  cushion  trapping, 
viscous  and  surface  tension  effects,  that  should  be  in¬ 
cluded  in  a  complete  analysis,  but  that  strongly  in¬ 
crease  the  complexity  of  the  problem.  Likely,  some 
of  them  do  not  lead  to  dramatic  changes  in  the  evolu¬ 
tion  of  the  impact  phenomenon.  However,  a  particu¬ 
lar  mention  deserves  air  trapping  that,  at  least  for  very 


fiat  bottom  shapes  in  rough  sea,  certainly  modifies  the 
pressure  load  acting  as  a  damper  interposed  between 
the  water  and  the  body.  Neglecting  the  other  effects, 
can  be  intended  as  a  simplification  of  the  problem  but 
probably  not  as  an  oversimplified  approach. 

In  this  paper  the  behavior  of  a  two  degrees  of  free¬ 
dom  elastic  oscillator  hitting  the  fluid  surface  is  in¬ 
vestigated.  In  spite  of  the  simplicity  of  the  analyzed 
system,  the  investigation  reveals  to  be  significant  un¬ 
der  the  theoretical  point  of  view.  In  fact,  some  basic 
interaction  phenomena  related  to  the  frequency  spec¬ 
trum  of  the  hydrodynamic  load  as  well  to  the  natural 
frequency  of  the  oscillator,  disclose  their  mutual  link 
in  the  response  of  the  system. 

Aim  of  the  present  paper  is  to  investigate  the  water 
entry  problem  of  a  simple  elastic  system  consisting  of 
two  masses,  where  the  lower  one  is  a  rigid  wedge  di¬ 
rectly  impacting  the  water.  The  attention  is  focused 
on  the  incompressible  stage  and  for  this  reason  the 
deadrise  angle  is  chosen  large  enough  to  avoid  super¬ 
sonic  edge  conditions. 

The  fiow  about  a  wedge  plunging  the  water  surface 
is  numerically  studied  by  using  a  boundary  elements 
formulation  that  solves  the  Laplace  equation  in  terms 
of  the  velocity  potential.  A  Neumann  boundary  con¬ 
dition  is  applied  on  the  body  contour,  while  the  un¬ 
steady  Bernoulli’s  equation  is  used  on  the  free  surface 
to  update  the  velocity  potential.  Due  to  the  velocity 
singularity  at  the  edge,  a  thin  jet  layer  occurs  requir¬ 
ing  a  very  fine  mesh  for  an  accurate  description.  For 
this  reason,  once  a  limit  thickness  is  approached,  the 
jet  is  cut  off  in  a  way  similar  to  that  proposed  by  Zhao 
&  Faltinsen  [4].  The  hydrodynamic  load  acting  on  the 
wedge  is  used  as  a  forcing  term  for  the  system  dynam¬ 
ics  that  provides  the  elastic  force  and  the  actual  drop 
velocity. 

Along  with  a  numerical  investigation  of  the  subject 
a  theoretical  model  is  developed  based  on  a  simplified 
representation  of  the  hydrodynamic  force  in  terms  of 
the  actual  depth  and  drop  velocity  of  the  impacting 
body.  The  study  of  the  impact  of  the  single  wedge 
provides  an  analytical  solution  of  the  problem  that 
turns  to  be  useful  for  the  theoretical  prediction  of  the 
occurrence  of  critical  conditions  in  the  case  of  impact 
of  an  elastic  system. 

The  main  aspects  of  the  numerical  approach  will  be 
described  in  the  next  section.  Successively,  the  sim¬ 
plified  theoretical  model  will  be  presented  and  com¬ 
parisons  between  theoretical  and  numerical  results 
will  be  discussed, 

NUMERICAL  SIMULATIONS 

The  fiow  about  a  wedge  entering  the  free  surface  is 
numerically  analyzed  by  assuming  the  fiow  to  be  ir- 
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rotational  and  the  fluid  inviscid.  Moreover,  the  dead- 
rise  angle  of  the  impacting  wedge  is  assumed  to  be 
large  enough  to  avoid  compressibility  effects  to  be  rel¬ 
evant.  In  this  conditions  the  velocity  field  is  expressed 
in  terms  of  the  velocity  potential  ^  that  satisfies  the 
Laplace  equation.  This  equation  is  solved  by  mean  of 
a  boundary  elements  formulation.  By  introducing  the 
two  dimensional  free  space  Green’s  function  of  the 
Laplace  operator  G,  at  any  point  x  inside  the  compu¬ 
tational  domain  the  velocity  potential  can  be  written 
as: 


=  ^  ^{y)G{x  -  y)  -  4>{y)^{x  -  y) 


dS{y) 

(1) 


where  S  is  the  boundary  of  the  fluid  domain  and  u  is 
the  unit  vector  normal  to  the  boundary  oriented  in¬ 
wards.  Equation  (1)  completely  describes  the  flow 
field  u  =  V<j)  once  the  velocity  potential  and  its  nor¬ 
mal  derivative  are  known  throughout  S. 

The  normal  derivative  of  is  assigned  on  the  body 
contour  Sb  in  order  to  satisfy  the  impermeability  con¬ 
straint,  while,  on  the  free  surface  5ir,  the  velocity  po¬ 
tential  is  updated  according  to  the  unsteady  Bernoul¬ 
li’s  equation.  Actually,  the  pressure  on  the  free  sur¬ 
face  is  assumed  to  be  constant  and,  by  using  the  kine¬ 
matic  condition,  the  Bernoulli’s  equation  reads: 


D<i>  . 

Dt  ^^'^2 


(2) 


where  is  the  vertical  coordinate,  positive  down¬ 
wards,  with  C  =  0  on  the  undisturbed  water  surface. 
In  the  initial  phase  of  the  impact  the  kinematic  contri¬ 
bution  to  the  right  hand  side  of  equation  (2)  is  much 
stronger  than  the  gravity  term,  hence  the  latter  is  usu¬ 
ally  neglected  in  using  that  equation. 

This  assumption  makes  simulations  valid  only  in 
the  short  time  analysis.  However,  it  should  be  noted 
that  the  initial  stage  of  the  impact  is  the  most  im¬ 
portant  in  terms  of  impact  loads.  Moreover,  in  per¬ 
forming  long  time  simulations  with  such  kind  of  ap¬ 
proaches,  suitable  models  should  be  employed  in  de¬ 
scribing  the  flow  separation  [6].  Finally,  difficulties 
may  arise  when  the  separated  flow  plunges  onto  the 
water  surface  and,  to  deal  with  this  phase,  other  nu¬ 
merical  techniques  are  needed  [7]. 

On  the  free  surface  (/>  =  0  is  assumed  as  initial  con¬ 
dition  for  equation  (2).  It  should  be  remarked  that  this 
initial  condition  implies  a  zero  tangential  velocity  all 
along  the  free  surface  and,  as  a  consequence,  the  limit 
of  the  velocity  field  from  the  free  surface  toward  the 
body  violates  the  impermeability  constraint  at  t  =  0. 
This  is  due  to  the  neglected  surface  tension  effects  that 
would  avoid  the  discontinuity  in  the  normal  vector  at 
the  intersection  between  the  free  surface  and  the  body. 


The  velocity  potential  on  5b  and  its  normal  deriva¬ 
tive  on  Sf  are  determined  by  solving  the  integral 
equation  obtained  by  applying  equation  (1)  on  the 
boundary  of  the  fluid  domain  S,  Once  the  velocity 
potential  along  the  body  surface  is  known,  the  dy¬ 
namic  pressure  is  computed  by  the  unsteady  Bernoul¬ 
li’s  equation. 

The  problem  stated  above  is  numerically  solved 
with  a  scheme  similar  to  that  employed  by  Zhao  & 
Faltinsen  [4]  that  is  briefly  described  in  the  following. 
The  boundary  of  the  fluid  domain  is  discretized  with 
segments  on  which  the  velocity  potential  and  its  nor¬ 
mal  derivative  are  assumed  to  be  constant  and  equal  to 
the  value  they  take  at  the  centroid.  The  boundary  in¬ 
tegral  equation  is  solved  providing  the  velocity  poten¬ 
tial  on  the  body  contour  and  its  normal  derivative  on 
the  free  surface.  A  second  order  Runge  Kutta  scheme 
is  employed  for  the  integration  of  the  motion  of  mid¬ 
points  on  the  free  surface  and  of  the  velocity  potential 
above  it.  A  cubic  spline  is  used  to  reconstruct  the  ver¬ 
tices  distribution.  For  the  sake  of  accuracy,  at  each 
time  step,  the  panel  distribution  is  refined  in  highly 
curved  regions. 

In  the  potential  approximation  the  solution  of  the 
problem  is  highly  chadlenging  due  to  the  velocity  sin¬ 
gularity  occurring  at  the  intersection  between  the  free 
surface  and  the  body  contour  [8].  This  singularity 
leads  to  the  formation  of  a  water  jet  that  needs  a  suit¬ 
able  procedure  to  be  described  numerically.  A  model, 
suggested  by  Zhao  &  Faltinsen  [4],  is  employed  here 
and  some  aspects  of  this  procedure  are  given  below. 

In  a  first  stage  of  the  numerical  simulation  the  free 
surface  is  assumed  to  intersect  the  body.  Successively, 
a  thin  water  jet  develops,  characterized  by  a  strong 
velocity  gradient  normal  to  the  body.  An  accurate 
description  of  the  development  of  jet  region  would 
require  a  increasing  number  of  elements  with  even 
smaller  dimensions  and,  as  a  consequence,  a  dramatic 
reduction  of  the  time  step.  For  this  reason  when  the 
distance  between  the  midpoint  of  the  first  panel  on  the 
free  surface  and  the  body  contour  becomes  smaller 
than  a  cut-off  length,  the  first  panel  is  replaced  by 
a  straight  line  panel  V  normal  to  the  body  surface. 
In  order  to  match  both  the  body  and  the  free  surface 
boundary  conditions  a  linear  variation  of  the  velocity 
potential  is  assumed  along  this  panel.  The  tangential 
derivative  is  equal  to  the  normal  derivative  assigned 
on  the  body  contour  while  the  velocity  potential  it¬ 
self  is  assigned  on  the  free  surface  side.  During  the 
time  integration,  whenever  the  first  panel  on  the  free 
surface  beyond  V  forms  an  angle  with  the  body  con¬ 
tour  smaller  than  a  limit  value  (usually  2°)  it  is  ex¬ 
cluded  and  the  jet  truncation  is  moved  back.  A  sketch 
of  the  discretization  employed  close  to  the  jet  region 
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is  shown  in  Fig.  1. 


Fig,  1  Sketch  of  the  panels  distribution  employed  to 
avoid  the  jet  description. 

The  flow  about  a  wedge  with  a  deadrise  angle  of 
10°  and  a  constant  entry  velocity  vq  —  2ms^^  has 
been  simulated.  After  a  transient  phase,  in  which  the 
jet  develops,  the  expected  similarity  solution  [4]  is 
achieved.  In  Fig.  2,  free  surface  profiles  obtained  at 
several  times  are  shown  in  a  suitable  non-dimensional 
form. 


Fig.  2  Similarity  solution  for  water  entry  at 
constant  velocity  of  a  wedge  with  deadrise  angle  10°. 

When  analyzing  the  free  fall  impact  of  the  elastic  sys¬ 
tem  (Fig.  7),  the  hydrodynamic  load  Fh  is  used  as  a 
forcing  term  of  the  dynamic  equation 

f  TTiiCi  +  k{(i  -  C2)  +  Fh  —  0 

1  m2C2  “  KCi  ~  C2)  =  0 

where  mi  and  m2  are  the  masses  of  the  impacting 
wedge  and  of  the  suspended  body,  respectively,  and  k 
is  the  elastic  constant  of  the  spring. 

In  the  solution  of  the  dynamic  equation  of  the 
elastic  system  an  explicit  numerical  procedure  is 


used.  More  rigorously,  the  instantaneous  hydrody¬ 
namic  load  should  be  computed  in  a  coupled  way  with 
the  wedge  acceleration.  However,  due  to  the  high  re¬ 
finement  of  the  discretization,  a  very  small  time  step 
is  adopted  and  then  the  use  of  a  more  sophisticated 
implicit  procedure,  see  for  instance  [9],  is  not  really 
necessary. 

Due  to  the  treatment  of  the  jet  region,  strong  oscil¬ 
lations  characterize  the  slamming  load  and  a  suitable 
filter  has  been  applied  to  the  numerical  results. 

SIMPLIFIED  ANALYTICAL  APPROACH 

In  this  section,  a  simplified  theoretical  model  for  pre¬ 
dicting  the  slamming  force  time  history  for  a  wedge 
plunging  the  water  surface  is  proposed  with  applica¬ 
tions  to  the  rigid  body  case  and  to  a  simple  elastic  sys¬ 
tem.  Following  an  approach  developed  in  Carcaterra 
&  Ciappi  [10,  11],  the  method  allows  a  simple  anal¬ 
ysis  of  the  impact  phenomenon  leading  to  the  analyt¬ 
ical  estimate  of  two  basic  quantities:  the  maximum 
slamming  force  F*  and  the  characteristic  time  delay 
t*  between  the  initial  instant  of  the  impact  and  the 
instant  at  which  the  force  peak  occurs.  Both  these  pa¬ 
rameters  reveal  their  fundamental  importance  in  the 
fluid-structure  interaction.  In  fact,  F*  affects  directly 
the  amplitude  of  the  structure  response  while  t*  con¬ 
trols  the  peak  frequency  of  the  hydrodynamic  force 
spectrum.  In  particular,  when  a  specified  ratio  be¬ 
tween  t*  and  a  natural  period  of  oscillation  of  the 
system  is  approached,  a  critical  situation  is  achieved, 
characterized  by  severe  stress  condition  in  the  elastic 
system. 

The  hydrodynamic  force  acting  on  a  massive 
wedge  follows  a  characteristic  evolution.  On  one 
hand  the  drop  velocity  decay  causes  a  reduction  in  the 
slamming  pressure  while,  at  the  same  time,  the  wet¬ 
ted  length  is  increasing.  In  the  first  stage  of  the  impact 
the  latter  effect  dominates  over  the  former  and  an  in¬ 
creasing  trend  of  the  force  is  observed.  At  t*  the  two 
opposite  phenomena  find  a  balance  and  a  character¬ 
istic  maximum  is  reached.  Successively,  the  velocity 
reduction  prevails  against  the  increase  of  the  wetted 
length  and  the  slamming  force  definitively  decays. 

In  Carcaterra  &  Ciappi  [10],  on  the  basis  of 
the  acoustic  approximation  originally  introduced  by 
Skalak  &  Feit  [12],  this  phenomenon  is  kept  by  a 
simple  formulation  and  the  hydrodynamic  force  is  ex¬ 
pressed  only  in  terms  of  the  body  depth  and  velocity. 
In  this  way  a  solution  of  the  body  motion  is  provided 
in  analytical  form.  Due  to  some  hypotheses  contained 
in  the  acoustic  approximation,  the  analysis  is  only 
valid  for  a  supersonic  edge  condition  that  implies  a 
very  small  deadrise  angle  when  analyzing  a  wedge 
entry. 
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This  procedure  has  been  generalized  in  Carcaterra 
&  Ciappi  [11]  starting  from  the  von  Karman  [1]  ap¬ 
proximation  of  the  hydrodynamic  force,  valid  for  a 
constant  drop  velocity.  Again,  the  force  is  suitably 
expressed  only  in  terms  of  the  body  depth  and  veloc¬ 
ity,  and  analytical  results  are  determined. 

Impact  of  the  Rigid  Body 

Let  us  consider  a  two  dimensional  wedge  of  mass  m 
per  unit  length,  impacting  on  the  water  surface  with 
an  initial  drop  velocity  vq.  The  equation  of  motion 
simply  reads  =  0,  where  Fh  and  (  are  the 

hydrodynamic  force  (per  unit  length)  and  the  depth, 
respectively. 

By  the  potential  theory,  and  by  approximating 
the  velocity  field  on  the  wetted  length  with  the 
flow  around  a  flat  plate,  the  following  expression 
for  the  hydrodynamic  force  is  obtained:  Fh  = 
tBn?  Pj  where  is  the  deadrise  angle  and 
7,  boiti  in  Wagner  and  von  Karman  approaches,  is  as¬ 
sumed  to  be  a  constant  depending  on  the  hypotheses 
made  on  the  wetted  length.  More  details  about  this 
coefficient  are  provided  at  the  end  of  this  section. 

When  a  variable  drop  velocity  is  considered,  a  rea¬ 
sonable  approximation  for  the  hydrodynamic  force 
can  be  used: 


Fft  =  7r07CVtan2/?  .  (4) 


to  obtain  the  equation  of  the  body  motion.  How¬ 
ever,  in  view  of  a  closed  form  solution,  the  direct  de¬ 
pendence  of  Fh  on  time  can  be  eliminated  by  letting 
t  —  (^/vq.  In  this  case  one  obtains: 


FhiCO 


votan^/S^  ’ 


and  the  equation  of  motion  becomes: 


where 


TTQ'y 

mvo  tan^  0 


(5) 

(6) 


where  the  integration  constant  is  found  by  matching 
the  initial  condition  C(0)  =  vo^ 

The  relationship  between  time  and  depth  is  found 
by  integration  of  the  previous  equation,  yielding: 


*(C)  =  |:  +  ¥ 


(9) 


where 


B{t)  =  hiA^vlt  -h  ^ b2A^vl  ^ 

with  bi  =  162,  b2  —  23328  and  63  =  26244.  The  new 
expression  of  t{Q  can  be  considered  as  an  higher  or¬ 
der  approximation  with  respect  to  t  account¬ 

ing  for  the  velocity  reduction. 

By  using  equations  (5)  and  (8),  the  hydrodynamic 
force  versus  the  depth  is: 


■Fh{0  =  mACH  =  rnA 


2vo 

2  +  AvoC^ 


C 


(10) 


that,  through  equation  (9),  provides  Fh(t).  Starting 
from  this  equation,  it  is  possible  to  obtain  F*  and  t*. 
The  former  is  the  relative  maximum  of  Fh(C)  that  fol¬ 
lows  from  the  solution  of  the  algebraic  equation: 


^  _  n  ^  r*  - 

d(  ^  ^  Y 


where  C’"  is  the  depth  at  which  the  maximum  occurs. 
Hence,  F*  is  given  by: 


F*=Fh{C)  = 


(12) 


and  t*  is  found  by  using  equation  (9): 


/  2m  tan^ 
’  15V5irp7  uo 


(13) 


This  nonlinear  equation  admits  an  analytical  solution. 
By  introducing  the  variable  transformation: 


dip  ^  _  dip 
dCdi^'^dC  ' 


equation  (6)  takes  the  form: 

4,^  +  Arp^<:  =  0  (7) 

dC 

whose  solution  is  determined  by  separation  of  vari¬ 
ables.  In  fact: 


It  is  interesting  to  notice  that  C*  is  simply  related  to 
t*.  Actually,  by  combining  equations  (11)  and  (13),  it 
follows  that: 


indicating  that,  although  responsible  for  the  relative 
maximum  of  the  slamming  force,  only  a  small  reduc¬ 
tion  of  the  entry  velocity  occurs  up  to  t*, 

A  useful  relationship  between  F*  and  t*  can  be 
also  determined.  In  fact,  simple  mathematics  leads 
to: 


=>.  i/)  =  c  = 


2vo 


2  + 


(8) 


F*r  = 


81 


mvo 


~  0.247muo  . 


(14) 
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These  results  completely  solve  the  problem  related  to 
the  simple  model  represented  by  equation  (6).  Their 
use  in  predicting  the  response  of  the  elastic  system  is 
discussed  in  the  next  section. 

The  choice  of  the  7  coefficient  deserves  some  fur¬ 
ther  comments.  The  total  force  acting  on  a  wedge 
falling  with  a  constant  velocity  vq  can  be  written  as 
F  =  d{iivo)ldt  where  p  is  the  added  mass  coeffi¬ 
cient.  This  coefficient  can  be  expressed  in  terms  of 
the  product  of  7  and  the  added  mass  of  a  flat  plate  of 
width  2v{^tl  tan  P,  that  is: 


TT 


(15) 


From  the  above  considerations,  the  slamming  force 
becomes: 

and  if  Cf  =  FJ is  the  non  dimensional  force, 
it  follows  that: 


7=“C'/tan^/3  .  (17) 

TT 

This  constant  assumes  the  value  7  =  1  in  the  theory 
suggested  by  von  Karman  while,  due  to  the  different 
assumption  for  the  wetted  length,  it  is  7  =  7r^/4  in 
the  Wagner  theory.  It  should  be  noticed  that,  although 
a  dependence  of  7  on  the  deadrise  angle  is  expected, 
both  these  theories  predict  7  to  be  constant.  A  brief 
review  of  works  developed  about  this  relationship  is 
given  by  Vorus  [13],  while  only  few  points  are  dis¬ 
cussed  below. 

In  Zhao  &  Faltinsen  [4]  the  flow  about  a  wedge 
plunging  the  water  surface  with  a  constant  velocity 
is  analyzed  by  using  a  numerical  simulation  and  other 
two  approaches:  one  based  on  the  similarity  solution 
originally  formulated  by  Dobrovol’skaya  [14],  and 
the  other  on  a  matched  asymptotic  expansion  similar 
to  that  employed  by  Howinson  et  al  [15],  which  uses 
the  Wagner  [3]  solution  to  describe  the  inner  flow. 
Zhao  &  Faltinsen  [4]  compute  the  non  dimensional 
force  coefficient  Cf  at  several  deadrise  angles  by  us¬ 
ing  the  three  different  approaches  and  the  correspond¬ 
ing  values  of  7  obtained  through  equation  (17)  are  de¬ 
picted  in  Fig.  3.  All  curves  exhibit  a  decay  of  7  for  in¬ 
creasing  values  of  the  deadrise  angle  and,  for  /3  0, 

tend  to  the  value  predicted  by  Wagner  [3]  in  the  small 
deadrise  angle  assumption.  In  the  following  the  value 
of  7  provided  by  the  similarity  approach  will  be  used 
for  the  theoretical  estimate. 


P 

Fig.  3  Variation  of  the  non  dimensional  added  mass 
coefficient  7  versus  the  deadrise  angle. 

To  validate  the  theoretical  formulation,  a  comparison 
with  an  experiment  described  in  Kim  et  al  [  1 6]  is  per¬ 
formed.  The  test  case  refers  to  a  wedge  with  a  dead¬ 
rise  angle  of  23®,  a  mass  per  unit  length  of  398  kg  and 
an  initial  drop  velocity  vo  =  6.9m/s.  The  theoret¬ 
ical  prediction  of  the  vertical  acceleration  is  in  good 
agreement  with  experimental  data  (Fig.  4). 


Fig.  4  Comparison  between  theoretical  and 
experimental  results  for  the  impact  at  a  constant  entry 
velocity  of  a  wedge  with  a  deadrise  angle  of  23®. 


The  previous  analysis  can  be  considered  acceptable 
only  over  a  short  time  scale  since  buoyancy  effects 
are  not  included  in  equation  (6).  In  fact,  they  induce 
oscillations  of  the  impacting  wedge.  However,  the 
characteristic  time  scale  T^uoy  of  the  buoyancy  phe¬ 
nomenon,  trivially  is: 


Fbuoy  — 


mi  tan  /? 

4^52 
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thus  the  ratio  t*/Tbuoy  can  be  easily  obtained: 


Hence,  the  analysis  is  valid  for 

72  \  evo  J 

i.e.  when  considering  small  deadrise  angles  and/or 
high  impact  velocities. 

The  same  conclusion  can  be  also  drawn  by  directly 
considering  the  ratio  between  the  buoy  force  corre¬ 
sponding  to  C 

Fbnoy  =  egC^  I  tanP 


and  F*,  The  wished  ratio  provides 

F*  ^  tan^  13 
Fbuoy  ~  7®/^  V  ^0 

By  substituting  the  numerical  values  used  for  the  pre¬ 
vious  application  it  follows 


by  using  results  of  the  previous  section.  By  wholly 
converting  the  initial  kinetic  energy  of  m2  into  elastic 
energy,  corresponding  to  a  sudden  stop  of  mi,  one 
has  Fe  a  while  Fh  oc  v^^pmi/tan/3. 

Therefore: 


—  oc  ^ 

Fe,  \[l  tan  /? 


(19) 


It  can  be  concluded  that  when  sfojl  >  tan  /3,  Fh  is 
weakly  affected  by  Fg.  Hence,  the  suspended  mass 
behaves  like  a  mass  on  a  foundation  that  receives 
a  known  shock  acceleration  of  the  form  F/i(f)/mi, 
where  Fh{t)  is  given  in  2.1. 

In  this  case,  the  shock  spectrum  technique  can  be 
profitably  used  to  predict  the  maximum  response  of 
the  suspended  mass  as  a  function  of  the  natural  fre¬ 
quency  /  =  lf{27r)y/klm2  of  the  system  itself.  The 
residual  shock  spectrum  S{f)  represents  the  maxi¬ 
mum  response  . of  the  system  for  t  >  T,  where  T  is 
the  time  duration  of  the  shock  waveform.  The  abso¬ 
lute  maximum  is  generally  a  good  approximation  of 
the  overall  maximum  response  [17,  18].  S{f)  is  re¬ 
lated  to  the  Fourier  transform  T  of  the  shock  signal 
by  the  following  relationship: 


that  allows  to  neglect  at  all  any  buoy  effect. 

Water  entry  of  a  Simple  Elastic  System 

When  the  hydrodynamic  force  is  modeled  as  shown 
in  the  previous  section,  equation  (3)  becomes: 

mxCi  +  fe(Ci-C2)  +  ^;^|^Ci'Ci  =  0 

^(Cl  “  C2)  =  0 

The  numerical  solution  can  be  easily  achieved  and  the 
comparison  with  results  obtained  by  a  numerical  sim¬ 
ulation  is  presented  in  the  following  section.  How¬ 
ever,  some  interesting  conclusions  about  the  maxi¬ 
mum  elastic  force  excited  during  the  water  impact  can 
be  determined  in  closed  form. 

Since  in  the  previous  section  the  evaluation  of  the 
hydrodynamic  force  was  obtained,  it  is  interesting  to 
study  under  which  conditions  this  force  is  almost  in¬ 
dependent  of  the  elastic  force,  Le,  when  the  motion 
of  mi  is  substantially  independent  of  m2.  In  such 
a  case  the  hydrodynamic  force  analysis  developed  is 
still  considered  valid. 

Let  us  introduce,  for  the  sake  of  simplicity,  the  non 
dimensional  parameters  a  =  and  6  = 

When  the  elastic  force  Fe  satisfies  the  condition  Fe 
Fh,  its  effect  on  Fh  is  negligible.  An  estimate  of  the 
orders  of  magnitude  of  Fe  and  Fh  is  easily  provided 


5(/)  =  27r/|F(/)l  .  (20) 

The  concept  of  residual  shock  spectrum  could  not  be 
introduced  in  a  strict  mathematical  form  for  the  slam¬ 
ming  signal,  since  it  vanishes  only  asymptotically  and 
has  not  a  finite  time  duration  T.  Nevertheless,  the 
slamming  force  decays  rapidly  after  the  maximum 
and  thus  the  use  of  the  shock  spectrum  analysis  does 
not  reasonably  introduce  significant  errors. 

Even  though  equation  (20)  could  be  directly  em¬ 
ployed  to  provide  the  shock  spectrum  once  the  hy¬ 
drodynamic  force  is  known,  a  more  general  and  even 
simpler  result  can  be  obtained  by  introducing  a  suit¬ 
able  non-  dimensional  form  of  the  hydrodynamic 
load.  If  equations  (9),  (10)  and  the  expression  of  B{t) 
are  rewritten  in  terms  of  the  following  non  dimen¬ 
sional  variables: 

=  ^ 

they  take  the  form  below: 
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where: 


V  =  ^  tan^(/?)  ^  5 

Q{vot*)^  TT'fiP)  ~  2  \16y 

Equation  (22)  is  given  once  for  any  choice  of  the  im¬ 
pact  parameters.  Only  F  and  (  are  requested  to  be 
suitably  scaled  by  using  F*  and  t*. 

In  Fig.  5  the  non  dimensional  force  given  by  equa¬ 
tion  (22)  is  plotted  versus  the  non  dimensional  time  t 
The  shock  spectrum  of  this  signal: 

5(/)  =  27r/|:^(/)|  ,  (23) 

is  represented  in  Fig.  6  versus  the  non  dimensional 
frequency  f  =  ft*.  The  elastic  force  can  be  re¬ 
covered  by  multiplying  the  residual  shock  spectrum 
by  the  maximum  hydrodynamic  force  F*  and  by  the 
mass  ratio  S. 

By  direct  inspection  of  the  shock  spectrum  curve  it 
appears  that  the  relative  maximum  occurs  at  /  ~  1  /5 
and  hence  the  critical  frequency  can  be  estimated  as: 


Fig.  5  Non  dimensional  slamming  shock  signal. 


If  one  is  interested  to  a  critical  value  of  the  elastic 
constant  k,  it  follows  that  kcr  =  rn2{27rfcr)^  and, 
in  terms  of  the  non  dimensionless  parameter  a,  it  be¬ 
comes: 


O'er 


qvq  _  25  gvQt*^ 

kcr  47r^  7722 


(25) 


By  using  the  expression  (13)  for  t*,  an  equivalent  ex¬ 
pression  for  O'er  is  recovered: 


_  25  1  tan^/3 
4^3  Su  7 


(26) 


On  the  basis  of  equation  (24),  besides  kcr,  a  complete 
set  of  critical  values  of  the  impact  variables  can  be 
derived. 


Fig.  6  Non  dimensional  residual  shock  spectrum  of 
slamming  signal. 

It  is  apparent  that,  in  correspondence  of  the  critical 
condition,  the  maximum  elastic  force  has  the  same 
order  of  magnitude  of  the  hydrodynamic  one  being 
S{fcr)  —  1*3  at  least  for  a  mass  ratio  5  =  1.  There¬ 
fore,  in  that  case,  it  can  be  concluded  that  the  initial 
assumption  Fe  <  F^  does  not  strictly  hold.  Never¬ 
theless,  this  does  not  sensibly  affect  the  estimate  of 
the  critical  frequency.  In  fact,  in  the  next  section  this 
severe  case  has  been  analyzed  and  the  critical  condi¬ 
tion  leading  to  the  maximum  elastic  force  agrees  quite 
satisfactorily  the  corresponding  numerical  estimation. 
For  smaller  value  of  5  the  condition  Fe  F^  holds 
and  the  estimated  critical  frequency  should  be  defini¬ 
tively  accepted. 

DISCUSSION 

In  this  section  the  water  entry  of  the  elastic  system 
shown  in  Fig.  7  is  analyzed  by  the  numerical  model 
and  by  the  theoretical  approach  discussed  in  the  last 
section. 


Fig.  7  Sketch  of  the  elastic  system. 

The  impacting  wedge  has  a  deadrise  angle  /?  =  10®, 
an  initial  velocity  vq  =  2  a  mass  mi  = 

166.26kgm~^  and  the  mass  ratio  is  5  =  m2/ml  =  1. 
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0=00 


o=  0.00045 


Time 


Fig.  8  Time  histories  of  hydrodynamic  and  elastic  forces  for  several  stiffness  parameters.  (5  =  1) 
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The  value  chosen  for  mi  has  been  obtained  by  in¬ 
troducing  a  non  dimensional  mass  parameter  m[  = 
mi/(pL^)  =  1,  being  L  a  reference  length.  For  the 
semi-infinite  wedge  the  reference  length  was  assumed 
as  L  =  Vq/q,  that  is  the  amplitude  of  the  free  oscilla¬ 
tions  of  a  buoy  mass  originally  forced  with  a  velocity 
Vo- 

The  stiffness  k  of  the  elastic  spring  has  been  sys¬ 
tematically  varied  from  zero  to  infinity  to  study  its  ef¬ 
fects  on  the  elastic  and  hydrodynamic  responses,  that 
is,  in  terms  of  a,  from  oo  (A:  =  0)  to  0  (fc  oo). 
Since  in  both  extreme  cases  the  elastic  force  van¬ 
ishes,  they  collapse  into  a  rigid  body  impact  with 
mass  m'l  =  1  and  m[  =  2  for  the  former  (k  =  0) 
and  the  latter  (k  oo)  bound,  respectively. 

The  time  histories  of  the  hydrodynamic  and  elas¬ 
tic  forces,  divided  by  the  fluid  density  g,  are  shown 
for  several  values  of  the  non-dimensional  stiffness  pa¬ 
rameter  in  Figs.  8.  For  each  case  the  hydrodynamic 
and  the  elastic  (negative)  forces  are  represented  in  the 
upper  and  lower  side  of  the  graph,  respectively.  The 
dashed  curves  represent  the  results  obtained  by  solv¬ 
ing  the  system  (3)  where  the  hydrodynamic  force  is 
modeled  as  in  equation  (5).  On  the  other  hand  the 
solid  lines  refer  to  the  solution  of  the  same  system  (3) 
where  the  hydrodynamic  load  is  determined  from  the 
numerical  solution  of  the  fluid  dynamic  problem. 

A  good  agreement  among  the  two  approaches  ap¬ 
pears  over  the  whole  range  of  a,  although  the  slight 
differences  in  the  hydrodynamic  load  of  the  two  solu¬ 
tions  deserves  some  remarks. 

With  respect  to  the  theoretical  prediction,  numer¬ 
ical  results  seem  to  start  from  a  non  zero  slamming 
force.  Actually,  in  the  initial  development  of  the 
jet,  the  numerical  hydrodynamic  force  grows  rapidly 
from  zero  up  to  catch  the  slope  predicted  by  the  simi¬ 
larity  solution. 

Moreover,  for  all  values  of  tr  a  marked  peak  occurs 
in  the  numerical  results  around  t  =  0.004,  that  is  the 
time  at  which  the  jet  is  cut  off  for  the  first  time.  Hence 
this  peak  does  not  have  a  physical  meaning  but  rather 
it  is  an  effect  related  to  the  numerical  algorithm.  Nev¬ 
ertheless,  after  a  few  time  steps,  the  effects  of  the  jet 
cut  off  disappear  and  the  curves  catch  again  the  pre¬ 
vious  trend. 

Finally,  after  the  maximum,  the  numerical  hydro- 
dynamic  force  decays  faster  than  the  theoretical  one. 
However,  the  agreement  of  the  latter  with  experimen¬ 
tal  data  shown  in  Fig.  4  seems  to  validate  its  decay 
rate,  thus  differences  should  be  due  to  an  excessive 
damping  in  the  numerical  solution. 

In  Fig.  9  the  maxima  of  the  elastic  force  of  each 
time  history  are  plotted  versus  a.  Equations  (25)  and 
(26)  provide  for  the  stiffness  parameter  a  critical  value 


at  which  the  maximum  elastic  response  occurs.  In  the 
present  case  it  results  acr  ~  0.00135  while  the  so¬ 
lution  of  the  coupled  system  (18)  gives  acr  —  0.001 
and  the  numerical  simulation  provides  o'er  —  0.0008. 
These  differences  mainly  originate  from  the  neglected 
interaction  between  the  hydrodynamic  and  the  elastic 
force  in  deriving  equation  (26).  However,  the  com¬ 
parison  seems  rather  good  especially  considering  the 
flat  trends  that  characterizes  the  region  of  maxima. 


Fig.  9  Maximum  elastic  force  versus  a. 

In  Fig.  10  the  same  comparison  between  theoreti¬ 
cal  and  numerical  predictions  is  performed  in  terms 
of  hydrodynamic  loads,  and  a  good  agreement  is  ob¬ 
served.  It  is  interesting  to  remark  that  a  value  of  the 
maximum  hydrodynamic  force  larger  than  those  pre¬ 
dicted  in  both  the  extreme  cases,  a  =  0  and  a  ->  oo, 
is  found.  Also  a  critical  condition  for  the  hydrody¬ 
namic  force  occurs,  although  it  is  not  clear  if  and  how 
it  is  related  to  cTcr- 


Fig.  10  Maximum  hydrodynamic  force  versus  a. 
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CONCLUDING  REMARKS 

The  effects  of  the  impact  of  an  elastic  oscillator  on  the 
water  surface  have  been  analyzed.  The  hydrodynamic 
load  acting  on  the  impacting  body  is  computed  by  a 
fully  non  linear  boundary  element  technique.  Since  in 
this  kind  of  problem  the  velocity  reduction  of  the  en¬ 
tering  body  plays  a  key  role,  the  dynamic  equations  of 
the  system  are  coupled  with  the  hydrodynanuc  com¬ 
puted  force.  A  critical  condition  in  both  elastic  and 
hydrodynamic  forces  arises  when  varying  the  stiff¬ 
ness  of  the  connecting  spring,  that  shows  an  important 
hydroelastic  coupling. 

A  theoretical  approach  to  the  problem  is  able  to  re¬ 
cover  a  closed  form  expression  of  the  spring  constant 
leading  to  a  critical  condition  for  the  elastic  force.  The 
same  model  can  be  also  directly  used  to  predict  the 
evolution  in  time  of  both  hydrodynamic  and  elastic 
forces  and  a  good  agreement  with  the  fully  numerical 
simulation  has  been  achieved. 
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ABSTRACT 


Wave  making  phenomenon  of  a  submerged  lifting  body  which  generates  downward  lifting  force  is 
different  ftom  that  of  a  conventional,  upward  lifting  body.  Theoretical  analysis  and  experimental  research 
suggest  that  wave  making  resistance  of  the  submerged  body  with  downward  lifting  force  is  less  than  that 
of  a  body  without  lifting  force.  Numerical  investigations  on  the  submerged  lifting  body  are  carried  out 
to  understand  its  characteristics. 

For  the  numerical  analysis,  a  direct  boundary  element  method  is  introduced.  To  satisfy  the  Kutta 
condition  at  trailing  edge,  a  waJce  sheet  is  placed  behind  the  lifting  body. 

As  the  results  of  the  computations,  it  is  revealed  that  characteristics  of  the  submerged  downward  lifting 
body  is  remarkably  different  from  that  of  the  upward  one.  An  optimization  method  is  applied  to  obtain 
a  shape  of  lifting  body  with  minimum  drag. 


NOMENCLATURES 


a:,  y,  2: 

coordinate  system 

U 

uniform  incoming  flow  velocity 

9 

gravitational  acceleration 

C 

chord  length 

B 

span  width 

h 

submergence  depth 

A 

aspect  ratio,  B  j  C 

P 

density  of  fluid 

a 

angle  of  attack 

(p 

perturbation  velocity  potential 

V2 

Laplacian, 

n 

normal  direction  of  boundary,  or 
time  step  it  appears  as  superscripts 

0n 

:  normal  velocity,  d^jdn 

Ttz 

:  X,  z  component  of  normal  vector 

T 

:  distance  between  nodal  points 

s 

:  boundary  surface 

t 

:  time 

C 

:  wave  height 

Cc)  Cy 

:  derivatives  of  C  with  respect  to  x,  y 

<f>xi 

:  derivatives  of  0  with  respect  to 

2/,  2; 

p 

:  pressure 

TE-^,  TE- 

:  trailing  edge  on  upper  and  lower 
surfaces 

Pte+j  Pte- 

pressure  at  TE 

APte 

Pte+  “■  Pte- 

A(t>w 

potential  jump  on  wake  sheet 

H,  G 

influence  coefficient  matrix 

P,  Q 

nodal  points 

Tp 

tent  function  around  p 

region  of  all  elements  connect 
with  p 

ko 

wave  number,  g/U"^ 

X 

vector  of  unknown  values 

A 

coefficients  matrix  of  unknown 
values 

N 

total  number  of  nodal  points 

BS 

body  surface 

FS 

free  surface 

OB 

outer  boundary 

W 

wake  sheet 

B 

coefficient  matrix  of  wake 
contribution 

K 

:  number  of  vortex  lines  on  wake 
sheet 

SpB 

:  plane  area  of  lifting  body,  C  x  B 

Cp 

:  pressure  coefficient 

Cd 

;  drag  coefficient 

Cl 

:  lifting  force  coefficient 

Cb 

:  buoyancy  force  coefficient 

Fn 

:  Froude  number,  U  /  y/^ 
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z'^{x)^  z‘'{x) :  offsets  of  upper  and  lower  surface 
T{x)  :  thickness  function 

C{x)  :  camber  line  function 

Xt  :  position  of  maximum  thickness 

Tm  :  maximum  thickness 

otTE  :  angle  at  trailing  edge 

R  :  curvature  at  leading  edge 

Xc  :  position  of  maximum  camber 

Cm  :  maximum  camber 

Ss  :  sectional  area  of  lifting  body 

LE,  TE  :  position  of  leading  edge 

and  trailing  edge 


INTRODUCTION 

A  submerged  body  which  generates  downward 
lifting  force  makes  wave  less  than  that  which  gen¬ 
erates  upward  lifting  force.  Mori  and  et.  al.[l] 
carried  out  an  experimental  research  on  a  sub¬ 
merged  ship  which  has  foils  generating  downward 
lifting  force  to  make  the  body  submerged  to  re¬ 
duce  making  waves.  In  the  study  it  is  found  that 
the  total  drag  of  the  submerged  body  is  less  than 
that  without  wings;  that  is,  the  downward  lifting 
force  reduces  the  drag  of  the  submerged  body. 
And  it  is  revealed  that  the  reduction  of  the  total 
drag  comes  from  the  component  of  wave  making 
resistance.  This  phenomenon  is  very  interesting 
from  the  view  point  of  hydrodynamics,  and  it  is 
useful  also  for  the  practical  purpose. 

On  the  other  hand,  theoretical  investigations 
on  the  wave-less  submerged  body  with  down¬ 
ward  force  are  done  by  Tulin  and  Tuck  et.  al. 
[2]  [3]  [4]  [5] .  Their  conclusion  is  that  a  singular¬ 
ity  combination  of  a  vertical  dipole  and  anti¬ 
clockwise  vortex  can  satisfies  the  free  surface  con¬ 
dition  without  free  wave  terms.  It  is  suggested 
that,  in  2-D  case,  the  combined  singularity  with 
zero  wave  making  resistance  exists  when  it  pro¬ 
duces  the  downward  force  twice  its  buoyancy 
force. 

As  to  the  hydrofoils  producing  upward  force, 
there  are  many  researches  in  the  past  and  their 
characteristics  are  well  known  as  far  as  wave 
breaking  does  not  takes  place.  However,  wave 
making  problem  by  a  downward  lifting  body  are 
not  studied  so  far.  Motivated  by  the  above  men¬ 
tioned  findings,  in  the  present  study,  it  is  focused 
on  the  phenomenon  found  in  [6]  [7].  The  purpose 
is  to  reveal  wave  making  resistance  reduction  by 
downward  lifting  force  by  numerical  analysis.  For 
the  numerical  method  to  solve  free  surface  flow 
around  a  submerged  lifting  body,  a  boundary  ele¬ 
ment  method  is  used  and  jump  of  velocity  poten¬ 


tial  on  wake  behind  the  lifting  body  is  assumed 
to  satisfy  the  Kutta  condition. 

As  the  results  of  computations,  it  is  found  that 
the  wave  patterns  are  much  different  from  those 
of  the  body  with  upward  lifting  force  and  that 
a  minimum  drag  is  obtained  when  it  generates 
downward  force.  Furthermore,  an  optimization 
method  is  applied  to  get  shapes  of  the  lifting  body 
which  has  minimum  drag.  Through  the  optimiza¬ 
tion,  the  shape  with  low  resistance  is  obtained 
which  produces  downward  force. 

COMPUTATIONAL  METHOD 

In  the  present  paper,  the  viscosity  and  compress¬ 
ibility  are  neglected  and  an  irrotational  flow  is  as¬ 
sumed.  Figure  1  shows  a  sketch  of  a  submerged 
lifting  body,  computational  domain  and  the  co¬ 
ordinate  system.  The  lifting  body  is  fixed  at  the 
depth,  /i,  and  uniform  incoming  flow  velocity  U 
is  assumed. 

<j>  is  the  perturbation  velocity  potential  around 
the  submerged  lifting  body  which  satisfies  the 
Laplace  equation  given  by 

vv  =  0  (1) 

Applying  the  Greenes  theorem  to  the  Laplace 
equation,  following  equation  is  obtained. 

where  c  is  a  solid  angle  of  discretize  panels. 
Boundary  conditions  are  given  as  follows, 

•  on  body  surface 

^  (3) 
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Side  bounds 


Figure  2:  Wake  sheet  model 


•  on  free  surface 

(4) 

^  =  -flC -U4>x  {4>l  +  4>l  +  4>l)  +  (5) 

The  Kutta  condition  at  the  trailing  edge  of  the 
lifting  body  is  given  by 


APte  =  Pte+  ^  Pte-  =  0  (^) 

where  TE^,TE^  represent  the  nodal  points  on 
the  upper  and  the  lower  trailing  edges  of  the  lift¬ 
ing  body  respectively.  In  order  to  satisfy  the 
Kutta  condition,  a  wake  sheet  is  introduced.  The 
wake  sheet  consists  of  a  transitional  zone  (Zone 
1)  and  a  horizontal  flat  zone  (Zone  2)  as  shown 
in  Figure  2.  The  transitional  zone  starts  from  the 
trailing  edge  in  the  direction  of  the  camber  line  of 
lifting  body  and  extends  to  a  certain  location  to¬ 
ward  downstream.  At  the  end  of  Zone  1,  the  wake 
sheet  has  a  zero  slope  and  the  same  height  as  that 
of  the  leading  edge.  Zone  2  extends  fax  enough 
to  the  downstream.  On  the  wake  sheet,  a  veloc¬ 
ity  potential  jump  is  assumed  and  its  strength  is 
iteratively  determined  so  that  the  Kutta  condi¬ 
tion  is  satisfied.  The  strength  is  constant  on  each 
longitudinal  line,  but  it  varies  in  span  direction. 

Numerical  Scheme 

For  the  present  computations,  a  direct  boundary 
element  method  (BEM)  is  used  [8].  Body  surface, 
wake,  free  surface  and  outer  boundary  are  divided 
into  triangular  elements,  on  which  the  values  of 
functions  are  interpolated  linearly.  Equation  (2) 
is  discretize  to  the  following  system  of  linear  equa¬ 
tions 


N  ^ 

'^Hpq-<j)q  -  0 

q-l  q=l 

;  p=l,2,..-,iV 


(7) 


FT,  G  are  influence  coefficients  as  follows, 


where  Tq  is  the  tent  function  around  the  node  q. 

Boundary  conditions  on  the  free  surface  Equa¬ 
tions  (4) (5)  are  discretize  by  following  finite  dif¬ 
ference  approximations. 


( H-  3/ij  +  fi—2fj  qq\ 

\dx)^~  &Ax 

( =  /».j+l  ~  fij-^  /I  i-j 

2Ay 

where  /  means  (j)  and  ^  2tnd  i,  j  is  ordering  num¬ 
ber  on  free  surface  mesh  in  the  direction  of  x,  y 
respectively. 

Upstream  boundary  conditions  are  given  as  fol¬ 
lows. 


To  make  the  numerical  method  computation¬ 
ally  efficient,  an  implicit  time-marching  method 
is  employed  as  follows, 


n+l 

hi _ 


At 


-  fe 

At 


where 


n 

are  the  finite  difference  forms  of  r.h.s. 

of  Equation  (4)  and  (5)  respectively.  Because 
these  two  equations  are  both  nonlinear  and  cou¬ 
pled  with  each  other,  they  have  to  be  solved  by 
iterative  procedure.  The  initial  value  for  the  iter¬ 
ative  procedure  is  provided  by  the  extrapolation 
of  the  solutions  at  two  previous  time  steps. 

For  open  boundary  conditions,  upstream 
boundary,  side  boundary,  and  bottom  boundary, 
the  Neumann  condition  is  assumed. 


(16) 
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system  of  equations. 


A(t)vv=0 

A<j)w=0 

^^A  <t>yy=  1 

A  <bwu=0 


Figure  3:  Sketch  of  unit  A(^iy  contribution 


On  the  downstream  boundary,  following  condi¬ 
tion  is  employed. 

where  (l)n\z=o  is  calculated  by  the  diflFerentiation 
of  ^  on  the  free-surface. 

Depending  on  these  boundary  conditions,  the 
known  and  the  unknown  variables  of  Equation  (7) 
are  separated  into  both  sides  as  follows, 


E  Bl?  ■■  {  aA"/*  -  aAJ  = 


APf*;>  -  AP™,  (21) 

;  i  =  i,2, ... 

where  K  shows  the  number  of  vortex  lines  on  the 
wake  sheet,  i,  j  the  ordering  number  of  vortex 
line,  I  the  number  of  iteration,  and  B  the  matrix 
of  the  coefficient  given  by, 

_  d{APTEi)  ^  AP^l  -  AP^ZP 


dAcpwj 


TEi _ 

A4><P^  -  A<i>%-p 
j  =  1,  2 


Equation  (21)  is  solved  iteratively  so  that 
AP!p^P  becomes  zero. 

Equation  (18)  can  be  separated  into  the  follow¬ 
ing  two  equations 


9=1  9 

FS  OB 


^dn 


■  ^2  ^JX!  ■ 


where  Xq  is  a  vector  of  the  imknown  values,  Apq 
coefficients  matrix  at  node  p  against  q. 


I  mBs 

Xq  =  <  [<t>n]FS 


Apq  ^  ^{Hpq} ,  {Gpq} y  {Hpq} 

(20) 

This  system  of  linear  equations  is  solved  by  iter¬ 
ative  procedure. 

In  the  present  study,  a  wake  sheet  behind  the 
lifting  body  is  introduced  and  a  jump  of  the  ve¬ 
locity  potential  is  assumed  on  the  wake  sheet  in 
order  to  satisfy  the  Kutta  condition.  The  strength 
of  the  jump  is  determined  by  solving  following 


^2  '  Xwq  =  ^  (24) 

g=l  q 

where  Xq  is  the  solution  without  contribution  of 
the  wake  and  Xw  represents  its  contribution. 
The  r.h.s.  of  Equation  (24)  can  be  written  in 
the  form  of 

W  K 

Hpq  .  A<l>w  =  Hpj  •  A<j)wj  (25) 

9  J=1 

Hpj  =  53  ifp,  (26) 

qelinej 

To  avoid  to  solve  Equation  (24)  at  every  time 
when  A(^vv  is  updated,  the  contribution  of  a  unit 
strength  distributed  on  each  wake  line  is  calcu¬ 
lated  in  advance  by  solving  the  following  equation 

N 

=  -4,-  (27) 

q-l 

where  A<f)wj  =  1  on  the  line  j  and  A<^vv  =  0  on 
the  other  lines.  The  solution  of  Equation  (24)  can 
be  obtained  by  taking  a  weighted  summation  of 


5.5-4 


Figure  4:  Comparison  of  pressure  distributions 
on  NACA4412 


as  follows, 

K 


Figure  5:  Comparison  of  wave  profiles  between 
the  measured  and  the  computed,  along  Y  = 
2.48C 


COMPUTATIONAL  RESULTS 

The  flow  around  a  hydrofoil  in  a  unbounded  fluid 
domain  is  first  computed  in  order  to  validate  the 
numerical  method  for  a  lifting  body.  The  body 
has  NACA4412  sectional  profile  whose  aspect  ra¬ 
tio  A  is  14.  The  computation  is  carried  out  at  zero 
attack  angle.  The  pressure  distribution  on  the  foil 
is  shown  in  Figure  4  together  with  a  published  2- 
D  result  by  Nakatake[9].  The  computed  pressure 
distribution  in  the  mid-section  agrees  satisfacto¬ 
rily  well  with  the  published  data. 


Xwq  =  •  Xjq  (28) 

Finally,  the  solution  of  Equation  (18)  can  be 
obtained  by  summing  up  Xq  and  Xw 


Xq  =  Xoq  +  Xwg  (29) 


The  pressure  acting  on  the  body  surface  is  de¬ 
termined  by  BemoulWs  equation. 

^ + £ + + sc  -  ?  (30) 

Cn  p  I  ^ 


The  drag  and  the  lift  force  coefficients,  Cu 
Cu  are  calculated  by  the  integration  of  the  pres¬ 
sure  on  the  body  surface. 


Cb  =  ~  [  Cp-Tixds  (31) 

OPB  JbS 

Cl  =  f  Cp  •  rizds  (32) 

^PB  JBS 

where  Cp  is  the  pressure  coefficient  normalized 
by  and  SpB  the  plane  area  of  the  lifting 

body  given  by  the  product  of  the  chord  length 
and  the  span  width. 


Figure  7  shows  a  comparison  of  wave  profiles  by 
NACA4412  with  negative  camber  whose  aspect 
ratio  A  is  2,  between  the  computed  and  the  ex¬ 
perimental  results  which  are  longitudinal  cut  data 
along  Y  =  2.48C  at  Fn  =  0.7  and  the  submer¬ 
gence  depth  is  h  =  0.5(7.  They  agree  well  with 
each  other.  We  can  conclude  that  the  present  nu¬ 
merical  scheme  is  well  qualified  for  the  numerical 
studies. 

In  the  present  paper,  to  simplify  understanding 
the  problem,  a  3-dimensional  rectangular  hydro¬ 
foil  which  has  a  displacement  volume  and  pro¬ 
duces  lifting  force  is  studied  as  a  lifting  body. 

First,  to  demonstrate  the  difference  of  wave 
making  phenomenon  between  the  submerged  lift¬ 
ing  bodies  with  upward  and  downward  lifting 
force,  flows  around  a  lifting  body  with  NACA0012 
section  are  computed.  The  aspect  ratio  of  the 
body  A  is  2  and  it  is  fixed  at  the  submergence 
depth  of  0.5C.  The  computations  are  carried  out 
at  the  speed  of  Fn  =  0.9. 

Figure  6  shows  the  wave  patterns  for  the  cases 
where  the  angle  of  attack  a  is  +5°  and  —5°.  The 
cases  of  a  =  +5°  and  a  =  -5°  correspond  to  the 
cases  where  the  lifting  force  is  upward  and  down- 
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Figure  6:  Comparison  of  wave  patterns  between 
the  upward  and  the  downward  lifting  forces 


ward  respectively.  It  is  found  that  the  two  wave 
patterns  are  remarkably  different  each  other.  The 
maximum  wave  height  of  the  downward  case  is  al¬ 
most  half  the  upward  case  as  shown  in  Figure  7. 

The  differences  of  the  hydrodynamic  force  be¬ 
tween  them  are  shown  in  Table  1.  Here  the  drag 
coefficient  Cd  represent  the  sum  of  the  induced 
drag  and  the  wave  making  resistance.  Cl  of  the 
downward  case  is  twice  the  upward  case.  How¬ 
ever,  Cd  of  the  downward  case  is  about  30%  less 
than  that  of  the  upward  case.  It  is  confirmed  that 
clear  effects  of  the  free  surface  interaction  exist. 
The  angle  of  attack  of  the  lifting  body  changes 
the  elevation  of  the  free  surface  and  it  is  expected 
that  wave  making  resistance  of  the  lifting  body  is 
reduced  by  the  downward  force. 


Table  1:  Comparison  Cd  and  Cl 


Upward  (+5®  ) 

Downward  (—5®) 

Cd 

4.1  xlO-^ 

2.8  xlO-^ 

Cl 

2.8  xl0-=2 

-6.1  xlO-i 

Computations  of  the  lifting  body  with  various 
angle  of  attack  are  carried  out  to  make  clear  the 
relation  between  the  drag  and  the  downward  lift¬ 
ing  force.  The  conditions  of  computations  are  the 
same  as  those  mentioned  above.  Figure  8  shows 
the  results  of  computation  where  the  abscissa  is 
Cl  and  the  coordinate  shows  Cd  where  negative 
Cl  means  downward  force  and  the  positive  up¬ 
ward.  The  angle  of  attack  a  is  changed  from  —6® 
to  +6®  at  every  2®.  The  Cd  curve  has  a  mini¬ 
mum  value  near  a  =  0®  where  the  lifting  body 
produces  downward  force.  In  unbounded  flow, 
drag  of  a  symmetric  lifting  body  becomes  zero  at 
zero  angle  of  attack,  because  it  does  not  produce 
lifting  force.  In  free  surface  flow,  however,  min¬ 
imum  value  of  drag  is  obtained  which  produces 
downward  lifting  force.  It  seems  the  reason  why 
the  induced  drag  of  a  lifting  body  is  increased 
with  producing  lifting  force,  but  wave  making  re¬ 
sistance  can  be  reduced  by  the  downward  lifting 
force,  so  balance  of  both  component  is  important. 

In  Figure  8,  the  buoyancy  force  coefficient  Cb 
of  the  lifting  body  is  plotted,  too.  It  is  found  that 
the  downward  lifting  force  of  the  lifting  body  is 
close  to  the  buoyancy  force  of  itself  when  the  of 
it  is  minimum.  The  relation  between  downward 
force  and  buoyancy  force  of  the  lifting  body  in 
terms  of  the  drag  reduction  will  be  studied  in  the 
future  works. 
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Figure  8:  Cd  vs  Cl  for  angle  of  attack  variation 


OPTIMIZATION  OF  SUBMERGED 
LIFTING  BODY  WITH  MINIMUM 
DRAG 

Optimization  method 

In  the  present  study,  the  optimization  method  is 
applied  in  order  to  obtain  the  sectional  profile  of 
lifting  body  whose  drag  is  minimum.  As  the  op¬ 
timization  method,  the  quasi-Newton  method  is 
used.  This  method  is  one  of  the  local  minimizing 
scheme  without  constraints. 

In  the  optimization,  the  total  drag  of  a  sub¬ 
merged  lifting  body  is  estimated  as  the  objective 
function,  and  the  shape  is  expressed  by  functional 
form  so  that  arbitrary  shape  of  the  lifting  body 
CEin  be  formed.  Here,  the  following  parameters 
are  fixed  for  the  optimization. 

•  chord  length 

•  span  width 

•  angle  of  attack 

•  sectional  area  of  the  lifting  body 

•  curvature  at  the  leading  edge 

Definition  of  lifting  body  shape 

The  sectional  profile  of  lifting  body  is  defined  by 
functional  form.  The  sectional  profile  is  expressed 
by  the  two  functions  which  are  similar  to  the  defi¬ 
nition  of  NACA  four-digit  series,  thickness  distri¬ 
bution  T(x),  and  camber  line  C{x)  respectively. 


2 


Figure  9:  Definition  of  sectional  profile 


The  offsets  of  the  upper  and  the  lower  surfaces 
at  the  position  x  on  the  lifting  body  z^{x)  and 
z"(z)  are  determined  by  sum  of  T(x)  and  C{x) 
as  follows, 

z+(x)  =  C(x)+r(x)  (33) 

z-(x)  =  C(x)-T(x)  (34) 

The  thickness  function  T{x)  is  formulated  de¬ 
pending  on  the  following  conditions. 

1.  thickness  is  zero  at  the  leading  edge 

2.  gradient  is  infinite  at  the  leading  edge 

3.  curvature  R  is  given  at  the  leading  edge 

4.  maximum  thickness  Tm  Is  given  at  position 
Xt 

5.  gradient  is  zero  at  Xt 

6.  thickness  is  zero  at  the  trailing  edge 

7.  angle  at  the  trailing  edge  arE  is  given  by 
aTE 

8.  sectional  area  is  given  by  Ss 

9.  thickness  is  not  zero  except  at  the  leading 
and  trailing  edges 

Depending  on  these  conditions,  T{x)  is  given  by 
a  following  equation. 

T(x)  =  Vx(TE-x) 

exp[  to  +  tix  +  t2X^  +  tsx^  +  Ux^]  (35) 
{LE<x<TE) 

where  LE  means  the  position  of  leading  edge,  and 
TE  that  of  trailing  edge.  Condition  1,  2,  6  and  9 
are  included  into  the  equation  implicitly,  and  the 
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coeflScients  to  ^  ti  can  be  obtained  by  solving 
following  equations  in  terms  of  other  conditions. 

T{Xt)  =  Tn, 

T'(Xr)  =  0 
T'(rE)  =  —  tan(aT£;) 

(1  +  T'(L£;)2)3/2 
\T-{LE)\ 

rTE 

Ss=-  T{x)dx 
Jle 

Finally,  T{x)  can  be  determined  with  the  pa¬ 
rameters  Xt,  TmyCiTE,  R  and  Ss. 

C{x)  is  separated  into  a  forward  part  Cf{x) 
and  an  after  part  Ca(x)  at  Xc-  Forward  part  of 
camber  line  Cf{x)  has  following  conditions. 

•  Camber  is  zero  at  the  leading  edge. 

•  Maximum  camber  Cm  is  given  at  position 

Xc^ 

•  Gradient  is  zero  at  Xc- 


(36) 

(37) 

(38) 


Initial  shape 


Figure  10:  Comparison  of  profile,  initial; 
NACA0012 

Table  2:  Comparison  of  coefficients,  initial; 
NACA0012 


and  after  part  Ca(x)  has 

•  Maximum  camber  Cm  is  given  at  Xc^ 

•  Gradient  is  zero  at  Xc- 

•  Camber  is  zero  at  the  trailing  edge 


Cf{x) 


Ca{x) 


The  coefficients  ci  C4  are  determined  with  Xc 
and  Cm,  and  C(x)  is  obtained. 

The  optimization  computation  can  be  carried 
out  by  tuning  the  coefficients  sets  of  U  and  d  for 
the  drag  to  be  minimum. 

Computational  results 

In  the  optimization,  the  sectional  area  of  the  lift¬ 
ing  body  S3  and  the  curvature  at  the  leading  edge 
R  are  fixed  to  the  initial  values,  and  the  other 
five  parameters,  Xr,  Tm,  olte^  Xc,  Cm,  are  opti¬ 
mized.  Computations  are  carried  out  at  Fn  =  0.9 


Cl  -f  C2 

{LE<x<Xc) 
r  Cf{Xc)  =  Cm 
\  C}(Xc)  =  0 

C3  {x  -  TE)  -h  C4  (x  -  TjF)^ 
[Xc<x<TE) 
f  Ca(Xc)  =  Cm 

1  C'(Xc)  =  0 


(39) 

(40) 

(41) 

(42) 


Initial 

Optimized 

Cd 

1.3  X  lO"'-* 

1.2  X  10-^ 

Cl 

-1.6  X  10-^ 

—2.4  X  10~^ 

and  the  submergence  depth  h  =  0.5C.  The  angle 
of  attack  is  0°. 

As  the  initial  shapes  for  the  optimization,  two 
profiles  are  used;  NACA0012  and  NACA4412. 
NACA4412  has  a  negative  camber  and  it  pro¬ 
duces  much  larger  downward  lifting  force.  The 
lifting  force  of  NACA0012  is  rather  small  and  the 
drag  of  NACA4412  is  also  larger. 

Figure  10  shows  the  sectional  profile  of  initial 
body  and  that  of  optimized  body.  It  is  found 
that  the  camber  line  is  slightly  curved  in  nega¬ 
tive  direction  but  other  parameters  is  not  much 
changed.  Hydrodynamic  force  is  compared  in  Ta¬ 
ble  2.  Minimized  Cd  is  decreased  to  90%  of  initial 
Cd-  On  the  other  hand,  Cl  of  optimized  body  is 
increased  by  50%  from  that  of  the  initial  one. 

The  optimized  shape  of  NACA4412  is  shown 
in  Figure  11  together  with  its  initial  shape.  Cd 
and  Cl  of  optimized  body  from  NACA4412  is 
shown  in  Table  3.  In  this  case,  minimized  Cd  is 
decreased  to  55%,  and  Cl  of  optimized  body  is 
also  decreased  to  half  of  initial  value.  It  is  inter¬ 
esting  that  the  values  of  Cd  and  Cl  of  the  two 
optimized  shapes  are  the  same  although  their  op- 
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Initial  shape 


Figure  11:  Comparison  of  profile,  initial; 
NACA4412 


Table  3:  Comparison  of  coefficients,  initial; 
NACA4412 


Initial 

Optimized 

Cd 

2.2  X  10-^ 

1.2  X  10"'' 

Cl 

-4.7  X  10-^ 

-2.4  X  10-1 

timized  shapes  are  different  each  other. 

It  is  also  interesting  that  the  hydrodynamic 
forces  of  the  two  optimized  bodies  are  the  same 
although  their  initial  lifting  forces  are  much  dif¬ 
ferent  each  other. 

Figure  12  shows  the  comparison  of  the  pressure 
distributions  on  the  optimized  bodies  between  the 
two  initial  shapes  of  NACA0012  and  NACA4412. 
Although  Cd  and  Cl  are  the  same,  the  pressure 
distributions  are  not  always  the  same.  Both  Co 
and  Cl  are  the  same  as  the  minimum  values  of  the 
Cd  curve  shown  in  Figure  8.  It  can  be  concluded 
that  the  lifting  force  is  optimal  for  the  body  with 
a  minimum  drag  of  the  lifting  body  under  the 
given  condition  of  Proude  number,  the  submer¬ 
gence  depth  and  the  displacement  volume. 

CONCLUDING  REMARKS 

It  is  investigated  by  numerical  computations  that 
the  downward  lifting  force  reduces  resistance  of 
submerged  body.  The  relation  between  the  drag 
and  the  downward  lifting  force  of  a  submerged 
lifting  body  is  made  clear.  An  optimization 
method  is  applied  to  minimize  resistance  of  the 


Figure  12:  Comparison  of  pressure  distribution 
on  optimized  body 


lifting  body  by  changing  the  shape.  And  a  shape 
of  the  submerged  lifting  body  is  obtained  whose 
resistance  is  less  than  the  that  of  initial  body. 

By  the  present  study,  characteristics  of  a  sub¬ 
merged  downward  lifting  body  are  revealed.  The 
study  on  the  characteristic  of  the  aspect  ratio  and 
an  optimization  of  more  practical  3-dimensional 
lifting  body  shapes  are  left  for  future  works. 
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ABSTRACT 


The  authors  consider  a  problem  for  a  viscous  flow  near  the  leading  edge  of  a  thin  lifting  foil.  In  vicinity 
of  a  rounded  leading  edge  of  analytical  foil  the  flow  is  reduced  to  that  around  an  osculating  parabola. 
Corresponding  (inner)  Navier-Stokes  equations  are  rendered  non-dimensional  with  use  of  radius  of  cur¬ 
vature  of  the  edge  and  velocity  of  the  local  oncoming  flow.  Therewith,  characteristic  Reynolds  number 
of  the  flow  under  consideration  is  two  orders  of  magnitude  smaller  that  based  on  the  chord  of  the  of 
the  foil.  Far  from  the  parabolic  edge  the  (outer)  flow  is  considered  inviscid  and  is  constructed  with  use 
of  a  thin  airfoil  theory.  The  far-field  condition  to  solve  the  (inner)  Navier-Stokes  equations  is  obtained 
through  asymptotic  matching  and  applied  on  the  boundary  of  the  inner  domain.  For  the  purpose  of 
numerical  computation  of  the  Navier-Stokes  equations  the  authors  employ  finite  difference  technique, 
implicit  scheme  of  solution,  the  grid  based  on  parabolic  coordinates  and  appropriate  turbulence  model. 
To  secure  convergence  of  the  solution  for  high  magnitudes  of  local  Reynolds  number  and  provide  more 
detailed  viscous  flow  description  in  immediate  proximity  to  solid  boundary,  use  is  made  of  a  multi-block 
approadi.  Therewith,  the  flow  data  is  iteratively  transferred  firom  one  block  to  another,  the  computation 
being  performed  simultaneously  within  only  one  block.  Results  are  presented  on  pressure  and  shear 
stress  distribution  along  the  contour  of  the  parabola.  It  is  shown  that  for  certain  degree  of  asymmetry  of 
the  flow,  which  can  be  translated  into  displacement  of  the  stagnation  point,  there  may  occur  separation 
of  the  flow  from  the  contour  of  the  parabola. 


INTRODUCTION 

Flows  near  leading  edges  are  known  to  play 
significant  role  from  viewpoint  of  efficiency  of 
wings  and  propeller  blades.  These  domains,  al¬ 
beit  small  in  dimensions,  are  characterized  by 
large  surface  curvature  and  contain  regions  of 
both  stagnating  and  accelerating  flow.  The  latter 
circumstance  may  cause  occurence  of  such  phe¬ 
nomena  as  cavitation,  separation,  generation  of 
noise  and  even  ice  accretion  (in  the  case  of  air¬ 
plane  wings). 

At  the  same  time,  both  experimental  and  the¬ 
oretical  analysis  of  the  flow  in  immediate  vicin¬ 
ity  of  the  leading  edge  is  not  easy  because  of  re¬ 
quired  high  resolution  of  corresponding  numerical 
and  measuring  technique.  (Note  that  for  analyt¬ 
ical  foil  sections,  radius  of  curvature  of  the  lead¬ 


ing  edge  is  proportional  to  the  square  of  relative 
thickness  of  the  foil). 

An  approach  to  analytical  analysis  of  steady 
potential  flow  near  leading  edges  of  foils,  sup¬ 
plementing  (linear)  thin  airfoil  theory,  was  ad¬ 
vocated  by  Van-Dyke  [1]  and  Lighthill  [2]  with 
use  of  singular  perturbation  technique,  methods 
of  matched  asymptotic  expansions  (MAE)  and 
strained  coordinates.  It  was  shown  that  for  any 
analytical  foil  section,  its  geometry  near  rounded 
leading  edge  can  be  approximated  by  an  osculat¬ 
ing  parabola.  Resulting  local  flow  solutions  were 
shown  to  be  of  simple  form  and  to  contain  two 
free  parameters,  defining  position  of  stagnation 
point  on  the  contour  of  the  parabolic  edge.  The 
latter  parameters  were  determined  by  means  of 
asymptotic  matching  of  the  local  flow  description 
with  the  outer  flow  solution  based  on  a  thin  air- 
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foil  (linear)  theory.  In  Darrozes  [3],  Rozhdestven¬ 
sky  [4],  Rozhdestvensky  k  Mishkevich  [5]  and 
Rozhdestvensky,  Mishkevich  &  Bubentsov  [6]  the 
approaches  of  [1]  and  [2]  were  extended  to  un¬ 
steady  and  three-dimensional  case.  In  particu¬ 
lar,  in  [5]  it  was  demonstrated  that  for  Strouhal 
numbers  of  the  order  of  unity,  the  flow  near  the 
leading  edge  can  be  viewed  as  quasi-steady,  and 
time  derivative  of  the  velocity  potential  in  the 
Lagrange  integral  can  be  omitted  with  asymp¬ 
totic  error  of  0(5^),  where  6  is  maximum  relative 
thickness  of  the  foil  section.  Also  derived  in  [5] 
were  simple  closed  expressions  for  the  minimum 
of  pressure  on  the  parabola  as  well  as  for  abscis¬ 
sas  of  stagnation  point  and  that  of  minimum  pres¬ 
sure.  Several  papers  were  dedicated  to  analysis  of 
a  viscous  flow  past  a  parabolic  edge.  Ermak  [7] 
and  Werle  [8]  performed  calculations  of  a  laminar 
boundary  layer  on  a  parabola.  The  outer  poten¬ 
tial  solution,  used  in  [7]  as  an  input  for  bound¬ 
ary  layer  calculations  was  obtained  by  Lighthill 
method  [2],  and  laminar  boundary  layer  equa¬ 
tions  were  expressed  in  terms  of  a  stream  func¬ 
tion  and  new  independent  coordinates.  Calcula¬ 
tions  of  boundary  layer  (with  and  without  suc¬ 
tion)  were  conducted,  starting  from  the  stagna¬ 
tion  point  determined  through  local  potential  so¬ 
lution.  Results  were  presented  for  a  concrete  case 
of  an  elliptic  foil  in  terms  of  a  shear  stress  func¬ 
tion  versus  stretched  arc  coordinate  5,  measured 
from  the  vertex  of  the  leading  edge  and  related 
to  its  radius  of  curvature.  Two  relative  foil  thick¬ 
nesses  6  -  0.1  and  6  =  0.2  and  a  range  of  angles 
of  attack  a  were  considered.  It  was  found  that  for 
thin  foils  (independently  of  Reynolds  number)  the 
laminar  boundairy  layer  separated  when  the  ratio 
a/s  reached  values  0.6  —  0.7  cind  at  S  close  to 
7  —  8.  Approximate  study  of  laminar  separation 
was  carried  out  in  [9],  where  integral  relationship 
of  momentum  for  an  unsteady  laminar  bound¬ 
ary  layer  was  integrated  analytically  with  use  of 
Kochin-Loitsyansky  method  and  closed  form  so¬ 
lution  for  a  potential  flow  past  a  parabola.  For 
the  case  of  elliptic  foil  this  study  predicted  lami¬ 
nar  flow  separation  at  a/ 6  «  0.65  and  stretched 
(related  to  the  radius  of  curvatureof  the  elading 
edge)  abscissa  X  w  5.8.  Later  Tuck  [10]  pro¬ 
posed  similar  approach  to  find  a  simple  criterium 
for  prediction  of  laminar  flow  separation  from  the 
contour  of  osculating  parabola. 

An  interesting  asymptotic  analysis  of  separa¬ 
tion  phenomena  on  the  leading  edge  of  a  thin  foil 
was  conducted  by  Ruban  [11]  who  used  matched 
asymptotics  and  a  concept  of  self-similar  sepa¬ 


ration  to  study  conditions  of  appearance  of  a 
laminar  separation  bubble  on  the  contour  of  the 
parabola.  It  should  be  noted  that  role  of  the  bub¬ 
ble  in  the  mechanism  of  leading  edge  separation 
was  investigated  by  many  researchers,  see  Tani 

[12] .  According  to  existing  experimental  data, 
with  growth  of  the  incidence  of  the  wing  the  flow 
pattern  changes  in  the  following  way.  For  small 
angles  of  attack  the  flow  in  the  vicinity  of  the 
leading  edge  is  unseparated.  Separation  occurs 
when  the  angle  of  attack  reaches  a  certain  criti¬ 
cal  magnitude,  depending  on  form  of  the  foil  and 
Reynolds  number.  Therewith,  on  the  upper  sur¬ 
face  of  the  foil  there  is  formed  a  closed  stationary 
separation  zone  of  small  extent,  which  has  practi- 
caJly  no  effect  on  the  flow  around  the  foil.  Subse¬ 
quent  increase  of  the  incidence  results  in  a  sudden 
destruction  of  that  zone.  As  a  result  a  new  regime 
of  flow  is  formed,  characterized  by  a  developed 
separation  region,  covering  the  whole  upper  side 
of  the  foil  or  ,  at  least,  its  significant  part.  This 
process  is  accompanied  by  an  abrupt  change  of 
characteristics  of  the  foil  toward  diminution  of  lift 
and  increment  of  drag.  As  indicated  by  Ruban, 
this  phenomenon  is  of  special  interest  from  view¬ 
point  of  theoretical  investigation.  As  a  matter 
of  fact,  in  normal  conditions  the  Reynolds  num¬ 
ber  based  on  leading  edge  radius,  is  still  not  large 
enough  for  turbulisation  of  the  flow.  Therefore, 
the  flow  around  the  leading  edge  of  a  thin  foil  (at 
least,  in  absence  of  separation)  is  described  by 
stationary  Navier-Stokes  equations.  At  the  same 
time,  the  Reynolds  number  is  sufficiently  large 
for  application  of  asymptotic  analysis.  Interest¬ 
ing  results,  related  to  the  problem  of  prediction 
of  the  leading  edge  separation  cind  prediction  of 
‘fi>urst”of  laminar  separation  bubble,  preceeding 
the  global  stall  of  the  flow  from  the  foil  and  sub¬ 
sequent  drop  of  lift-to-drag  ratio,  are  reported  in 

[13] -[15]. 

FORMULATION  AND  SOLUTION  OF 
THE  PROBLEM 

Description  of  the  Farfield 

The  farfield  solution  makes  use  of  analytical 
expressions  for  complex  velocity  potential  F{Z) 
for  the  flow  past  a  parabola  in  inviscid  flow.  As 
per  [1]  and  [4]  this  function  can  be  shown  to  have 
the  following  form 

F{Z)^UiF,{Z)^U2F,{Z),  (1) 

where  Z  =  X  iY  is  a,  stretched  complex  co¬ 
ordinate  with  X  =  (1  +  x)/pie  and  Y  =  y/pie, 
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PIq  represents  radius  of  curvature  of  the  leading 
edge  (Note,  that  for  analytical  foil  families  with 
rounded  leading  edge  the  radius  of  curvature  of 
the  edge  can  be  shown  to  be  of  the  order  of  0(6^), 
where  6  is  maximum  relative  thickness  of  the  foil). 
Complex  functions  Fi{Z)  and  Fc{Z)  represent 
contributions  to  the  complex  velocity  potential, 
associated  correspondingly  with  symmetrical  and 
circulatory  flow  past  a  parabolic  nose,  and  are 
given  by  the  following  expressions 

Fs{Z)  =  Z-l-iV2Z-~l 

_ _  (2) 

F,iZ)  =  yJZ  -  1/2. 

Parameters  C/i  and  depending  on  the  geome¬ 
try  and  kinematics  of  the  foil,  can  be  determined 
by  means  of  asymptotic  matching  with  a  linear 
theory  solution  valid  far  firom  the  edge,  see  [5]. 
Physically,  these  parameters  can  be  viewed  re- 
spectingly  as  a  local  oncoming  velocity  in  vicinity 
of  the  edge  and  velocity  of  the  circulatory  flow  at 
the  vertex  of  the  parabola. 

The  complex  conjugate  velocity  of  the  poten¬ 
tial  flow  past  a  parabola  can  be  found  by  way  of 
differention  of  F{Z)  with  respect  to  Z  to  give 


S  =  v.-.-v,= 


(3) 


^/Z  - 1/2 


The  pressure  coefficient  at  arbitrary  point  Z  of 
the  nearfield  can  be  found  as 


p.i-V>  =  l-V»-V,>  =  l-§5 


v  = 


dF 

dZ 


(4) 


^  ■  xTITs 

Note,  that  ±  signs  in  equations  (5)  and  (6)  are 
associated  respectingly  with  the  upper  and  lower 
sides  of  the  parabola.  Consideration  of  the  ex¬ 
pression  (5)  enables  to  find  position  of  stagna¬ 
tion  point  within  the  potential  flow  formulation. 
Equating  velocity  on  the  surface  of  the  parabola 
to  zero,  one  finds 


X, 


(7) 


One  can  also  find  position  of  the  minimum  of 
pressure  (maximum  suction)  on  the  surface  of  the 
parabola  by  means  of  differentiating  the  equation 
(5)  with  respect  to  X  and  equating  the  result  to 
zero.  Denoting  absicca  of  the  point  of  minimum 
pressure  as  Xm,  one  arrives  at  the  following  ex¬ 
pression 

ui 


Xm  = 


(8) 


It  is  interesting  to  see  from  the  expressions  (7) 
and  (8)  that  within  potential  flow  formulation  the 
abscissas  X,  and  Xm  are  related  to  each  other  in 
the  following  way 


X,X„ 


(9) 


The  results  expressed  by  the  formulae  (7),  (8)  and 
(9)  were  published  in  [5].  As  follows  from  the  pre¬ 
vious  analysis,  all  majour  quantities  of  the  poten¬ 
tial  flow  around  a  parabolic  leading  edge  depend 
on  two  parameters,  namely  V\  and  U2  •  Some  con¬ 
crete  expressions  for  Ui  and  U2  can  be  presented 
as  examples  with  reference  to  [4]  and  [5] 


•  Elliptic  foil 

=  1  -1-  5,  172  =  (10) 


It  should  be  mentionned  that  for  unsteady  mo¬ 
tions  of  the  foil  with  Strouhal  numbers  of  the  or¬ 
der  of  unity  the  fiowfield  in  the  vicinity  of  the 
leading  edge  can  be  viewed  as  quQ,$i~st6(idy  so 
that  time  derivative  term  in  Lagrange  integral  can 
be  omitted  with  the  error  of  the  order  of  0(^^), 
where  6  is  a  maximum  relative  thickness  of  the 
foil.  Using  (3),  it  is  easy  to  determine  both  veloc¬ 
ity  and  pressure  coefficient  on  the  surface  of  the 
parabola,  i.e.  for  Z  =  X  ±  through  the 

following  equations 


•  Symmetric  foil  NACA-66012,  performing 
harmonic  heave  oscillations  with  the  ampli¬ 
tude  ho 

Ui  =  l  +  0.8175, 

U2{k,t)  -  fey>/2[G(i:)  cos kt  + 

+  F{k)  sin  kt], 

where  k  =  uCo/2Uo  is  Strouhal  number, 
F{k)  and  G{k)  represent  real  and  imagi¬ 
nary  parts  of  Theodorsen  function.  Fur¬ 
ther  on,  analysis  of  the  viscous  flow  past 
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a  parabolic  edge  will  be  conducted  versus 
parameter  a  =  U2  on  an  assumption  that 
parameter  Ui  is  close  to  unity. 


Near  Field  Desription 

In  the  neax-field,  i.e.  close  to  the  leading  edge, 
description  of  the  flow  is  based  on  Navier-Stokes 
equations,  rendered  nondimensional  with  use  of 
the  oncoming  flow  velocity  and  the  radius  /?/«  of 
the  leading  edge.  Consequently,  the  Reynolds 
number  of  the  flow  is  based  on  pu  =  0(^^),  i.e. 
for  a  thin  foil  this  number  is  two  orders  of  mag¬ 
nitude  less  than  that  based  on  the  chord  of  the 
foil  The  leading  edge  viscous  flow  equations  are 
solved  numerically  in  a  local  region  on  the  outer 
boundary  of  which  there  are  prescribed  appropri¬ 
ate  (far-field)  potential  flow  quantities  in  accor¬ 
dance  with  relationships  (3)  and  (4).  Three  op¬ 
tional  numerical  solution  procedures  are  consid¬ 
ered.  The  first  option  makes  use  of  no  mathemat¬ 
ical  model  of  turbulence.  Therewith,  if  the  local 
Reynolds  number  is  not  too  large,  and  the  cells 
of  computational  grid  are  not  too  small  to  allow 
direct  numerical  simulation  (DNS),  the  resulting 
viscous  flow  can  be  viewed  as  entirely  laminar. 
Associated  computational  scheme  will  be  desig¬ 
nated  as  L-model  This  scheme  enables  to  pre¬ 
dict  surface  distributions  of  pressure,  shear  stress 
as  well  as  conditions  for  which  the  laminar  flow 
can  separate  from  the  leading  edge.  Another  op¬ 
tion  makes  use  of  Smagorinsky  turbulence  model 
which  is  known  as  the  simplest  way  to  conduct 
large  eddy  simulation  (LES),  [16].  Smagorinsky 
model  is  certain  to  reproduce  turbulent  flow  con¬ 
ditions, "whereas  laminar  and  transitional  regimes 
can  be  reproduced  only  with  appropriate  scaling 
(size)  of  the  mesh.  Third  option  of  computation 
utilizes  Smagorinsky  turbulence  model  but  on  the 
basis  of  the  first  {entirely  laminar)  flow  simula¬ 
tion,  including  laminar  separation  effects,  if  any. 

Large-Eddy-Simulation  (LES)  with  the 
Smagorinsky  [16]  constant  coefficient  subgrid- 
scale  (CSGS)  model,  adopted  to  give  a  compa¬ 
rable  turbulent  solution,  is  designated  as  further 
on  as  a  T-model  Whenever  a  criterion  of  in¬ 
verse  velocity  gradient  in  normal  direction  at  the 
first  point  downstream  along  the  wall  surface  is 
viewed  as  a  starting  separation  point,  a  tran¬ 
sitional  solution  is  introduced  and  defined  as  a 
laminar  upstream  and  a  turbulent  downstream 
of  that  point.  The  corresponding  computational 
scheme  is  designated  as  a  LT-model 

In  the  computation  the  width  of  a  box  filter, A 


,  used  in  the  expression  of  turbulent  viscosity 


f,t  =  ClA^\Sij\, 


as  proposed  by  Smagorinsky  [16],  is  related  to  the 
local  grid  size,  h,  say  Ai  =  hi  and  A2  =  ^2-  The 
following  definitions  are  also  used  for  our  two- 
dimensional  problem:  A  =  ^(3/2)(Af  -f  A^), 
\Sij  I  =  y/SijSij.  The  stress  tensor  is  defined  as 


= 


l/duj  duj\ 
2\dxj 


2,i=l,2 


as  per  Ferziger  [17].  The  Smagorinsky  [16]  con¬ 
stant,  C,  =  0.1,  is  used  in  all  of  the  computations. 


Multi-block  technique 

Considered  multi-block  grid  system  comprises 
several  blocks,  which  involve  grids  of  drastically 
different  scales,  decreasing  in  direction  of  solid 
boundaries.  The  external  block,  surrounding  and 
covering  the  internal  one,  is  extended  to  farfield 
stream  zmd  is  computed  to  give  necessary  outer 
boundary  conditions  for  the  internal  one.  The 
computation  can  then  proceed  within  the  inter¬ 
nal  block  with  the  latest  known  outer  boundary 
conditions,  transferred  from  the  previously  cal¬ 
culated  external  block  solution.  If  a  satisfactory 
solution  has  not  been  reached,  then  the  next  in¬ 
ternal  block  may  be  introduced,  and  the  same 
procedure  repeats.  Note  that  different  governing 
equations,  different  time  steps  and  even  turbu¬ 
lence  models  cam  be  used  in  different  blocks.  The 
role  of  a  block  relative  to  other  blocks  is  to  sup¬ 
ply  updated  boundary  conditions  for  those  other 
blocks  through  the  process  of  iteration  and  in¬ 
terpolation.  Hence,  parallel- computing  technique 
can  be  readily  applied  in  this  case. 

A  single  block  can  be  viewed  as  a  particular 
case  of  the  multiple  block  approach.  In  order  to 
allow  better,  denser  but  less  stretched  (low  slen¬ 
derness  ratio)  grids  to  be  used  for  numerical  com¬ 
putation,  it  is  needed  to  have  some  cut  in  the 
original  outer  block  and  to  form  a  definite  region 
where  a  new  inner  block  is  placed  to  help  resolve 
the  flow.  Multi-block  technique  serves  to  con¬ 
siderably  reduce  the  number  of  cells  (hence  the 
time  of  computation)  in  the  computational  grid 
by  making  them  appropriately  small  only  in  the 
flow  regions  with  large  gradients.  Note  that  for 
uniformly  dense  grids  it  becomes  impossible  to 
treat  the  whole  flow  field  in  a  single  block  com¬ 
putation  due  to  limited  computer  resources. 

Numerical  stability  is  very  dependent  on  the 
flow  gradients  and  on  the  employed  cell  sizes. 
The  higher  is  the  Reynolds  number,  the  larger 
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will  be  the  flow  gradients  near  a  wall  surface, 
and  still  smaller  grid  size  will  be  needed.  Prac¬ 
tically,  to  avoid  divergence  of  computation,  the 
time  step  should  also  be  reduced.'  As  a  result 
one  needs  much  more  computer  resources.  Multi¬ 
block  technique  puts  the  cells  of  similar  sizes  into 
appropriate  block. 

In  general,  for  a  numerical  scheme,  discretiza¬ 
tion  error  decreases  when  one  can  utilize  grids 
of  more  uniform  sizes.  Multi-block  technique  al¬ 
lows  to  use  them  in  the  internal  blocks  and  hence 
can  reduce  the  discretization  error  there.  But  be¬ 
cause  of  the  incompatibility  of  the  grids  at  the  in¬ 
terfaces  of  different  blocks,  flow  patterns  become 
discontinuous  in  the  overlapping  region.  In  these 
regions  the  flow  information  from  finer  grids  can 
be  lost  when  trasferred  to  coarser  grids,  especially 
in  the  case  of  very  unsteady  flow  patterns.  It  may 
cause  concentration  of  numerical  errors.  So  it  is 
hard  to  say  whether  the  multi-block  technique  re¬ 
moves  or  generates .  numerical  errors.  Neverthe¬ 
less  this  technique  gives  us  certain  possibilities  to 
redistribute  numerical  errors  in  the  interface  re¬ 
gion  between  blocks  by  appropriate  choice  of  po¬ 
sition  of  the  latter  thus  enabling  better  control  of 
induced  errors. 

Construction  of  the  Grid 

There  are  two  blocks,  that  is,  an  external 
and  internal  one,  which  constitute  the  multi-block 
grid  system.  The  grid  lines,  orthogonal  every¬ 
where,  are  constitutive  of  the  stream-function 
lines  and  the  potential-function  lines  which  can 
be  found  from  the  complex  potential  function 
Fc{Z)  =  ^{Z-\l2). 

The  idea  of  using  multi-block  technology  is  to 
allocate  most  of  the  available  computational  re¬ 
sources  to  the  inner  (near  wall)  region.  The  den¬ 
sity  of  the  grid  in  the  internal  block  is  drastically 
refined  not  only  due  to  decrease  of  its  area  but 
also  because  of  increase  of  the  used  cell  numbers. 

The  internal-block  grids  are  established  by 
making  subdivisions  upon  the  outer  ones.  For 
our  cases,  there  are  six  subdivisions  made  along 
each  direction.  It  means  that  there  are  6  •  6  =  36 
internal-block  cells  to  compose  an  external-block 
cell. 

NUMERICAL  IMPLEMENTATION 

In  the  work,  the  finite  volume  method  is 
used  to  discretize  the  integral  form  of  the  con¬ 
servative  continuity  and  momentum  equations. 
The  quadratic  upwind  interpolation  scheme  with 


third-order  accuracy  on  a  uniform  mesh,  pro¬ 
posed  by  Leonard  [18],  is  used  as  a  convection 
scheme  for  the  momentum  equations.  Second 
order  accuracy  is  maintained  in  time  by  using 
Crank-Nicolson  implicit  scheme  and  in  space  by 
using  central  differences. 

All  of  the  flow  variables,  velocities  and  pres¬ 
sure,  are  calculated  in  the  control  volume  center 
and  are  arranged  to  be  non-staggered.  To  avoid 
the  checkerboard  pressure  oscillation,  which  is  re¬ 
ported  in  a  non-staggered  grid,  Rhie  and  Chow 
[19]  proposed  the  pressure  weighted  interpolation 
method  (PWIM),  using  the  SIMPLE  method  as 
the  framework  of  solution  strategy.  Their  method 
can  closely  couple  the  pressure  gradient  with  the 
interpolated  control  volume  face  velocity  in  one 
grid  size  and  then  can  suppress  the  oscillation. 

The  purpose  of  pressure  correction  method  is 
to  introduce  an  inner  iterative  process.  In  each  it¬ 
erative  loop  the  pressure  correction  term  is  found 
first  and  then  the  relative  velocity  correction  can 
be  determined  to  gradually  approach  the  continu¬ 
ity  equation.  This  iterative  process  also  serves  as 
a  chance  for  the  multi-block  technique  to  trans¬ 
fer,  release  and  update  the  latest  boundary  con¬ 
ditions  for  the  neighboring  blocks.  Hence,  the  use 
of  multi-block  technique  will  not  cause  any  addi¬ 
tional  computational  cost. 

To  secure  efficiency  of  the  computation,  one 
has  to  suitably  choose  the  number  of  numeri¬ 
cal  sweeping  (Nswp)  a  whole  block,  the  num¬ 
ber  of  iterative  loops  {Nur)  for  blocks  and  the 
overlapping  region  between  blocks.  In  this  work, 
Ns^p  =  10  and  Nswp  =  20  are  chosen  as  a 
limit  for  solving  of  momentum  transport  equa¬ 
tions  and  the  pressure  correction  equation,  re¬ 
spectively.  Choose  Nitr  =  4-8,  depending  on 
the  unsteadiness  of  flow  patterns.  Four  strips  of 
outer-block  cells,  overlapping  a  wide-range  region 
in  the  subsequent  internal  block,  serve  as  an  ef¬ 
fective  overlapping  interface  region.  The  number 
of  time  steps  is  5  for  a  particle  of  unit  velocity 
to  cover  the  distance  equal  to  the  nose  radius, 
that  is,  100  time  steps  (as  a  time  period)  are  re¬ 
quired  for  that  particle  to  flow  through  the  length 
of  computational  domain,  X=20  for  example.  In 
general,  20  time  periods  are  enough  and  executed 
in  a  computation. 

Analytical  potential  solution  is  given  as  the 
initial  condition  and  is  kept  as  a  farfield  Dirichlet- 
type  boundary  condition  for  computation.  The 
wall  surface  condition  is  non-slip.  When  con¬ 
sidering  the  existing  viscous  boundary  layer, 
Neumann-type  boundary  conditions  are  imposed 
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upon  the  near-wall  part  of  the  used  external 
block,  width  of  which  is  chosen  the  same  as  that 
of  the  internal  block  at  the  downstream  location. 
They  are  a  farfield  condition  for  the  velocity  gra¬ 
dient  and  a  specified  pressure  gradient,  which  is 
determined  from  the  analytical  potential  solution. 

Computations  was  carried  out  on  an  Intel 
Pentium  11-450  personal  computer  under  the 
Windows98  operating  system.  The  installed 
memory  size  (RAM)  was  128  Mbytes.  Usually 
about  24  hours  are  required  for  a  one-machine 
single-run  case. 

RESULTS  AND  DISCUSSION 

Some  results  of  the  computation  are  presented 
in  Figs  2-12.  Figure  2  shows  the  effect  of  Reynolds 
number  on  distribution  of  the  pressure  coefficient 
along  the  upper  and  lower  sides  of  the  parabolic 
leading  edge  in  the  case  of  unseparated  flow  and 
within  L-model  It  shows  clearly  that  as  the 
Reynolds  number  increases  the  peak  of  suction 
on  the  upper  side  of  the  foil  near  the  leading 
edge  becomes  more  pronounced.  At  the  same 
time  the  pressure  distribution  on  the  lower  side 
is  almost  invariable  within  considered  range  of 
Reynolds  numbers.  Note,  that  the  Reynolds  num¬ 
ber  is  based  on  the  radius  of  the  nose  of  the  foil. 
Consequently,  the  Reynolds  numbers  based  on 
the  chord  of  the  foil  axe  two  orders  of  magnitude 
larger. 

Analysing  distribution  of  friction  coefficient 
for  the  same  case  (see  Fig.  3),  one  can  see  that 
(outside  of  the  region  of  the  stagnation  point)  the 
shear  stress  does  not  become  equal  to  zero,  i.e. 
no  separation  occurs  for  a  =  0.9.  Naturally,  the 
graph  confirms  that  for  lower  Reynolds  numbers 
the  friction  coefficient  grows  at  a  given  station  of 
X. 

Figure  4  represents  the  influence  of  Reynolds 
number  and  asymmetry  of  the  flow  (magnitude  of 
a)  upon  distribution  of  pressure  coefficient  within 
L-model.  Prescribed  magnitudes  of  a  =  0.9, 1.0 
correspond  to  unseparated  and  separated  flow 
cases.  Oscillatory  character  of  the  pressure  distri¬ 
bution  in  the  case  of  separated  flow  and  Reynolds 
number  of  10"^  reflects  that  fact  that  in  this  range 
the  separation  region  splits  in  multiple  vortical 
zones.  Figures  5  and  6  shows  friction  coefficents, 
corresponding  to  the  aforementionned  case  for 
more  detailed  variation  of  the  asymmetry  param¬ 
eter  a.  It  can  be  seen  in  particular  from  Fig.  5 
that  for  Re  =  10^  laminar  separation  on  the  up¬ 
per  surface  of  the  parabola  occurs  at  a  «  0.98  and 


at  stretched  abscissa  X  =  «  9.2.  As  follows 

from  Fig.  6,  the  critical  values  of  a  for  Re  =  10^ 
are  somewhat  smaller  than  for  Re  =  10^.  Be¬ 
sides,  similarly  to  pressure  graphs,  the  separation 
region  for  Re  =  10"^  is  subdivided  into  multiple 
albeit  almost  invisible  vortical  zones. 

Velocity  vector  fields  and  streamlines  of  the 
leading  edge  flow  (in  L-model  formulation)  are 
presented  in  Figs  7  and  8  at  Re  =  10^  for  both 
unseparated  and  separated  flow  regimes.  Veloc¬ 
ity  vector  field  for  a  =  1.1  reveal  position  and 
structure  of  laminar  separation  bubble.  Similar 
data  is  presented  in  Fig.  9  within  the  LT-model 
(laminar-f turbulent) .  Note,  that  for  the  case 
of  separated  flow  both  L  and  LT-model  demon¬ 
strate  unsteady  flow  pattern.  Thus,  the  plots 
show  instanteneous  picture  of  the  flow.  For  large 
Re  =  10"^  the  separation  effects  are  not  detectable 
from  the  observation  of  velocity  vector  field  and 
streamline,  calculated  from  LT-model  However, 
they  can  be  observed  in  the  Fig.  11,  showing 
friction  coefficient  versus  stretched  abscissa  X 
{Re  —  10^).  Figure  11  also  compares  results  for 
friction  coefficient,  obtained  on  the  basis  of  L,  LT 
and  T  models  on  the  suction  side  for  a  =  1.0  and 
a  =  1.1.  Attention  can  be  drawn  in  particular 
to  the  two  curves  predicted  by  means  of  T-mode/, 
showing  transition  of  the  flow  from  laminar  to 
turbulent  regime  in  downstrean  direction.  Fig¬ 
ure  12  displays  dependence  of  pressure  coefficient 
upon  stretched  abscissa  X  predicted  by  means 
of  Lj  LT  and  T  models  for  Re  =  10^,  10"*  and 
a  =  1.0, 1.1 

In  conclusion  the  authors  would  like  to  men¬ 
tion  that  the  ideas  of  combining  asymptotic  and 
numerical  methods  have  been  known  for  years, 
see  for  example,  Euvrard  [20],  but  the  computing 
power  available  today  provides  solid  ground  for 
their  realization. 
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2-block  grid  system 


Figure  1:  Twoblock  (parabolic)  grid  system  employed  for  numerical  calculation  of  Navier-Stokes 
equations  in  the  vicinity  of  the  leading  edge:  a.  -  the  whole  computationcd  domain,  containing  two 

blocks;  b.  -  the  inner  block 


Figure  2:  Viscous  effect  upon  distribution  of  the  pressure  coefficient  on  the  upper  and  lower  side  of 
the  foil  for  different  Reynolds  numbers  (X-mode/,  no  separation) 
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Figure  3:  Distribution  of  local  friction  coefficient  along  the  contour  of  parabolic  leading  edge  for 
different  Reynolds  numbers  {L-model,  no  separation).  In  definition  of  the  friction  coefficient  clockwise 
direction  of  the  arc  coordinate  is  considered  positive 
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5:  Distribution  of  friction  coefficient  along  the  suction  side  of  the  parabola  for  different 
magnitudes  of  parameter  a  and  Re  =  10^  {L-model) 
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Figure  6:  Distribution  of  friction  coefficient  along  the  suction  side  of  the  parabola  for  different 
magnitudes  of  pcirameter  a  and  Re  =  10“^  {L-modet) 
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Figure  7i  Velocity  vector  field  and  streamlines  of  the  flow  past  a  parabolic  edge  prior  to  separation 

(L-model) 
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Figure  8:  Velocity  vector  field  and  streamlines  of  the  flow  past  a  parabolic  edge  {L-model,  laminar 

separation  bubble) 


5.6-12 


Figure  9:  Velocity  vector  field  and  streamlines  of  the  flow  past  a  parabolic  edge  {LT-moiel,  separation 

bubble,  Re  =  10^) 
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Figure  10:  10  Velocity  vector  field  and  streamlines  of  the  flow  past  a  parabolic  edge  {LT-model,  very 

small  separation  bubble,  ^26  =  10"^) 
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ABSTRACT 


The  paper  is  dedicated  to  theoretical  investigation  of  the  influence  of  the  roll-up  of  the  side  edge  vortex 
sheets  upon  hydrodynamic  characteristics  of  a  wing.  It  is  demonstrated  that  for  the  wings  of  fimte 
aspect  ratio  the  size  of  the  region  of  the  roll-up  in  vicinity  of  the  side  edge  is  proportional  to  a  , 
where  a  is  (small)  angle  of  attack.  Asymptotic  analysis,  conducted  in  the  pa.per,  shows  that  dynamic 
evolution  of  the  side  vortex  sheets,  occuring  in  the  said  neighbourhood  of  the  wing  tips,  gives  dominating 
nonlinear  contribution  to  the  dependence  of  the  lift  of  the  wing  upon  the  angle  of  attack.  The  ^lution 
algorithm  incorporates  separate  consideration  of  the  flow  in  the  regions  close  and  far  from  the  wing 
side  tips  with  subsequent  matching  of  corresponding  asymptotic  expansions  of  the  solution.  The  outer 
field  flow  description  contains  both  classical  linear  lifting  surface  term,  satisfying  the  requirement  of  zero 
loading  at  the  wing  side  tips,  and  a  contribution  revealing  square  root  singularity  of  loadmg  at  the  side 
tips  The  strength  of  the  tip  singularities  is  shown  to  be  proportional  to  the  static  moment  of  vorticity  of 
the  side  edge  rolled-up  vortex  sheet.  Therewith  the  roU-up  in  the  local  region  is  carried  out  numerically. 
Some  results  are  presented  for  the  case  of  wings  of  small  aspect  ratio  which  are  compared  to  the  existmg 
experimental  data  and  semi-empirical  formulae. 


INTRODUCTION 

One  of  the  causes  of  nonlinearity  of  aerodynamic 
characteristics  of  wings  of  small  and  medium  as¬ 
pect  ratio  is  due  to  the  roll  up  of  vortex  sheets, 
emanating  from  side  edges.  Consequently,  there 
appear  changes  in  magnitudes  of  lift  and  drag 
forces,  acting  upon  the  wing.  Both  theory  and 
experiments  in  this  case  show  that  the  contri¬ 
bution  of  spiral  discontinuities  into  aerodynamic 
diaracteristics  of  wings  of  small  aspect  ratio  can 
attain  50%.  In  principle,  the  ideal  fluid  model 
admits  flows  past  sharp  corners  of  the  body  with 
generation  of  spiral  surfaces  of  tangential  discon¬ 
tinuity  of  the  velocity  field.  Back  in  1924  Prandtl 
expressed  the  opinion  on  practicality  of  investiga¬ 
tion  of  “the  second”  possible  form  of  the  flow  past 
sharp  corners  with  birth  and  subsequent  roll  up 
of  corresponding  vortex  sheets,  [1].  Practically, 
analysis  of  both  inception  and  evolution  of  a  sur¬ 
face  of  tangential  discontinuity  can  be  reduced  to 
consideration  of  dynamics  of  an  equivalent  sys¬ 


tem  of  discrete  vortices,  [2].  Such  an  approach 
is  not  strictly  justified  and  its  success  largely  de¬ 
pends  on  skilfulness  of  the  researcher,  [3].  Typ¬ 
ical  instability  of  the  process  of  modeling  of  dy¬ 
namics  of  tangential  discontinuities  by  means  of 
discrete  vortices  is  due  to  inherent  instability  of 
snch  surfaces.  In  the  process  of  development  of 
the  aforementionned  instability  there  play  signifi¬ 
cant  role  numerical  perturbations.  The  nature  of 
the  latter  effect  depends  on  both  the  method  of 
rounding  off  numbers  and  on  parameters  of  ap¬ 
proximation  of  the  surface  of  discontinuity  by  a 
discrete  system,  in  particular  upon  the  step  of 
calculation.  Another  difficulty  consists  in  the  fact 
that  during  the  evolution  of  the  sheet  there  are 
formed  near  its  edge  the  spirals  with  large  num¬ 
ber  of  turns.  In  the  “tight”  part  of  the  spiral  its 
approximation  by  a  finite  number  of  discrete  vor¬ 
tices  turns  out  to  be  impossible.  Therefore,  for  its 
description  with  account  of  the  “dense”  core  there 
is  applied  either  asymptotics  of  the  spiral  near  the 
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edge  of  vortex  sheet  or  replacement  of  the  "tight” 
part  of  the  spiral  by  an  equivalent  single  discrete 
vortex  with  a  cut,  connecting  this  vortex  with  fi¬ 
nite  part  of  spiral  discontinuity,  see  for  instance 
[4].  Kaden,  [5]  was  the  first  to  propose  a  simi¬ 
larity  law  (time)^/^  to  describe  roll  up  of  a  semi¬ 
infinite  vortex  sheet  and  derived  an  asymptotic 
form  of  the  inner  part  of  the  spiral.  Smith, [4] 
performed  an  investigation  and  calculation  of  pa¬ 
rameters  of  self-similar  solutions,  corresponding 
to  shedding  of  vortex  sheet  from  leading  edges  of 
delta  wing  of  small  aspect  ratio.  Kaden ’s  idea 
was  further  extended  in  research  work  of  Moore 
[6]  and  Guiraud  and  Zetounian,  [7]  where  correc¬ 
tion  was  introduced  towards  ellipticity  of  prelim¬ 
inarily  “circular”  Kaden ’s  spiral.  In  the  work  of 
Moore  and  Saffman  [8]  there  was  analysed  the  ef¬ 
fect  of  viscosity  upon  diffusion  of  vorticity  of  the 
spiral  with  generation  of  vortical  though  inviscid 
outer  part  of  the  core  and  inner  viscid  part  of 
the  core.  Nikolsky,  [9,10,11]  considered  matters 
of  dynamics  of  two-dimensional  separated  flows 
and  deduced  similarity  laws  for  three-dimensional 
steady  separated  flows  past  bodies.  Sudakov,  [12] 
constructed  an  asymptotic  solution  of  the  prob¬ 
lem  for  the  flow  past  a  small  aspect  ratio  delta 
wing  at  small  angles  of  attack.  Seemingly,  he  was 
the  first  to  have  used  the  idea  of  matching  of  lo¬ 
cal  descriptions  of  vortex  sheet  near  the  its  edge 
with  description  of  tangential  discontinuity  in  the 
middle  part  of  the  wing.  Molchanov  [13]  consid¬ 
ered  the  approach  based  on  singling  out  of  the 
main  nonlinear  contribution  to  characteristics  of 
a  rectangular  wing  in  a  separated  ideal  fluid  flow 
and  showed  how  to  construct  the  second  approx¬ 
imation  of  the  lifting  surface  theory  with  account 
of  roll  up  of  vortex  sheets  near  side  edges.  In  the 
present  paper  these  ideas  are  illustrated  on  the 
basis  of  somewhat  different  approach  utilizing  in 
the  second  order  outer  approximation  special  so¬ 
lutions  of  the  lifting  surface  theory  with  square 
root  singularities  of  the  loading  at  side  edges,  [14]. 
The  essence  of  the  approach  consists  in  splitting 
of  the  flow  field  into  zones  with  different  charac¬ 
teristic  scales  of  coordinates.  In  the  vicinity  of  the 
edge  there  is  singled  out  an  "inner”  zone,  in  which 
the  roll  up  of  vortex  sheet  is  assumed  to  take 
place  at  small  incidences.  Asymptotic  dimension 
of  this  zone  is  determined  with  help  of  the  least 
degeneracy  principle  from  equations  of  dynamics 
of  the  roll  up  of  edge  vortex  sheet.  It  is  shown 
that  this  dimension  is  of  the  order  of  i.e. 
for  small  incidences  a  the  roll  up  region  is  local¬ 
ized.  The  outer  asymtotics  of  local  solution  shows 


that  the  next  term  of  the  outer  representation  of 
circulation  has  the  order  and  should  have  a 
square  root  singularity  at  side  edges.  Correspond¬ 
ing  outer  solution  was  determined  in  form  of  a 
generalized  Birnbaum-Prandtl  series  with  square 
root  singularities  at  side  edges.  Strength  of  these 
singularities  was  found  by  means  of  asymptotic 
matchimng  of  inner  and  outer  solutions.  It  turned 
out  that  it  can  be  interpreted  as  the  moment  of 
vorticity  of  rolled-up  vortex  sheets  at  correspond¬ 
ing  lateral  cross  section  x  =  constant. 

OUTER  ASYMPTOTIC  EXPANSION 
FOR  AERODYNAMIC  LOADING 

Consider  an  irrotationl  ideal  fluid  flow  past  an  in¬ 
finitely  thin  flat  lifting  surface  of  rectangular  form 
and  arbitrary  aspect  ratio  A  with  small  angle  of 
attack  a.  Assuming  that  lateral  dimension  of  the 
roll  up  zone  of  the  edge  vortex  sheet  diminishes 
with  decrease  of  incidence  o  — ^  0,  seek  the  outer 
asymptotic  expansion  of  loading  in  form  combi¬ 
nations  of  acceptable  solutions  of  a  well  known 
integral  equation  of  linear  lifting  surface  theory 


A/2  1 
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namely 


—4ira 


(1) 


7°(®i  z)  =  ^i(“)7i(«.  2)+^2(a)72(®>  ^)+-  •  •  (2) 

It  follows  from  (2)  that  ^i(o)  =  a.  Solution 
of  the  order  a  is  standard  and  is  sought  in  the 
class  of  function  of  loading  with  behavior  of 
the  type  0(l/>/s)  at  the  leading  edge,  and  of  the 
type  0(v/^  -  at  side  edges  and  the  trailing  edge 
(  where  s  is  distance  from  corresponding  edge). 
In  angular  variables  cos^  =  — 2z/A,  cos^  =  — x, 
X  E  [-1, 1],  z  e  [—A/2,  A/2]  solution  of  the  first 
order  7®  and  corresponding  integral  circulation 
rj  have  the  form 

00  I  00 

7?(V>.^)  =  E(“  o»ctg^  +  cikn  sin  kip)  sin  n$, 

n=l  it  =  l 


=  -  r  dip  = 

Jo 

=  -2  ^  [flon  In  I  cos  1  +  ^  akn  sin^  sin  nO, 


n  —  1 


k-l 
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where  the  coefficients  ctkn  nrc  determined  from 
the  integral  equation  (1)  by  means  of  the  colloca¬ 
tion  method.  The  inner  asymptotics  of  the  load¬ 
ing  function  7?  and  integral  circulation  TJ  near 
side  edges  (for  example,  z  —>■  A/2,  6  can  be 
found  in  the  form 

00  ^ 

X  5](-l)"n(a<mCtg|  +  Ofcn  sin  kf), 


0)  =  2a{x)Jl-j  =  2V2yJl  -  y  x 


half  plane  Inifi  >  0,  /i  =  pi  +  by  means  of 
fimction  fi  —  i-y/x,  one  can  re-write  the  evolution 
equations  (6),  (7)  in  the  form 

dfi  _  dF'  / d/j  dfi\  _  dF*  1 
di~'dil'  \^dx)  ~  dn  4|/xl2’ 

^  =  0  for  fi  =  0. 

Because  the  vortex  system  generated  due  to  shed¬ 
ding  and  development  of  surfaces  of  tangential 
discontinuity  “works”  in  a  nonuniform  potential 
flow  with  complex  potential  =  a(aj)/x  and, 

in  its  turn,  gives  birth  to  induced  complex  poten¬ 
tial 


X  £(-!)"«  K  In  I  cos  + E  t1  ^  X  ^ 


LOCAL  PROBLEM  OP  ROLL  UP  OF 
VORTEX  SHEET  NEAR  SIDE  EDGE 

Introduce  local  coordinates  in  the  plane  perpen¬ 
dicular  to  the  edge  contour  {s  =  2  z/\  -  1,  2/) 
and  their  complex  combination  x  =  s  +  iy.  Write 
down  complex  potential  Ff ,  corresponding  to  in¬ 
ner  asymptotics  of  integral  circulation  of  the  first 
outer  approximation  TJ  =  2a(x)-\/— s 

dF?  a(x)i  ,t.\ 

Ff  (x)  =  «(®)*VX, 

From  physical  viewpoint  the  local  solution  must 
“work”  to  extinguish  infinite  suction  due  to  the 
flow  around  sharp  side  edge  in  the  outer  problem 
of  the  order  0(a).  This  is  realized  at  the  account 
of  shedding  and  subsequent  evolution  of  vortex 
sheets. 

Corresponding  differential  equation  of  evolution 
of  vortex  sheet  from  the  leading  edge  in  chord- 
wise  direction  is 


where  “bar”  designates  complex  conjugate.  Si¬ 
multaneously,  it  is  necessary  to  impose  the  re¬ 
quirement  of  smooth  detachment  of  vortex  sheet 
from  the  side  edge  (analog  of  Kutta-Zhukovsky 
condition).  The  latter  requirement  can  be  formu¬ 
lated  as 

lm^  =  0,  x  =  0.  (7) 

dx 

Mapping  the  region  of  local  flow  (  external  with 
respect  to  a  semi-infinite  cut)  upon  an  auxiliary 


the  evolution  equations  of  vortex  sheet  (8)  can  be 
re-written 

AFX 

aa{x)  +  ^  =  0.  for  /i  =  0. 

Introducing  stretched  variables  x  =  x/o’Co).  A  = 
Fj  =  FyA2(,a),  perform  scaUng  of  the 
quation  in  the  following  fashion 


,-r^dii  r  .  X  .  A2(a)  1_ 

(11) 

wherefrom  with  account  of  the  principle  of  the 
least  degeneracy  one  can  determine  scale  (stretch¬ 
ing)  functions  for  dependent  and  independent 
variables 

a{a)  =  A2(a)  =  V <T(a)a  =  (12) 

Eventually,  the  evolution  equations  acquire  the 
form 

dfi  f  ,  ^  I. 

-f  -  =  [o(x) -1-  -rr-J  .,..2! 
dx  ^  ^  dM  4lAtP 

Jpi 

Following  Molchanov  [13],  one  can  write 

^  =  /7(nf^-l _ .-^]di  = 

dft  2m  Jt)  ”  •■A~A(0  A~A(0-* 
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where  ^  is  abscissa  of  the  point  in  which  the  vor¬ 
tex  element  under  consideration  has  been  shed 
from  side  edge  of  the  wing,  and  fv(^)  represents 
a  jump  of  the  velocity  potential  at  the  moment  of 
shedding  of  this  vortex  element 
After  the  equation  of  evolution  of  vortex  sheet 
has  been  solved  the  one  term  inner  expansion  of 
complex  potential  in  the  vicinity  of  side  edge  can 
be  written  in  the  following  way 


F^{x,  fi)  =  a^^^a{x)fjt  d- 


4.^ 

^  2xi  Ja  U-MOJ 


d^. 
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Two  term  outer  expansion  of  previous  expression 
was  found  in  the  form 


F^°{x^  fi)  =  aa{x)^  — 

»5/3  /■*  .  ,rfr«(0 
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On  the  surface  of  the  wing  fM  =  ±\/^,  where 
“-f”  corresponds  to  the  upper,  and  sign  ”to 
the  lower  surface  of  the  wing.  The  outer  asymp¬ 
totics  of  integral  circulation  can  be  written  as 


=  2aa{x)y/^  — 


wherefrom  with  account  of  the  least  degeneracy 
principle  there  can  be  determined  gauge  function 
and  structure  of  the  second  term  of  the  outer  ex¬ 
pansion  of  loading  72  and  integral  circulation  FJ. 

^2(a)  =  (IS) 


n=0 


I  00 

72(’/’,  ^)  =  X]  +  X 

A:=l 

(19) 

(20) 


r?(e,V-)=-2Xhnln|cos||  + 


n=0 


+  'Y^aknSiTD.^ 
k=l 


where  fo{0)  =  l/sin^,/„(^)  =  sinn^  as  n  <  1. 


Inner  representation  of  (20)  has  the  form 


rm^)  =  - 


i/) 

In  1  cos  1-1  + 


00 

jb=l 


tI- 


(21) 


Matching  of  outer  and  inner  asymptotic  expan¬ 
sions  of  circulation  enables  to  establish  the  fol¬ 
lowing  correlation  between  the  coefficients  akn 

aon  In  1  cos  -I  +  2^  akn  sm^  —  = 

(22) 

Condition  (22)  replaces  in  the  outer  flow  region 
the  standard  requirement  of  zero  loading  at  side 
edges  of  the  wing  in  the  case  when  account  is 
taken  of  shedding  and  roll  up  of  vortex  sheets  at 
side  edges. 

The  structure  of  asymptotic  expansion  shows  that 
the  lift  coefficient  has  the  following  asymptotic 
structure 


Cs,=Ci(A)cy  +  C2(>)a®/^+..-  (23) 

As  per  the  above  algorithm  the  use  of  the  method 
of  matched  asymptotic  expansions  in  the  problem 
of  the  flow  past  a  wing  with  account  of  roll  up 
of  vortex  sheets  implies  the  following  sequence  of 
steps 

•  Within  the  linear  lifting  surface  theory  the 
first  approximation  is  calculated  with  no  ac¬ 
count  of  vortex  shedding  from  side  edges. 

•  In  vicinity  of  side  edges  and  in  variables 

stretched  with  gauge  function  the 

equation  of  dynamics  of  the  vortex  sheet 
is  solved  accounting  for  information  on  be¬ 
havior  of  integral  circulation  of  the  first  or¬ 
der  near  side  edge  (4)  and  Kutta-Zhukovsky 
condition  (7)  of  smooth  detachment  of  vor- 
ticity. 

•  To  the  order  of  0(a®^^)  there  is  solved  ho¬ 
mogeneous  equation  of  the  lifting  surface  in 
which  a  conventional  condition  of  zero  load¬ 
ing  at  side  edge  (22),  containing  the  infor¬ 
mation  on  the  rolled  up  vortex  sheet. 


The  approach  presented  herein  can  also  be  ap¬ 
plied  in  the  case  when  the  wing  moves  in  proxim¬ 
ity  of  a  boundary.  In  this  case  the  functions  Ci 
and  C2,  entering  formula  (23),  will  be  dependent 
on  type  of  the  boundary,  dist since  of  the  wing 
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form  the  boundary  and,  if  the  boundary  is  a  free 
surface,  upon  the  magnitude  of  Froude  number. 

CALCULATED  RESULTS  AND  ANALY¬ 
SIS 

As  per  previous  analysis,  the  first  step  of  the  cal¬ 
culation  consists  in  performing  the  roll-up  process 
in  the  local  (physical)  domain  with  dimensions  of 
the  order  Therewith,  one  employs 

an  expression  for  the  function  a(x),  entering  the 
equation  of  dynamic  evolution  of  the  side  edge 
vortex  sheet,  on  the  basis  of  the  theory  of  a  slen¬ 
der  wing.  In  the  process  of  calculation  of  roll¬ 
up  the  corresponding  integral  contributions  are 
approximated  by  appropriate  system  of  discrete 
vortices,  and  the  problem  is  reduced  to  numerical 
solution  of  associated  algebraic  equations.  The 
computational  procedure  is  known  to  be  inher¬ 
ently  unstable  and  requires  application  of  special 
algorithms.  In  search  of  coherent  structures  an 
analysis  has  been  performed  of  different  meth¬ 
ods  of  regularization.  The  most  effective  among 
the  latter,  as  found  out  by  the  authors,  is  use  of 
the  concept  of  finite  thickness  of  the  shed  vor¬ 
tical  sheets.  This  approach  to  regularization  is 
based  on  solution  of  a  linear  parabolic  equation 
of  dissipation  of  vortex  cores.  Another  factor,  af¬ 
fecting  stabihty  of  computations  was  selection  of 
initial  position  of  discrete  vortex  closest  to  the 
tip  of  the  side  edge.  In  this  connection,  it  has 
been  concluded  that  this  factor  is  strongly  cou¬ 
pled  with  the  time  step  of  the  numerical  proce¬ 
dure  of  the  roll-up.  All  calculation  have  been  per¬ 
formed  with  use  of  the  package  Ms^themB^tica.  3.0 
for  Windows’95  operating  system. 

Some  representative  results,  obtained  with  use 
of  the  present  asymptotic  theory  are  given  in 
Figs.  4-11.  Figures  4-6  demonstrate  evolution  of 
the  roll-up  of  the  side  edge  vortex  sheets  for  wings 
of  sma.ll  aspect  ratio  with  different  planforms. 
The  resulting  “curls”  are  plotted  in  stretched  side 
edge  domain.  It  should  be  noted  that  in  most  of 
the  calculated  examples  the  number  of  time  (ar- 
wise)  steps  varied  from  80  to  100  which  turned 
out  to  be  more  than  sufficient  for  convergence  of 
the  roll-up  procedure.  It  can  be  observed  from 
comparative  analysis  of  the  Figures,  associated 
with  different  planforms  that  the  geometry  of  the 
wing  h2is  noticeable  effect  on  the  evolution  of  the 
vortex  sheets. 

As  shown  in  the  present  theory  the  global  char¬ 
acteristics  of  the  wing  are  affected  by  static  mo¬ 
ment  of  vorticity  of  rolled-up  sheets  with  respect 
to  the  side  tip,  accumulated  at  the  trailing  edge. 


The  resulting  expression  for  the  lift  coefficient  of 
a  wing  of  small  aspect  ratio  has  been  obtained  in 
the  form 

Cl  =  +  2v^M„(aA)®/3(n  +  1)^,  (24) 

A 

where  Mst  represents  static  moment  of  vorticity 
of  the  rolled-up  vortex  sheet  (with  respect  to  the 
side  tip)  at  the  trailing  edge,  n  is  a  parameter, 
governing  the  planform  of  the  wing  by  means  of 
the  following  span  equation 

/o(x)=^x".  (25) 

The  following  set  of  Figs.  7-10  illustrates  be¬ 
haviour  of  the  lift  coefficient  of  a  slender  wing 
with  triangular  planform  versus  angle  of  attack. 
For  comparison  on  the  same  graphs  are  plotted 
some  calculated  results  employing  semi-empirical 
formulae  aa  well  as  relevant  experimental  data. 
The  aforementioned  semi-empirical  formulae  have 
been  borrowed  from  Rom  [15],  p.  171  and  are 
fisted  below 

•  The  relationship,  proposed  by  Edwards  [16] 

Cl  =  ^aA  -h  (26) 

•  The  formula  first  developed  by  Lawrence  and 
Flax  [17]  and  later  adopted  by  Kiichemann  [18] 

=  JaA  +  2a2  (37) 

•  Empirical  relationship,  developed  by  Alexan¬ 
der  [19]  with  use  of  measurements  of  Peckam  [20], 
Kirby  [21], Hummel  and  Srinivasan  [22]  and  Bax- 
lett  and  Vidal  [23] 

Ci  =  1.23A°""a  +  1.59A°*®°a^-""  (28) 

•  The  equation,  proposed  by  Poisson-Quinton 
and  Erlich,  reported  to  hold  for  A  <  0.5 

Cl  =  0.915  +  (29) 
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Figure  4:  Chordwise  roll  up  of  the  spiral  vortex  sheet  over  a  slender  delta  wing. 
O  -  12.5%  chord;  +  -  37.5%  chord;  O  -  75%  chord;  •  -  100%  chord. 
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Figure  5:  Chordwise  evolution  of  vortex  sheets  for  a  slender  wing  of  parabolic  planform. 
O  -  20%  chord;  -j —  60%  chord;  •  -  100%  chord. 


Figure  6:  Chordwise  evolution  of  vortex  sheets  for  a  slender  wing  of  cusped  planform. 
O  -  12.5%  chord;  +  -  37.5%  chord;  O  -  75%  chord;  ♦  -  100%  chord. 
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Figure  7:  Comparison  of  the  present  (asymptotic)  theory  with  semi-empirical  formulae  and 
experimental  data  for  a  slender  wing  of  a  triangular  planform,  A  =  0.5 
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Figure  8:  Comparison  of  the  present  (asymptotic)  theory  with  semi-empirical  formulae  and 
experimental  data  for  a  slender  wing  of  a  triangular  planform,  A  =  1.0 


Figure  9:  Comparison  of  the  present  (asymptotic)  theory  with  semi-empirical  formulae  and 
experimental  data  for  a  slender  wing  of  a  triangular  planform,  A  =  1.5 
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Figure  10:  Comparison  of  the  present  (asymptotic)  theory  with  semi-empirical  formulae  and 
experimental  data  for  a  slender  wing  of  a  triangular  planform,  A  =  2.0 


Figure  11:  Lift  coefficient  of  a  slender  wing  versus  parameter  a  for  three  representative  planforms  and 

A=:  L 
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ABSTRACT 


Numerical  solution  for  the  steady  flow  past  a  ship  in  straight  course  with  a  yaw  angle  have  been  obtained  with  a 
finite  volume  RANSE  solver. 

Two  different  turbulent  models,  namely  the  Baldwin  -  Lomax  and  the  Spalart  -  Allmaras  models,  have  been  applied 
and  the  results  have  been  validated  against  experimental  measurements  for  boundary  layer,  wake  and  wave  fields 
of  a  Series  60  hull  in  yaw  motion. 

Attention  has  been  devoted  to  the  verification  of  the  numerical  results,  both  for  global  quantities,  for  which  mono¬ 
tonic  convergence  is  obtained  on  the  three  finest  grids,  and  for  local  variables. 

Results  obtained  with  the  Balwin-Lomax  model  agree  well  for  global  coefficients  and  wave  profiles,  but  the 
contours  of  the  axial  velocity  in  some  cross-planes  reveal  that  most  details  of  the  measured  data  are  not  caught. 
Results  for  the  axial  velocity  contours  with  the  Spalart- Allmaras  model  are  in  better  agreement  with  experimental 
data. 


NOMENCLATURE 

■  c 

Free  surface  elevation 

rii 

Normal  unit  vector 

Xi  2  =  1,2,3 

Cartesian  Coordinate 

Tangent  unit  vector 

x,y,z 

Cartesian  Coordinate 

Dijk 

Finite  volume 

t 

Time 

Viik 

Volume  of  Dijk 

Ui  i  =  1, 2, 3  Velocity  Components 


u,v^w 

Velocity  Components 

P 

Pressure 

Re 

Reynolds  Number 

Fr 

Froude  Number 

At 

Time  Stepping 

Eddy  \^scosity 

k 

Turbulent  kinetic  energy 

Tij 

Stress  Tensor 

6ij 

Kronecker  operator 

a 

Yaw  angle 

INTRODUCTION 

The  viscous,  incompressible,  ffee-surface  flow  past  a 
hull  advancing  steadily  with  a  yaw  angle  is  relevant 
for  the  prediction  of  the  hydrodynamic  performances 
of  a  vessel  in  manoeuvring.  As  a  matter  of  fact,  these 
subject  still  heavily  rely  upon  experimental  data  in 
manoeuvring  tanks. 

Alternatively,  the  motion  of  a  vessel  may  be  com¬ 
puted  by  coupling  the  rigid  body  dynamics  with  the 
solution  of  the  flowfield  about  the  hull.  As  well 
known,  by  means  of  the  RANS  (Reynolds-averaged 
Navier-Stokes)  equations,  the  forces  relevant  to  ship 
maneuverability  are  related  to  the  vorticity  generated 
and  convected  during  the  motion.  From  this  point  of 
view  numerical  solutions  of  the  RANS  equations  for 
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this  problem  are  also  relevant  in  the  development  of 
simplified  models.  For  instance,  data  about  the  lo- 
cation  of  separation  lines  and  on  the  evolution  of  the 
wake  can  be  used  to  calibrate  and  validate  inviscid 
rotational  models,  which  at  present  give  satisfactory 
results  only  when  the  separation  line  is  known  [1]. 
The  specification  of  these  data  requires  a  CFD  solu¬ 
tion  unless  the  boundary  layer  separation  is  enforced 
at  a  sharp  edge. 

In  these  kind  of  problem  the  numerical  simula¬ 
tion  is  difficult  since  the  non-symmetric  flow  over 
the  hull  is  fully  three-dimensional  and  highly  turbu¬ 
lent.  Boundary  layer  separation  and  re-attachment  of¬ 
ten  occurs,  large  wakes  and  complicated  wave  pattern 
are  formed.  Hence  the  analysis  of  the  solution  ob¬ 
tained  by  means  of  the  commonly  employed  turbu¬ 
lent  models  is  extremely  interesting,  as  well  as  the 
use  of  models  not  applied  before  to  ship  hydrody¬ 
namics  problems.  Recently,  a  number  of  papers  have 
been  published  on  this  subject,  both  with  steady  or 
unsteady  numerical  approach  [2,  3,  4,  5].  Both  alge¬ 
braic  and  two-equations  turbulence  models  have  been 
used,  namely  the  Cebeci-Smith,  the  Baldwin-Lomax 
and  th&k  —  u;  model. 

The  new  one-equation  model  by  Spalart  and  All- 
maras  [6]  is  encountering  an  increasing  popularity  in 
the  aeronautical  community,  whereas  there  is  little  ex¬ 
perience  on  the  use  of  this  model  in  the  naval  hydro- 
dynamic  context.  In  this  paper  we  have  carried  out  a 
validation  and  verification  test  on  the  Spalart  and  All- 
maras  model  by  applying  it  to  the  simulation  of  the 
yaw  flow  past  a  Series  60  model.  The  results  are  com¬ 
pared  with  those  obtained  with  the  same  flow  solver 
with  the  Baldwin-Lomax  model  [7]  and  with  the  ex¬ 
perimental  data  collected  by  Longo  [8]. 

MATHEMATICAL  AND  NUMERICAL  MODEL 


The  solution  of  the  ffee-surface  viscous  steady  flow 
past  a  ship  hull  can  be  obtained  as  the  asymptotic  so¬ 
lution  of  the  unsteady  pseudo-compressible  Navier- 
Stokes  equations,  [9],  which  in  non-dimensional  form 
are: 


dp  ^  dui 

^  +  ^5j-  =  0;i  =  l,2,3 


dui 

IT 


duiUj  dp  dri 


dxj  dxi 


where  Xi  is  the  i-th  coordinate,  ui  the  i-th  com¬ 
ponent  of  the  velocity  vector,  p  =  P  -h  2:/Pr^, 
P  the  pressure,  Fr  the  Froude  number,  ^  the 

^dui  ,  duj^ 


dx> 


pseudo-compressibility  factor,  rij  =  ( 

the  stress  tensor,  —  the  global  kine¬ 


matic  viscosity,  Re  the  Reynolds  number  and 
the  turbulent  viscosity. 

As  to  the  boundaries,  a  no-slip  condition  Ui  =  0 
is  enforced  on  the  hull  whereas  the  dynamic  condi¬ 
tion  at  the  unknown  free  surface  enforces  continuity 
of  normal  and  tangential  stresses  through  the  surface. 


P  +  TijUjUi  =  ^  TijTljti  =  0  (2) 

air  and  surface  tension  effects  have  been  neglected. 
In  the  above  equations  rij  is  the  normal  unit  vector, 

{I  =  1, 2)  two  unit  tangent  vectors,  and  (  =  ((t,  x,  y) 
the  surface  elevation.  The  kinematic  condition  states 
that  the  free  surface  moves  with  the  same  velocity  as 
the  fluid  particles 


dC  5C  dC 

’’5="’ 


(3) 


The  mathematical  equations  are  approximated  by  a 
discrete  finite  volume  model.  The  fluid  domain  D  is 
divided  into  structured  blocks,  each  with  Ni  •  Nj  • 
disjoint  hexahedrons  Dijk.  By  integrating  the  equa¬ 
tions  on  each  volume,  we  get 


f  +  UinidS  =  0,  i  =  l,2,3 

I  ^  ^  -  Tijrij]  dS  =  ( 

fri  Js. 


(4) 

Ss  is  the  s-th  face  of  the  finite  volume  Dij^  with  mea¬ 
sure  Vijjt.  The  viscous  terms  at  the  cell  interfaces 
are  computed  by  a  finite  volume  approximation  of  the 
derivatives  of  the  velocity  vector.  E.g.,  at  the  cell  face 


dm , 

dXj 


^ —  [  ^dy  +  0(A 

-i-/ 

Js. 


') 


+  ^  .i.fc 

UiUj  <iS’fO(A^)  (5) 

+  ^.3,k 


The  integral  is  extended  to  the  volume  j  with 
boundary  ^  that  includes  the  cell  face 
and  is  overlapped  to  half  the  cell  k  and  hal/  the 
cell  z  -f  1,7,  k.  The  stress  tensor  at  this  cell  interface 
is  given  by 


dui\ 

\dxi 


(6) 


Velocity  and  pressure  at  the  interface,  needed  for 
the  computation  of  the  Eulerian  fluxes,  are  evalu¬ 
ated  by  a  second-order  E.N.O.-type  scheme  [10]. 
These  schemes,  originally  developed  for  compress¬ 
ible  flows,  were  adapted  to  pseudo-compressible 
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flows  in  [11]  The  discrete  equations  to  be  solved  can 
be  rewritten  in  semi-discrete  vector  form  as 


dt 


(7) 


where  L  represents  the  flux  balance  on  the  cell 
(i,  k).  A  Runge-Kutta  type  scheme  updates  the  nu¬ 

merical  solution  from  step  n  to  step  n+1.  The  general 
form  of  a  iVp-stage  explicit  scheme  is 


I  q”tj;  = 

w 

where  a  local  time  step  was  chosen  to  im¬ 

prove  the  convergence  rate.  It  can  be  seen  that  with  a 
proper  choice  of  Np,  a,  and  7,  most  classical  scheme 
can  be  recovered. 

A  multigrid  scheme  was  used  to  enhance  the 
convergence  rate.  A  study  of  multigrid  efficiency  for 
ENO  schemes  can  be  found  in  [12]. 


Thrbiileiice  Models 

In  the  simulations  two  different  turbulent  models  have 
been  employed:  the  Baldwin-Lomax  algebraic  turbu¬ 
lent  model  [13]  and  the  Spalart-Allmaras  one  equa¬ 
tion  model  [6].  Both  these  models  are  based  on  the 
eddy  viscosity  concept,  i.e.  on  the  assumption  that 
the  Reynolds  stress  tensor  {—pu^Uj)  is  related  to  the 
mean  strain  rate  through  the  eddy  viscosity  ux 


i/x 


^duj  duj\ 
\dxj  dxi) 


(9) 


where  k  is  the  turbulent  kinetic  energy.  For  the  sake 
of  completeness,  a  brief  description  of  the  models  is 
given  in  the  following.  For  details;  the  reader  is  re¬ 
ferred  to  [13]  for  a  description  of  the  Baldwin  and 
Lomax  model  and  to  [6]  for  the  Spalart  and  Allmaras 
model. 

In  what  follows,  it  can  be  noted  that  the  Spalart- 
Allmaras  model  is  strictly  “local”,  in  the  sense  that  the 
coefficients  in  the  equations  depends  only  on  quanti¬ 
ties  that  can  be  computed  from  the  velocity  field  and 
its  first  order  tensor  in  each  point,  and  from  the  dis¬ 
tance  from  the  nearest  wall.  This  property  renders  this 


model  very  attractive  when  dealing  with  complex  ge¬ 
ometries  and  therefore  with  multiblock  meshes  or  un¬ 
structured  grids.  On  the  contrary,  the  Baldwin-Lomax 
model  requires  the  evaluation  of  the  wall  shear  stress 
at  the  intersection  of  the  “normal”  to  the  wall;  con¬ 
sequently,  ambiguities  often  arises  when  simulating 
the  flow  past  boundaries  like,  for  instance,  hull  with 
appendages. 

Baldwin-Lomax  model 


The  Baldwin-Lomax  model  is  an  eddy  viscosity  zero- 
equation  (algebraic)  model,  in  which  vx  is  given  by 

V  =1  (1  “  w  d<dc 

y  =  O.Q26SSFxvakeFkleb{d)  d  >  dc 

(10) 

where  d  is  the  normal  distance  from  the  wall,  dc 
is  the  smallest  value  of  d  at  which  Ux  — 
the  friction  velocity  at  the  wall  and  u  the  magni¬ 
tude  of  the  vorticity  vector.  Moreover,  F^ake  = 
min{dMFM  1^-^^dMU^if  f  Fm),  Udif  being  the  dif¬ 
ference  between  the  maximum  and  minimum  of  u 
in  the  profile  at  fixed  x-station,  dM  is  the  distance 
at  which  the  function  F{d)  =  dw[l  -  ea:p(— Ifj-)] 
attain  its  maximum  value  Fm-  Finally,  Fkubid)  = 
_j_  5.5(0.3d/dM)®]  (Klebanoff  intermittency  fac¬ 
tor). 


Spalart-Allmaras  model 

In  the  Spalart  and  Allmaras  model,  the  eddy  viscosity 
ux  is  computed  by  means  of  an  intermediate  variable 
D 

ux  =  X  =  /vi(x)  —  ^3  ^  ^3 

(11) 

P  is  computed  from  the  solution  of  a  partial  differen¬ 
tial  equation 


Di> 

Dt 


=  Cbl  [1  —  ft2]  Sv 


+ 


^Cyjlfw 


(12) 


fti^U 

i  [V  •  ((1/  +  i>)Vi>)  +  C52(VP)2]  , 


where  S  =  S  +  [i>/{k^<f)]fv2,  S  is  the  magni- 
tude  of  the  vorticity  vector,  d  the  distance  from  the 
wall,  fti,  ft2,  fw,  fv2  are  functions  that  depends  only 
on  X  and  the  distance  from  the  wall;  finally,  the  c- 
s  and  A;  are  constants.  The  first  two  terms  in  the 
right  hand  side  represent  production  and  destruction 
of  i>, respectively;  the  third  one  is  the  so-called  ’’trip” 
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term,  that  allows  to  specify  the  laminar-turbulent  tran¬ 
sition  point  (in  the  results  shown  in  the  next  section, 
this  term  was  always  turned  ofO;  the  last  part  is  a  dis¬ 
sipation  term,  that  contains  also  a  non  conservative 
portion  C62(Vi/)^  which  is  responsible,  together  with 
the  non-linear  part  of  the  diffusion  term  V  •  (i/Vi/),  for 
the  advection  of  a  turbulent  front  into  non-turbulent 
regions. 

RESULTS 

As  a  benchmark  test  for  the  comparison  between  the 
two  turbulence  models,  the  flow  past  a  Series  60 
hull  with  Cb  =  0.6,  moving  in  steady  motion,  was 
computed  for  yaw  angles  a  =  0°,  2.5°, 5°,  10°  at 
Fr  =  0.316,  Re  =  5.3  •  10®.  Detailed  experimen¬ 
tal  data  were  collected  by  Longo  et  al  in  [8]  for  the 
same  configuration.  In  both  the  simulation  and  the  ex¬ 
periments,  ‘port’  is  the  pressure  side,  ‘starboard’  the 
suction  side. 

The  two  turbulence  models  have  been  tested  by  im¬ 
plementing  the  models  on  the  same  numerical  code. 
Comparisons  will  be  shown  with  both  the  models,  al¬ 
though  in  the  assessment  of  the  characteristic  of  the 
numerical  code  only  the  Baldwin-Lomax  model  has 
been  used. 

As  expected,  the  use  of  different  turbulent  models 
has  no  appreciable  influence  on  the  wave  pattern  and 
on  the  wave  profile.  Hence,  comparison  between  the 
two  turbulence  models  will  be  carried  out  by  compar¬ 
ing  the  local  velocity  fields  in  some  transversal  sec¬ 
tions  of  the  fluid  domain. 

To  assess  the  convergence  and  the  order  of  accu¬ 
racy  of  the  developed  numerical  code,  we  decided  to 
remove  any  possible  source  of  uncertainty  and  fixed 
in  the  computations  the  hull  position  to  the  measured 
sinkage  a,  trim  r,  and  heeling  angle  77.  The  fluid  do¬ 
main  was  divided  into  port  and  starboard  blocks  with 
0-0  topology,  each  block  with  96  x  96  x  64  cells 
in  stream-wise,  normal,  and  girth-wise  direction,  re¬ 
spectively.  Five  coarser  were  generated  by  halving  the 
number  of  cells  in  each  direction  in  the  previous  finer 
grid.  Although  the  coarsest  grid  is  only  6x6x4. 
and  this  mesh  is  too  poor  to  get  an  accurate  numer¬ 
ical  solution,  it  is  convenient  to  have  such  a  coarse 
grid  to  speed  up  convergence  with  the  full  multigrid 
approach. 

The  different  grid  levels  were  used  to  get  estimates 
of  the  grid  convergence  uncertainties  for  global  quan¬ 
tities:  Ci,  Cj,  Cyn,  following  the  suggestions  by  [14]. 

Fig.  (1)  shows  the  grid  convergence  index  GCI: 

-p2h  _  ph 

GCI=  ^  (13) 

X 


Figure  1:  Grid  Convergence  Index  for  the  hydrody¬ 
namic  coefficients  Cj ,  Cs,  Cm  for  several  yaw  angles. 
Ft  =  0.316,  Re  =  5.3  •  10® 

and  the  computed  values  of  hydrodynamic  coeffi¬ 
cients  as  a  function  of  the  grid  refinement  ratio  hcjh. 
he  is  the  grid  step  in  the  coarsest  grid.  Monotonic 
convergence  is  obtained  for  the  last  three  finer  grids 
for  all  yaw  angle.  The  GCI  is  not  sufficient  to  as¬ 
sess  grid  convergence,  because  this  analysis  is  mean¬ 
ingful  only  if  the  results  are  in  the  asymptotic  range, 
i.e.  when  the  leading  order  term  in  the  truncation  er¬ 
ror  dominates  over  the  other  terms,  and  therefore  a 
asymptotic  behavior  can  be  extrapolated.  An  impor¬ 
tant  indicator  of  the  attained  grid  convergence  is  the 
apparent  convergence  order  N,  defined  as 


Superscripts  /i,  2h,  Ah  refer  to  three  solutions  com¬ 
puted  on  three  different  grid  levels,  obtained  by  dou¬ 
bling  the  grid  size  with  respect  to  the  previous  coarser 
level.  The  computed  values  of  N  show  that  the 
asymptotic  range  was  probably  reached,  at  least  for 
the  force  coefficients,  since  it  is  always  close  to  the 
theoretical  value  2,  as  shown  in  the  following  table 
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Figure  2:  Hydrodynamic  coefficients  as  a  function  of 
the  yaw  angle 

for  several  yaw  angle  a. 


a 

0.0 

2.5 

5.0 

10.0 

Nc. 

2.00 

1.74 

1.73 

1.52 

Nc. 

- 

1.75 

2.05  1 

1.67 

NCm 

- 

1.46 

3.54 

1.48 

While  the  yaw  moment  and  the  side  force  coefficients 
show  a  significant  increase  with  the  yaw  angle,  the 
variation  of  the  total  resistance  is  less  pronounced, 
fig.  (2).  The  calculated  coefficients  agree  well  with 
experimental  data  for  side  forces  and  yaw  moments, 
but  the  total  resistance  coefficient  is  over-predicted  by 
up  to  20%,  especially  for  small  yaw  angles. 

As  an  example,  results  obtained  with  both  the  tur¬ 
bulence  models  have  been  reported  for  the  wave  pro¬ 
files  along  the  hull.  In  the  a  =  5®  case  the  com¬ 
puted  wave  profiles  on  the  finest  grid  level  computed 
with  the  Baldwin-Lomax  model  are  shown  in  figs  (6), 
(7),  while  those  obtained  in  the  a  =  10®  case  with 
the  Spalart-Allmaras  model  are  shown  in  (4),  (5).  In 
both  cases  numerical  results  agree  well  with  measured 
waves. 


Figure  3:  Numerical  (solid)  and  experimental 
(dashed)  wave  pattern  (a  =  5°). 

Fig.  (3)  compares  computed  and  measured  wave 
patterns  for  a  =  5®.  On  the  suction  side  (starboard), 
results  agree  well  with  troughs  and  crests  in  the  cor¬ 
rect  positions.  On  the  pressure  side  (port),  measure¬ 
ments  show  a  decreased  diverging  wave  angle  and 
shorter  wave  lengths.  To  maintain  the  same  accu¬ 
racy,  more  grid  points  would  be  needed  in  this  region. 
However,  for  simplicity,  we  decided  to  use  the  same 
grid  on  both  sides  of  the  hull,  allowing  a  less  accurate 
resolution  of  the  wave  pattern  in  this  region. 

The  comparison  between  the  two  turbulence  mod¬ 
els  is  carried  out  by  comparing  the  local  velocity 
fields  in  four  transversal  sections.  The  analysis  has 
been  focused  on  the  starboard  region,  where  viscous 
and  wave  effects  are  stronger. 

In  figs.  (8), (9),  (10),  (11),  the  results  obtained  with 
the  Baldwin-Lomax  model  have  been  compared  with 
the  experimental  data,  while  in  figs.  (12),  (13),  (14), 
(15)  results  computed  by  using  the  Spalart-Allmaras 
model  are  shown.  Contours  of  the  axial  velocity  u  are 
shown  at  a;  =  0,2,  0.8,  0.9,  1.0  for  Fr  =  0.316, 
Re  =  5.3  •  10®,  and  O'  =  10®.  We  have  chosen 
the  ship  length  Lpp  as  reference  length  and  a  point 
on  the  waterplane  at  the  bow  as  the  origin  of  the  x 
axis;  then  x  =  0.2  is  near  the  bow,  x  =  1.0  is  the 
propeller  plane.  With  the  Baldwin-Lomax 

model,  aldiough  the  global  trends  are  predicted,  the 
strong  bilge  vortex  in  the  suction  side  in  the  numer¬ 
ical  simulation  is  much  weaker  than  in  the  experi¬ 
ment.  The  Reynolds  stresses  in  the  simulation  seem 
to  be  too  strong  with  respect  to  the  actual  situation, 
and  therefore  the  shed  vorticity  too  weak.  This  is  il¬ 
lustrated  in  fig.  (16),fig.  (18),  by  comparing  numer¬ 
ical  and  experimental  streamlines  for  x  =  1.0.  In 
the  experiments  the  vortex  is  approximatively  located 
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at  y  =  0.02,  =  -0.03.  The  simulation  predicts  a 

less  intense  vortex,  located  at  the  same  depth,  but  at 
y  =  0.01.  With  the  Spalart-Allmaras  model,  global 
trends  are  much  better  predicted.  In  all  the  computed 
transversal  sections  the  agreement  between  numerical 
and  experimental  data  is  better  than  that  obtained  with 
the  Baldwin-Lomax  model.  Furthermore,  the  strong 
bilge  vortex  in  the  suction  side  is  much  more  like  the 
one  visualized  in  the  experiment.  This  is  illustrated  in 
fig.  (17), fig.  (18),  by  comparing  numerical  and  experi¬ 
mental  streamlines  for  a:  =  1.0.  The  Spalart-Allmaras 
model  predicts  an  intense  vortex,  located  at  a  depth  of 
y  =  0.015,  z  —  —0.2,  close  to  the  location  of  the 
measured  vortex. 

As  a  general  comment,  the  departure  of  the  nu¬ 
merical  prediction  obtained  with  the  Baldwin-Lomax 
model  from  the  experimental  observation  should  be 
attributed  to  its  simplified  nature,  which  does  not  take 
into  account  any  diffusion  or  convection  effects  of 
the  turbulent  viscosity.  In  fact,  the  Baldwin-Lomax 
model  is  purely  algebraic,  and  therefore  connected 
only  to  the  local  properties  of  the  flow. 

CONCLUSIONS 

In  the  present  study,  numerical  simulations  have  been 
carried  out  of  the  steady  yaw  flow  past  a  ship  with  a 
RANS  solver. 

Two  different  turbulent  models,  namely  the 
Baldwin-Lomax  and  the  Spalart-Allmaras  models, 
have  been  used  and  the  results  have  been  vali¬ 
dated  against  experimental  measurements  for  bound¬ 
ary  layer,  wake  and  wave  fields  of  a  Series  60  hull  in 
yaw  motion. 

Numerical  results  compare  favourably  with  experi¬ 
mental  data  with  regards  to  the  hydrodynamic  coeffi¬ 
cients  and’^the  wave  profile.  The  main  features  of  the 
flow  phenomena  are  reproduced  by  the  simulation  and 
the  behavior  of  the  two  turbulence  models  is  pointed 
out  in  the  analysis  of  the  axial  velocity  contours  and 
the  transversal  streamlines  in  the  the  propeller  region. 

The  Spalart-Allmaras  turbulent  model  appears  to 
be  a  promising  trade-off  between  CPU  cost  and  re¬ 
liability  of  the  results. 
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Figure  8:  Numerical  (Baldwin-Lomax,  solid)  and  ex¬ 
perimental  (dashed)  contours  of  the  axial  velocity 
u.  Left  X  =  0.2,  right  x  =  0.8.  Fr  =  0.316, 
Re  =  5.3  •  10®,  a  =  10° 


Figure  10:  Numerical  (Baldwin-Lomax,  solid)  and 
experimental  (dashed)  contours  of  the  axial  velocity 
u.  Left  X  =  0.9,  right  x  =  0.9.  Fr  =  0.316, 
Re  =  5.3  •  10®,  a  =  10° 
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Figure  9:  Numerical  (Baldwin-Lomax,  solid)  and  ex¬ 
perimental  (dashed)  contours  of  the  axial  velocity 
u.  Left  X  =  0.8,  right  x  =  0.8.  Fr  =  0.316, 
Re  =  5.3  •  10®,  a  =  10° 


Figure  11:  Numerical  (Baldwin-Lomax,  solid)  and 
experimental  (dashed)  contours  of  the  axial  velocity 
u.  Left  X  =  1.0,  right  x  —  1,0.  Fr  =  0.316, 
Re  =  5.3  •  10®,  a  =  10° 
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Figure  17:  Cross-flow  streamlines  of  the  flow  onto 
the  {y,z)  plane  at  x  =  1.0.  Numerical  (Spalart- 
Allmaras)  solution. 
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ABSTRACT 

Numerical  simulations  of  the  wave-breaking  occurring  at  the  bow  of  a  very  full  hull  ship  model  are  presented. 
The  computation  is  performed  using  a  finite  volume  method  with  unstructured  meshes  and  an  interface-capturing 
scheme  to  determine  the  shape  of  the  free  surface.  The  wave-breaking  occurs  not  only  at  the  bow  but  also  on 
the  side  of  the  hull,  leading  to  nearly-periodic  oscillations  in  drag.  The  hull  is  assumed  to  be  fixed  relative  to  the 
undisturbed  water  surface.  Three  grids  with  substantially  different  fineness  in  the  free-surface  region  were  used 
in  order  to  assess  the  grid-dependence  of  the  computed  results.  The  comparison  of  flow  features  at  the  bow  with 
experimental  data  provided  by  the  Ship  Research  Institute,  Tokyo,  shows  a  reasonably  good  agreement. 


INTRODUCTION 

Bow-wave  breaking  is  often  observed,  especially  for 
a  very  full  hull  ships.  Computational  studies  of  this 
phenomenon  are  difficult  and  not  very  numerous;  the 
authors  are  aware  of  only  few  such  studies.  Since 
the  numerical  uncertainties  are  relatively  large,  the 
need  for  experimental  data  to  be  used  for  validation 
purposes  is  obvious.  At  the  Ship  Research  Institute 
(SRI)  in  Tokyo,  measurements  of  wave  flows  in  front 
of  a  blunt  bow  ship  model  are  being  conducted.  The 
present  study  is  an  effort  to  numerically  simulate  the 
flow  under  the  same  conditions  as  in  the  experiments 
at  SRI.  At  present,  only  a  limited  amount  of  experi¬ 
mental  data  is  available  for  comparison  purposes;  fu¬ 
ture  studies  will  be  aimed  at  providing  a  more  detailed 
validation  of  the  computational  model. 

The  results  of  computations  presented  here  are 
meant  to  demonstrate  the  capabilities  and  limitations 
of  an  interface-capturing  scheme  [7]  for  a  simulation 
of  bow-breaking  phenomena.  In  the  following 
sections,  the  solution  method  will  be  described  first, 
followed  by  the  analysis  of  solutions  obtained  on 
three  grids.  Both  the  aspects  of  numerical  accuracy 
and  efficiency  will  be  addressed.  Finally,  conclusions 
and  directions  for  future  research  in  this  area  will  be 
summarized. 


NUMERICAL  METHOD 

The  interface-capturing  method  used  in  this  study  is 
described  in  detail  in  [7];  only  a  brief  summary  is 
presented  here.  Details  about  the  underlying  finite- 
volume  method  (FYM)  can  be  found  in  [3]. 


Fig.  1:  A  typical  control  volume  and  the  notation  used 

The  discretization  method  is  of  finite- volume  type 
and  uses  control  volumes  (CVs)  with  an  arbitrary 
number  of  faces,  cf.  Fig.  1.  It  also  allows  cell- wise 
local  refinement  of  unstructured  meshes,  i.e.  each  CV 
can  be  subdivided  in  an  arbitrary  number  of  smaller 
volumes  to  locally  increase  the  mesh  resolution.  Al¬ 
though  the  mesh  refinement  can  in  principle  be  au¬ 
tomated  (based  on  an  error  estimate,  cf.  [6]),  in  this 
study  the  refinement  regions  have  been  pre-selected 


6.2-1 


based  on  the  expected  variation  of  the  position  of  free 
surface. 

The  mass  and  momentum  conservation  equations, 
which  -  complemented  by  the  corresponding  trans* 
port  equations  for  the  turbulent  kinetic  energy  and  its 
dissipation  rate,  which  will  not  be  given  here  -  serve 
as  the  mathematical  model  of  the  flow,  read  in  integral 
form: 

^  j^pdV  +  j^p{v-Vb) -ndS  =  0  ,  (1) 

~  /  puidV  +  [  pUi\  •  n  d5  = 

di  Jy  Js 

j{Tij\j  - p\i)  -ndS  +  J^pbidV  ,  (2) 

where  V  is  the  CV- volume  bounded  by  a  closed  sur¬ 
face  S  with  a  unit  normal  vector  n  directed  outwards, 
V  is  the  fluid  velocity  vector,  p  is  fluid  density,  p  is  the 
pressure,  bi  are  the  body  forces  per  unit  mass  (here  the 
gravity),  and  Tij  are  the  effective  stresses  (the  sum  of 
viscous  and  Reynolds-stresses,  the  latter  being  mod¬ 
eled  using  the  standard  k-e  model  based  on  the  eddy- 
viscosity  approach): 


•  The  integrals  over  surface,  volume,  and  time 
are  evaluated  using  midpoint-rule  approximations, 
which  use  the  value  of  the  integrand  at  the  center 
of  the  integration  domain. 

•  Since  the  variable  values  are  calculated  at  CV  cen¬ 
ters  only,  values  at  cell-face  centers  required  for 
the  evaluation  of  integrals  have  to  be  obtained  by 
interpolation;  here,  linear  interpolation  is  used, 
except  on  very  coarse  grids,  where  linear  interpo¬ 
lation  is  blended  with  an  upwind-biased  approxi¬ 
mation. 

•  In  order  to  evaluate  stress  terms  (forces)  at  CV- 
faces,  numerical  differentiation  is  needed  to  com¬ 
pute  derivatives  of  the  Cartesian  velocity  compo¬ 
nents  with  respect  to  Cartesian  coordinates.  This 
is  done  using  either  Gauss  method  or  polynomial 
fitting  and  central  differences,  cf.  [7].  The  time 
derivative  at  the  current  time  level  is  computed  by 
differentiating  a  parabola  fit  through  values  at  the 
current  and  two  previous  time  levels;  the  time  inte¬ 
gration  interval  is  centered  around  the  current  time 
level  (a  fully  implicit  scheme). 


Tij  •—  PefF 


/  ^ 

\dxj  dxi) 


-f  -^6ijk  , 


(3) 


with  peff  =  p  +  Ait  being  the  effective  dynamic  vis¬ 
cosity  of  the  fluid,  6ij  the  Kr onecker’s  delta  and  k  the 
kinetic  energy  of  turbulence. 

The  solution  domain  covers  both  water  and  air  re¬ 
gion  around  the  hull;  both  fluids  are  considered  as  an 
effective  fluid  with  variable  properties,  which  are  at 
any  spatial  location  determined  according  to  the  vol¬ 
ume  fractfon  of  one  constituent  fluid  (e.g.  water).  The 
volume  fraction  c  is  obtained  by  solving  the  corre¬ 
sponding  conservation  equation,  which  reads: 


CV*  ndS  —  0  . 


In  order  to  solve  the  conservation  equations  using 
FVM,  they  are  applied  to  each  CV  and  discretized  in 
order  to  obtain  one  algebraic  equation  per  CV;  each 
such  equation  involves  the  unknown  from  the  CV- 
center  and  from  all  neighbor  CVs  with  which  the  cur¬ 
rent  CV  has  common  faces.  Since  the  equations  are 
non-linear,  they  have  to  be  linearized  in  order  to  be 
solved  by  an  iterative  solution  method.  The  equa¬ 
tions  are  also  coupled  and  are  solved  in  a  segregated 
manner,  i.e.  for  each  variable  in  turn,  treating  thereby 
other  variables  as  known. 

In  the  course  of  obtaining  an  algebraic  equation  for 
each  CV,  three  levels  of  approximation  are  applied: 


All  of  the  above  approximations  are  nominally  of 
second  order.  Deferred-correction  approach  is  used 
to  reduce  the  implicit  part  of  the  discretized  equa¬ 
tions  to  the  nearest  neighbors  only;  the  difference  be¬ 
tween  the  simplified  and  full  approximations  is  in¬ 
cluded  at  the  right-hand  side  of  the  algebraic  equa¬ 
tions.  This  makes  the  matrix  of  the  algebraic  equation 
system  smaller  and  allows  the  use  of  simpler  iterative 
solvers;  here,  the  conjugate-gradient  type  solvers  are 
used  (ICCG  for  symmetric  and  Bi-CGSTAB  [8]  for 
non-symmetric  matrices). 

The  mass  conservation  equation  is  transformed  into 
a  pressure-correction  equation  following  the  well- 
known  SIMPLE-algorithm  for  colocated  arrange¬ 
ments  of  variables.  The  standard  k-e  model  with  wall 
functions  is  used  to  compute  the  eddy  viscosity  pt  • 

The  discretization  of  the  volume-fraction  equation 
requires  special  attention.  Higher-order  schemes  vio¬ 
late  the  boundedness  requirement,  which  requires  that 
0  £  c  <  1;  on  the  other  hand,  numerical  diffusion  of 
low-order  schemes  must  be  avoided  in  order  to  retain 
the  interface  between  the  two  fluids  as  sharp  as  pos¬ 
sible.  Here,  the  high-resolution  interface-capturing 
scheme  (HRIC)  is  used,  which  computes  the  cell-face 
value  of  c  as  a  blend  of  the  upwind  and  downwind 
interpolation;  see  [7]  for  a  detailed  description.  The 
choice  of  the  blending  factor  depends  on  the  local  dis¬ 
tribution  of  the  volume  fraction,  relative  position  of 
the  free  surface  to  the  cell  face,  and  the  local  value  of 
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the  Courant  number 


DEFINITION  OF  THE  TEST  CASE 


Co  = 


v*n5jAt 

AVb~ 


(5) 


where  Sj  is  the  area  of  the  CV-face  j,  AVc  is  the 
volume  of  the  cell  centered  around  node  C,  and  At 
is  the  time  step.  The  Courant  number  indicates  how 
much  of  one  fluid  is  available  in  the  donor  cell  and  the 
scheme  is  tuned  not  to  allow  to  drain  more  fluid  out 
of  one  CV  within  one  time  step  than  was  available  in 
it.  Another  important  factor  is  the  orientation  of  the 
interface  relative  to  the  CV-face.  The  normal  to  the 
interface  -  which  is  assumed  to  lie  where  the  volume 
fraction  has  the  value  c  =  0.5  -  is  obtained  by  com¬ 
puting  the  gradient  of  c;  it  is  equal  to  zero  everywhere 
except  in  the  interface  region. 

Finally,  the  cell-face  value  of  c  is  computed  as: 


Cj  =  7cc  +  (1  -  7)cNi  )  (6) 

where  7  is  a  non-linear  function  of  the  profile  of  c, 
Courant  number,  and  the  orientation  of  the  interface, 
and  C  and  Nj  denote  the  nodes  on  either  side  of  the 
CV-face  j;  more  details  are  available  in  [7]. 

With  this  approach,  the  interface  is  usually  smeared 
across  two  to  three  cells.  The  fluid  properties  are  com¬ 
puted  as: 

p  =  pic  +  P2(l  -  c)  ,  /i  =  fiic  -h  ^2(1  ”  c)  )  0) 

where  subscripts  1  and  2  denote  the  two  fluids  (e.g. 
liquid  and  gas).  If  one  CV  is  partially  filled  with  one 
and  partially  with  the  other  fluid  (i.e.  0  <  c  <  1),  it  is 
assumed  that  both  fluids  have  the  s^e  velocity  and 
pressure. 

The  free  surface  does  not  represent  a  boundary  and 
no  boundary  conditions  need  to  be  prescribed  at  it.  If 
surface  tension  is  significant  at  the  free  surface,  this 
can  also  be  taken  into  account  by  transforming  the 
resulting  surface-tension  force  into  a  body  force  [2]. 

Computation  of  three-dimensional  flows  with  free 
surfaces  -  especially  when  they  are  unsteady,  as  is 
the  case  with  breaking  bow  waves  -  requires  a  lot 
of  both  memory  and  computing  time.  It  is  therefore 
essential  to  be  able  to  perform  such  simulations 
on  parallel  computers.  The  computer  code  used 
here  is  parallelized  by  domain  decomposition  in 
both  space  and  time  and  can  use  either  PVM  or 
MPI  message-passing  libraries  for  communication 
between  the  processors.  Both  clusters  of  workstations 
and  massively  parallel  computers  can  be  used  -  as 
long  as  they  support  PVM  or  MPI  standards.  Details 
about  parallelization  of  the  present  method  can  be 
found  in  [9]  or  [10]. 


For  the  present  study,  the  model  of  a  very  full  hull 
towed  at  the  Ship  Research  Institute  in  Tokyo  was 
used.  Figure  2  shows  a  sketch  of  this  model.  The 
waterplane  shape  is  shown  in  the  upper  part  of  the 
figure  (top  view).  The  bow  has  the  shape  of  a  semi¬ 
circle  with  a  radius  of  R  =  0.3  m.  It  is  followed  by 
a  parallel  middle  body  1  m  long,  and  the  stem  0.7  m 
long,  prescribed  as  a  spline.  Thus,  the  total  length 
of  the  model  is  2.0  m  and  the  beam  is  0.6  m.  The 
same  shape  of  the  waterplane  extends  0.2  m  above 
the  load  waterline  up  to  the  deck  and  0.3  m  beneath 
the  load  waterline.  There,  half  a  body  of  revolution, 
obtained  by  rotating  the  waterplane  around  its  longi¬ 
tudinal  axis,  is  attached  to  compleate  a  total  draft  of 
0.6  m.  With  the  semi-circular  bow,  the  hull  can  be 
seen  as  a  blunt  body. 


Fig.  2;  Geometry  of  the  hull  model 

As  in  the  experiments,  the  model  was  held  fixed 
in  place,  i.e.  it  was  not  allowed  to  sink  and  trim. 
The  model  speed  was  set  at  -y  =  1.697  m/s,  which 
corresponds  to  a  Froude  number  Fr  =  0.7,  based  on 
the  hull  draft.  The  Reynolds  number,  based  on  the 
hull  length  and  a  water  temperature  of  19.2  ®C  was 
around  3.4*10®. 


COMPUTATIONAL  GRIDS 

Computations  were  carried  out  on  three  numeri¬ 
cal  grids.  The  coarsest  one  had  103950  CVs,  the 
medium  one  had  411 180  CVs,  and  the  finest  one  had 
2 147  628  CVs.  Figure  3  shows  a  perspective  view  of 
the  coarsest  grid.  The  inlet,  outlet,  lateral,  and  bottom 
boundaries  are  placed  about  1.5  model  lengths  away 
from  the  model.  Only  one  half  of  the  model  was  con¬ 
sidered,  due  to  the  symmetry  of  the  flow.  The  grid 
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resolution  is  high  at  the  model  wall  and  in  the  prox¬ 
imity  of  the  waterplane  to  capture  the  boudary  layer 
and  the  free  surface  distortion  better.  It  expands  con- 
tinously  in  all  directions  away  from  the  hull  and  the 
waterline.  Due  to  the  simple  geometry  of  the  model, 
the  grids  were  easy  to  generate.  The  coarsest  grid  is  a 
matching  block-structured  grid,  with  some  cells  being 
prisms.  Above  the  deck,  another  block  of  0.4  m  height 
was  added  since,  if  the  computational  domain  ended 
at  the  deck  level,  the  air  flow  would  accelerate  appre¬ 
ciably  between  the  bow  wave  and  the  upper  boundary. 
The  grid  shows  large  variation  in  cell  size  due  to  the 
chosen  grid  generation  strategy  and  the  local  grid  re¬ 
finement,  but  the  numerical  method  can  cope  with  this 
without  noticeable  problems. 


Fig.  3:  Perspective  view  of  the  coarsest  grid 


The  medium  grid  was  obtained  by  refining  the  cells 
in  all  directions  in  a  region  extending  horizontaly 
over  the  whole  computational  domain  and  0.16  m 
above  and  below  the  load  waterline  in  the  vertical 
direction.  The  size  of  this  region  was  established 
using  the  free  surface  elevation  previously  obtained 
on  the  coarse  grid  as  a  reference.  The  finest  grid  was 
obtained  by  refining  the  medium  grid  but  now  in  a 
region  restricted  horizontaly  to  about  half  a  model 
length  around  the  model.  Figure  4  shows  the  finest 
grid  in  the  plan  view  and  the  cross-section.  There,  the 
extension  of  the  local  grid  refinement  can  be  seen. 


Fig.  4:  Finest  grid  in  the  plan  view  (above)  and  the  cross- 
section  (below),  showing  the  extent  of  the  local  grid  refine¬ 
ment  (only  part  of  the  solution  domain  is  shown) 


BOUNDARY  CONDITIONS  AND  COMPUTA¬ 
TIONAL  DETAILS 

At  the  inlet,  the  velocity  of  both  water  and  air  was  set 
equal  to  the  hull  velocity,  and  the  turbulent  parameters 
were  derived  from  a  turbulent  intensity  of  1  %  and  a 
turbulent  viscosity  in  the  same  order  of  the  molecu¬ 
lar  viscosity.  Top,  bottom  and  lateral  boundaries  were 
treated  as  slip  walls.  At  the  symmetry  plane,  the  sym¬ 
metry  boundary  condition  was  enforced.  At  the  out¬ 
let,  extrapolation  in  streamwise  direction  was  used, 
and  the  hydrodynamic  pressure  was  specified  accord¬ 
ing  to  a  prescribed  water  level. 

As  initial  condition  to  start  the  simulation,  the  full 
model  speed  over  the  entire  computational  field  was 
imposed  without  accelerating  the  flow  from  rest.  The 
numerical  method  was  shown  to  be  robust  enough  to 
cope  with  this.  No  numerical  damping  of  the  radiat¬ 
ing  waves  at  the  lateral  boundary  was  applied  because 
the  waves  dissipate  sufficiently  due  to  numerical  dif¬ 
fusion  in  the  larger  outer  cells. 

The  simulations  on  the  coarse  and  medium  grid 
were  performed  on  a  single-processor  workstation. 
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while  on  the  finest  grid,  eight  processors  on  a  parallel 
computer  were  used,  see  Table  1  for  details  on 
memory  and  CPU  time  requirement  per  time  step. 
The  simulations  were  carried  out  until  a  periodic 
oscillation  of  pressure  drag  was  obtained  over  many 
periods.  This  was  typically  after  about  4000,  6000 
and  8000  time  steps  for  the  coarse,  medium  and 
fine  grid  respectively.  This  number  of  time  steps 
corresponded  to  a  simulation  time  of  40  seconds  or 
the  time  taken  for  a  particle  of  water  to  travel  20 
model  lengths.  The  time  step  At  was  chosen  so  that 
a  Courant  number  of  1  was  not  exceeded. 


Table  1.  Some  computational  details  for  the  simulations 
carried  out  on  the  three  grids 


coarse  medium  fine 


CVs 

RAM 

CPU/Ai 

Computer 

Model 

At 

No.  of  At 


103950 
34  MB 
9s 
DEC  a 
500  MHz 
0.02  s 
4000 


411180 
133  MB 
54  s 
HP 
PA-8200 
0.01s 
6  000 


2  147628 
832  MB 
54  s 
8xHP 
PA-8200 
0.005  s 
8000 


RESULTS  AND  DISCUSSION 

The  aim  of  performing  the  simulation  on  three  grids 
was  to  assess  the  accuracy  of  the  numerical  solutions. 

Grid-Dependence  Analysis 

Numerical  solutions  are  always  affected  by  three 
kinds  of  numerical  errors: 

•  Iteration  errors^  which  are  due  to  stopping  the  it¬ 
eration  procedure  at  some  stage.  We  control  these 
errors  by  monitoring  the  norm  of  the  residuals  for 
all  equations  solved,  after  the  matrix  and  right- 
hand  side  of  equations  are  updated  to  account  for 
non-linearity  and  inter-equation  coupling.  When 
the  residual  norm  becomes  three  to  four  orders  of 
magnitude  smaller  than  an  appropriate  normaliza¬ 
tion  quantity  (usually  the  norm  obtained  by  us¬ 
ing  zero- filed  values  of  the  variable  in  the  interior 
of  the  solution  domain),  one  can  assume  that  the 
variable  values  will  not  further  change  on  three  to 
four  most  significant  digits. 

•  Discretization  errors^  which  are  due  to  approxi¬ 
mations  introduced  in  the  numerical  integration, 
interpolation,  and  differentiation.  These  errors  de¬ 
pend  on  the  approximations  used  and  on  the  fine¬ 


ness  of  the  grid;  for  a  given  discretization  method, 
they  depend  only  on  the  grid  fineness  and  quality. 

•  Modeling  errors^  which  are  due  to  the  fact  that  the 
equations  solved  are  not  exact  (turbulence  model, 
interface  model  etc.)  and  that  both  the  geometry 
and  the  boundary  conditions  are  also  simplified  to 
some  extent.  These  errors  can  only  be  evaluated 
when  the  other  two  kinds  of  error  are  negligibly 
small  and  the  exact  solution  is  known  within  much 
smaller  error  bounds  (e.g.  from  an  accurate  exper¬ 
iment  or  from  a  more  accurate  numerical  study). 

When  the  time  step  is  small,  as  was  the  case  in  this 
study,  the  changes  in  solution  from  one  time  level  to 
the  next  are  also  small;  usually,  only  few  outer  itera¬ 
tions  per  time  step  are  then  needed.  In  the  initial  stage 
of  the  simulation  one  can  actually  use  only  one  outer 
iteration  per  time  step,  without  checking  the  conver¬ 
gence  of  outer  iterations.  Comparison  of  solutions  ob¬ 
tained  using  just  one  outer  iteration  per  time  step  and 
those  obtained  by  satisfying  the  convergence  criterion 
showed  very  small  differences,  indicating  very  low  it¬ 
eration  errors.  Especially  when  a  steady  solution  is 
sought  is  it  appropriate  to  use  a  fully-implicit  method 
and  one  iteration  per  time  step,  since  the  temporal  ac¬ 
curacy  is  not  important. 

The  modeling  errors  can  not  be  evaluated  very  ac¬ 
curately  since  the  available  information  from  an  ex¬ 
periment  is  not  detailed  enough  to  allow  a  quantita¬ 
tive  analysis  of  these  errors.  However,  the  aim  of  this 
study  was  not  to  determine  friction  resistance  most 
accurately  but  primarily  to  analyze  the  bow-wave 
breaking,  so  the  estimation  of  turbulence-modeling 
errors  was  not  pursued  further. 

The  ideal  way  of  evaluating  discretization  errors 
is  to  systematically  refine  the  grid,  i.e.  subdivision 
of  each  CV  into  eight  smaller  ones  (for  hexahedral 
CVs,  as  used  in  this  study).  However,  this  leads  to 
an  eightfold  increase  in  the  number  of  CVs  from  one 
grid  to  another,  meaning  that  the  third  grid  has  64 
times  as  many  CVs  as  the  first  one.  There  is  not 
much  incentive  in  using  a  first  grid  coarser  than  about 
100000  CV,  as  the  discretization  errors  would  be  too 
large.  Since  our  computing  resources  available  for  the 
present  study  did  not  allow  the  use  of  a  grid  with  6.4 
million  CVs,  and  since  the  errors  are  expected  to  be 
largest  near  the  hull,  we  refined  the  grid  only  locally. 

First,  the  integral  quantities  computed  on  the  three 
grids  are  compared.  In  Table  2  the  computed  mean 
values  of  the  pressure  and  viscous  drag  coefficients, 
defined  as 


^  -- 


(8) 
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cent,  regarding  the  drag  coefficient. 


are  presented,  where  Rp  and  R{  denote  the  total  pres¬ 
sure  and  viscous  forces  on  the  hull  in  x -direction 
(obtained  by  summing  the  forces  computed  for  the 
individual  boundary  cell  faces)  and  S  is  the  wetted 
surface  considering  the  distortion  of  the  free  surface. 


Fig.  5:  Water  level  contour  and  velocity  vectors  in  the  sym¬ 
metry  plane  ahead  of  the  bow  for  three  time  instants  within 
one  oscillation  period,  as  computed  on  the  coarsest  grid  (the 
lower  horizontal  line  denotes  the  undisturbed  water  surface, 
while  the  upper  represents  the  height  zjR  1.0;  the  ver¬ 
tical  line  on  the  right-hand  side  denotes  the  bow,  while  that 
on  the  left-hand  side  represents  the  position  x/R  =  2.0 
ahead  of  the  bow) 

Since  the  refinement  is  not  strictly  systematic  (only 
part  of  the  hull  surface  was  refined),  one  can  not  apply 
Richardson  extrapolation  to  estimate  the  discretiza¬ 
tion  error,  as  suggested  e.g.  by  Ferziger  and  Perid  [4]. 
However,  since  the  differences  between  the  two  finer 
grids  are  very  small,  and  the  differences  between  the 
finest  and  the  coarsest  grid  are  of  the  order  of  6  %, 
one  can  assume  that  the  solution  on  a  still  finer  grid 
would  not  change  the  results  by  more  than  a  few  per 


Table  2.  Computed  pressure  and  viscous  drag  coefficients 
for  the  three  grids 


coarse 

medium 

fine 

Cp 

3.12-10-2 

2.94  -10-2 

2.92  -10-2 

Cf 

3.10-10-2 

3.34  -10-2 

3.30  -10-2 

While  the  firiction  drag  remained  nearly  constant 
during  the  simulation,  the  pressure  drag  oscillated 
typically  by  about  ±5  %  around  the  mean  values 
shown  in  Table  2.  The  oscillation  period  for  the  pres¬ 
sure  drag  for  all  grids  was  about  2.5  seconds  of  sim¬ 
ulation  time,  or  the  equivalent  to  the  time  taken  for 
a  particle  of  water  to  travel  2  model  lengths.  How¬ 
ever,  the  period  of  the  breaking  bow- wave  as  could  be 
observed  in  the  animations  of  the  computed  flow  was 
much  smaller,  about  0.6  seconds.  This  shows  that  the 
oscillations  in  Cp  were  more  influenced  by  the  much 
larger  breaking  wave  at  the  side  of  the  model. 

Figure  5  shows  the  water  level  contour  and  the  ve¬ 
locity  vectors  in  the  symmetry  plane  in  front  of  the 
bow  for  three  characteristic  instants  within  one  pe¬ 
riod,  as  computed  on  the  coarsest  grid.  These  figures 
show  that  both  the  level  to  which  the  water  rises  along 
the  bow  and  the  position  of  the  breaking  wave  crest 
change  in  time. 

Figure  6  shows  isolines  of  water  level  ahead  of  the 
bow  for  three  time  instants  within  one  oscillation  pe¬ 
riod,  as  computed  on  the  finest  grid.  They  show  that 
the  water  elevation  changes  within  one  oscillation  pe¬ 
riod  substantially  in  a  large  region  around  the  hull. 
One  of  the  figures  shows  an  overturning  bow  wave,  as 
the  isolines  cross  each  other.  Similar  patterns  are  also 
observed  on  the  other  grids. 

Since  the  flow  oscillates  nearly  periodically,  the  re¬ 
sults  were  averaged  over  the  last  10  seconds  (about  16 
periods  of  wave  breaking)  and  the  average  field  val¬ 
ues  obtained  on  the  three  grids  are  compared.  This 
comparison  is  presented  in  Figs.  7  and  8,  In  Fig, 
7  the  velocity  vectors  are  interpolated  and  presented 
on  a  uniform  grid  for  easier  comparison.  The  re¬ 
sults  show  that  the  mean  maximum  water  level  at  the 
bow  is  roughly  the  same  on  all  three  grids  (about 
z/R  =  0.5).  However,  with  grid  refinement  the 
height  of  the  breaking  wave  and  its  steepness  increase 
substantially.  Also,  the  range  over  which  the  breaking 
wave  moves  in  time  becomes  narrower,  as  recognized 
from  the  velocity  pattern  in  the  air.  On  all  grids  the  re¬ 
sults  agree  qualitatively:  water  rises  up  along  the  bow, 
while  air  moves  downwards  towards  the  free  surface. 
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time  instants  within  one  oscillation  period,  as  computed  on 
the  finest  grid,  viewed  vertically  from  above  (interval  be¬ 
tween  lines  0.01  m,  the  first  line  in  front  of  the  bow  repre¬ 
sents  0.14  m  above  load  waterline) 


Figure  8  shows  average  isolines  of  water  level 
ahead  of  the  bow,  as  computed  on  the  three  grids. 
These  figures  show  that  the  mean  pattern  on  the  finest 
grid  is  substantially  different  from  the  instantaneous 
patterns  showed  in  Fig.  6.  One  can  also  observe, 
that  with  grid  refinement  the  breaking  wave  becomes 
sharper  and  somewhat  closer  to  the  bow  and  more  ex¬ 
tended  to  the  side. 


Fig.  7:  Average  water  level  contour  and  velocity  vectors 
in  the  symmetry  plane  ahead  of  the  bow  for  the  three  grids 
(coarse,  medium,  and  fine,  from  top  to  bottom,  respectively; 
the  lower  horizontal  line  denotes  the  undisturbed  water  sur¬ 
face,  while  the  upper  represents  the  height  z/i^  =  0.6;  the 
vertical  line  on  the  right-hand  side  denotes  the  bow,  while 
that  on  the  left-hand  side  represents  the  position  =  2.0 
ahead  of  the  bow) 

Comparison  with  Experiment 

Figure  9  is  a  photograph  of  the  breaking  wave  ahead 
of  the  bow  at  some  instant  of  time  for  the  same  Froude 
number  as  observed  during  the  model  experiments  at 
the  Ship  Research  Institute  in  Tokyo.  In  Fig.  10,  an 
instant  of  the  wave  breaking  as  simulated  on  the  finest 
grid  is  shown. 

The  photograph  indicates  that  the  free  surface  in 
the  bow  wave  region  is  highly  “turbulent”  (i.e.  non¬ 
smooth).  The  unsteadiness  of  the  free  surface  on 
the  small  scale  takes  place  at  higher  frequencies  than 
those  resolved  in  the  unsteady  RANS-simulation;  the 
simulation  takes  into  account  only  the  low-frequency 
(nearly  periodic)  unsteadiness  effects  whose  time 
scale  is  separated  from  the  time  scale  of  turbulence. 
Therefore,  the  simulation  can  not  show  such  unsteadi¬ 
ness  of  the  free  surface  as  observed  in  the  photograph 
-  a  large-eddy  simulation  (LES)  would  be  required 
for  that  purpose. 

The  instantaneous  shape  of  the  bow  wave  taken 
from  the  simulation  (Fig.  10)  shows  a  nearly  smooth 
free  surface,  except  for  the  crest  of  the  breaking  wave 
about  one  bow  radius  ahead  and  another  discontinu- 
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Fig.  8:  Average  isolines  of  water  level  ahead  of  the  bow,  as 
computed  on  the  three  grids,  viewed  vertically  from  above 
(from  top  to  bottom;  coarse,  medium,  and  fine  grid;  inter¬ 
val  between  lines  0.01  m,  the  first  line  in  front  of  the  bow 
represents  0.14  m  above  load  waterline) 


ity  closer  to  the  bow  where  the  upcoming  flow  along 
the  bow  overturns,  cf.  Figs.  5  and  7.  This  rol-over 
effect  is  also  clearly  seen  in  the  photograph  in  Fig. 
9.  One  could  argue  that  a  special  “free-surface  tur¬ 
bulence  model”  would  be  required  to  model  the  fine- 
scale  disturbances  of  the  free  surface,  which  certainly 
dissipate  the  energy  in  the  wave  and  affect  both  its 
spreading  and  dynamics.  These  effects  are  not  taken 
into  account  in  the  simulation. 

Figures  1 1  and  12  show  a  comparison  of  the  time- 
averaged  free-surface  elevation  in  the  bow-wave  re- 


Fig.  9:  Photograph  of  the  instantaneous  free  surface  ahead 
of  the  bow  (courtesy  of  Ship  Research  Institute,  Tokyo  [5]) 


Fig.  10:  Instantaneous  shape  of  the  free  surface  ahead  of 
the  bow,  computed  on  the  finest  grid 


gion  computed  on  the  medium  and  fine  grid  with  ex¬ 
perimental  data  from  SRI.  A  very  good  agreement  is 
observed  between  experiment  and  simulation  on  the 
medium  grid,  while  the  finest  grid  shows  a  shorter  dis¬ 
tance  from  the  bow  to  the  breaking  wave  crest.  Sim¬ 
ilarly,  the  wave  profile  from  experimental  data  shown 
in  Fig.  13  is  in  closer  agreement  with  the  simulation 
result  from  the  medium  grid,  cf.  Fig.  7.,  than  with  that 
of  the  finest  grid. 

The  reason  for  the  fact  that  the  finest-grid  simu¬ 
lation  does  not  agree  with  experimental  data  as  well 
as  the  results  from  the  medium  grid  can  stem  from 
three  sources.  One  could  be  the  above-mentioned  fact 
that  the  small-scale  free-surface  disturbances  intro¬ 
duce  additional  diffusion  effects  on  the  breaking  wave 
which  are  not  modeled  in  the  simulation.  Since  it  is 
obvious  from  Fig.  8  that  the  coarser  grids  show  ef¬ 
fects  of  numerical  diffusion  on  the  breaking  wave,  it 
may  be  that  the  amount  of  numerical  diffusion  on  the 
medium  grid  is  just  of  the  right  order  to  model  the 
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Fig.  11:  Average  free  surface  elevation  ahead  of  the  bow: 
measurement  (below;  courtesy  of  Ship  Research  Institute, 
Tokyo  [5])  and  calculation  (top;  medium  grid).  Interval  be¬ 
tween  lines  0.01  m 

above  effects.  With  a  finer  grid  but  without  resolv¬ 
ing  the  small-scale  turbulent  fluctuations  of  the  free 
surface,  the  wave  becomes  too  sharp  and  hence  also 
shorter. 

Another  explanation  could  be  the  air-entrainment 
in  the  breaking  wave  and  the  more  complex  two-phase 
flow  than  modeled  in  the  simulation.  The  third  pos¬ 
sible  reason  for  disagreement  could  be  the  measure¬ 
ment  uncertainty.  Future  studies  of  the  bow-wave 
breaking  phenomena  will  be  devoted  to  clarifying 
these  issues. 

Discussion  of  Flow  Features 

Figure  14  shows  the  instantaneous  pressure  distribu¬ 
tion  on  the  hull  surface,  computed  on  the  finest  grid. 
Dashed  lines  show  the  region  in  which  the  grid  was 
refined,  cf.  Fig.  4. 

The  maximum  pressure  at  the  bow  corresponds  to 
the  stagnation  pressure.  The  minimum  values  result  in 


Fig.  12:  Average  free  surface  elevation  ahead  of  the  bow: 
measurement  (below;  courtesy  of  Ship  Research  Institute, 
Tokyo  [5])  and  calculation  (top;  finest  grid) 

the  area  of  transition  from  curved  to  straight  wall  in 
the  main  flow  direction,  and  at  the  bottom  of  the  side 
wave,  about  one  model  width  behind  the  bow.  The 
under-pressure  is  here  of  the  same  order  as  the  stag¬ 
nation  pressure  (pressure  coefficient  equal  -1).  The 
pressure  distribution  on  the  hull  did  not  change  much 
with  grid  refinement  -  the  pressure  contours  look  very 
much  the  same. 

In  Fig.  15  the  computed  instantaneous  distribution 
of  the  shear  stress  along  the  hull  surface  in  the  bow 
region  (medium  grid)  is  shown.  The  shear  stress  in 
the  air  is  obviously  negligible  compared  to  that  over 
wetted  surface,  which  is  indicated  by  the  free-surface 
contour  (the  undisturbed  waterline  is  also  shown  for 
reference).  The  maximum  shear  stress  occurs  in  the 
region  of  downward  flow  near  the  lowest  water  level. 

Finally,  Fig.  16  shows  the  instantaneous  free- 
surface  shape  around  the  whole  model.  It  shows  that 
the  water  level  drops  very  low  (over  200  mm  below 
undisturbed  waterline)  shortly  behind  the  bow,  then 
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Fig.  13:  Average  wave  profile  and  velocity  vectors  mea¬ 
sured  in  the  symmetry  plane  ahead  of  the  bow  (above)  and 
the  simulation  data  obtained  on  the  finest  grid  (below);  ex¬ 
perimental  data  also  shows  standard  deviation  of  the  stream- 
wise  velocity  component  (measurement  data  courtesy  of 
Ship  Research  Institute,  Tokyo  [5]) 


Fig.  14:  Computed  instantaneous  pressure  distribution 
along  the  hull  surface  in  the  bow  region  (finest  grid;  dashed 
lines  show  the  region  which  was  refined  compared  to  the 
medium  grid) 


rises  again  to  another  breaking  wave,  followed  by  one 
more  trough  shortly  before  the  model  end.  This  fig¬ 
ure  shows  that  the  wave  breaking  is  more  severe  at 
the  side  and  aft  waves  than  at  the  bow  wave.  An  ani¬ 
mation  of  the  computed  free-surface  deformation  as  a 
function  of  time  shows  that  the  side  wave  moves  both 
vertically  and  longitudinally.  At  present  no  experi¬ 
mental  data  for  this  region  is  available  to  judge  the  ac¬ 
curacy  of  the  simulation;  from  the  changes  observed 
in  the  course  of  grid  refinement,  one  can  conclude  that 


Fig.  15:  Computed  instantaneous  distribution  of  the  shear 
stress  along  the  hull  surface  in  the  bow  region  (medium 
grid) 


Fig.  16:  Computed  instantaneous  free  surface  elevation 
around  the  hull 

the  typical  structure  of  the  free  surface  shown  in  Fig. 
16  is  qualitatively  identifiable  on  all  grids. 

CONCLUSIONS 

The  results  of  the  computations  presented  above  lead 
to  the  conclusion  that  the  interface-capturing  method 
used  in  this  study  is  suitable  for  the  analysis  of 
breaking-wave  phenomena  around  ship  hulls  or  other 
surface-piercing  or  submerged  bodies.  The  time- 
averaged  features  of  the  breaking  bow  wave  are  qual¬ 
itatively  -  and  to  some  extent  also  quantitatively  -  in 
good  agreement  with  experimental  observations  con¬ 
ducted  at  the  Ship  Research  Institute  in  Tokyo.  Fur¬ 
ther  studies  will  be  devoted  to  a  more  detailed  com¬ 
parison  of  simulation  results  and  experimental  data  in 
order  to  be  able  to  estimate  the  modeling  errors  and 
possibly  improve  the  modeling  of  turbulence  effects 
on  the  free  surface. 
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ABSTRACT 

Simulating  viscous  flows  with  a  free  surface  causes  special  difficulties,  since  its  position  will  change  continuously. 
Therefore,  besides  solving  the  Navier-Stokes  equations,  the  position  of  the  free  surface  must  be  determined  every 
time  step.  In  the  present  method,  the  Navier-Stokes  equations  are  solved  on  a  three-dimensional  Cartesian  grid.  A 
Volume-of-Fluid  function  is  used  for  the  position  of  the  fluid.  Since  the  method  is  able  to  handle  arbitrary  forms  of 
the  geometry,  many  types  of  industrial  flow  problems  can  be  simulated.  In  this  paper  the  problem  of  green  water 
loading  on  the  foredeck  of  a  ship  is  discussed  and  a  comparison  is  made  with  experimental  results.  Waterheights, 
pressures  and  water  contours  are  produced  and  compared  with  model  tests.  Also  forces  on  different  structures 
placed  on  the  deck  are  compared  and  analyzed. 


INTRODUCTION 

When  a  ship  at  sea  is  sailing  or  moving  in  the  waves, 
it  may  get  water  on  the  foredeck.  This  water,  which 
flows  on  the  deck  in  high  waves  when  the  relative 
wave  motion  around  the  bow  is  exceeding  the  deck 
level,  is  called  green  water  As  a  result  of  this  green 
water  loading,  damage  to  superstructures  on  the  deck 
is  still  a  common  occurrence.  The  Maritime  Re¬ 
search  Institute  Netherlands  (MARIN)  has  done  ex¬ 
tensive  model  test  research  to  this  phenomenon  dur¬ 
ing  the  last  few  years  [1],  [2].  In  the  paper  a  simu¬ 
lation  method  will  be  described  with  which  this  phe¬ 
nomenon  can  be  investigated  numerically. 

The  simulation  of  green  water  flow  on  the  foredeck 
of  a  ship  is  a  complex  problem,  since  the  water  will 
behave  wildly  when  it  flows  on  the  deck,  causing  ef¬ 
fects  like  air  bubble  entrapment.  The  tests  also  show 
complex  high  velocity  flow  patterns  on  the  deck.  Be¬ 
sides  the  model  test  research  MARIN  has  done,  it 
also  investigated  the  non  linear  relative  wave  motions 
around  the  bow  with  a  boundary  integral  method,' 
modeling  the  flow  with  a  potential  function  [3].  How¬ 
ever,  fluid  flow  is  best  described  by  the  complete 
Navier-Stokes  equations.  In  1995,  at  the  University 
of  Groningen  (RwG),  the  development  of  a  computer 
program  called  ComRo  has  been  started  which  can 
solve  fluid  flow  with  free  surfaces  in  3D-complex 


geometries.  Here  the  Navier-Stokes  equations  are 
solved  on  a  Cartesian  grid.  No  motion  of  the  geome¬ 
try  has  been  implemented  yet,  so  this  will  cause  some 
differences  between  the  tests  and  the  simulation.  The 
inflow  conditions  at  the  boundaries  of  the  domain  will 
be  determined  by  the  data  of  the  model  tests  instead 
of  simulating  an  incoming  wave. 

MATHEMATICAL  MODEL 

The  motion  of  water,  and  in  general  the  motion  of 
a  viscous,  incompressible  fluid  can  be  described  by 
the  incompressible  Navier-Stokes  equations,  consist¬ 
ing  of  conservation  of  mass  and  conservation  of  mo¬ 
mentum: 

V-u  =  0  (1) 

+  =  -Yp+uAu+F  (2) 

ot  p 

where  u  =  {u,v,w)  is  the  velocity,  p  is  the  density, 
p  is  the  pressure,  V  is  the  gradient  operator,  V- 
is  the  divergence  operator,  and  A  is  the  Laplace 
operator.  Further  u  is  the  kinematic  viscosity  and 
F  =  {Fx^Fy^Fz)  is  an  external  body  force,  e.g. 
gravity. 

Further,  boundary  conditions  are  required  for  the 
solid  boundary,  the  free  surface  and  eventually  in- 
and  outflow  boundaries.  At  the  solid  boundary  a 
no-slip  condition  is  used:  w  =  0. 
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Free-slip  walls  are  also  possible,  resulting  in  the 
conditions  Un  =  0  and  r  =  0.  Here  Un  =  u  *  n  is 
the  component  of  the  velocity  perpendicular  to  the 
wall,  T  =  ^  is  the  tangential  stress,  where  ut  is  the 
velocity  component  in  the  tangential  direction. 

At  the  free  surface  the  boundary  conditions  consist 
of  two  components: 


dUn 


dt 


+ 


=  -po  -f  2jH 
=  0 


(3) 

(4) 


where  p  is  the  dynamic  viscosity,  po  is  the  atmo¬ 
spheric  pressure,  7  is  the  surface  tension  and  2H 
is  the  total  curvature  of  the  surface.  These  bound¬ 
ary  conditions  describe  the  continuity  of  normal  and 
tangential  stresses  at  the  free-surface.  Further,  for 
the  free  surface  displacement  an  equation  is  required: 
Suppose  the  position  of  the  free  surface  is  described 
by  5(arj  t)  =  0,  then  the  movement  of  the  free  surface 
becomes 


Ds 

Dt 


d$  A 

—  +  tfc  •  Vs  =  0. 
ot 


(5) 


At  inflow  boundaries  the  velocity  u  is  prescribed,  and 
at  outflow  boundaries  the  homogeneous  Neumann 
condition  ^  is  used.  This  is  better  than  prescrib¬ 
ing  the  normal  component  of  the  velocity,  since  then 
a  boundary  layer  could  easily  be  created.  Further,  at 
outflow  boundaries  the  pressure  p  is  set  equal  to  the 

atmospheric  value  Po- 


NUMERICAL  MODEL 


In  this  section  the  mathematical  model  will  be  dis¬ 
cretized  to  obtain  a  numerical  model. 


Description  of  geometry  and  free  surface 

First  a  Cartesian  grid  is  laid  over  the  three  dimen¬ 
sional  domain.  The  discretization  is  done  on  a  totally 
staggered  grid,  which  means  that  the  pressure  will  be 
set  in  the  cell  centers  and  the  velocity  components  in 
the  middle  of  the  cell  faces  between  two  cells  (figure 
1).  Like  all  figures  of  the  discretization  of  geometries 
in  this  paper,  this  is  a  2-dimensional  example.  Exten¬ 
sion  to  3D  is  straightforward. 

Since  complex  geometries  are  used,  the  grid  cells 
will  run  through  the  boundaries  in  several  ways.  This 
is  also  the  case  for  the  free  surface,  with  an  extra  com¬ 
plexity  since  the  free  surface  is  time-dependent.  Also 
the  main  reasons  why  Cartesian  grids  are  used,  can  be 
inferred  from  this.  In  the  first  place  each  cell  has  the 
same  orientation  which  is  an  advantage  with  respect 
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Figure  1:  Location  of  the  pressure  and  velocity  com¬ 
ponents 


to  the  transportation  of  the  free  surface.  In  the  second 
place  when  the  geometries  become  more  complex, 
the  creation  of  boundary-fitted  grids  will  become  very 
complex  and  time  consuming.  A  disadvantage  of  the 
Cartesian  approach  is  the  discretization  of  the  bound¬ 
ary  conditions,  since  in  general  the  grid  will  not  be 
fitted  in  the  boundary.  Now  the  method  which  takes 
care  of  the  complex  shape  of  the  geometry  and  the 
free  surface  is  discussed. 

Apertures 

An  indicator  function  is  used  in  the  form  of  so-called 
apertures,  which  are  divided  into  two  classes: 

1,  volume  apertures 

In  every  cell,  the  geometry  aperture  Ft  defines 
the  fraction  of  the  cell  where  fluid  is  able  to 
flow.  The  (time-dependent)  fluid  aperture  Fs  de¬ 
fines  the  fraction  of  the  cell  which  is  occupied  by 
fluid.  Of  course  0  <  Fg  <  Ft  <1. 

2.  edge  apertures 

The  edge  apertures  AxyAy.Az  define  the  frac¬ 
tion  of  a  cell  surface  which  is  contained  in  the 
flow  domain,  so  Ax  indicates  the  fraction  of  the 
cell  surface  through  which  fluid  is  able  to  flow 
in  rr-direction,  Ay  in  ^-direction  and  Az  in  z- 
direction. 

Figure  2  shows  a  2-dimensional  example  of  a  grid  cell 
using  apertures.  Here  Ft  —  Ft\Fs  Fg  =  0.8. 

Labels 

After  calculating  the  apertures,  every  cell  will  be 
given  a  cell  label,  to  make  distinction  between  the 
boundary,  the  fluid  and  the  air,  and  because  the  pres¬ 
sure  is  treated  differently  near  the  wall  and  near  the 
free  surface.  Since  the  free  surface  is  time-dependent, 
two  classes  of  labeling  are  introduced,: 
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Figure  2:  Example  of  a  grid  cell  with  geometry  and 
fluid  apertures 


1.  geometry  cell  labels 

This  labeling  class  is  time-independent,  consist¬ 
ing  of  three  different  labels: 

-  F-cells:  All  ceils  with  >  | 

-  B-cells:  All  cells  adjacent  to  an  F-cell 

-  X-cells;  All  remaining  cells 

2.  free-surface  cell  labels 

Free-surface  labels  are  time-dependent  and  they 
are  a  subdivision  of  the  F-cells: 

-  £-cells:  All  cells  with  Fg  =  0 

-  S'-cells:  All  cells  adjacent  to  an  £-cell 

-  F-cells:  All  remaining  F-cells 


Figure  3  shows  an  example  of  this  labeling. 


Figure  3:  Example  of  geometry  cell  labeling  (left)  and 
free-surface  cell  labeling  (right) 


For  the  treatment  of  the  velocity,  the  velocities  be¬ 
tween  cells  have  to  be  labeled,  too.  So  we  intro¬ 
duce  velocity  labels^  which,  like  the  cell  labels,  have 
to  be  subdivided  in  a  time-dependent  and  a  time- 
independent  class: 

1.  geometry  velocity  labels 

These  (time-independent)  labels  are  a  combina¬ 
tion  of  the  labels  of  the  geometry  where  the  ve¬ 
locities  lie  in  between.  Five  combinations  are 
possible:  FF,  FB,  BB,  BX  and  XX. 


2.  free-surface  velocity  labels 

These  labels  are  time-dependent  and  they  are  a 
combination  of  the  labels  of  the  free  surface.  The 
following  combinations  are  possible:  FF,  FS,  SS, 
SE,EE,FB,SBmdEB, 

Further,  there  is  one  more  class  of  labeling,  namely 
inflow  and  outflow  labels,  resp.  I-  and  O-cells.  They 
are  just  a  specific  subset  of  the  B-cells. 

Discretization  of  the  Navier-Stokes  equations 

When  all  cells  and  velocities  are  labeled,  the  Navier- 
Stokes  equations  can  be  discretized  in  time  and  in 
space.  First  the  Navier-Stokes  equations  are  written 
more  simplified  as: 

V-w  =  0  (6) 

=  R  (7) 

Here  ^  is  replaced  by  p  (p  is  normalized  to  1)  and 
R  =  i/Au  -  (u  •  V)u  -b  F,  containing  all  convective, 
diffusive  and  body  forces. 

Discretization  in  time 

The  explicit  first  order  Forward  Euler  method  is  used: 

=  0  (8) 

«,n+l  _  «,n 

(9) 

Ot 

Here  n  4- 1  and  n  denote  the  new  and  old  time  level 
respectively,  and  St  is  the  time  step.  Equation  (8)  and 
the  pressure  in  (9)  are  treated  on  the  new  time  level, 
to  make  sure  the  new  u  is  divergence  free. 

Discretization  in  space 

The  spatial  discretization  can  be  explained  using  the 
scheme  in  figure  4. 


Figure  4:  Discretization  scheme 
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Equation  (8)  is  applied  in  the  centers  of  the  cells  and 
a  central  discretization  is  used.  In  the  cell  with  center 
w  the  discretized  equation  becomes: 


,.n+l 


—  U 


n+l 

W 


,.n+l 


—  V 


n+1 
SW  _ 


=  0 


(10) 


The  momentum  equation  (9)  is  applied  in  the  cen¬ 
ters  of  the  cell  faces,  for  instance  the  discretization 
in  point  C  becomes: 


St 
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The  diffusive  terms  in  Rq  are  discretized  centrally, 
and  for  the  convective  terms  upwind  or  central  dis¬ 
cretization  is  possible.  For  wildly  moving  fluids 
mostly  an  upwind  discretization  is  used,  since  cen¬ 
tral  discretization  may  cause  stability  problems  (see 
[4]  section  2.4). 


discretizing  derivatives  SE-  and  EE-  velocities  are 
needed.  5£-velocities  are  computed  by  demanding 
mass  conservation  in  the  corresponding  5-cell.  This 
velocity  can  then  be  computed  from  the  five  other 
(not  unknown)  velocities  appearing  in  the  equation 
for  mass  conservation.  However,  it  is  possible  that 
two  or  more  of  these  velocities  are  5E,  in  which  case 
other  decisions  have  to  be  made,  e.g.  setting  deriva¬ 
tives  like  1“  to  zero.  ££-velocities  not  surrounded 
by  at  least  one  55-velocity  are  set  to  zero.  Other  EE- 
velocities  are  computed  using  the  discrete  simplified 
version  of  3,  existing  of  equations  like 


du  dw 


(13) 


The  determination  of  these  velocities  is  more  exten¬ 
sively  treated  in  [5]. 


In-  and  outflow  discretization 


Discretization  near  the  free  surface 

Near  the  free  surface  besides  F-cells,  5-cells  and  E- 
cells  appear.  In  E-cells  the  pressure  is  set  to  the  atmo¬ 
spheric  value po-  In  5-cells  the  pressure  is  determined 
by  linear  interpolation  between  the  pressure  in  E-cells 
and  the  free  surface.  The  pressure  in  E-cells  is  ob¬ 
tained  from  the  pressure  Poisson  equation  which  is 
handled  in  the  next  section.  The  pressure  at  the  free 
surface  p/  is  obtained  from  equation  (3),  where  the 
term  2//^  is  neglected  because  p  is  small  in  rela¬ 
tion  to  the  other  terms.  So  p/  =  po  -  2'yH.  The 
pressure  ps  now  becomes 

PS  =  ?7P/  +  (l-7?)Pir.  (12) 

Here  p  =  |  (figure  5). 


In-  and  outflow  cells  are  a  specific  subset  of  the  B- 
cells. 

•  Inflow 

The  velocity  between  an  I-cell  and  an  F-cell  gets 
a  prescribed  value  and  is  labeled  as  FI. 

•  Outflow 

In  an  O-cell  two  velocities  have  to  be  labeled: 
FO  and  OX.  The  FO- velocity  is  computed  from 
the  momentum  equations  and  then  the  OX- 
velocity  is  set  equal  to  the  FO-velocity,  to  satisfy 
the  condition  ^  =  0. 
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Figure  5:  Pressure  interpolation  in  5-cells 


For  the  velocities  in  equation  (4)  there  are  a  number 
of  possibilities.  The  velocities  EE  E5  and  55  are  ob¬ 
tained  solving  the  momentum  equations.  But  when 


Figure  6:  In-  and  outflow  cells 


The  pressure  Poisson  equation 

The  pressure  in  (9)  has  to  be  determined  in  such 
a  way  that  equation  (8)  holds.  This  can  be  attained 
by  substituting  (9)  into  (8),  resulting  in  the  following 
equation: 


Ap”+i  =  V  •  (^  +  il")  (14) 

ot 

This  equation  is  known  as  the  Poisson  equation  for 
the  pressure.  No  boundary  conditions  for  the  pressure 
are  available  for  this  equation,  since  they  only  involve 
the  velocity  u.  Therefore  we  first  discretize  equations 
8  and  9,  and  then  substitute  the  boundary  conditions 
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for  u,  and  after  that  we  substitute  these  discretized 
equations  to  create  the  discretized  Poisson  equa¬ 
tion.  It  will  follow  that  no  more  boundary  conditions 
for  the  pressure  are  required  now  (see  [4]  section  4.4). 

After  discretization  it  follows  that  the  discrete 
analogon  for  the  Laplace  operator  (A)  consists 
of  a  central  coefficient  Cp  and  six  coefficients 
Cn^Cs,  Cu  and  Cd,  related  to  the  six  neigh¬ 

bouring  cells.  When  we  denote  the  right  hand  side  of 
(14)  by  /p,  the  Poisson  equation  can  be  written  as: 

^pPp  ^nPn  "1“  C^sPs  4*  C^Pe  CwPw  4" 

CuPu  4"  ^dPd  fp  (1^) 

The  Poisson  equation  is  solved  by  SOR-iteration 
(Successive  Over  Relaxation),  which  has  some 
advantages: 

-  simple  implementation,  immediately  using  every 
new  value. 

-  easy  vectorization  and  parallelization,  using  a 
Red-Black  ordening  of  the  cells. 

-  rapid  convergence,  using  an  automatically  adjusted 
relaxation  parameter  a;  [6]. 

When  the  SOR-iteration  has  finished  the  pressure 
in  every  cell  is  known  at  the  new  time  step,  and  the 
new  velocities  can  now  be  computed. 

Free  surface  displacement 

WTien  the  velocities  at  the  new  time  step  are  known, 
the  free  surface  can  be  displaced.  The  sequence  of 
actions  that  have  to  be  done  to  achieve  this  are: 

1.  compute  fluxes  between  cells 

The  fluxes  between  cells  are  computed  by  veloc¬ 
ity  times  the  area  of  the  cell,  taking  into  account 
the  edge  apertures. 

2.  compute  new  fluid  apertures  Fg 

Using  the  fluxes  between  the  cells,  the  new  Fg 
can  be  computed. 

3.  adjust  free-surface  labeling 

When  the  new  fluid  apertures  are  known  the  free- 
surface  labeling  can  be  adjusted. 

This  algorithm  is  called  the  Donor-Acceptor  algo¬ 
rithm,  which  means  that  fluid  is  transported  from  a 
donor  cell  to  an  acceptor  cell.  A  few  things  have  to  be 
taken  into  account:  A  donor  cell  cannot  loose  more 
fluid  than  it  contains  and  an  acceptor  cell  cannot  re¬ 
ceive  more  fluid  than  the  amount  of  flow  space  that  is 
available  in  the  cell.  Further,  in  jS-cells  the  fluid  has  to 
stay  coherent,  which  is  accomplished  by  making  use 
of  a  local  height  function  (see  [7]). 


The  CFL-number 

One  can  imagine  that  when  the  fluid  is  moving  very 
wildly,  the  time  step  has  to  be  smaller  than  when 
the  fluid  is  moving  very  calm.  It  would  be  useful 
to  adjust  the  time  step  to  these  changes,  to  achieve 
an  improvement  in  the  computation  time.  Therefore 
the  Courant-Friedrichs-Levy  number  (CFL-number) 
is  introduced: 

=  +  m  +  »  (16) 

hx  f^y  l^z 

Here  hx,  hy  and  hz  denote  the  distances  between  the 
cell  centers  in  a:-,y-  and  z-direction.  The  condition  to 
keep  the  computation  stable,  which  can  be  proved  by 
Fourier  analysis  (see  [4]),  turns  out  to  be  CFL  <  1. 
This  means  that  the  fluid  is  transported  over  no  more 
than  one  cell  in  one  time  step,  which  corresponds 
with  our  intuitive  approach  of  stability.  In  ComFlo 
the  maximum  of  the  CFL-number  over  all  cells  is  de¬ 
termined,  and  with  respect  to  this  number  the  time 
step  is  adjusted:  The  time  step  is  immediately  halved 
when  the  CFL-number  becomes  larger  than  a  certain 
constant  Ci  <  1,  and  the  time  step  is  doubled  when 
the  CFL-number  is  smaller  than  another  constant  C2 
which  is  small  enough  to  be  sure  the  time  step  can  be 
doubled;  typically  Ci  =  0.5  and  C2  =0.1. 

RESULTS 

Now  the  results  of  the  green  water  simulations,  com¬ 
puted  by  ComFlo  will  be  presented  and  compared 
with  experimental  results.  First  the  initial  conditions 
used  in  the  simulation  will  be  explained.  Then  the 
results  of  the  simulation  of  green  water  loading,  con¬ 
sisting  of  water  heights  on  the  deck,  the  pressure  at 
one  place  on  the  deck  and  contours  of  the  waterfront 
will  be  discussed.  Finally,  the  results  of  pressures  and 
forces  on  different  structures  placed  on  the  deck  will 
be  compared  with  experiments  and  analyzed.  A  de¬ 
tailed  description  of  the  physical  behaviour  of  green 
water  can  be  found  in  [1],  [2]. 

Initial  conditions 

It  will  be  clear  that  the  simulation  of  a  moving  bow 
in  large  waves  is  a  complex  problem.  Since  the  first 
goal  was  to  investigate  the  possibilities  to  predict 
the  behaviour  of  the  green  water  on  the  deck  using 
a  numerical  simulation  program,  simpler  boundary 
conditions  have  been  used  for  a  first  start. 

Examining  the  situation  of  green  water  flow  on  the 
deck,  a  good  resemblance  for  this  appeared  to  be  the 
theoretical  dambreak  problem  (see  [1]):  A  wail  of 
water  is  placed  around  the  bow  and  at  time  zero  the 
water  starts  to  flow  onto  the  deck.  Therefore  this 
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dambreak  problem  was  used  as  an  initial  condition 
for  the  green  water  problem  on  the  deck.  To  compare 
the  results  of  simulations  and  model  tests  carried 
out  by  MARIN  [1],  the  precise  configuration  of  the 
dambreak  problem  had  to  be  adjusted  to  the  data  of 
the  tests.  This  means  that  this  configuration  had  to 
be  tuned,  to  create  more  or  less  the  same  results  with 
respect  to  the  contour  plots  of  the  progressing  water¬ 
front  on  the  deck  and  heights  at  different  positions 
at  the  deck.  In  the  future  the  model  will  be  extended 
with  realistic  deck(ship)  motions  and  realistic  inflow. 

One  of  the  model  tests  was  chosen  to  be  approxi-' 
mated,  namely  the  regular  wave  test  with  a  bow  flare 
angle  of  30  degrees,  wave  amplitude  of  8.65  m  and 
wavelength/shiplength  =  j  =  0.75  .  The  width  of 
the  deck  was  47  m  and  it  was  approximated  by  a 
parabola  as  shown  in  figure  7.  More  details  on  the 
tests  can  be  found  in  [1]. 

A  reasonable  approximation  for  the  test  mentioned 
before,  seemed  to  be  the  dambreak  problem  with  a 
vertical  wall  of  water  of  13  m  height  at  the  most  for¬ 
ward  point  of  the  bow,  linearly  decreasing  to  5  m  be¬ 
low  the  deck  level  25  m  behind  this  point  (see  figure 
8).  In  the  simulation  no  bowflare  is  used.  The  to¬ 
tal  flow  domain  was  a  box  with  dimensions  —40m  < 
X  <  15m,  -30m  <  y  <  30m,  -6m  <  z  <  20m 
where  z  =  0  corresponds  with  the  deck  level  and 
j/  =  0  is  the  symmetry  axis.  A  free-slip  boundary  con¬ 
dition  is  used  at  the  sides  y  =  —30m  and  y  =  30m. 
Further,  to  prevent  an  upward  movement  of  the  wa¬ 
ter  at  these  sides  of  the  domain,  an  outflow  boundary 
condition  is  used  from  -40  m  to  -12  m  (figure  7).  Also 
an  outflow  boundary  condition  is  used  at  the  aft  wall 
of  the  fluid  domain  where  the  flow  is  not  interesting. 
At  all  other  walls  of  the  flow  domain  no-slip  boundary 
conditions  were  used. 

Green  water  simulation 

The  simulation  used  a  uniform  grid  of  66  x  72  x  32 
cells  in  the  x-,  y-  and  z-direction  respectively.  The 
computation  time  was  about  4  hours  for  a  duration  of 
10  seconds  full  scale  on  a  workstation  with  a  specfp95 
of  16.3  and  140  Unpack  Mfiops.  At  30  m  from  the 
ships  fore  perpendicular  (fpp)  in  the  middle  of  the 
deck  a  flat  vertical  structure  was  placed  with  a  height 
of  20  m  and  a  width  of  15  m.  The  load  on  this  struc¬ 
ture  was  used  as  a  reference  for  the  load  on  the  other 
structures.  First  the  heights  of  the  water  were  mea¬ 
sured  at  three  different  points  at  the  axis  of  the  deck: 
at  a:  =  0,  a:  =  —10  and  x  =  —20.  Further  the 
pressure  at  the  deck  was  determined  at  the  position 
X  =  -12.5  (see  figure  9). 


outflow 


Figure  7:  Initial  situation  in  xy-plane 


X 


Figure  8:  Initial  situation  in  arz-plane 


Figure  9:  Measure  positions  for  height  and  pressure 
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The  following  results  are  found  for  the  water 
heights  HI  to  H3  on  the  deck: 


HI  H2 


H3 


Figure  10:  Results  for  the  heights  on  the  deck 

Comparing  these  results,  the  resemblance  between 
the  model  test  and  the  simulation  is  clear.  At  HI, 
H2  and  H3  the  water  rises  very  quickly  and  after 
reaching  the  maximum  height  it  is  slowly  going  down 
to  a  more  or  less  zero  value.  At  H3  a  second  peak  is 
observed,  due  to  the  reflection  of  the  water  that  was 
built  up  in  front  of  the  structure.  This  behaviour  is 
also  recognized  in  the  simulation  (see  snapshot  in 
figure  13  on  the  next  page).  A  few  variations  are 
found  in  the  maximum  heights,  but  the  behaviour  of 
the  water  is  quite  the  same. 

To  compare  both  situations  also  in  the  transverse 
direction  of  the  deck,  the  water  contours  of  the  wa¬ 
terfront  were  plotted  in  figure  1 1  (model  test)  and  fig¬ 
ure  12  (simulation).  The  time  between  the  contours  is 
0.31  seconds. 

Having  a  look  at  Figures  1 1  and  12,  it  is  obvious 
that  a  high  velocity  water  ’tongue’  arises  in  the 
middle  of  the  deck  both  in  the  simulation  and  the 
experiment.  However,  some  differences  are  observed 
between  the  test  and  the  simulation.  The  waterfront 
in  the  simulation  seems  to  be  a  bit  sharper,  due  to 
a  very  shallow  part  of  the  front  which  has  no  big 
influence,  so  this  difference  looks  bigger  than  it  really 
is.  It  should  also  be  noted  that  the  contours  from 
the  model  test  are  based  on  visual  observation.  The 
contourlines  at  the  sides  of  the  bow  are  somewhat 
different  too.  In  the  simulation  the  water  almost 
immediately  flows  onto  the  deck  around  the  full  bow. 


Figure  11:  Contours  of  waterfront  (model  test),  time 
step  0.31  s 


Figure  12:  Contours  of  waterfront  (simulation),  time 
step  0.31  s 


but  in  the  test,  likely  because  of  the  bowflare  that . 
pushes  the  water  away  from  the  bow,  the  water  flows 
more  gradually  onto  the  deck  around  the  bow.  Also 
the  vertical  and  angular  motion  of  the  deck  can  play 
a  role  here. 

However,  the  global  behaviour  is  similar,  and  the 
heights  of  the  water  are  comparable,  so  a  further 
investigation  in  the  behaviour  of  the  green  water 
should  be  possible  with  this  simulation. 

The  appearance  of  the  high-velocity  water  ’tongue’ 
is  very  well  visible  in  a  movie  of  this  simulation, 
which  is  shown  below,  created  by  the  visualization 
system  AVS.  Also  the  impact  on  the  structure  and 
the  returning  of  the  water  which  causes  the  second 
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Figure  14:  Photos  of  a  model  test,  time  step  031  s 


Now  a  comparison  between  the  model  test  and  the 
simulation  is  made  for  the  pressure  at  the  deck  (figure 
15). 


Figure  15:  Pressures  for  simulation  and  experiment 

Like  the  heights,  the  pressure  increases  very  fast 
and  then,  after  the  maximum  pressure  is  reached, 
slowly  decreases.  Since  the  vertical  velocity  and  ac¬ 
celeration  of  the  deck  is  not  simulated,  the  pressure 
for  the  simulation  only  exists  of  a  hydrostatic  compo¬ 
nent  :  p  =  pgh.  This  is  the  reason  why  the  pressures 
in  the  tests  are  higher  than  in  the  simulation.  A  com¬ 
plete  expression  for  the  pressure  on  the  deck,  includ¬ 
ing  the  effects  of  the  vertical  velocity  and  accelera¬ 
tion  can  be  found  in  [1].  This  pressure  will  be  found 
when  the  vertical  motion  of  the  deck  is  included  in  the 
method. 

Pressures  and  forces  on  different  structures 

To  determine  the  effect  of  different  structural  shapes 
on  green  water  loading,  MARIN  has  carried  out  some 
model  tests  with  a  number  of  different  structures 
placed  on  the  deck.  The  following  structures  were 
used  in  the  tests  (positions  are  with  respect  to  deck 
level  and  the  ships  centerline): 
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Structure  1:  Squared  structure  Structure  1  (squared) 


side  view 


front  view 
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Structure  2:  Triangular  30  degrees 


Upper  view 


front  view 


•  2.70  m 


3!75m 


Structure  3:  Cylindrical  front 


upper  view 


front  view 


Om 


•  2.80  m 


Figure  16:  Different  structures  used  in  the  tests 


All  structures  are  placed  with  their  front  at  30  m 
from  the  fore  perpendicular,  their  height  is  20  m 
and  their  width  is  15  m.  Pressures  are  measured  at 
the  pressure  panel  positions  which  are  drawn  in  the 
figures  (front  view),  the  area  of  the  circular  pressure 
panels  (2.7  m  diameter)  is  5.7255  w?.  Further,  the 
total  force  in  x-direction  Fx  is  measured  on  every 
structure. 

Below  a  comparison  is  made  between  the  pressures 
and  total  loads  on  the  different  structures. 


Pi  P2 


(s)  tima  (s) 

FX 


Structure  2  ( triangular  30  degrees) 


PI  FX 


Structure  3  (cylindrical  front) 


Pi  FX 


Figure  17:  Comparison  of  measured  and  calculated 
pressures  and  total  loads  on  the  different  structures 

Recapitulating  the  results  of  the  different  structures, 
it  can  be  concluded  that  the  global  behaviour  of  the 
water  is  similar  as  in  the  tests,  but  also  that  there  are 
differences  in  the  absolute  load  values.  It  should  be 
noted  that  impact  phenomena  are  sensitive  to  small 
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changes.  In  the  model  tests  for  instance  a  significant 
variation  of  impact  loads  was  found  even  in  regular 
waves,  as  can  be  seen  in  figure  18. 


PI 


Figure  18:  Sensitivity  of  the  pressure  in  experiments 

Looking  at  structure  1,  at  PI,  the  global  shape 
of  the  pressure  graphs  correspond  to  each  other, 
but  in  the  maximum  values  of  the  pressure  some 
differences  occur.  For  PI,  the  maximum  value  in 
the  simulation  is  132  kPa,  and  for  the  tests,  the 
mean  value  of  the  maxima,  corresponding  with  a 
mean  maximum  height  H3  of  4.93  m,  is  167  kPa 
with  a  standard  deviation  of  13.1  kPa.  The  standard 
deviation  is  cr  =  (Pi  ~  P)’  where  N  is  the 

total  number  of  measured  maxima  in  the  test  and  p  is 
the  mean  value  of  the  maxima,  A  difference  of  about 
25  %  in  the  maximum  pressure  is  observed,  but  also 
the  differences  in  the  heights  are  about  25  %.  At  P2 
almost  nothing  is  observed  in  both  simulation  and 
test.  P3  is  left  out  in  the  figure,  since  the  pressure  was 
equal  to  the  atmospheric  value  in  both  situations.  A 
reason  for  the  differences  in  the  pressure  may  be  the 
fact  that  the  pressure  in  the  simulation  is  determined 
in  the  cell  centra  and  not  exactly  at  the  structure. 
Extrapolation  of  the  pressure  would  be  useful  here, 
but  since  the  solution  near  the  structure  is  not  very 
smooth,  this  is  left  out.  It  is  also  possible  that  the 
impact  velocity  is  a  bit  different  there,  which  may 
cause  the  difference  in  the  pressure,  since  a  small 
difference  in  the  velocity  means  a  squared  difference 
in  the  pressure. 

Looking  at  the  total  force  in  ^-direction,  the 
shape  of  the  force  graphs  look  similar,  although  the 
maximum  force  differs  about  20-30  %. 

To  get  an  impression  of  the  pressure  distribution 
at  the  structure,  in  figure  19  the  pressure  distribution 


at  the  structure  is  plotted  at  times  2.5,  3,  3.5  and 
4  seconds  (the  force  peak  is  observed  between  3 
and  3.5  seconds).  In  figure  20  this  pressure  dis¬ 
tribution  is  plotted  as  function  of  the  height  above 
deck  for  the  situation  at  the  centerline  of  the  structure. 


Figure  19:  Pressure  profile  at  structure  at  different 
moments  in  time 


Figure  20:  Pressure  versus  height  at  the  centerline  of 
the  squared  structure  at  different  time  steps 


From  this  figure  it  becomes  clear  that  initially  the 
pressure  is  limited  to  the  lower  part  of  the  structure 
(similar  to  the  incoming  waterheight).  The  pressure 
is  high  due  to  the  fact  that  the  momentum  in  the 
fluid  is  destroyed  by  the  structure.  In  a  later  stage 
the  pressure  reaches  also  the  higher  positions  at  the 
structure,  but  the  pressure  is  lower  and  only  a  result 
of  the  quasi-static  water  pressure  due  to  the  water  in 
front  of  the  structure. 
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For  structures  2  and  3  the  behaviour  of  the  simu¬ 
lated  pressure  turned  out  to  be  very  oscillatory,  es¬ 
pecially  for  the  triangular  structure.  It  is  likely  that 
these  numerically  observed  pressure  spikes  should  be 
attributed  to  numerical  noise.  However,  to  find  out  the 
nature  of  this  noise,  further  investigation  is  required 
and  compressible  air  flow  has  to  be  included  in  the 
model,  see  [8].  Also  significant  differences  are  visible 
in  the  level  of  the  pressures,  and  the  force  turned  out 
to  be  lower  than  the  tests  in  structure  2  and  3.  Some 
reasons  for  this  may  be: 

•  The  initial  conditions  of  the  real  situation,  with 
the  movement  of  the  ship  and  the  wate  inflow, 
differ  from  the  simulation. 

•  No  pressure  is  defined  in  B-cells,  which  can 
cause  some  problems  when  using  smooth 
geometries  for  the  structures.  In  this  case,  for 
the  computation  of  the  force  the  pressure  is 
taken  from  an  F-cell  close  to  this  B-cell.  This 
approach  can  cause  a  smaller  force  than  desired 
on  structures  2  and  3,  since  the  pressure  will 
increase  when  moving  towards  the  structure.  In 
the  case  of  structure  1  this  problem  does  not 
occur  (see  figure  21). 


Figure  21:  F-cells  and  B-cells  near  different  struc¬ 
tures 

•  The  coarseness  of  the  grid.  One  cell  is  about  1 
X  1  X  1  meter,  so  for  a  pressure  panel  with  a  di¬ 
ameter  of  2.7  meters,  only  two  or  three  grid  cells 
are  contained  in  it. 

These  aspects  are  the  subject  of  investigations  at  the 
moment. 

CONCLUSIONS 

In  this  research  project  the  feasibility  of  numerically 
simulating  green  water  loading  by  means  of  a  Navier- 
Stokes  model  has  been  investigated.  It  was  found  that 


the  global  physical  behaviour  of  the  water  on  the  deck 
is  described  quite  well  by  the  simulation.  The  high 
water  ’tongue’,  as  observed  in  the  tests,  is  also  vis¬ 
ible  in  the  simulation.  Although  differences  appear 
between  the  tests  and  the  simulations,  the  computed 
forces  and  pressures  at  the  structures  and  at  the  deck 
are  similar.  The  differences  can  partially  be  explained 
by  numerical  noise,  on  which  some  improvements 
will  be  made  in  the  treatment  of  the  B-cells  in  the  fu¬ 
ture,  and  partially  by  physical  differences.  Referring 
to  the  purpose  of  this  project,  it  can  be  concluded  that 
further  development  of  the  simulation  of  green  water 
is  worth  working  on.  Some  aspects  that  will  be  inves¬ 
tigated  in  the  future  are: 

•  Motion  of  the  ship:  A  ship  at  sea  is  not  fixed  in 
space,  but  is  moving  in  vertical  and  horizontal 
direction,  this  means  that  the  geometry  will  be 
changing  continuously. 

•  Creation  of  a  wave  field  around  the  ship  and  real¬ 
istic  inflow  (taking  into  account  the  effect  of  the 
bowflare).  This  will  make  the  situation  signifi¬ 
cantly  more  realistic. 
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ABSTRACT 


When  a  sailing  ship  encounters  waves,  a  time-varying  force  is  experienced  that  can  have  a  non-za:o  mean  value, 
and  which,  therefore,  increases  the  resistance  of  the  ship.  In  oblique  waves,  also  a  lateral  force  exists  that  causes 
the  ship  to  drift  away  from  its  mean  position.  These  additional  forces  are  called  drift  forces,  and  they  become 
more  important  when  the  speed  of  the  ship  is  increased. 

To  predict  these  forces,  we  use  a  mathematical  model  that  splits  the  wave  pattern  into  a  steady  wave  and  an 
unsteady  wave.  The  steady  wave  is  approximated  by  the  non-linear  wave  pattern  and  calculated  by  the  program 
RAPID  [1].  The  calculation  of  the  unsteady  wave  is  based  on  a  linearization  about  this  steady  wave  and  is 
performed  in  the  time  domain.  To  test  this  model,  we  compare  the  resulting  drift  forces  on,  and  the  ship  motions 
of  an  LNG  carrier  with  model-test  measurements  from  the  MARIN. 


NOMENCLATURE 


B 

breadth 

[m] 

D 

draught 

[m] 

F 

force 

[N] 

Fn 

Froude  number 

[-] 

G 

Green’s  function 

[m-M 

H 

mean  wetted  hull  surface 

[m2] 

L 

ship  length 

[m] 

M 

mass  matrix 

[kg] 

M 

moment 

[Nm] 

Q 

free-surface  function 

[-] 

T 

transfer  term 

[m  s"®] 

U 

forward  speed 

[m  s“^] 

X 

translational  motion 

[m] 

9 

gravitational  constant 

[m  s“2] 

h 

fluid  depth 

[m] 

k 

wave  number 

[m-^] 

kxx 

transverse  gyradius 

[m] 

^yy 

longitudinal  gyradius 

[m] 

n 

normal  vector 

H 

Ps 

steady  pressure 

[kgm~^! 

t 

time 

[s] 

X 

coordinates 

[m] 

(a?, 

coordinates 

[m] 

$ 

total  potential 

[m^s-^] 

stationary  potential 

[m^s"^] 

Q 

rotational  motion 

[-] 

a  :  total  displacement  [m] 

P  :  phase  difference  [■■] 

7  :  phase  difference  [-] 

e  :  small  parameter  [-] 

(  :  wave  height  [m] 

0  :  angle  of  incidence  [-1 

p  :  density  [kg  m“^] 

<7  :  source  strength  [ms~^] 

<j)  :  time-dependent  potential  [m^s^^] 

u  :  frequency  of  encounter  [s""^] 

uo  :  earth-fixed  frequency  [s“^] 

Az  :  vertical  distance  [m] 

A  :  mean  submerged  volume  [m^] 

of  the  ship 

INTRODUCTION 


A  ship  sailing  at  sea  experiences  time- varying  forces 
due  to  current  and  waves.  These  forces  may  have  a 
positive  average  value  and  add  to  the  wave  resistance 
that  the  ship  experiences  in  calm  water.  This  results 
in  a  decrease  in  speed,  or  causes  the  ship  to  drift  away 
from  its  mean  position  if  oblique  waves  are  involved. 
For  this  reason,  it  is  important  to  have  an  accurate 
prediction  of  these  additional  forces,  known  as  drift 
forces,  at  a  wide  range  of  incoming-wave  frequencies 
and  incoming- wave  angles.  The  influence  of  the  for¬ 
ward  speed,  and  of  the  ship’s  motions,  on  these  drift 
forces  is  very  important,  so  accurate  predictions  of 
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the  steady  flow  around  the  ship,  and  of  its  motions  are 
necessary. 

A  mathematical  model  is  therefore  introduced  that 
meets  these  demands.  This  model  is  based  on  an  ac¬ 
curate  prediction  of  the  steady  flow,  which  enables 
us  to  simulate  the  behaviour  of  the  ship  at  moderate 
and  high  speeds  also.  This  prediction  is  calculated 
by  RAPE),  a  method  that  has  been  developed  at  the 
MARIN,  that  takes  into  account  the  steady  trim  and 
sinkage  of  the  ship,  and  the  non-linear  wave  pattern. 

Numerical  techniques  are  used  to  approximate  the 
solution  of  this  model  in  the  time  domain  with  a  com¬ 
puter  simulation.  To  test  the  validity  of  the  model, 
the  results  of  the  simulation  for  an  LNG  carrier  are 
compared  with  model  tests  performed  in  a  towing 
tank  at  the  MARIN.  We  compare  the  motions  and 
added  resistance  at  several  cruising  speeds,  several 
incoming- wave  angles  and  a  wide  range  of  incoming- 
wave  lengths.  A  similar  method  has  been  developed 
by  Bertram  in  the  frequency  domain,  and  applied  to 
tee  Series  60  [2]. 

MATHEMATICAL  MODEL 

There  are  a  number  of  ways  to  model  the  water  flow 
around  a  ship.  Some  of  these  are  very  complex,  and  it 
must  therefore  be  considered  whether  these  formula¬ 
tions  are  really  necessary  to  capture  the  most  impor¬ 
tant  physics.  The  most  exact  description  of  the  flow  of 
water  is  given  by  the  Navier-Stokes  equations,  which 
take  into  account  the  water’s  viscosity.  Viscosity  in 
ship  hydrodynamics  can  be  important  in  turbulent  ar¬ 
eas  like,  for  example,  near  a  rudder,  propulsor  or  a 
sharp  edge  of  the  hull,  but  none  of  these  are  consid¬ 
ered  here.  Near  the  hull,  a  small  boundary  layer  ex¬ 
ists  in  which  viscous  effects  dominate,  but  this  layer 
does  not  really  affect  the  large-scale  interactions  of 
ocean  waves  and  ship  motions.  The  effect  of  viscos¬ 
ity  is  therefore  neglected  and  potential  theory  is  used 
to  describe  the  flow  of  water.  This  means  a  velocity 
potential  $  is  introduced,  which  gradient  is  the  fluid 
velocity,  and  that  satisfies  the  equation  of  Laplace 

A^  =  0 

inside  the  fluid  domain.  In  this  fluid  domain,  a  sym¬ 
metrical  ship  sails  at  a  constant  speed  U  in  incoming 
waves  that  make  an  angle  0  with  the  forward  direc¬ 
tion  of  the  ship.  Figure  3  shows  this  configuration, 
where  the  coordinate  system  is  attached  to  the  ship. 
In  this  coordinate  system,  it  is  like  the  ship  has  no  for¬ 
ward  speed,  and  like  there  is  a  stream  with  velocity  U. 
The  ship  is  free  to  rotate  around  or  translate  along  any 
of  its  axes.  This  sketched  situation  is  non-linear  due 
to  the  presence  of  a  moving  free  surface  and  a  mov¬ 
ing  surface-piercing  ship.  The  non-linear  condition 


on  the  free  surface  states  that  the  pressure  must  equal 
atmospheric  pressure,  and  that  a  fluid  particle  cannot 
leave  the  free  surface.  On  the  moving  hull  of  the  ship, 
the  normal  velocity  should  equal  the  normal  Wlocity 
of  the  water.  It  is  very  hard  and  time  consuming  to 
solve  the  Laplace  equation  combined  with  these  con¬ 
ditions,  especially  when  the  ship  has  forward  speed, 
which  forces  us  to  linearize  these  equations.  This  can 
be  done  if  the  time-dependent  behaviour  of  the  flow 
is  small  in  some  sense.  We  therefore  have  to  assume 
that  the  amplitudes  of  the  unsteady  waves  and  the  ship 
motion  are  small.  If  we  do  that,  the  velocity  potential 
can  be  perturbated  according  to 

$  =  $,(£)+  (x,  t)  +  (x,  t)  +  •  •  •  (1) 

where  e  is  a  small  parameter.  is  the  solution  of 
the  steady  flow,  that  satisfies  the  non-linear  steady 
free-surface  condition  and  a  zero-flux  condition  on 
the  hull.  This  base  flow  is  assumed  to  be  known,  and 
an  approximation  of  this  flow  can  very  efficiently  be 
calculated  by  RAPID. 

The  perturbation  of  the  potential  automatically  re¬ 
sults  in  a  perturbation  for  the  wave  elevation  C 

C  =  C,+eC(^>+e¥^)+--- 

It  can  easily  be  shown  that  the  zeroth  and  first-order 
contributions  satisfy 

C  =  onz  =  0 

where 

We  see  that  the  total  wave  elevation  is  the  sum  of 
the  steady  wave  elevation,  which  can  be  seen  when 
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the  ship  sails  at  constant  speed  in  calm  water,  and 
small,  time-dependent  perturbations  of  this  steady 
wave,  consisting  of  incoming,  difeacted  and  radiated 
waves.  If  the  perturbation  series  (1)  is  substituted  in 
the  non-linear  unsteady  free-surface  condition  and  we 
make  use  of  the  fact  that  the  steady  potential  ^5  satis¬ 
fies  the  non-linear  steady  ffee-surface  condition,  the 
following  linear  condition  is  obtained  for  the  first- 
order  potential 

+ 1  •  V  •  V#,)  =  0 

on  z  =  C»  (2) 

T  is  a  transfer  term  that  is  included  because  the  con¬ 
dition  must  be  transferred  from  the  actual,  unknown, 
free  surface  z  =  ^  to  the  known  surface  z  =  with 
a  Taylor  expansion.  The  transfer  term  is  given  by 

(3) 

To  linearize  the  boundary  condition  on  the  hull  of  the 
ship,  a  Taylor  expansion  is  made  around  the  mean  po¬ 
sition  of  the  ship.  This  boundary  condition  then  be¬ 
comes 

(4) 

where  a  is  the  displacement  of  the  ship  as  obtained 
from  the  equation  of  motion.  It  consists  o;^a  trans¬ 
lational  motion  X,  and  a  rotational  motion  Q  around 
the  centre  of  gravity  of  the  ship.  This  condition  was, 
amongst  others,  derived  by  Timman  and  Newman  [3]. 
Both  conditions  contain  derivatives  of  steady  veloci¬ 
ties.  These  steady  velocities  are  calculated  by  RAPID 
with  an  accuracy  of  the  order  of  the  grid  size,  because 
RAPID  uses  a  first-order  panel  method.  These  inac¬ 
curacies  might  enlarge  when  the  velocities  are  differ¬ 
entiated  with  a  difference  scheme,  so  some  investiga¬ 
tion  has  to  be  carried  out  to  check  if  these  derivatives 
are  grid  independent  i.e.  if  they  converge  when  the 
grid  size  is  decreased. 

Forces  and  Moments 

In  a  non- viscous  flow,  forces  and  moments  can  be 
obtained  by  means  of  a  pressure  integration  over  the 
wetted  part  of  the  hull.  Because  the  wetted  part  of  the 
hull  is  not  known,  and  because  all  fluid  quantities  are 
known  on  the  average  position  of  the  hull  instead  of 


the  actual  position,  a  perturbation  series  for  the  forces 
and  moments  has  to  be  derived  similar  to  (1),  that  only 
involves  fluid  quantities  on  the  mean  position  of  the 
hull.  This  means  we  write  for  the  forces  and  moments 

jP  =  -i-  £2/(2)  . 

M  =  -h  +  •  •  • 

The  zeroth-order  force  is  the  steady  force,  which 
contribution  in  a: -direction  equals  the  wave  resis¬ 
tance,  and  which  contribution  in  jsr-direction  equals 
the  weight  of  the  ship.  The  zeroth-order  moments 
are  all  zero  because  the  ship  is  in  equilibrium  as  far 
as  buoyancy  is  concerned.  The  first-order  forces  and 
moments  cause  the  first-order  motions  of  the  ship  and 
have  a  mean  value  which  is  zero.  The  second-order 
forces  and  moments  are  the  drift  contributions,  and 
they  can  have  a  mean  value  which  is  non-zero  because 
they  contain  products  of  first-order  quantities.  After 
some  extensive  calculations,  very  long  formulas  can 
be  derived  for  the  second-order  forces  and  moments. 
It  turns  out  that  the  most  important  contributions  in 
the  drift  force  are 

wl 
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H 
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The  first  contribution  is  a  line  integral  of  the  relative 
wave  height  over  the  steady  water  line  of  the  ship.  It  is 
therefore  important  to  have  an  accurate  prediction  of 
both  the  motions  and  the  wave  elevation  at  the  water 
line  of  the  ship.  The  second  contribution  is  an  integral 
of  unsteady  velocities  over  the  mean  wetted  surface 
of  the  ship.  These  velocities  can  be  obtained  directly 
from  the  source  strengths.  The  third  contribution  is 
an  integral  of  the  derivative  of  the  first-order  pressure, 
in  the  direction  of  the  motion,  over  the  mean  wetted 
surface.  Because  the  pressure  contains  unsteady  ve¬ 
locities,  difference  schemes  on  the  hull  are  used  to 
determine  this  derivative.  The  fourth  contribution  is 
the  outer  product  of  the  rotational  motion  and  all  first- 
order  forces. 

The  mean  value  of  the  first  element  of  this  force  is 
the  added  resistance  and  causes  a  decrease  in  speed. 
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The  mean  value  of  the  second  element  is  a  lateral 
force  and  will  cause  the  ship  to  drift  away  from  its 
mean  position.  The  third  element  is  a  vertical  force 
that  will  alter  the  sinkage  of  the  ship.  For  the  drift 
moments  similar  formulas  can  be  derived.  Because 
all  forces  that  we  want  to  evaluate  only  contain  first- 
order  quantities,  only  the  first-order  potential  has  to 
be  solved,  which  from  now  on  we  will  refer  to  as 

NUMERICAL  MODEL 

In  general,  no  analytical  solution  to  the  presented 
mathematical  model  exists,  so  we  have  to  construct  a 
numerical  approximation  which  limit  must  equal  the 
exact  solution  if  grid  sizes  approach  zero. 

The  first  thing  to  do  is  to  reduce  the  area  on  which 
we  calculate  this  approximation,  to  a  finite  one.  This 
gives  problems  at  the  edges  of  the  created  compu¬ 
tational  domain,  because  waves  that  reach  that  edge 
may  reflect  instead  of  propagate  further  like  they 
should.  This  problem  can  be  solved  by  adding  some 
numerical  damping  to  the  free-surface  condition  near 
the  edges  where  waves  may  show  up.  This  makes  sure 
that  the  amplitude  of  these  waves  will  decrease  to  al¬ 
most  zero  when  the  edge  is  reached. 

To  solve  the  Laplace  equation,  we  use  a  boundary- 
integral  method.  On  the  boundaries  of  the  fluid  do¬ 
main  a  source  distribution  is  placed  which  makes  sure 
the  velocity  potential  satisfies  the  Laplace  equation. 
By  making  use  of  mirror  sources,  the  no-flux  condi¬ 
tion  on  the  bottom  of  the  water  is  satisfied.  The  source 
strength  is  still  an  unknown  function,  which  is  dis¬ 
cretized  by  assuming  that  it  is  piecewise  constant  on 
the  boundary.  This  means  that  we  have  to  divide  the 
steady  free  surface  and  the  hull  in  a  number,  say  iV, 
of  small  panels,  resulting  in  the  following  expression 
for  the  velocity  potential 

=  ffG{x,()dS,  ;  G  =  ^ 

da] 

where  dQj  is  one  of  the  panels.  The  advantage  of 
this  formulation  is  that  the  fluid  velocities  on  the  hull, 
required  to  calculate  the  pressure,  can  accurately  be 
determined  from  the  source  strengths  once  they  are 
known.  The  unknown,  finite  set  of  source  strengths 
is  found  by  substituting  this  expression  into  the  two 
boundary  conditions  and  by  applying  these  conditions 
in  the  centre  of  the  panels. 

The  boundary  condition  on  the  hull  (4)  is  easy  to 
apply.  The  condition  on  the  free  surface  (2)  is  more 
difficult  to  apply,  because  it  contains  time  and  space 
derivatives  of  the  potential.  The  time  derivatives  are 
discretized  by  using  second-order  difference  schemes 


with  a  uniform  time  step,  that  relate  the  derivatives 
to  values  of  the  potential  at  the  current  and  previ¬ 
ous  time  levels.  This  means  that  at  each  time  level 
the  potential  has  to  be  recalculated  from  the  potential 
at  previous  time  levels.  The  result  is  a  time-domain 
method,  which  takes  more  computational  time  than 
a  frequency-domain  method,  but  which  has  the  ad¬ 
vantage  that  the  time  dependence  does  not  have  to  be 
harmonic.  In  a  time-domain  simulation,  care  must  be 
taken  with  the  description  of  the  spatial  derivatives, 
because  the  stability  of  the  time  stepping  strongly  de¬ 
pends  on  it.  It  turns  out  that  for  moderate  or  higher 
speeds  of  the  ship,  upwind  difference  schemes  have 
to  be  used  for  the  tangential  derivatives  in  (2)  to  guar¬ 
antee  stability.  The  more  accurate  central  difference 
schemes  can  only  safely  be  used  in  case  of  low  speeds 
and  large  grid  sizes,  as  shown  by  Bunnik  and  Her¬ 
mans  [4]. 

The  first-order  wave  elevation  consists  of  three 
parts;  a  radiated  wave,  an  incoming  wave  and  a 
diffracted  wave.  Radiated  waves  are  waves  that  oc¬ 
cur  because  the  ship  performs  small  rotations  and 
translations.  The  resulting  forces  and  the  motions 
can  be  related  to  each  other  by  calculating  frequency- 
dependent  added  mass  and  damping  coefficients. 
When  this  relation  is  known,  the  behavior  of  the 
ship  in  incoming  waves  can  be  simulated.  For  the 
incoming-wave  potential  we  use 

<f>inc  =  cos  {(jjt  —  kz  cos  6  —  ky  sm  9)  f{z) 

Wo 

where 

^  cosh(fe(z  +  /t)) 

’  cosh(fc/i) 

This  potential  satisfies  the  Kelvin  condition  on  the 
calm-water  plane  and  the  zero-flux  condition  on  the 
bottom,  z  =  —h.  This  means  that  near  the  ship, 
this  wave  does  not  satisfy  the  free-surface  condition. 
This  gives  no  problems  because  this  is  corrected  in  the 
diffracted  wave.  To  calculate  the  drift  forces  we  need 
three  separate  simulations.  First,  the  added  mass  and 
damping  are  determined.  Second,  the  diffracted  wave 
is  determined  and  the  first-order  forces  and  moments 
on  the  ship  in  waves.  From  these  forces  the  equation 
of  motion  is  solved  and  a  simulation  is  run  to  calcu¬ 
late  the  total  wave  pattern.  When  all  the  first-order 
quantities  are  known,  the  drift  forces  can  finally  be 
calculated.  To  save  memory  and  time,  the  symmet¬ 
rical  and  asymmetrical  parts  of  the  wave  pattern  are 
calculated  separately  on  the  starboard  side  of  the  ship 
only. 
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LNG  CARRIER 

Natural  gas  is  a  bulky  form  of  energy  and  must  be 
concentrated  before  it  can  be  transported  economi¬ 
cally.  Over  the  years,  for  obvious  economic  reasons, 
the  use  of  natural  gas  increased  most  rapidly  in  zones 
close  to  production  sites,  such  as  the  United  States, 
Russia  and  Western  Europe.  This  explains  why,  even 
today,  only  19%  of  world  gas  production  is  exported. 
Most  exports  are  transported  by  pipeline,  but  gas  can 
also  be  liquefied  and  shipped  by  sea  in  special  earn¬ 
ers.  Today,  liquefied  natural  gas  (LNG)  accounts  for 
26%  of  all  gas  exports,  and  the  stage  is  set  for  a  strong 
and  continuing  increase  in  gas  use  and  international 
gas  trade. 


Figure  1:  LNG  carrier  sailing  at  sea. 
Table  1:  Main  particulars  of  the  LNG  carrier. 


Denomination 

Symbol 

Unit 

Value 

Length 

L 

m 

273.0 

Breadth 

B 

m 

42.0 

Draught 

D 

m 

11.5 

Displacement 

A 

vn? 

98740.0 

Longitudinal  c.o.g. 
from  aft  perpendicular 

AG 

m 

138.7 

C.o.g.  above  base 

KG 

m 

13.7 

Longitudinal  gyradius 

kyy 

%L 

24.0 

Transverse  gyradius 

kxx 

%B 

35.0 

We  applied  our  model  to  such  a  Liquefied  Natural 
Gas  carrier  sailing  at  its  maximum  speed  and  slightly 


below  that,  corresponding  to  moderate  Froude  num¬ 
bers  of  0.2  and  0.17,  in  water  with  a  depth  h  =  175m. 
The  particulars  of  this  tanker  are  listed  in  table  1, 
where  c.o.g.  is  used  to  abbreviate  ’center  of  gravity’. 
At  these  Froude  numbers,  it  is  expected  that  the  influ¬ 
ence  of  the  steady  wave  profile  on  the  unsteady  waves 
is  too  large  to  allow  the  use  of  simple  approximations, 
like  uniform  flow  or  double-body  flow.  Our  method, 
that  incorporates  the  fully  non-linear  steady  character¬ 
istics  of  the  ship,  must  therefore  be  applied  to  obtain 
correct  results. 

Steady  velocities,  derivatives  and  their  conver¬ 
gence 

The  first  step  is  to  calculate  the  non-linear  steady  free 
surface,  the  fluid  velocities  on  that  surface,  and  the 
fluid  velocities  on  the  hull  of  the  carrier.  Only  the 
steady  solution  at  Froude  number  0.2  will  be  dis¬ 
cussed  here. 

To  calculate  the  steady  flow,  a  panel  distribution  of 
the  carrier  is  required.  We  used  a  panel  distribution 
that  had  2380  panels,  and  which  is  shown  in  figure 
2.  In  the  calculations  only  the  starboard  side  of  the 
ship  is  used,  because  use  is  made  of  the  symmetry 
of  the  wave  pattern.  The  steady  wave  and  the  steady 


Figure  2:  Panel  distribution  on  LNG  carrier. 


velocities  were  calculated  twice;  First  on  a  grid  that 
had  60  panels  per  steady  wave  length  (27rjPn^),  and 
then  on  a  grid  that  had  120  panels  per  steady  wave 
length.  This  made  it  possible  to  check  the  conver¬ 
gence  of  the  steady  wave,  and  the  velocity  derivatives 
that  are  required  in  the  ffee-surface  condition  (2).  Be¬ 
cause  RAPED  only  calculates  velocities,  these  deriva¬ 
tives  have  to  be  obtained  with  difference  schemes. 
Likely,  the  transfer  term  (3)  will  give  most  problems, 
because  it  is  a  second  derivative  of  the  velocity  field. 
The  other  derivatives  are  all  first  derivatives,  and  less 
problems  are  expected  with  them. 

The  non-linear  wave  elevation  was  calculated  on 
an  area  stretching  from  x  =  to  x  =  1.7L, 

and  from  y  =  0  to  t/  =  0.61,  with  panels  arranged 
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in  strips  that  approximately  follow  the  steady  stream¬ 
lines,  making  numerical  differentiation  easier. 


xIO*’ 


Figure  3:  Top  view  of  the  steady  wave  pattern, 
Fn=0.2. 

Figure  4  shows  the  wave  pattern  on  the  strip  of  collo¬ 
cation  points  that  lies  closest  to  the  ship.  First  60,  and 
then  120  panels  per  wave  length  were  used.  The  bow 
and  stern  waves  can  be  seen,  which  have  an  amplitude 
of  about  one  half  times  the  Froude  number  squared. 
Almost  no  differences  can  be  seen  between  the  pre¬ 
diction  that  uses  60,  and  the  prediction  that  uses  120 
panels  per  wave  length,  so  we  may  conclude  that  the 
wave  pattern  converges  extremely  well. 


Figure  4:  Steady  wave  elevation  for  60  and  120  panels 
per  wave  length,  on  the  free-surface  strip  closest  to  the 
ship. 


Figure  5  shows  the  longitudinal  tangential  deriva¬ 
tive  of  V$5  •  on  the  ffee-surface  strip  closest  to 
the  ship.  Hardly  any  differences  can  be  seen  due  to 
the  fact  that  only  a  part  of  this  derivative  must  be  ob¬ 
tained  with  a  difference  scheme,  when  use  is  made  of 
the  ffee-surface  condition 

iv$,-v(v$,-V$,)+p^  =  0  onz  =  C, 

It  relates  the  change  of  the  squared  velocity  in  the  di¬ 
rection  of  the  velocity  to  the  vertical  velocity.  Be¬ 


cause  the  main  component  of  the  velocity  is  mostly  in 
longitudinal  direction,  this  equation  only  has  to  be  ad¬ 
justed  slightly  to  obtain  the  derivative  shown  in  figure 
5. 


xjL 


Figure  5:  Tangential  derivative  in  rr-direction  of  the 
squared  velocity  for  60  and  120  panels  per  wave 
length,  on  the  free-surface  strip  closest  to  the  ship. 

The  transfer  term  (3)  will  likely  give  more  prob¬ 
lems,  because  an  additional  vertical  derivative  has 
to  be  calculated.  To  determine  this  vertical  deriva¬ 
tive,  the  velocities  are  not  only  calculated  on  the  free 
surface,  but  also  on  two  parallel  planes  at  distances 
Az  and  2Az  below  the  free  surface.  This  only  re¬ 
quires  the  determination  of  some  extra  influence  co¬ 
efficients,  and  costs  not  much  extra  work.  The  vertical 
derivative  is  then  obtained  with  a  three  point,  second- 
order  difference  scheme.  The  distance  between  the 
planes  must  be  such,  that  k/S.z  1,  where  k  ^ 
is  the  steady  wave  number.  Because  at  the  bow  and 
the  stem,  the  velocity  gradients  are  largest  due  to  the 
presence  of  stagnation  points,  most  problems  are  ex¬ 
pected  in  these  areas.  Figure  6  shows  the  transfer  term 
near  the  bow.  As  can  be  seen,  large  differences  occur 
at  some  points,  and  a  filtering  technique  must  be  used 
to  obtain  reasonably  correct  results. 

Figure  7  shows  the  transfer  term  in  the  midship  re¬ 
gion,  between  bow  and  stem.  Near  bow  and  stem 
differences  can  be  seen,  but  further  away  from  them, 
these  disappear  and  the  transfer  term  converges  very 
well.  At  larger  lateral  distances  from  the  ship  no  large 
differences  were  found  anymore,  but  these  results  are 
not  shown  here.  Therefore,  we  may  conclude  that, 
apart  from  bow  and  stern,  the  transfer  term  converges 
on  the  entire  free  surface,  making  its  use  in  the  un¬ 
steady  ffee-surface  condition  possible. 


6.4-6 


Figure  6:  Transfer  term  on  the  free-surface  strip  clos¬ 
est  to  the  ship  and  near  the  bow  for  60  and  120  panels 
per  wave  length,  =  0.00 102L. 


Motions 

The  convergence  of  the  steady  velocities  and  deriva¬ 
tives  enables  us  to  apply  the  unsteady  free-surface 
condition  (2),  so  we  can  start  with  the  calculation  of 
the  time-dependent  flow.  First,  we  will  determine  the 
motions  of  the  ship. 

To  determine  the  motion  of  the  ship,  all  quantities 
in  the  equation  of  motion  have  to  be  known,  such 
as  added  mass  and  damping,  restoring  force  coeffi¬ 
cients,  and  mass  and  moments  of  inertia.  The  restor¬ 
ing  force  coefficients  are  estimated  from  the  forces 
and  moments  on  the  ship,  when  it  is  moved  from  its 
mean  position.  For  the  mass  and  moments  of  inertia 
of  the  ship,  empirical  values  are  used,  part  of  which 
are  listed  in  table  1.  To  obtain  the  added  mass  and 
damping  coefficients,  6  simulations  have  to  be  run  in 
which  the  ship  is  given  one  of  the  6  possible  motions, 
while  no  incoming  waves  are  considered.  By  relating 
the  resulting  hydrodynamic  forces  to  the  motions,  the 
appropriate  values  of  added  mass  and  damping  can  be 
found. 

The  motion  of  the  ship  can  be  found  by  calculating 
the  diffracted  and  incoming  waves.  After  calculating 
the  corresponding  first-order  forces  and  moments,  the 
equation  of  motion  can  be  solved,  which  results  for 
the  translational  motions  in 

Xi  —  |2Ci|sm(u;f  ~  +  i  =  1?2,3 

and  for  the  rotational  moments  in 

Qj  =  \Qi  1  sin  {u)t  —  kxg  cos  9  +  ji)  z  =  1, 2, 3 
The  phases  /?  and  7  are  the  phase  differences  between 


Figure  7:  Transfer  term  on  the  free-surface  strip  clos¬ 
est  to  the  ship  between  bow  and  stem  for  60  and  120 
panels  per  wave  length,  Az  =  0.00102i. 


the  incoming-wave  elevation  at  the  centre  of  gravity, 
Xg,  and  the  motion. 

We  calculated  the  motions  in  head  waves  and  bow- 
quartering  waves,  at  Froude  numbers  0.17  and  0.2. 
The  wave  length  ranged  from  A  =  0.37Z  to 
A  =  1.4X.  At  each  Froude  number,  all  calculations 
were  done  on  the  same  grid,  stretching  from  x  =  —L 
to  X  =  L  and  from  y  =  0  to  y  =  0.9L,  divided 
in  24  strips  of  95  panels.  The  same  grid  had  to  be 
used  because  the  calculation  of  the  influence  coef¬ 
ficients  takes  a  lot  of  time,  so  a  re-gridding  at  each 
wave  length  was  too  costly.  This  may  give  problems 
for  very  long  waves,  because  they  are  truncated  at 
a  relative  small  distance  from  the  ship.  Very  short 
waves  may  be  represented  inaccurately  because  too 
little  panels  per  wave  length  are  used.  The  area  be¬ 
tween  y  =  0.5jC  and  y  =  0,91-  was  used  to  damp 
waves  by  adding  artificial  damping  to  the  free-surface 
condition.  No  damping  zone  in  front  of,  or  behind  the 
ship  was  required,  because  only  downstream  waves 
are  considered  in  this  particular  case. 

Figure  8  shows  the  amplitude  and  phase  differ¬ 
ences  of  the  three  symmetrical  motions  (surge,  heave 
and  pitch),  at  Froude  numbers  0.17  and  0.2,  in  head 
waves  and  bow-quartering  waves.  There  is  a  very 
good  agreement  between  our  calculations  and  the 
measurements  of  the  amplitudes,  especially  for  short 
waves.  The  surge  amplitude  shows  some  differences 
for  long  waves,  and  the  pitch  amplitude  for  long  bow- 
quartering  waves.  To  predict  surge  and  pitch  motion, 
an  accurate  prediction  of  the  steady-velocity  deriva¬ 
tives  (m-terms)  on  bow  and  stem- is  required.  For  this 
ship  that  is  very  difficult  because  of  the  presence  of 
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stagnation  points,  and  the  consequent  large  velocity 
derivatives.  Another  factor  that  may  cause  the  differ¬ 
ences  between  measurements  and  calculations  is  the 
fact  that  the  waves  are  quite  long  compared  to  the  size 
of  the  grid.  Because  the  distance  from  the  stem  to 
the  downstream  edge  of  the  computational  free  sur¬ 
face  is  only  half  a  ship  length,  long  waves  may  easily 
be  represented  inaccurately.  One  must  bear  in  mind 
that  the  diffracted  bow-quartering  waves  have  an  even 
larger  wave  length,  because  the  encounter  frequency 
is  lower  than  the  encounter  frequency  of  head  waves 
with  the  same  length.  The  encounter  frequency  of  a 
bow  quartering  wave  at  Fn=0.2  with  length  A  =  1.4Z, 
for  example,  is  the  same  as  the  encounter  frequency 
of  a  head  wave  with  length  A  =  1.61X.  This  ex¬ 
plains  why  more  differences  can  be  seen  in  long  bow- 
quartering  waves  than  in  long  head  waves.  A  solu¬ 
tion  might  be  to  enlarge  the  size  of  the  computational 
free  surface.  To  respresent  the  steady  wave  and  the 
derivatives  of  the  steady  velocities  accurately,  how¬ 
ever,  a  minimum  number  of  panels  per  steady  wave 
length  (2irFn'^)  is  required.  One  look  at  the  trans¬ 
fer  term  (figure  7),  for  example,  shows  that  a  lot  of 
points  are  required  to  represent  it.  A  large  grid  with 
a  small  grid  size  leads  to  a  large  number  of  panels. 
On  the  workstation  that  we  used  in  our  calculations, 
the  number  of  panels  was  restricted  to  3500,  a  number 
which  is  reached  quite  fast,  also  because  an  accurate 
description  of  the  hull  requires  1000  to  1500  panels. 
Therefore,  to  represent  large  waves  accurately,  a  more 
powerful  computer  is  required. 

The  phase  difference  in  surge  is  very  hard  to  pre¬ 
dict,  especially  the  90  degrees  phase  shift  that  oc¬ 
curs  at  the  point  were  the  amplitude  takes  on  its  mini¬ 
mum.  The  main  reason,  again,  is  an  incorrect  predic¬ 
tion  of  the  steady- velocity  derivatives.  Note  that  the 
phase  difference  in  heave  is  zero  in  long  waves,  which 
means  that  the  motion  tends  to  follow  the  waves.  In 
pitch,  there  is  a  90  degree  phase  difference,  so  the  mo¬ 
tion  is  in  phase  with  the  wave  slope. 

Figure  9  shows  the  asymmetrical  motions 
(sway, roll  and  yaw),  at  Froude  numbers  0.17  and  0.2, 
in  bow-quartering  waves  (there  are  no  asymmetrical 
motions  in  head  waves  because  of  the  symmetry 
of  the  ship).  It  is  impossible  to  predictroll  motion 
correctly  with  our  model,  because  of  the  absence 
of  viscosity.  A  correct  prediction  may  be  obtained 
with  an  empirical  correction  of  the  damping  (viscous 
roll  damping),  but  that  has  not  been  done  here. 
In  short  waves,  the  agreement  for  the  other  two 
motions  is  again  remarkable.  In  long  waves,  however, 
differences  in  amplitude  can  be  seen  again.  This 
may  be  caused  by  two  facts.  First,  the  waves  may 
be  too  long  to  fit  on  the  grid.  Second,  incorrect 


restoring-force  and  moment  coefficients  may  have 
been  used,  which  are  are  especially  important  at  low 
frequent  motions.  To  determine  the  restoring-force 
coefficients,  the  gradient  of  the  steady  pressure  has  to 
be  calculated,  which  is  very  difficult  at  the  bow  and 
the  stem.  Empirical  values  are,  unfortunately,  not 
available.  Because  the  prediction  of  the  asymmetrical 
motions  is  incorrect  in  long  waves,  the  predicted 
added  resistance  will  probably  also  differ  from  the 
measurements. 

Added  resistance 

The  most  important  contributions  to  the  added  resis¬ 
tance  were  discussed  before,  and  summarized  in  (5), 
(6),  (7)  and  (8).  Our  calculations  show,  that  the  most 
important  contribution  is  the  waterline  integral,  which 
means  an  accurate  prediction  of  the  wave  elevation  at 
the  waterline,  and  the  vertical  motion  (determined  by 
heave,  roll  and  pitch)  is  required.  The  other  motions 
however,  also  influence  the  wave  elevation,  so  in  fact 
all  motions  should  be  predicted  accurately.  The  pre¬ 
vious  section  showed  the  difficulties  in  predicting  the 
roll  motion  and  the  other  motions  in  long  waves,  so 
differences  are  likely  to  be  found  between  the  calcu¬ 
lated  and  the  measured  added  resistance. 

Figure  10  shows  the  added  resistance  at  Fn=0.17 
and  0.2  in  head  waves  and  bow-quartering  waves.  The 
results  in  head  waves  are  in  good  agreement  with  the 
measurements,  showing  only  small  differences.  In 
bow-quartering  waves  larger  differences  can  be  seen, 
especially  in  long  waves.  The  reasons  for  this  has  al¬ 
ready  been  mentioned;  an  inaccurate  prediction  of  roll 
and  an  inaccurate  prediction  of  the  other  motions  in 
long  waves. 

SUMMARY 

To  predict  the  motions  and  the  added  resistance  of  a 
ship  sailing  in  waves,  a  mathematical  model  was  for¬ 
mulated  that  incorporates  an  accurate  description  of 
the  steady  flow.  This  makes  it  possible  to  use  the 
model  for  ships  sailing  at  moderate  and  high  speeds. 
With  numerical  techniques,  the  model  has  been  trans¬ 
lated  in  a  computer  program,  and  then  applied  to  a 
Liquid  Natural  Gas  carrier  sailing  at  Froude  num¬ 
bers  0.17  and  0.2.  The  motions  and  the  resistance  in 
head  and  bow-quartering  waves  were  compared  with 
measurements  done  at  the  MARIN.  In  head  waves, 
a  very  good  agreement  was  found  between  our  pre¬ 
dictions  and  the  measurements,  especially  for  waves 
with  short  to  medium  wave  length.  In  bow-quartering 
waves,  the  sway,  roll  and  yaw  motion  become  im¬ 
portant.  It  was  found  that  it  is  impossible  to  predict 
the  roll  motion  accurately  in  the  absence  of  viscous 
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damping.  Empirical  formulas  for  the  roll  damping  ex¬ 
ist  which  can  be  implemented  in  the  future.  In  long 
waves,  sway  and  yaw  also  differed  from  the  measure¬ 
ments,  probably  because  the  dimensions  of  the  grid 
were  too  small,  and  because  it  is  not  possible  to  calcu¬ 
late  the  derivatives  of  the  steady  flow  on  the  bow  and 
stem  accurately.  The  first  problem  can  only  be  solved 
if  a  computer  is  used  with  more  memory  and  a  faster 
processor.  The  second  problem  can  be  solved  by  us¬ 
ing  a  higher-order  panel  method  to  calculate  the  non¬ 
linear  steady  flow.  Because  the  added  resistance  de¬ 
pends  directly  on  the  motion,  differences  were  found 
between  calculations  and  measurements  in  long,  bow- 
quartering  waves.  If  the  motion  is  predicted  correctly, 
these  differences  will  not  occur. 
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Figure  10:  Added  resistance  at  Fn=0.17  in  head  waves  ( —  calculated,  *  measured)  and  bow-quartering  waves 
(-  -  calculated,  □  measured),  and  at  Fn=0.2  in  head  waves  (-—  calculated,  o  measured)  and  bow-quartering  waves 
(•  *  •  calculated,  o  measured). 
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ABSTRACT 


The  Green  function  of  linear  time-domain  hydrodynamics  has  been  recently  proven  to  satisf  y  a  simple 
fourth  order  ordinary  differential  equation  (ODE)  [5].  As  a  fist  application  of  this  remarkable  property, 
the  present  paper  shows  how  it  can  be  used  to  evaluate  the  kernel  of  the  convolution  integrals  in  the  BEM 
solution  of  seakeeping  problems,  in  the  linear  time-domain  approach.  The  Green  function  is  obtained  by 
integrating  these  ODE  from  one  time-step  to  another  instead  of  being  computed  by  the  usual  methods. 
Several  Runge-Kutta  algorithms  were  tested  and  compared;  it  is  shown  how  an  optimal  time  step  can  be 
derived  from  a  stability  analysis.  The  cpu-time  savings  brought  by  this  new  method  are  then  evaluated. 
Numerical  results  are  given  for  three  test  cases:  the  heaving  hemisphere,  a  standard  series-60  ship  hull, 
and  a  TLP  offshore  platform.  Impulse  response  functions  are  calculated  and  Fourier  transformed  to 
recover  the  classical  frequency  domain  hydrodynamic  coefficients  as  a  check  for  validity  and  accuracy. 


INTRODUCTION 

The  solution  of  time-domain  seakeeping  problems 
in  the  framework  of  linear  potential  flow  theory 
generally  requires  to  resolve  a  boundary  integral 
problem  involving  convolution  integrals.  These 
integrals  may  be  regarded  as  the  memory  of  the 
free-surface  fluid;  their  kernel  features  the  time- 
domain  Green-function  of  linear  free-surface  hy¬ 
drodynamics,  and  its  spatial  gradient.  The  nu¬ 
merical  evaluation  of  this  function,  analytically 
defined  as  an  integral  over  an  unbounded  domain, 
is  quite  time  consuming  by  itself.  Furthermore, 
since  the  convolution  integrals  extend  from  the 
initial  state  of  rest  up  to  the  current  time  t,  the 
mass  storage  and  cpu  time  required  for  their  com¬ 
putation  grow  roughly  quadratically  with  time. 
Since  1995  [3],  we  are  developing  a  ’’system”  ap¬ 
proach  to  the  problem,  which  is  aimed  at  speed¬ 
ing  up  these  calculations  and  at  reducing  the 
storage  demand.  It  is  based  on  a  major  result 
stating  that  the  time-domain  Green-function  of 
linearized  free-surface  hydrodynamics  satisfies  an 
exact  fourth  order  ordinary  differential  equation 
[4,  5].  If  the  coefficients  of  this  ODE  were  con¬ 
stant  with  respect  to  the  time  variable,  the  con¬ 
volution  integrals  could  be  completely  suppressed 


and  replaced  by  a  simple  filtering  numerical  pro¬ 
cess.  Unfortunately,  the  ODE  coefficients  being 
polynomial  with  respect  to  the  time  variable,  such 
a  simplification  does  not  occur.  Nevertheless,  this 
differential  property  provides  us  with  an  alterna¬ 
tive  method  for  the  on-line  computation  of  the 
Green  function  during  the  calculation  of  the  con¬ 
volution  integrals.  In  this  paper,  we  present  an 
application  of  this  approach  to  the  computation 
of  the  free-surface  flow  resulting  from  an  impul¬ 
sive  motion  of  a  floating  body  around  its  equilib¬ 
rium  position;  the  practical  output  of  such  com¬ 
putations  being  the  matrix  of  impulse  response 
functions  (IRFs)  of  the  body.  The  aim  of  this 
very  first  application  of  our  ODEs  was  primarily 
to  establish  the  feasibility  of  the  method,  and  to 
estimate  the  savings  it  could  bring  in  terms  of 
computation  time.  The  problem  is  posed  in  the 
linear  potential  theory,  and  solved  by  a  direct,  ze¬ 
roth  order,  BEM  method.  The  Green  functions 
in  the  kernel  of  the  convolution  integrals  are  com¬ 
puted  by  either  the  classical  series  expansion,  a 
tabulation  procedure,  or  integrating  the  new  or¬ 
dinary  differential  equation.  The  computational 
aspects  of  these  three  methods  are  presented  and 
compared. 
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MATHEMATICAL  FORMULATION 


Let  us  make  the  usual  assumptions  of  linearized 
potential  flow  theory.  We  shall .  denote  by 
the  velocity  potential  which  depends 
on  the  nondimensional  space  variables  {x^y^z) 
and  the  time  variable  t.  The  fluid  velocity  at 
a  field  point  M[x,y,z)\z  <  0  is  then  given  by 
V  =  All  space  variables  will  be  reduced 

by  a  typical  length  A,  and  the  time  variables  by 
y/hjgy  g  being  the  gravity  acceleration. 

We  shall  focus  here  on  the  impulsive  wave  radi¬ 
ation  problem  which  may  be  formulated  as  :  given 
a  floating  body  at  rest  in  its  equilibrium  position 
C,  it  is  impulsively  set  into  motion,  at  t  =  0,  in 
one  of  its  six  degrees  of  freedom.  The  resulting 
velocity  potential  associated  with  the  waves  radi¬ 
ated  from  the  body  will  be  the  unknowns  of  the 
problem.  Let  us  denotes  by  V,*  the  velocity  vector 
for  a  motion  on  the  zth  mode. 

The  velocity  potential  is  sought  as  the  solu¬ 
tion,  in  the  fluid  domain  of  the  following  initial 
boundary  value  problem  (IBVP). 


Laplace ^s  equation 

A$(a:,2/,  z;t)  =  0  ]  M  eV,t>0  (1) 
Free-Surface  condition: 
d^^(x,y,0-,t)  5$(x,y,0;<) 


+  ■ 


=  0  ;f>0  (2) 


'  dz 
No-Flux  body  boundary  condition: 

.M^C  (3) 

Initial  conditions: 

H) 

Let  us  now  introduce  the  Green  function  of  the 
impulsive  source  problem  which  satisfies  intrin¬ 
sically  Laplace’s  equation  (1),  the  linearized  free 
surface  condition  (2)  and  the  initial  conditions 
(4) .  It  may  be  written  as  the  sum  of  an  impulsive 
part  and  a  memory  part,  like  : 

G(M,t,  M',  t')  =  [J(<  -  t')GoiM.  M')] 

47r 


differential  properties,  will  be  given  in  the  next 
section.  Applying  the  Green’s  formula  to  the  un¬ 
known  potential  $  and  to  this  function  yields  the 
following  Fredholm- Volterra  integral  equation  : 


2 


-  jJ^^M',t)^Go{M,M')dC  = 


-IL 


Go(M,  M')Vi.n{M',t)dC 


~  T{M,t,M\t')Vi.n{M\t^)]dC  (6) 

A  direct  Boundary  Element  Method  may  then  be 
derived  from  this  integral  equation  by  discretizing 
the  body  surface  into  plane  panels,  and  represent¬ 
ing  the  unknown  functions  over  each  panel  by  a 
suitable  functional  approximation.  The  details  of 
the  numerical  solution  of  (6)  will  be  presented  in 
a  later  section. 

The  component  of  the  transient  hydrody¬ 
namic  forces  consecutive  to  the  impulsive  mo¬ 
tion  can  be  computed  afterwards  by  integrating 
the  potential  over  the  body  surface,  namely  : 

=  JJ^^i{M',t)nj{M')de  (7) 

and  differentiating  with  respect  to  the  time  vari¬ 
able  to  return  to  the  pressure  on  the  body  sur¬ 
face  : 

(8) 

This  impulse  response  function  (IRF)  is  homo¬ 
geneous  to  a  force  and  will  be  given,  in  the 
following  sections,  as  a  coeflScient  defined  by  : 
CLij  =  Lij/pgh^, 

Before  examining  the  numerical  method  for  the 
solution  of  the  boundary  integral  equation  (6), 
let  us  first  recall  some  important  results  about 
the  impulsive  time-domain  Green  function  and  its 
differential  properties. 


(5) 

where  5  and  H  refer  respectively  to  the  Dirac  and 
to  the  Heaviside  distributions.  Full  expressions 
of  this  function,  together  with  some  interesting 


THE  TIME-DOMAIN  GREEN  FUNG- 
TION 

The  function  (5)  which  satisfies  (1),  (2)  and  (4) 
is  the  basic  element  of  the  so-called  Kelvin  BEM 
methods.  Its  impulsive  part  Gq  is  nothing  but  the 
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free  space  Green-function  associated  with  its  anti- 
mirror  image  about  the  linearized  free-surface, 
namely  : 

=  (9) 

where  ;  r  =  \/{x  -  x')^  +  (y  -  y'Y  ,  R  = 
+  {z-  z')^  ,  Ri  = 
while  the  memory  part  is  given  by  : 

=  F{rX,i)  =  Ri^Fif^,r)  (10) 

with  F{fi,  r)  =: 

2  r  Jo  e-^^VX  sin  (VIr)  dX 

(11) 

The  set  of  variable  (r,  C  =  z+z',t)  will  be  referred 
to  as  the  initial  variables,  while  (/^,  r),  defined  as  : 

^  and  (12) 

ici 

will  be  named  the  natural  variables  of  the  func¬ 
tion.  One  may  notice  that  the  geometric  param¬ 
eter  lies  in  the  bounded  range  [0, 1].  Approach¬ 
ing  this  limit,  the  function  is  more  and  more  os¬ 
cillating  but  remains  convergent  at  infinity,  as  il¬ 
lustrated  by  fig.L  In  the  limit  ^  =  0,  where  both 
source  and  field  points  belong  to  the  free-surface 
z  =  0,  and  only  in  this  case,  it  is  divergent,  lin¬ 
early  in  i. 


the  form: 


Au,t(n,T)=  f  A'e"^''J^(AV'i^^siii(VAr)dA 

JO 


satisfy  a  fourth  order  differential  equation  with 
polynomial  coefficients  of  second  degree  with  re¬ 
spect  to  the  time  variable.  The  time-domain 
Green  function  and  its  space  derivatives  belong¬ 
ing  to  the  family,  they  are  shown  to  satisfy  the 
following  ODEs: 


A  at  4 


.d^Fr 

dt^ 


ntdFr  21  _ 


(13) 

d^Fr 

dt^ 

(14) 

d^Fc 

dt^ 


+  .0  (15) 

4  4  ^ 

where  Fr  (resp.  F^)  denotes  the  horizontal  (resp. 
vertical)  gradient  of  F(r,^,t).  The  initial  con¬ 
ditions,  also  derived  in  their  general  form  in  [5], 
become  in  this  case: 


Figure  1:  The  Green  function  (eq.ll)  in  natural 
variables  (/i,  r) 


F(r,C.0)  =  0 

f^(»-,C,0)  =  -2 

^(»*.C)0)  =  0 

|^3-(»’,Ci0)  =  2 


(r=>+<*)2 


r»-2C» 

(r»+C=)^ 


Fr(r,C,0)  =  0 

^(r.C,0)  =  6 

at^ 
at^ 


(r=+c=')t 


(r,C,0)  =  0 

'■  ’  (r’+C®)5 


(16) 


1 


Ff(r,C,0)  =  0 

^(’•>C.0)  =  ^ 
^('•.C,o)  =  o 


In  a  recent  paper  [5],  we  derived  a  general  lemma  We  shall  see  in  a  later  section  that  the  major 

stating  that  the  family  of  functions  Au,i  (p,  r)  of  part  of  the  computation  time  required  to  solve  the 
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integrodifFerential  integral  equation  (6)  is  spent 
in  evaluating  this  function  (and  its  gradient)  a 
huge  number  of  time  (“0(10®)).  Then,  the  choice 
of  the  method  for  the  calculation  of  F,  Fr  and 
requires  a  particular  attention  if  one  wants  to 
keep  the  global  cpu-time  within  reasonable  lim¬ 
its.  Two  families  of  methods  were  available  up  to 
now.  The  new  method  proposed  here  constitutes 
a  third  alternative  . 

•series  expansions  method.  Obviously,  the 
original  expression  (11)  is  not  well  suited  for  di¬ 
rect  numerical  evaluation;  then,  from  the  early 
eighties,  several  authors  [12,  15,  13,  20,  19]  have 
developed  numerical  procedures  to  compute  the 
Green  function  in  its  natural  variables.  The  best 
choice  among  all  the  available  methods  is  local  in 
both  space  and  time;  it  depends  on  the  values  of 
jjl  and  r.  Asymptotic  expansions  are  used  in  the 
large  time  range,  series  expansions  for  moderate 
fi  and  r,  Filon  quadrature  for  moderate  r  and 
larger  //,  and  finally  recursive  Bessel  relations  in 
the  vicinity  of  /i  =  1  (see  [13]  for  details).  Fol¬ 
lowing  B.W.  King  (1987),  a  set  of  subroutines 
devoted  to  this  task  has  been  developed  in  our 
laboratory,  and  will  be  used  in  the  sequel  as  the 
first  alternative  for  the  numerical  solution  of  (6), 

•tabulation  method.  A  second  numerical 
method  for  the  evaluation  of  (11)  is  based  on 
a  bi-linear  interpolation  in  a  pre-computed  ta¬ 
ble  [9,  16].  This  is  made  possible  by  the  fact, 
first  pointed  out  by  Jami  (1981),  that  the  Green 
function  is  a  function  of  only  two  natural  vari¬ 
ables  (yiz,r),  the  first  one  varying  in  a  bounded 
domain.  Because  the  maximum  of  the  r  vari¬ 
able  reached  during  a  given  computation  is  not 
known  a  priori,  the  table  must  be  quite  large  in 
that  direction,  and  the  preceeding  (series  expan¬ 
sion)  method  must  be  also  available  in  case  of 
the  function  should  be  evaluated  beyond  the  table 
boundary  rmax>  Nevertheless,  we  shall  see  later 
that  this  method  yet  allows  considerable  saving 
in  cpu-time  compared  to  the  first  one. 

•  OD E-integration  method.  Because  eq.  (6) 
is  to  be  solved  sequentially  in  a  time  marching 
procedure  from  given  initial  conditions,  the  above 
set  of  ODEs  may  be  used  to  update  the  right 
hand  side  from  a  time  step  to  the  next  one  rather 
than  evaluating  the  Green  function  by  one  of  the 
two  above  mentionned  methods  as  usual.  Runge- 
Kutta  ODE  integration  algorithms  are  used  for 
this  purpose  in  the  present  study.  Details  about 
the  stability  of  this  new  method  will  be  given  in 
a  forthcoming  section. 


SOLUTIONS  TO  THE  BOUNDARY  IN¬ 
TEGRAL  PROBLEM 

Since  the  early  eighties,  several  authors  have  pro¬ 
posed  numerical  algorithms  to  solve  the  above 
boundary  integral  equation,  or  some  variants [15, 
13,  14,  9,  17,  2,  1].  From  (6),  one  may  consider 
the  potential  in  the  fluid  domain  as  generated  by 
a  distribution  of  both  sources  and  doublets  with 
density  distributions  :  a*  =  |“,  resp  i/  =  on 
the  body  surface  C.  Discretizing  this  surface  into 
simple  sub-elements  and  approximating  the  un¬ 
known  functions  on  each  one  by  some  low-order 
functional,  the  continuous  integral  equation  (6) 
is  transformed  into  a  discrete  set  of  linear  alge¬ 
braic  equations  which  can  be  solved  numerically 
afterwards.  Various  order  of  approximations  for 
both  the  type  of  geometric  sub-element  and  the 
functional  representation  of  the  solutions  may  be 
found  in  the  related  literature. 

The  present  implementation  of  the  method  fol¬ 
lows  a  previous  work  done  by  Ferrant  (1988b), 
who  used  a  zeroth  order  direct  BEM  method 
with  constant  singularity  distributions  (tr,  i/)  over 
quadrilateral  and/or  triangular  plane  panels.  Be¬ 
cause  his  code  has  served  as  a  starting  basis  in  the 
present  study,  this  constant  distribution  option 
was  kept ,  Furthermore,  a  step  velocity  excitation 
of  the  body  hull,  V,-  =  njH(f),  is  considered  here 
for  numerical  convenience;  the  hydrodynamic  re¬ 
sponses  for  an  actually  impulsive  velocity  input 
then  follow  straithforwardly  by  simple  differenti¬ 
ation.  Due  to  the  constant  density  distribution 
over  the  panels,  the  discretized  integral  equation 
(6)  is  written  at  the  centroid  of  each  panel,  lead¬ 
ing  to  the  discrete  set  of  linear  algebraic  equa¬ 
tions  : 

[Ai]h(<)]  =  -HW[%][cr,(0)]- 

-  f  [%•(<')]  h(0)]  dt'+  f  [dij{t  -  t')]  [vj{t')]  dt' 

Jo  Jo 

(17) 

where  : 

Sij  =  J j^Go{Mi,Mj)dCj  (18) 

<i.i(i)  =  //  -^:F{Mi,t,Mj,0)dCj 


Sij{t)  =  JJ^  T{Mut,Mj,0)dCj  (19) 

The  constant  coefficient  matrices  [Aj]  and  [Sij] 
are  computed  by  the  classical  Hess  &  Smith  for¬ 
mula.  Being  time  independent,  they  can  be  evalu¬ 
ated  once  for  all  at  the  onset.  Furthermore,  [Aj] 
is  inverted  once  for  all  by  a  Gaussian  procedure, 
and  stored. 

The  time  variable  is  also  discretized  into  equal 
time-steps.  The  solution  of  (17)  at  each  time  step 
is  then  obtained  by  a  simple  matrix  product  after 
updating  the  RHS.  This  later  task  requires  the 
computation  of  convolution  products  of  the  past 
solution  on  the  body  with  the  Green  function  and 
its  gradient.  The  convolution  integrals  are  com¬ 
puted  by  a  simple  trapezoidal  rule,  and,  in  this 
very  first  application  of  the  method,  the  surface 
integrals  in  (19)  are  computed  by  means  of  sin¬ 
gle  point  Gauss  quadrature.  Despite  of  these  low 
order  algorithms,  these  computations  remain  the 
most  time  consuming  part  of  the  overall  numer¬ 
ical  process  due  to  the  complexity  of  the  Green 
function  [14,  17].  All  the  memory  coefficients  (19) 
from  the  first  to  the  current  time  step  are  theoret¬ 
ically  needed  to  perform  the  time  integration  in 
(17).  The  best  choice  is  therefore  to  keep  all  these 
coefficient  matrices  in  RAM  memory  during  the 
execution,  as  long  as  the  computer  memory  size 
permits  doing  so;  when  it  does  not,  which  essen¬ 
tially  occur  when  running  the  tabulation  method 
on  a  small  computer,  we  are  constrained  to  store 
them  on  disk,  resulting  in  slowing  down  the  pro¬ 
gram  by  multiplicating  disk  input/output  (I/O) 
(see  fig.91eft). 

In  the  present  study,  the  three  above  mentioned 
computational  methods  were  implemented.  In 
the  series  expansion  approach,  several  methods 
are  used  to  coihpute  the  Green  function  in  its  nat¬ 
ural  variables,  depending  on  the  values  of  p  and 
r.  These  methods  do  not  share  the  same  perfor¬ 
mances  in  terms  of  cpu-time,  and  during  the  same 
time  step,  the  choice  of  an  algorithm  may  be  dif¬ 
ferent  from  one  couple  of  points  to  an  other  due  to 
the  dependency  of  the  time  variable  r  =  t/ ^/Ri 
upon  the  relative  position  of  field  point  and  source 
point.  The  local  cpu  time  thus  depends  on  time 
and  meshing,  making  the  global  cpu  time  quite 
unpredictible. 

In  the  tabulation  method,  the  Green  function 
F(p,r)  is  precomputed  on  a  grid  of  the  (p,r) 
plane  and  stored  in  a  permanent  file.  In  the 
present  study,  a  (1000, 24000)  grid  was  used  with 


SfjL  =  0.001  and  Sr  =  0.005,  resulting  in  a 
96Mbyte  file  in  single  precision,  in  order  to  cover 
the  whole  time-range  in  the  simulations.  This 
long  time  range  tabulation  avoids  the  algorithm 
to  switch  to  asymptotic  expansion  method  in 
long  time  simulations,  and  permits  a  better  com¬ 
parison  with  the  ODE- integration  method  after¬ 
wards.  The  table  has  to  be  implemented  in  RAM 
memory  during  execution  to  avoid  to  much  disk 
access  ;  then,  depending  upon  the  total  memory 
available  to  him,  the  user  may  be  obliged  to  store 
the  memory  coefficient  matrices  (19)  on  disk  files 
as  mentioned  above.  We  happened  to  be  in  that 
case  in  the  computations  reported  herein,  as  we 
shall  see  later. 

STABILITY  AND  CONVERGENCE 

ODE  integration  scheme 

The  new  method  proposed  above  for  the  on¬ 
line  evaluation  of  the  Green  function  is  based  on 
the  numerical  integration  of  ordinary  differential 
equations  featuring  time-varying  polynomial  co¬ 
efficients.  In  the  wide  choice  of  numerical  schemes 
available  to  perform  this  task,  we  payed  a  special 
attention  to  the  class  of  Runge-Kutta  algorithms 
which  has  the  advantages  of  being  sufficiently  ro¬ 
bust  and  which  does  not  require  the  knowledge  of 
previous  values  to  advance  in  time  as  it  is  the  case 
with  predictor-corrector  method.  Furthermore, 
the  evaluation  stage  of  the  ODEs  right  hand  side, 
in  the  present  case,  is  so  unexpensive  (in  term  of 
cpu  time  indeed)  that  economizing  the  number 
of  evaluations  is  not  a  key  point  as  it  may  be  in 
other  circumstances,  (see  matrix  eq.20). 
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Figure  2:  Typical  instabilities  in  the  determina¬ 
tion  of  the  Green  function  by  ODE  integration 
{p  =  0.5,  dr  =  0.1),  method=RK4 

The  most  important  point  to  be  investigated 
carefully  here  is  the  stability  of  the  integration 
scheme  which  must  be  ensured  whatever  the  kind 
of  body  being  tested  and  the  level  of  mesh  re- 
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Figure  3:  stability  limits  RK2  method 


Figure  5:  stability  limits  RK4  method 


finement.The  figure  (2)  shows  a  typical  instabil¬ 
ity  occuring  at  r  «  62  when  computing  f’(0.5,  r) 
by  a  standard  fourth  order  Runge-Kutta  method. 
Such  an  instability  will  occur  systematically  at 
some  (large)  value  of  the  time  variable  r  for 
a  given  value  of  the  geometrical  parameter  jx. 
Then,  before  using  this  method  to  compute  the 
whole  set  of  Sij  and  dij  influence  coefficients,  one 
must  address  the  problem  of  finding  the  optimum 
time  step  to  avoid  such  a  phenomenon  in  a  given 
computation  range  0  <  t  <  tmaxy  for  a  given 
meshing  of  the  floating  body. 


Figure  4:  stability  limits  RK5  method 

Fisrt  of  all,  one  must  remember  that  the  Green 
function  is  a  function  of  two  variables  in  the  sys¬ 
tem  of  natural  variables  {fx^r)  defined  by  (12), 
and  of  three  variables  (r,  f  ,^)  when  we  considered 
the  function  in  its  initial  set  of  variables.  The 
computation  of  the  convolution  integral  in  (17) 


must  be  performed  in  the  later  one  while  the  sta¬ 
bility  can  be  investigated  in  the  former  one.  The 
natural  variable  r  depends  on  the  time  variable 
t  through  the  relation  r  =  i  (r^  there¬ 

fore,  it  is  scaled  by  the  space  variables  depend¬ 
ing  on  the  couple  of  source  and  field  points  being 
considered.  It  means  that  the  maximum  (natu¬ 
ral)  time  step  Armax  determined  by  the  stabil¬ 
ity  analysis  has  to  be  converted  into  a  maximum 
(system)  time  step  Aimax  by  considering  the  min¬ 
imum  value  of  the  distance  among  all  the  cou¬ 
ples  of  points  defined  by  the  hull  panelization. 

Usually,  the  stability  analysis  of  differential 
equations  starts  from  examining  some  basic  fea¬ 
tures  of  the  matrix  [A]  defined  by  expressing  the 
high  order  differential  equation  as  a  system  of  first 
order  ODE,  namely: 

F=[A]F 


For  the  Green  function  ODE  (13)  under  consider¬ 
ation,  the  so-called  companion  matrix  [A]  would 
read: 


[A]  = 


0 

0 

0 

9 

■"4 


1 

0 

0 

~7t 

4 


(20) 


The  most  common  stability  criterion  requires  all 
the  eigenvalues  of  [A]  to  have  a  negative  real  part. 
But  this  theorem  holds  only  for  constant  coeffi¬ 
cients  matrix  systems,  and  not  for  varying  matri¬ 
ces  as  in  the  present  case  (see  [18]  pi  13).  This 
prevent  us  to  proceed  to  the  standard  analysis 
straigthforwardly. 

Nevertheless,  this  point  is  not  crucial  because 
the  Green  function,  which  is  the  solution  we  are 
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concerned  with,  is  known  to  be  stable  everywhere 
except  at  ^  =  0.  Furthermore,  this  parameter 
belongs  to  the  bounded  range  [0, 1]. 

The  stability  of  the  various  Runge-Kutta  in¬ 
tegration  algorithms  wa^  therefore  investigated 
from  this  argument,  by  numerical  experiments  in 
the  (/i,r)  plane.  Three  schemes  were  tested:  a 
second  order  (RK2)  a  fourth  order  (RK4)  and  a 
fifth  order  (RK5).  The  first  and  the  second  one 
are  the  classical  algorithms  which  can  be  found 
in  the  literature.  According  to  Press  et  al.  [21] 
we  chose  the  set  of  Cash-Karp  parameters  for  the 
fifth  order  scheme.  This  permits  a  precise  time 
step  optimization  by  using  an  embedded  fourth 
order  formula  and  the  Fehlberg  method.  The 
coefficients  for  this  fifth  order  scheme  are  given 
in  Appendix.  With  each  method,  the  parame¬ 
ter  range  0  <  /i  <  1  was  thoroughly  swept,  and 
the  time  step  leading  to  the  stability  limit  was 
determined  numerically  for  each  couple  (/x, 
by  detecting  instabilities  like  in  fig:2.  The  corre¬ 
sponding  results  are  plotted  in  figures  3,  5  and  4 
for  RK2,  RK4  and  RK5  methods  respectively.  In 
these  plots,  the  labels  on  the  curves  indicates  the 
time  step.  As  it  can  be  observed,  we  recover  the 
expected  behaviour  :  the  smaller  the  time  step, 
the  later  the  divergence  for  a  given  RK  scheme, 
and  also  :  the  higher  the  scheme  order,  the  later 
the  divergence  for  a  given  time  step.  Consider¬ 
ing  now  the  behaviour  in  the  vicinity  of  the  axis 
/X  =  0,  the  fourth  order  scheme  appears  to  be  far 
more  robust  than  the  two  others.  This  point  is 
important  and  it  must  be  kept  in  mind  when  one 
designs  the  time-step  maximization  algorithm,  as 
we  did  in  the  following  manner.  As  a  starting 
point,  the  mesh  and  the  maximum  simulation 
time  are  given  by  the  user.  From  the  former,  one 
may  derive  the  minimum  value  of  Ri,  and  then, 
from  both  of  them,  a  map  of  all  the  points  in  the 


Figure  6:  Heaving  hemisphere,  comparison  of 
overall  cpu  time  using  various  RK  schemes  to  in¬ 
tegrate  the  Green  function  ODEs. 


scheme 

maximum 

time-step 

local  error 

RK2 

.083 

O{7.10-'^) 

RK4 

.11 

0(1.5  •  10-^) 

RK5 

.15 

0(7.6  •  10“'’) 

Table  1:  stability  limit  time-steps  and  error 
magnitude  for  the  three  considered  Runge-Kutta 
methods.  4*25  panels,  floating  hemisphere. 


plane  may  be  established.  Now,  for  a 
given  RK  scheme,  a  (dr,  fx)  map  may  be  drawn 
with  the  help  of  the  corresponding  figure  3,  5  or 
4  depending  on  the  algorithm  being  considered; 
returning,  at  last,  to  the  map,  the  smaller 

value  of  di  ensuring  the  stability  over  the  whole 
mesh  can  be  determined  easily. 

A  preprocessor  of  our  time-domain  code 
ACHIL3D  was  built  on  this  model.  When  ap¬ 
plied  to  the  heaving  hemisphere  test  problem  dis¬ 
cretized  into  4*25  panels,  it  gave  the  stability 
limit  time-steps  shown  in  table  1.  Nevertheless, 
the  final  choice  of  a  method  cannot  be  based  on 
these  items  only.  The  natural  advantage  of  RK5 
should  be  moderated  by  the  fact  that  this  scheme 
needs  six  evaluations  of  the  RHS  of  the  ODE 
while  it  is  four  with  RK4  and  only  two  with  RK2. 
Therefore,  the  comparisons  must  be  done  on  the 
overall  computation  time  to  obtain  a  more  ob¬ 
jective  ranking.  Figure  6  finally  shows  that  RK4 
and  RK5  are  practically  equivalent  in  terms  of 
cpu  time  when  each  method  is  run  at  its  sta¬ 
bility  limit  time-step  (minus  epsilon  of  course!). 
The  choice  left  to  the  user  is  therefore  based  on 
other  arguments  like  time-integration  accuracy, 
which  gives  the  leadership  to  RK5,  or  robust¬ 
ness  of  the  time-step  maximization  which  rather 
favours  RK4  (compare  fig.5  and  4).  Furthermore, 
the  accuracy  argument  in  favour  of  the  fifth  order 
scheme,  should  be  moderated  by  consistancy  con¬ 
sideration,  if  we  remember  that  we  have  chosen  a 
zeroth  order  BEM  with  one  Gauss  point  by  panel 
for  this  first  implementation  of  our  ODE  method  . 
The  two  RK  algorithms  were  finally  implemented 
in  our  code  in  such  a  way  that  the  user  may  eas¬ 
ily  switch  from  one  to  the  other;  the  fourth  order 
algorithm  is  the  most  commonly  used. 

Convergence  with  mesh  refinement 

Being  a  well  documented  test  case,  the  floating 
hemisphere  was  chosen  as  the  first  model  body  for 
the  convergence  tests.  The  two  geometric  symme¬ 
tries  of  this  simple  hull  were  naturally  taken  into 
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Figure?:  Floating  hemisphere  :  impulse  response 
function  /  mesh  refinement 


account  and  only  a  quarter-body  was  meshed. 
The  impulse  response  function  for  an  impulsive 
heave  motion  CI/ss  was  selected  as  the  output 
for  checking  the  overall  accuracy.  Several  differ¬ 
ent  meshing  were  used  with  16,  25,  36,  49  and  64 
panels  on  a  quarter-body,  and  the  convergence 
with  regard  to  the  mesh  size  (characterized  by 
the  average  panel  area)  was  investigated.  The 
curves  of  CLzz{t)  (eq.8)  and  CMzz{i)  (eq.7)  are 
plotted  in  figure  7.  The  accuracy  was  checked 
by  comparing  with  the  same  result  obtained  with 
144  panels  by  Korsmeyer  (1988)  [14].  An  excel¬ 
lent  agreement  was  observed.  Zooming  around 
the  first  peak  at  0X33(1. 475)  (see  fig.7)  revealed 
that  a  1%  local  relative  error  was  achieved  with 
100  panels  (4x25)  on  the  hemisphere.  The  os¬ 
cillations  observed  in  the  tail  of  the  response  for 
f  >  6  are  the  time-domain  counterpart  of  the  well 
known  ‘‘irregular  frequencies” ,  and  arise  from  the 
same  origin.  Since  we  were  mainly  interested  here 
in  cpu  time  statistics,  we  did  not  tried  to  suppress 
this  phenomenon  by  the  help  of  the  usual  dedi¬ 
cated  methods.  This  is  left  as  a  further  develop¬ 
ment  of  the  code.  A  linear  convergence  rate  was 
observed  when  plotting  the  error  on  the  impulse 
response  fonction  CL  as  a  function  of  the  typi¬ 
cal  average  area  of  the  panels  (at  the  peak  value 
where  a  maximum  discrepancy  is  expected).  The 
same  convergence  tests  were  also  achieved  on  the 
ISSC  TLP  and  the  results  are  plotted  in  figure 
8  which  illustrates  this  linear  behaviour  perfectly 
well. 


Figure  8:  ISSC  TLP  impulse  response  fonction 
in  heave  and  sway.  Global  convergence  with  re¬ 
spect  to  typical  panel  size  (n  the  total  number  of 
panels) 


CP  Cf-TIME  SAVING  WITH  ODE 
METHOD 

The  fist  goal  of  this  study  was  to  assess  the 
feasibility  of  the  OD'Ej- integration  method.  The 
results  presented  in  the  previous  section  show 
that  it  has  been  reached.  The  second  one  was 
to  give  a  first  estimate  of  the  savings  it  can 
bring  in  terms  of  computing  time.  The  three 
methods  were  then  implemented  in  three  paral¬ 
lel  “brother”  codes  differing  only  by  this  point, 
and  tested  intensively  varying  the  mesh,  the  time- 
step,  the  Runge-Kutta  method  order,. . .  Impulse 
response  functions  were  computed  not  only  for 
the  floating  hemisphere,  but  also  on  the  ISSC 
TLP  platform  (fig.  12)  and  a  standard  Series60- 
06  ship  hull  (fig.  14). 

To  sets  of  curves  are  plotted  in  Fig:9.  On  the 
left  side,  the  total  cpu-time  including  the  system 
part  is  shown,  whereas  the  user  part  only  is  plot¬ 
ted  in  the  right  figure.  The  difference  between 
these  two  measures  is  spent  mainly  in  I/O  oper¬ 
ations  to  and  from  the  disk  storage.  As  pointed 
earlier,  we  were  obliged  to  write  the  coefficient 
matrices  (19)  on  disk  files  when  using  the  tabula¬ 
tion  method,  whereas  they  stayed  in  memory  in 
the  two  other  approaches.  This  explains  the  dif¬ 
ferences  between  the  dashed  lines  in  the  left  and 
in  the  right  frames  of  figure  9.  For  the  two  other 
methods,  the  time  spent  in  I/O  is  negligible  and 
the  curves  are  quite  the  same  in  both  sides.  In 
other  words,  one  may  assume  that  the  right  view 
of  figure  9  can  always  be  obtained  provided  one 
run  a  computer  with  a  sufficient  amount  of  mem¬ 
ory.  Let  us  thus  focus  on  this  view  as  a  basis  for 
comparisons. 

The  structure  of  the  convolution  process  sug- 
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Figure  9:  Floating  Hemisphere  (4x49  panels;  ^t=0.025)  ;  left  :  total  cpu-time  (user+I/0)  ;  right ;  user 
cpti'time  only. 


gests  a  quadratic  growth  of  the  computing  time. 
Such  a  behaviour  can  be  observed  with  both 
the  tabulation  and  the  ODFn integration  methods, 
whereas  the  series  expansion  method  presents  two 
different  regimes.  For  f  <  18,  we  observe  a  quasi- 
linear  growth  of  the  cpu-time.  In  that  range, 
the  Green  function  is  evaluated  by  different  al¬ 
gorithms,  according  to  the  relative  position  of 
source  and  field  points  as  explained  before.  These 
methods  are  far  more  time  consuming  than  the 
asymptotic  expansion  which  is  used  later,  when 
r  >  14.  So,  once  all  the  couples  of  points  sat¬ 
isfy  this  condition,  the  program  speeds  up  and  a 
quadratic  behaviour  is  recovered.  The  benefit  of 
using  the  two  other  methods  is  clearly  illustrated 
by  Fig:9.  Between  them,  the  advantage  go  to 
the  ODE-integration  method  ;  the  cpu-time  ratio 
with  the  tabulation  method  lies  in  the  range  [2,4], 
depending  on  wether  or  not  you  can  keep  all  the 
arrays  in  RAM  during  the  program  execution. 

In  the  present  comparison  all  the  methods 
were  run  using  the  same  constant  time-step  dt  = 
0.025.  We  limit  ourselves  to  RK2  and  RK4  meth¬ 
ods;  RK5  was  disregarded.  The  fourth-order, 
four  steps  Runge-Kutta  method  requires  twice  as 
many  floating  operations  as  the  second  order  two 
steps  method.  Nevertheless,  the  tiny  difference 
between  the  RK4  and  RK2  curves  in  Fig:9  proves 
that,  with  the  ODE-integration  method,  the  time 
spent  in  Green  function  evaluations  has  became 
marginal  compared  with  the  time  for  the  over¬ 
all  process.  On  the  contrary,  it  means  that,  by 
selecting  RK5  algorithm,  we  could  increase  the 
precision  of  the  ODE  integration  at  practically 
no  extra  cpu  cost. 

One  should  notice  that  these  curves  correspond 
to  quite  long  simulations.  In  the  present  case  of 


a  heaving  hemisphere,  a  simulation  up  to  f  =  20 
should  be  sufficient  from  a  practical  point  of  view 
(see  Fig:7).  It  would  result  in  computing  times 
shown  in  the  table  below,  when  running  a  DEC 
Alpha  500  workstation,  at  330MHz. 


Method 

user-j-I/ 0 

user  (sec) 

Series 

3408 

3405 

Tabulation 

356 

164 

ODE-RK4 

88  1 

87 

ODE-RK2 

82 

82 

Table  2.  cpu-time  requirements  (sec),  floating 
hemisphere  (4x49  panels),  t=:20. 

The  ISSC  Tension  Leg  Platform 

The  computer  code  was  used  afterwards  to  com¬ 
pute  the  IRFs  of  a  more  realistic  body.  Results 
for  the  ISSC  platform  in  heave  and  surge  motions 
were  presented  by  Ferrant  (1988)  [9].  We  there¬ 
fore  selected  it  as  a  test  geometry  for  our  code 
ACHIL3D.  Several  meshes  were  generated  using 
the  mesh  generator  MACAO.  All  the  results  re¬ 
ported  here  were  obtained  with  a  912  panels  mesh 
illustrated  by  Fig:12.  The  fourth-order  Runge- 
Kutta  integrator  was  used  with  a  fixed  time  step 
6t  =  0.02. 

As  a  check  for  the  computer  code,  our 
surge/surge  impulse  response  function  CLn 
(fig.lOa)  was  compared  with  the  results  obtained 
by  Ferrant  using  a  1200  panels  mesh;  the  agree¬ 
ment  was  found  excellent. 

In  figures  10b  and  11,  the  diagonal  IRF  for 
heave,  roll  and  yaw  motions  are  presented  to¬ 
gether  with  their  Fourier  transform  which  are 
nothing  but  the  classical  added  mass  and  damping 
coefficients  of  the  frequency  domain  approach  to 


6.5-9 


Figure  12:  Meshing  of  the  ISSC  TPL.  (912  pan¬ 
els) 


Figure  13:  ISSC  Tension  Leg  Platform  -  912  pan¬ 
els  Sway /Roll  IRF  CL24  ;  symmetry  (absolute) 
error 

the  seakeeping  problem,  the  correspondence  be¬ 
ing  given  by  : 

pOO 

Aij{uj)  =  Mij{0)  +  /  Lij{i)cos{u}t)dt 
Jo 

~  f  Lij{t)sm{Ljt)dt  (21) 

Jo 

These  frequency  domain  coefficients  CAij 
CBijy  deduced  from  the  present  time-domain  ap¬ 
proach  by  Fourier  transformation  have  been  com¬ 
pared  to  those  obtained  directly  by  running  fre¬ 
quency  domain  panel  codes  like  AQUADYN  (ECN) 
and  WAMIT  (MIT)  (data  in  [10]).  The  agreement  is 
again  excellent,  within  a  few  percent.  In  figure  13, 
the  off-diagonal  IRF  coefficients  CL24  and  CL42 
and  the  difference  between  them  (ten  times  mag¬ 
nified)  are  presented.  These  coefficients  should 
theoretically  be  equal;  the  gap  between  is  there¬ 
fore  a  good  measure  of  the  overall  accuracy  of 
the  computation  method.  In  the  present  case,  the 
maximum  difference  is  approximately  one  percent 
of  the  maximum  of  the  CL24ICL42  curve. 


SERIES60-06  SHIP  HULL 

The  bodies  used  in  the  previous  section  have  two 
symmetry  plane.  This  property  was  naturally  ex¬ 
ploited  to  reduce  the  number  of  unknowns,  hence 
the  system  matrix  size.  The  computer  code  was 
afterwards  extended  to  bodies  with  a  single  sym¬ 
metry  plane.  The  standard  Series  60-06  ship 
(fig.  14)  hull  was  then  used  as  a  test  case  for 
this  further  release.  The  hull  was  panelized  with 
2x245  plane  quadrilateral  panels. 

The  optimal  time  step  determined  by  the  pre¬ 
processor  as  explained  previously  was  found  to 
be  Si  =  0.00484  when  the  ship  length  is  taken  as 
the  reference  length.  A  RK5  scheme  was  used  in 
the  reported  computations.  The  impulse  response 
functions  were  computed  up  to  T  =  10  which 
was  found  sufficient  to  reach  a  quasi-null  response 
state  as  shown  in  fig.  15  to  20.  These  time-domain 
results  were  then  Fourier  transformed  by  (21)  in 
order  to  be  compared  to  those  obtained  directly  in 
the  frequency  domain  by  the  diffraction-radiation 
code  AQUADYN  [7,  8]  developped  at  LMF  labo¬ 
ratory  in  the  eigthies.  In  terms  of  order  of  ap¬ 
proximation,  this  code  is  equivalent  to  ACHIL3D 
but  in  the  frequency  domain.  It  solves  the  lin¬ 
earized  (to  the  first  order)  seakeeping  problem  by 
a  zeroth-order  BEM  featuring  a  mixed  sources- 
dipoles  distribution  of  Kelvin  type  Green  function 
on  the  discretized  hull. 

Time-domain  and  frequency  domain  results  are 
plotted  in  figures  15  to  20  hereafter.  We  give  only 
diagonal  coefficients  here,  to  save  space,  but  the 
whole  set  of  non-zero  responses  has,  of  course, 
been  computed. 

The  fit  between  the  frequency  domain  and 
the  time-domain  approaches  is  generally  ex¬ 
cellent  (0(10”^)),  except  near  the  “irregular” 
frequencies  already  mentionned  in  this  paper. 
This  phenomenon  is  particularly  sensitive  on  the 
frequency-domain  results  for  heave  and  pitch  mo¬ 
tions,  in  figures  17  and  19.  These  results  con- 
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(a)  CLll.  Surge/Surge  IRF  (b)  CL33,  CA33  and  CB33  Heave/Heave  co- 

efficients 


Figure  10:  ISSC  Tension  Leg  Platform  -  912  panels 


(a)  CL44,  CA44  and  CB44  Roll/Roll  coeffi-  (b)  CL66,  Yaw/Yaw  coefficient 

cients 


Figure  11:  ISSC  Tension  Leg  Platform  -  912  panels 


firm  that  the  present  time-domain  approach  can 
be  used  as  a  robust  alternative  method  to  obtain 
the  usualr  frequency  domain  hydrodynamic  coef¬ 
ficients,  The  opposite  is  not  true  due  to  the  slow 
cisymptotic  decrease  of  these  coefficients  as  the 
wavenumber  tends  to  infinity  (see  fig.  15  to  20). 
The  inverse  Fourier  transform  which  heis  to  be 
performed  numerically  from  these  data  imposes  a 
truncation  at  very  high  frequencies  where  the  con¬ 
vergence  of  the  frequency  domain  solution  would 
surely  be  problematic. 

CONCLUSION 

A  new  method  for  the  calculation  of  the  Green 
function  during  the  computation  of  convolution 
integrals  occuring  in  time-domain  seakeeping 
simulations  has  been  proposed.  It  is  based  on 
differential  properties  of  the  time-domain  Green 
function  which  are  used  to  speed  up  this  numer¬ 
ical  process.  The  performance,  in  terms  of  cpu 
time  requirements,  of  the  new  alternative  method 


was  compared  with  the  two  usual  approaches  to 
the  problem,  based  either  on  series  expansions  or 
tabulation  of  the  Green  function.  The  proposed 
ODFrintegration  method  runs  faster  than  the 
tabulation  method,  in  a  ratio  between  two  and 
four,  depending  on  the  memory  capacity  of  the 
computer.  The  stability  analysis  of  the  Green 
function  ODE  provides  a  mean  to  optimize  the 
choice  of  the  time  step  depending  on  the  RK 
algorithm  finally  selected.  The  accuracy  of  the 
code  has  been  checked  by  tests  on  well  docu¬ 
mented  bodies  as  the  hemisphere,  the  ISSC  TLP 
platform  and  a  serie60-06;  the  frequency  domain 
coefficients  of  these  bodies  were  recovered  by 
Fourier  transform  with  an  excellent  accuracy. 


This  work  was  financially  supported  by  the  Di¬ 
rection  des  RechercheSj  Etudes  et  Techniques  of 
the  French  Ministry  of  Defence  (DGA). 
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(a)  time  domain 


Figure  16:  Series  60-06  (2x245  panels).  Sway/Sway  hydrodynamic  coefficients 


Figure  17:  Series  60-06  (2x245  panels).  Heave/Heave  hydrodynamic  coefficients 


CL66 
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APPENDIX.  COEFFICIENTS  OF  THE 
5TH  ORDER  RUNGE-KUTTA  SCHEME 

The  differential  equation  being  symbolically  writ¬ 
ten  as 

y{t)  =  f{t,  y) 

and  the  time  step  being  denoted  by  h.  Let  us 
define  the  f^^stage  of  the  method  by: 

ki  =  hf  +  aih,  !/n  +  ^  bijk^ 

and  the  final  estimate  as 

/ 

Vn  +  l  =  yn  +  Ciki 
i 

The  Cash-Karp  coefficient  set  of  the  fifth  order 
Runge-Kutta  scheme  we  have  selected  is  given  in 
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the  tables  below  [21].  Applying  the  stared  co¬ 
efficients  c*  provides  the  embedded  fourth-order 
estimation  necessary  to  optimize  the  time-step  by 
the  Fehlberg  method. 
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SHAPE  OPTIMIZATION  OF  PRACTICAL  SHIP  HULL  FORMS 
USING  NAVDER-STOKES  ANALYSIS 
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6-38-1,  Shinkawa,  Mitaka,  Tokyo  181-0004,  Japan. 
Fax:+81-422-41-3053;  E-Mail:  hino@srimot.go.jp. 


ABSTRACT 

As  a  practical  design  tool  using  a  CFD  (Computational  Fluid  Dynamics)  technique,  a  hydrodynamic  shape 
optimization  system  for  ship  hull  forms  has  been  developed.  A  nonlinear  programming  method,  SQP  (Sequential 
Quadratic  Programming)  is  used  as  an  optimizer  which  automatically  determines  the  values  of  design  variables  in 
such  a  way  that  an  objective  function  is  minimized  with  subject  to  the  design  constraint.  In  the  present  system, 
an  objective  function  is  obtained  from  a  flow  field  computed  by  a  Navier-Stokes  solver.  Design  variables  are 
chosen  to  efficiently  manipulate  ship  hull  shapes  during  an  optimization  process.  The  gradients  of  the  objective 
function  witii  respect  to  design  variables  (sensitivity  coefficients)  required  in  the  SQP  procedure  are  computed  by 
the  adjoint  variables  method  which  solves  the  linear  equation  system  derived  from  the  Navier-Stokes  equations. 
Finally^  an  optimization  of  an  aft  body  of  a  practical  tanker  hull  for  the  minimum  viscous  resistance  is  c^ed  out 
to  demonstrate  the  applicability  of  the  present  method.  Also  a  trial  computation  is  made  for  the  minimization  of 
total  resistance  including  wave-making  resistance  of  the  Series  60  (Cb  =  0.6)  hull  using  a  Navier-Stokes  solver 
for  free  surface  flows. 


NOMENCLATURE 


Bi{x) 

basis  function  in  x  direction  for 
shape  modification 

Ci 

constraint  for  optimization 

Cs 

frictional  resistance  coefficient 

Cp 

pressure  resistance  coefficient 

Ct 

total  resistance  coefficient 

c. 

viscous  resistance  coefficient 

D 

design  variables  for  optimiza¬ 
tion 

d 

search  direction  of  optimization 
procedure 

E,F,G 

inviscid  flux  in  (x,y,z)  direc¬ 
tion 

viscous  flux  in  (x,  y,  z)  direction 

F 

objective  function  of  optimiza¬ 
tion 

Fn 

Froude  number 

H 

transformed  inviscid  flux 

transformed  viscous  flux 

h 

wave  height 

p 

pressure 

P(2).P0(2) 

modified  and  original  bow  pro¬ 
files 

Q 

flow  variables 

R 

residual  of  NS  equations 

R* 

1st  order  upwind  approximation 
ofi^ 

Rn 

Reynolds  number 

SxjSyj  Sz 

area  vectors  of  cell  interfaces 

t 

time  or  step  size  in  optimization 

u 

Lagrange  multiplier  of  opti¬ 
mization  procedure 

U,VyW 

(x,  y,  z)  component  of  velocity 

V 

cell  volume 

w{x,  z) 

weight  function  for  hull  shape 
modification 

Wp{z) 

weight  function  for  bow  profile 
modification 

p 

artificial  compressibility  param¬ 
eter 

X 

adjoint  variables 

Vt 

turbulent  eddy  viscosity 
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INTRODUCTION 

CFD  (Computational  Ruid  Dynamics)  tech¬ 
niques  have  expanded  their  field  of  applications  in 
past  decades.  In  ship  hydrodynamics,  Navier-Stokes 
solvers  are  now  being  used  as  a  practical  tool  for  ship 
hull  design.  In  most  cases  CFD  is  used  to  obtain  a 
flow  field  around  a  ship  hull  of  a  given  shape.  In 
other  words,  a  CFD  analysis  is  used  as  a  replacement 
of  tank  testing.  This  ^numerical  tank'  approach  has 
advantages  over  the  real  tank  testing  in  terms  of  cost 
reduction  and  quantities  of  flow  field  informations 
when  appropriate  numerical  schemes  and  carefully 
examined  grids  are  used. 

Recently,  efficient  CFD  algorithms  and  ad¬ 
vanced  computer  hardware  enable  more  extensive  use 
of  CFD  for  a  ship  hull  design.  That  is  a  shape  opti¬ 
mization  using  CFD  in  which  an  optimal  body  shape 
with  the  lowest  resistance  or  other  fluid  dynamic  ex¬ 
tremities  is  automatically  searched  using  a  numerical 
optimization  method. 

In  ship  hydrodynamics,  shape  optimization 
problems  have  a  long  history.  Linear  wave-making 
theories  using  velocity  potential  can  be  easily  com¬ 
bined  to  linear  optimization  methods  such  as  a  vari¬ 
ational  method  and  a  number  of  wave-making  min¬ 
imization  theories  have  been  proposed.  Later,  these 
approaches  are  extended  to  numerical  procedures  us¬ 
ing  panel  methods.  Boundary  layer  theories  are  also 
applied  to  shape  optimization  with  respect  to  viscous 
flow  properties.  More  recently,  the  shape  optimiza¬ 
tion  methods  using  CFD  techniques  are  applied  to 
ship  design  problems[l,  2, 3, 4]. 

These  shape  optimization  methods  based  on 
CFD  are  expected  to  be  a  powerful  design  tool,  be¬ 
cause  CFD  methods  can  simulate  turbulent  flows 
around  a^ship  hull  reasonably  well.  On  the  other 
hand,  these  optimization  problems  are  highly  nonlin¬ 
ear  and  the  large  amount  of  CPU  time  is  required  to 
solve  them,  because  a  usual  CFD  analysis  which  is  al¬ 
ready  time-consuming  should  be  repeated  many  times 
during  an  optimization  procedure.  Therefore,  efficient 
algorithms  which  reduce  the  CPU  time  requirement 
must  be  developed  for  practical  applications  of  the 
methods. 

In  this  paper,  a  hydrodynamic  shape  op¬ 
timization  system  for  practical  ship  hull  forms  is 
presented.  The  system  is  composed  of  a  nonlinear  op¬ 
timizer,  a  Navier-Stokes  solver  and  a  sensitivity  analy¬ 
sis  tool  together  with  a  shape  modification  method  and 
a  grid  generator.  The  system  was  first  developed  for 
a  two-dimensional  body  [5]  and  then  extended  to  cope 
with  a  simple  three-dimensional  shape[4].  The  effect 
of  shape  modification  methods  was  also  investigated 
for  a  two-dimensional  body [6]. 


The  features  enhanced  here  are  the  extension 
of  the  Navier-Stokes  solver  to  include  a  free  surface 
effect  and  the  development  of  a  shape  modification 
method  suitable  to  practical  ship  hull  forms.  In  the 
sections  below,  numerical  algorithms  are  described 
followed  by  the  presentation  of  the  results  of  applica¬ 
tions  to  shape  optimization  of  a  practical  tanker  hull 
and  the  Series  60  (Cb  =  0.6)  hull. 

OPTIMIZATION  METHOD 

Optimization  Procedure 

A  fluid  dynamic  shape  optimization  problem 
can  be  described  in  a  mathematical  form  as  follows: 

Minimize  F  [D,  Q{D)] 

Subject  to  Ci[D,  Q{D)]  =  0,  z  =  1,  Me 

Ci[D,Q{D)]>0,  2  =  M£?-fl,M 

F"  is  an  objective  function  to  be  minimized  and  it  is 
dependent  on  D  and  Q  where  D  is  the  vector  of 
design  variables  which  determines  a  hull  shape  and 
Q  is  the  vector  of  flow  variables.  The  flow  field 
Q  is  obviously  the  function  of  a  shape  and  therefore 
expressed  as  Q{D),  Q  =  0  and  Q  >  0  are  equality 
and  inequality  constraint,  respectively.  Note  that  C,*  is 
either  the  function  of  D  only  (geometric  constraint)  or 
the  function  of  D  and  Q  (  fluid  dynamic  constraint). 
Here,  a  relation  between  a  shape  D  and  a  flow  field  Q 
is  given  by  a  Navier-Stokes  analysis,  which  means  that 
the  objective  function  F  is  a  nonlinear  function  of  the 
design  variables.  Therefore,  a  nonlinear  programming 
procedure  should  be  used  as  an  optimizer.  The  SQP 
(Sequential  Quadratic  Progranuning)  method  adopted 
here  is  one  of  such  methods  which  can  solve  general 
nonlinear  optimization  problems  with  constraint.  The 
SQP  method  requires  the  gradients  of  the  objective 
function  and  the  constraint  with  respect  to  the  design 
variables  which  are  called  sensitivity  coefficients. 

The  nonlinear  optimization  procedure  can  be 
described  as  follows: 

1 .  Set  the  initial  values  of  design  variables  D  which 
correspond  to  the  initial  body  shape. 

2.  Define  a  body  shape  geometrically  from  the  nu¬ 
merical  design  variables.  A  shape  modification 
tool  is  required  for  this  purpose. 

3.  Generate  a  computational  grid  around  a  given 
body  or  modify  an  existing  grid  conforming  a 
deformed  body  shape.  This  is  an  essential  pre- 
process  for  a  CFD  analysis. 

4.  A  Navier-Stokes  solver  is  used  to  compute  a  flow 
field  Q  using  a  grid  obtained  in  3. 
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5.  An  objective  function  F  and  constraint  are  com¬ 
puted  using  the  flow  field  Q  and  the  geometry 
D. 

6.  Sensitivity  analysis  is  carried  out  to  obtain  gra¬ 
dients  of  an  objective  function  and  constraint  for 
the  current  design. 

7.  The  SQP  procedure  is  used  to  search  the  new 
values  of  design  variables  D  which  decrease 
the  objective  function  F  from  the  current  value. 
This  is  done  by  setting  the  search  direction  fol¬ 
lowed  by  the  line  search  along  that  direction. 
Several  CFD  computations  together  with  grid 
modifications  are  required  in  this  search  process. 

8.  If  the  current  design  satisfies  certain  criteria, 
then  the  process  terminates  and  the  current  de¬ 
sign  is  considered  to  be  an  optimal  body  shape. 
Otherwise  return  to  2. 

The  optimization  procedure  shown  above 
consists  of  several  elements.  These  are  a  shape  mod¬ 
ification,  a  grid  generation,  a  Navier-Stokes  solver,  a 
sensitivity  analysis  and  a  nonlinear  optimizer.  The 
brief  description  for  each  element  is  given  below. 

Shape  Modification  and  Grid  Generation 

The  role  of  a  shape  modification  is  to  pro¬ 
vide  a  link  between  design  variables  and  a  body 
shape  which  should  be  defined  geometrically.  In  an 
optimization  system,  design  variables  and  a  shape 
modification  method  should  be  selected  with  a  com¬ 
promise  between  flexibility  and  simplicity.  Since  an 
optimization  procedure  searches  an  optimal  solution 
in  the  space  defined  by  the  design  variables,  the  fi¬ 
nal  shape  is  optimal  among  the  shapes  which  can  be 
defined  by  the  combination  of  design  variable  val¬ 
ues.  Thus  design  variables  and  a  shape  modification 
method  should  be  flexible  enough  to  cover  a  wide  va¬ 
riety  of  body  shapes.  On  the  other  hand,  the  number 
of  design  variables  should  be  as  small  as  possible  and 
a  shape  modification  should  be  as  simple  as  possible 
from  the  efficiency  point  of  view. 

A  shape  modification  method  used  here  is 
based  on  a  weight  function.  First,  the  initial  ship  hull 
form  is  assumed  to  be 

y  =  foix,z)  (1) 

In  case  of  practical  ship  hull  forms,  /o  does  not 
necessarily  take  an  explicit  functional  form.  Instead, 
it  is  given  numerically  as  the  coordinates  of  a  body 
surface  grid. 

A  modified  shape  is  then  defined  as 

y  =  fo{x,z)w{x,z)  (2) 


where  w{x,  z)  is  a  weight  function  and  the  design 
variables  are  the  parameters  defining  w{xj  z). 

Thus  a  grid  point  on  an  original  body  surface 
whose  locations  is  given  by  {xo.VoiZo)  moves  to 
(xo,w(xo,Zc)yo,Zo)  on  a  modified  body.  A  new 
surface  grid  is  obtained  with  the  re-distribution  of 
grid  points  along  the  grid  lines  in  the  girth  direction. 

When  a  bow  profile  is  to  be  modified,  before 
applying  the  above  procedure,  the  new  profile  x  = 
p{z)  is  defined  as 

p{z^  =  Xmid  ^mid)  (3) 

where  x  =  pq{z)  is  the  original  profile  and  Wp{z)  is  a 
weight  function  for  a  profile  modification.  Also  «mid 
is  the  X  coordinate  at  midship.  Using  the  new  profile 
the  grid  points  on  the  original  hull  are  re-distributed 
along  the  longitudinal  grid  lines.  The  definition  of 
weight  functions  are  case-dependent  and  will  be  given 
in  the  following  section. 

It  is  important  that  the  system  has  a  ca¬ 
pability  to  generate  or  modify  a  computational  grid 
automatically  when  a  body  shape  is  re-defined  during 
an  optimization  process.  In  the  present  system,  an 
initial  grid  around  an  initial  body  shape  is  generated 
a  priori  and  given  to  the  system  as  a  part  of  the  initial 
conditions.  In  the  optimization  process,  whenever  the 
design  variable  values  change,  the  body  surface  grid 
corresponding  to  the  modified  body  shape  is  generated 
as  described  above. 

The  volume  grid  covering  a  computational 
domain  is  generated  based  on  the  flexible  grid 
method[7]  with  slight  modification.  In  the  origi¬ 
nal  method,  the  grid  point  coordinates  along  the  grid 
line  in  the  direction  from  the  body  surface  to  the  outer 
boundary  are  modified  as  follows: 

Xf (4) 

where  the  subscript  k  is  the  grid  indices  and  X  i  is 
a  grid  point  on  a  body  surface.  Wk  is  the  weight 
whose  values  are  1  on  the  body  surface  and  0  on  the 
outer  boundary  and  linearly  distributed  in-between 
using  the  arc  length  of  the  grid  line.  This  method 
is  modified  as  follows  to  enhance  robustness.  Xi 
above  is  replaced  by  X2  which  is  a  grid  point  next 
to  a  body.  is  determined  using  the  given  grid 

distance  and  flie  outward  normal  vectors  of  the  new 
body  surface  defined  by  At  the  same  time, 

the  definition  of  Wk  is  modified  in  such  a  way  that 
Wk  =  I  Bik  =  2  and  wk  =  0  on  the  outer  boundary. 

Navier-Stokes  Solver 

Efficiency  of  an  optimization  procedure  is 
strongly  dependent  of  the  speed  of  a  flow  solver,  since 
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the  Navier-Stokes  analysis  is  most  time-consuming 
among  the  elements  of  an  optimization  system.  Fur¬ 
thermore,  the  Navier-Stokes  computations  are  carried 
out  several  times  in  each  design  cycle  for  a  line  search 
process  and  nonlinear  optimization  requires  tens  of 
design  cycles.  Thus  the  number  of  flow  analysis  as  a 
whole  becomes  quite  large. 

In  the  present  study,  a  newly  developed 
Navier-Stokes  solver[8]  is  used.  This  is  a  finite- 
volume  method  for  simulating  incompressible  turbu¬ 
lent  flows  with  or  without  a  free  surface.  Due  to 
the  implicit  time  integration  with  the  Newton  relax¬ 
ation  scheme  and  the  convergence  acceleration  by  a 
multigrid  method  and  local  time  stepping,  the  solver 
is  highly  efficient  in  obtaining  steady  state  solutions. 

The  governing  equations  are  the  3-D  incom¬ 
pressible  Navier-Stokes  equations.  With  the  introduc¬ 
tion  of  artificial  compressibility,  they  can  be  written 
in  the  non-dimensional  form  as 


dt 


dx 


(JE7,F,G)  = 


pV  rpV 


dy  ^ 

dz 

w)'^  and 

I3u 

f3v 

Pw 

p  uv 

uw 

uv 

v^  +  p 

vw 

uw 

vw 

-hp 

0 

0 

0 

Txx  Txy 

“^xz 

'^xy  T’yy 

Tyz 

'^xz  '^yz 

Tzz 

=  0 
(5) 


with 


.  1  dui . 


In  the  above,  {x,y,z)  or  (xi,X2,X3)  are  the  Carte¬ 
sian  coordinates  and  (u,  v^w)  or  (ui ,  U2,  U3)  are  the 
velocity  components  in  {x,  y,  z)  directions.  In  case  of 
free  surface  flow  computations,  pressure  p  is  modified 
from  the  original  pressure  p*  as 


A  finite-volume  method  is  adopted  for  spatial 
discretization.  First,  a  computational  domain  is  di¬ 
vided  into  hexahedral  cells.  Flow  variables  (pressure, 
velocity  and  eddy  viscosity)  are  stored  in  the  center 
of  each  cell.  Integration  of  the  governing  equation  (5) 
over  a  cell  yields 


<f  {{E-E^)dS,-i-{F-F^)dSy 

Jdv 

+(G?-G^)dS,)  =  0  (6) 

where  the  divergence  theorem  is  applied  to  the  mo¬ 
mentum  and  the  mass  flux  integration.  V  is  the 
volume  of  a  cell  and  dV  is  its  boundary.  (5^: ,  ,  5^ ) 

are  the  area  vector  components  of  cell  boundaries. 

Control  volumes  should  be  time  dependent 
when  a  grid  is  fitted  to  the  moving  free  surface  bound¬ 
ary.  However,  since  the  present  computations  require 
only  a  steady  state  solution,  all  terms  associated  with 
cell  volume  change  and  grid  movement  velocity  are 
neglected,  although  the  flow  solver  has  capability  to 
cope  with  moving  control  volumes. 

In  the  discretized  form,  Eq.(6)  is  written  as 

^  +  fl(Q)  =  0  (7) 

where 

=  =  ^  (8) 


ijk  is  the  cell  numbering  and  H  and  are  the 
inviscid  and  the  viscous  fluxes  on  cell  interfaces.  The 
sum  is  taken  for  six  interfaces  of  a  cell. 

The  inviscid  flux  H  is  expressed  as 


H  =  SsE  +  SyF  +  S^G  = 


PU 

UU  -f  pSs; 
vU 

wU  +PS2 


(9) 


p  =  p*  +  z/Fn^ 

where  Fn  is  the  Froude  number.  This  modification 
removes  the  hydrostatic  component  from  the  original 
pressure  and  eliminates  the  gravitational  acceleration 
term  from  the  2 -momentum  equation.  Rn  is  the 
Reynolds  number  and  i/t  is  non-dimensional  kine¬ 
matic  eddy  viscosity  determined  from  a  turbulence 
model.  P  is  the  parameter  of  artificial  compressibil¬ 
ity.  Turbulence  models  implemented  are  the  algebraic 
model  by  Baldwin  and  Lomax[9]  and  its  variant[10]. 


where 

U  =  SxU  -f  SyV  -f  SzW  (10) 

is  an  unsealed  contravariant  velocity.  The  flux  H 
is  numerically  evaluated  by  the  third-order  upwind 
scheme  based  on  the  flux  difference  splitting. 

The  viscous  flux  can  be  written  similarly 
as 

JT®  =  S^E'*’  +  Sj,F®  +  5.G®  (11) 

Application  of  the  divergence  theorem  to  a  control 
volume  surrounding  a  cell  interface  gives  velocity 


6.6-4 


gradients  at  a  cell  interface  which  are  required  in  the 
evaluation  of 

The  backward  Euler  scheme  is  used  for  the 
time  integration[8]  in  which  Eq.(7)  is  written  as 

where  the  superscripts  denote  the  time  step.  At  is  the 
time  increment  which  can  be  either  globally  constant 
or  determined  cell  by  cell  with  the  local  CFL  condition 
(local  time  stepping). 

The  approximated  Newton  relaxation 
scheme  is  applied  to  Eq.(12)  to  get  This 

yields 


AQ 


(n+l),m  _ 
ijk 


(^(n+l),m  _  ^(n) 

^ - ^Ja  + 

At 


(13) 


where 

R*  is  an  approximation  to  R  where  the  inviscid  flux  is 
evaluated  using  the  first-order  upwind  scheme  and  la 
is  a  4  X  4  identity  matrix  whose  first  diagonal  element 
is  set  zero  in  order  to  satisfy  the  continuity  condition 
at  each  time  step.  The  superscript  m  denotes  the 
iteration  count  and  The  equation 

above  is  a  linear  equation  for  AQ  and  it  is  solved  by 
the  Symmetric  Gauss-Seidel  (SGS)  iteration  together 
with  a  multigrid  method. 

A  multigrid  method  is  known  as  the  ex¬ 
tremely  efficient  way  to  obtain  fast  convergence.  The 
concept  of  the  multigrid  time  stepping  is  to  compute 
corrections  to  the  solution  on  a  fine  grid  by  the  time¬ 
stepping  on  a  coarser  grid.  The  successively  coarser 
grids  can  be  generated  by  deleting  the  alternate  points 
dong  grid  lines  of  the  finer  grids. 

When  a  firee  surface  flow  is  computed,  free 
surface  boundary  conditions  should  be  imposed.  The 
free  surface  conditions  consist  of  dynamic  and  kine¬ 
matic  conditions.  By  neglecting  surface  tension  and 
tangential  stress  of  air,  the  dynamic  condition  is  sim¬ 
plified  as  follows.  From  the  condition  of  zero  tan¬ 
gential  stress,  the  viscous  flux  on  a  free  surface 
vanishes  and  the  velocity  boundary  condition  on  a 
free  surface  is  given  as  &e  zero  gradient  extrapola¬ 
tion.  The  condition  for  normal  stress  can  be  given  as 
the  Dirichlet  condition  for  pressure  on  a  free  surface: 

p  =  Pair  +  hlFn^  (14) 


where  Pair(=  0)  is  the  atmospheric  pressure  and  h  is 
a  wave  height . 

The  kinematic  condition  is  used  to  update  a 
free  surface  configuration.  This  is  formulated  based 
on  the  mass  conservation  consideration[ll]  as  fol¬ 
lows: 


AC 

At  ~  •  r 


(15) 


where  is  an  area  vector  of  a  cell  interface  on  a 
free  smface  and  is  a  velocity  vector  on  a  free 
surface.  AC  is  a  displacement  of  a  free  surface  along 
a  grid  line  whose  direction  is  given  by  a  unit  vector  r . 

In  order  to  avoid  reflection  of  free  surface 
waves  in  the  outer  boundaries  of  a  computational 
domain,  the  wave  damping  method  is  applied  to  the 
free  surface  kinematic  condition[l  1].  Also,  to  avoid 
singular  behavior  at  the  contact  line  between  a  free 
surface  and  a  solid  body,  the  wave  height  in  the  region 
close  to  a  body  is  extrapolated  from  the  outside. 

The  control  volume  for  Eq.(15)  is  con¬ 
structed  around  a  grid  point  on  a  free  surface.  Spatial 
discretization  is  based  on  a  finite-volume  method 
with  a  third-order  upwind  manner.  Time  integration 
of  Eq.(15)  is  carried  out  in  the  similar  way  as  the  flow 
equations  and  also  the  same  multigrid  strategy  is  used 
for  the  convergence  acceleration. 

Since  the  free  surface  fitted  grid  is  used,  the 
grid  should  be  re-generated  after  the  free  surface  shape 
is  updated  at  each  time  step.  This  is  done  by  using 
a  reference  grid.  A  reference  grid  covers  the  domain 
below  and  above  the  still  water  level.  When  free 
surface  locations  are  obtained  as  a  part  of  solution,  the 
computational  grid  at  the  next  time  step  is  generated 
by  the  cubic  spline  interpolation  in  the  girth  direction 
along  each  grid  line  of  a  reference  grid. 


Sensitivity  Analysis 

Sensitivity  analysis  provides  the  gradients  of 
an  objective  function  and  constraint  with  respect  to 
the  design  variables.  The  gradients,  VF  and  VQ, 
are  called  sensitivity  coefficients. 

The  simplest  way  to  compute  the  sensitiv¬ 
ity  coefficients  is  to  use  the  finite-difference  of  so¬ 
lutions  with  the  slight  perturbation  of  design  vari¬ 
ables.  In  tiiis  case,  a  grid  generation  and  a  flow 
computation  should  be  repeated  as  many  times  as 
the  number  of  design  variables.  This  procedure  is 
not  efficient,  because  CFD  analysis  is  most  time- 
consuming.  The  more  sophisticated  methods  such 
as  the  implicit  gradient  method  or  the  adjoint  vari¬ 
able  method  [12,  13]  offer  better  efficiency  than  the 
finite-difference  method.  The  adjoint  variable  method 
described  below  is  adopted  in  the  present  study. 
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The  sensitivity  coefficients  can  be  analyti¬ 
cally  expressed  as  follows  (though  only  an  objective 
function  F  is  used  in  the  following  discussion,  the 
fluid  dynamic  constraint  can  be  treated  similarly): 


dFiD,Q) 

dD 


(16) 

where  the  subscripts  means  that  the  corresponding 
variables  are  kept  fixed  in  the  partial  differencing  pro¬ 
cess.  {dF/dD)Q  and  {dF/dQ)D  can  be  computed 
easily  by  a  finite-difference  method.  On  the  other 
hand,  {dQ/dD],  the  change  of  flow  field  due  to  the 
change  of  a  body  shape,  is  determined  implicitly  by 
the  Navier-Stokes  equations  and  is  difficult  to  eval¬ 
uate.  In  that  sense,  the  Navier-Stokes  equations  can 
be  viewed  as  the  additional  implicit  constraint  of  the 
optimization,  because  at  every  design  stage  the  flow 
field  around  the  current  body  shape  should  be  the 
solution  of  the  Navier-Stokes  equations. 

The  discrete  steady  state  Navier-Stokes  equa¬ 
tions  can  be  written  as 


i^(Q,Z))  =  0  (17) 

where  R  is  the  function  of  D  since  D  determines  a 
body  shape  and  hence  a  computational  grid. 

The  fact  that  the  Navier-Stokes  equations 
should  be  satisfied  at  every  design  stage  yields  that 
the  partial  differencing  of  Eq.(17)  with  respect  to  D 
is  always  zero,  i.e.: 


(18) 


that  is. 


The  following  equation  is  obtained  by  substituting 
Eq.(19)  into  (16), 


(20) 


Let  the  adjoint  variable  A  satisfy  the  following  relation 


then  the  sensitivity  coefficients  are  evaluated  as 


To  obtain  A  the  following  equation  should 
be  solved: 


where  {dR/ dQ}'^  and  {dF/dQ)D  are  evaluated 
using  a  finite-difference  method.  The  advantage  of  the 
adjoint  variable  method  is  that  Eq.(23)  is  independent 
of  the  design  variables  D.  Thus  Eq.(23)  must  be 
solved  only  once,  regardless  of  the  number  of  the 
design  variables.  The  gradient  for  all  the  design 
variables  can  be  computed  from  Eq.(22). 

The  number  of  unknowns  A  is  identical  to 
that  of  the  flow  field  Q  and  the  {dR/dQY  is  the 
transpose  of  the  Jacobian  matrix  appears  in  the  implicit 
solution  method  for  the  Navier-Stokes  equations  (see 
Eq.(13)).  Thus  the  size  of  adjoint  equation  system 
is  the  same  as  the  Navier-Stokes  equation  system 
except  that  the  adjoint  equation  is  a  linear  equation 
system.  Since  the  direct  inversion  of  Eq.(23)  is  too 
expensive  for  both  the  storage  size  and  the  CPU  time 
requirement,  an  iterative  method  described  below  is 
used. 

First,  Eq.(23)  is  written  in  incremental  form 
as 


A("»+0  =  A^"'^  -f  AA^”") 


(24) 

(25) 


where  the  superscript  m  denotes  the  iteration  count. 
To  enhance  diagonal  dominance  of  the  left-hand-side, 
the  Jacobian  {BR/dQ]  is  evaluated  using  the  first 
order  upwind  scheme  for  the  inviscid  terms  (expressed 
as  {BR'' /BQ})  and  the  pseudo-time  derivative  is 
added: 


Eq.(26)  is  solved  by  the  Symmetric  Gauss-Seidel 
method  together  with  a  multigrid  acceleration. 

Note  that  when  a  free  surface  effect  is  taken 
into  account,  an  objective  function  is  dependent  on  a 
wave  height  in  addition  to  Q  and  D,  Since  a  wave 
height  is  a  part  of  flow  variables  and  at  the  same 
time  is  a  part  of  a  grid,  this  dependence  makes  the 
adjoint  variable  formulation  above  more  complicated. 
However,  this  effect  is  not  included  in  the  present 
implementation. 

Nonlinear  Optimizer 
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The  SQP  (Sequential  Quadratic  Program¬ 
ming)  method  is  a  general  method  for  solving  nonlin¬ 
ear  optimization  problems  with  constraint.  Suppose 
that  an  optimization  problem  is  written  as 

Minimize  F  [D] 

Subject  to  Ci[D]  =0,  i  =  I,  Me 

Ci[D]>0,  i  =  M£+l,M 

where  F  is  an  objective  function  and  Ci  =  0  and  C'i  > 

0  are  constraint  When  the  current  design  point  ^ 
is  given,  the  next  design  point  is  determined  as 

follows.  First,  the  following  quadratic  programming 
problem  is  solved  to  obtain  the  modification  d: 

Minimize  VF[D^^^f’d  -h  B^^^d 
Subject  to  Ci  [£>(*=)]  +  VCi  =  0, 

Z  —  1  I^E 

Ci[D^^^]  +  VCi[D^'‘Yd>Q, 
i  zn  Me  "1“  1 )  M 

In  the  above,  an  objective  function  F  is 
approximated  as  the  quadratic  function  of  and 
the  constraint  are  approximated  as  the  linear  functions 
of  .  B  is  approximation  to  the  Hessian  matrix 
of  the  Lagrangian  function  L[D,u]: 

(M 
F[D]-J2'^iCi[D] 
i=l 

where  «  =  (ui,U2,  •  •  Y  are  the  Lagrange  multipli- 
ers. 

The  next  design  point  is  obtained 

by  the  line  search  along  the  vector  d.  Step  size  t  is 
determined  in  such  a  way  that  the  penalty  function 
with  r  being  a  penalty  parameter 

(Mb  M  .  \ 

'^\Ci[D]\+  |niin(0,C'.[D])l] 

1=1  t=M£;  +  l  / 

becomes  smaller  than  a  certain  value.  Finally,  the 
next  design  point  is  computed  by 

and  the  iteration  continues  until  the  convergence  cri¬ 
teria  are  satisfied. 

APPLICATIONS 

Optimization  of  a  Tanker  Hull 

The  first  application  is  for  optimization  of  a 
tanker  hull  form  with  respect  to  the  minimum  viscous 
resistance.  A  free  surface  effect  is  neglected  in  this 
case  and  a  water  plane  is  treated  as  a  symmetric  plane. 


Table  1:  Principal  particulars. 

Length  between  perpendiculars  320m 
Breadth  58m 

Draft  19.3m 

Cb _  0.802 


The  initial  ship  hull  is  a  practical  VLCC  with  bow 
and  stem  bulbs.  The  principal  particulars  of  a  ship  is 
shown  in  Table  1. 

Shape  modification  methods 

Only  the  aft  part  of  ahull  is  optimized  and  the 
fore  part  is  kept  fixed.  Two  kinds  of  weight  functions 
are  used  for  a  shape  modification.  First  one  (denoted 
as  CASE-A  here^ter)  is  expressed  as  follows. 

Four  basis  functions  in  x-direction  Bi{i  = 
1,4)  are  defined  as 


if  X  <  ai 
if  X  >  Uj 


(27) 


where  is  the  location  at  which  modification  starts. 
^  is  defined  as 


and  X  is  a  normalized  distance  defined  as 


X  —  Uj 

X  =:  - 

iCMAX  — 

xmax  is  the  x  coordinate  of  the  aft-end  of  a  hull.  Cj  is 
a  weighting  factor  corresponding  to  a  peak  value  and 
hi  is  a  paramter  to  specify  a  location  of  a  peak.  Bi  (x) 
is  designed  in  such  a  way  that 


dBijai)  ^  d^Bijai)  _  ^ 
dx  dx'^ 


and  this  guarantees  the  smooth  transition  from  the 
unmodified  zone.  Three  parameters  ai,bij  Ci  are  used 
for  each  function  Fj  (x)  as  shown  in  Fig.  1 . 

For  a  given  x,  the  four  values,  J3i  (x)  through 
B4(x),  are  computed.  To  obtain  the  weight  function 
w{x,  z)  the  cubic  spline  interpolation  in  z-direction 
is  used  (see  Fig.2).  Assume  that  5(^)  is  the  spline 
function  where  z  is  a  normalized  z  coordinate  and 
2  =  0  corresponds  to  a  bottom  and  z  =  1  to  a  water 
plane.  The  four  control  points  are  set  as 


z-\-- 


i- 1 


i=l,4 
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Bi(x) 


Figure  1:  Parameters  for  basis  function  in  x  direction 
(CASE-A). 


Figure  2:  Weight  function  for  hull  form  modification. 


Bi(x) 


Figure  3:  Parameters  for  basis  function  in  x  direction 
(CASE-B). 


where  x  is  the  same  as  before 

X  —  ai 

X  ~  - 

a?  MAX  — 

and  this  function  also  garanteed  the  smooth  transition 
from  the  unmodified  zone  as  well  as  CASE-A.  As 
shown  in  Fig.3,  this  basis  function  can  have  the  non¬ 
zero  value  di  at  the  aft-end,  i.e.,  x  =  a: max-  The 
cubic  spline  interpolation  in  z  direction  is  also  used. 
Again,  S{z)  is  assumed  to  be  the  spline  function.  The 
control  points  are 

5(2,)  =  B,(x),z  + i=l,4 

and  one  more  point  as  below  is  added: 

5(0.9)  =  B^{x) 

The  boundary  conditions  are 

a^5(0)  _  dS{i) 
dz^  ~  dz 

By  this  definition  of  the  spline  function,  frame  lines 
of  a  modified  hull  are  enforced  to  be  parallel  to  the 
original  frame  lines  in  the  region  close  to  a  water 
plane.  The  number  of  design  variables  increases  to 
16  (a,-,  bi,  Cj,  di,  i  =  1,4). 

Constraint 

An  optimization  problem  is  formulated  to 
minimize  the  viscous  resistance  of  a  ship  under  the 
constraint  below. 


and  the  boundary  conditions  are 

'  g^s(o)  d^sji) 

dz^  ~d^~ 

From  these,  the  cubic  spline  function  can  be  deter¬ 
mined.  Total  number  of  design  variables  in  this  case 
is  12(0,-,  bi,  a,  i  =  1,4). 

The  other  shape  modification  (CASE-B)  also 
uses  four  basis  function  in  x-direction  defines  as 


1.  The  displacement  does  not  decrease  from  the 
initial  value. 

2.  Minimum  width  is  given  for  certain  locations  in 
the  Square  Station  7/8.  This  constraint  comes 
from  a  practical  requirement  for  the  engine  ar¬ 
rangement. 

3.  Appropriate  limits  are  imposed  for  each  design 
variable. 


B.(x) = 

f  1 


if  3:  <  a,- 


if  a:  >  a,‘ 
andx  <  bi 


dj  Cj 

(T^ 


(x  -  bif  + 


ifx  >  Gi 
andx  >  hi 

(28) 


Computational  conditions 

The  computational  grid  consists  of  45  x 
25  X  23  points  in  longitudinal,  girth  and  outward 
directions,  respectively.  This  is  the  minimum  sized 
grid  for  computing  viscous  resistance.  Reynolds 
number  is  set  to  1.9  x  10^  which  corresponds  to 
a  model  scale.  Flow  is  assumed  to  be  turbulent 
and  modified  Baldwin-Lomax  turbulence  model[10] 
is  used. 
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Figure  4:  Optimization  history. 
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Figure  5:  Resistance  components. 


Results 


History  of  the  objective  function  value  (vis¬ 
cous  resistance)  in  the  optimization  process  is  shown 
in  Fig.4.  In  CASE-A,  the  viscous  resistance  decreases 
about  5%  of  the  original  value  with  22  iterations, 
whereas  in  CASE-B  about  6%  reduction  is  achieved 
with  19  iterations.  Fig.5  shows  the  computed  resis¬ 
tance  coefficients  nondimensionalized  with  O.SpU^L^ 
where  p  is  a  density  of  water  and  U  and  L  are  speed 
and  a  length  of  a  ship.  Also  shown  are  the  results 
computed  with  the  fine  grids  of 91  x  25  x  45  after  the 
optimal  shape  is  obtained.  In  both  CASES- A  and  B, 
the  frictional  resistance  increases  slightly  (as  much  as 
1%  of  the  original  frictional  resistance),  while  pres¬ 
sure  components  decrease  significantly  and  achieve 
the  total  resistance  reduction.  The  results  with  the 
fine  grids  show  the  same  tendency  as  those  with  the 
coarse  grids, 

Fig.6  shows  the  comparison  of  the  aft  part 
of  body  plans.  In  CASE-A,  the  frame  lines  of  the 
modified  hull  (dotted  lines)  become  V-shaped  while 
the  original  hull  (solid  lines)  has  the  U-shaped  frame 
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Figure  6:  Comparison  of  body  plans  (Top:  Original 
(solid  lines)  and  CASE-A  (dotted  lines).  Bottom: 
Original  (solid  lines)  and  CASE-B  (dotted  lines)). 


Figure  7:  Framelines  and  constraint  at  S.S.7/8. 


lines.  The  CASE-B  has  the  same  tendency  but  the 
deformation  is  larger  than  the  CASE-A.  Further  dif¬ 
ferences  of  modification  can  be  seen  in  the  inclination 
of  the  frame  lines  at  a  water  plane.  The  frame  lines 
of  CASE-B  have  tendency  to  go  into  a  water  plane 
parallel  to  the  original  frame  lines.  Also,  the  hull 
modification  near  the  aft-end  is  very  small  in  CASE- 
A,  because  a  weight  function  w{x,  z)  tends  to  be  zero 
at  the  aft-end.  It  is  seen  that  shape  modification  meth¬ 
ods  affects  the  final  hull  form  and  hence  the  amount 
of  resistance  reduction. 

In  Fig.7  the  frame  lines  at  the  Square  Station 
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Original 
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Figure  8:  Hull  surface  pressure  distributions.  Contour 
interval:ACp  =  0.04  (Top: Original,  Middle:CASE- 
A,  Bottom:CASE-B). 


Original 


Figure  9:  Surface  pressure  distributions  of  aft 
part.  Contour  interval  rACp  =  0.04  (ToprOriginal, 
Middle:CASE-A,  Bottom:  CASE-B). 


CASE-A 


CASE-B 


Figure  10:  Limiting  streamlines  and  surface 
pressure  contours  (Top: Original,  Middle: CASE-A, 
Bottom:  CASE-B). 


7/8  are  plotted  together  with  the  minimum  width  given 
as  constraint.  The  frame  lines  of  the  modified  hulls 
again  change  their  shape  from  U-type  to  V-type.  The 
constraint  effectively  limits  the  decrease  of  width  in 
the  lower  region. 

Hereafter  the  flow  data  computed  with  the 
fine  grids  (91  x  25  x  45 )  are  examined.  Hull  surface 
pressure  distributions  are  compared  in  Fig.8.  Views 
from  behind  the  ship  are  also  shown  in  Fig.9.  The 
fore  part  of  each  hull  are  identical  and  therefore  the 
pressure  patterns  does  not  show  any  differences.  The 
pressure  patterns  differ  most  significantly  at  the  low 
pressure  zone  at  the  bilge  of  the  stem  region.  In  both 
CASES- A  and  B,  the  lowest  pressure  points  move 
forward  and  the  amplitude  of  pressure  peaks  becomes 
small  compared  with  the  original  hull. 

The  limiting  streamlines  of  the  three  hulls  are 
compared  in  Fig.  10.  The  separation  areas  of  modified 
hulls  slightly  decrease  from  that  of  the  original  hull 
which  is  consistent  with  the  fact  that  the  frictional 
resistance  of  the  modified  hulls  increases  about  1% 
from  the  original  hull. 

The  longitudinal  distributions  of  frictional 
and  pressure  components  of  resistance  are  shown  in 
Fig.ll.  Difference  of  frictional  resistance  cannot  be 
seen  in  these  plots.  The  pressure  resistance  com¬ 
ponents  of  modified  hulls  decrease  around  x  =  0.3 
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Original 
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Figure  11:  Longitudinal  distributions  of  fric¬ 
tional  and  pressure  resistance  components. 
Top:(Original(solid  lines)  and  CASE-A  (dotted  lines), 
Bottom: (Original(solid  lines)  and  CASE-B  (dotted 
lines). 


which  corresponds  to  the  location  of  the  low  pressure 
peak  in  the  stem  bilge.  The  amount  of  decrease  is 
larger  in  CASE-B  than  in  CASE-A. 

Velocity  distributions  at  the  AP  (a:  =  0.5) 
plane  are  shown  in  Fig.  12.  The  longitudinal  vortex 
and  the  'hook*  shape  of  the  original  hull  can  be 
observed  since  the  tubulence  model  used[10]  is  tuned 
up  for  the  use  with  this  kind  of  ships.  The  longitudinal 
vortices  of  modified  hulls  are  weaker  than  those  of  the 
original  hull  due  to  the  fact  that  the  frame  lines  are 
modified  from  U-shaped  to  V-shaped.  In  the  present 
optimization,  wake  pattern  associated  with  propulsive 
effciency  is  not  taken  into  account  as  constraint.  From 
the  practical  point  of  view,  optimization  of  propulsive 
performance  is  more  interesting.  The  Navier-Stokes 
analysis  with  propeller  effects  should  be  linked  to  an 
optimization  system  for  this  purpose. 

Optimization  of  Series  60  (C7b  =  0.6)  Hull 

For  the  second  example,  a  well  known  hull 
shape.  Series  60  (Cb  =  0.6)  is  selected  as  an  initial 
body  shape.  The  objective  function  in  this  case  is  total 
resistance  including  both  wave-making  resistance  and 
viscous  resistance.  Therefore,  a  free  surface  effect  is 
taken  into  account  in  the  Navier-Stokes  analysis. 

Shape  modification  method 


CASE-B 


Figure  12:  Wake  contours  and  cross  flow  vec¬ 
tors  at  AP  plane  (Top:Original,  Middle: CASE-A, 
BottomrCASE-B). 


Since  wave-making  resistance  is  taken  into 
account  and  the  original  Series  60  hull  does  not  have 
a  bow  bulb,  it  is  desirable  that  a  bow  profile  can  be 
modified  in  an  optimization  process  in  addition  to 
frame  lines. 

The  weight  function  for  a  bow  profile  modi¬ 
fication  Wp{z)  in  Eq.(3)  is  defined  in  a  similar  way  as 
a  basis  function  for  CASE-B  above: 


ti;p(2r)  = 

f  1 


if  z  >  Op 


< 


1  -h  Cp  sin 


if  z  <  Up 
and  5  <  hp 


(i-M' 


*(z*-6p)  -f  Cp 


if  z  <  Op 
and  5  >  hp 

(29) 
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where  z  is  the  normalized  z  coordinate 
z 

z  = - 

2:b0TT0M 

-^BOTTOM  is  the  z  coordinate  at  the  bottom,  z  =  0  at 
the  still  water  plane  and  1  at  the  ship  bottom. 

For  the  modification  of  frame  lines,  the  basis 
function  in  x  direction  is  extended  to  handle  shape 
modification  both  in  fore  and  aft  bodies.  The  new 
basis  function  is  written  as 


Bi(x) 


fi  fli  bi 


Figure  13:  Parameters  for  basis  function  in  x  direc¬ 
tion. 


if  X  <ei 

and  Xi  >  fi 

if  X  <  a 
and  xi  <  fi 

if  €{<  X  <  Qi 
if  X>  Qi 

and  X2  <  bi 

if  X  >  Gi 

and  X2  >  bi 

(30) 


where  the  parameters  from  a,-  to  di  are  for  the  mod¬ 
ification  of  the  aft  part  and  they  are  the  same  as  the 
CASE-B  above.  The  parameters  from  e*  to  hi  are 
used  for  the  modification  of  the  fore  part  in  the  same 
way  as  the  aft  part,  e,-  is  the  location  where  the  fore 
modification  starts  and  is  the  peak  location,  gi  and 
hi  are  the  peak  value  and  the  value  at  the  fore-end, 
respectively.  The  normalized  distances  x\  and  X2  are 
defined  as 

X  —  a 

xi  = - 

a^MiN  —  e,- 

X  —  a,- 

X2  =  - 

^MAX  ~ 

xmin  and  Xmax  are  the  x  coordinates  of  the  fore-end 
and  the  aft-end  of  a  hull.  The  parameters  of  the  basis 
function  are  shown  in  Fig.  13. 

Interpolation  in  z-direction  is  similar  to  the 
CASE-B  in  the  previous  optimization.  In  case  of  free 
surface  flows,  a  hull  modification  has  to  be  extended 
to  the  region  above  the  still  water  plane.  This  is 
accomplished  by  assuming  that  the  weight  function 
above  the  still  water  plane  has  the  same  value  as  that 
at  the  still  water  plane. 

The  total  number  of  design  variables  are  36 
{dp ,  bp^  Cpy  dp  and  Oj ,  6,* ,  c,* ,  di ,  e,- ,  /,• ,  gi ,  hi,  z  = 
1,4). 


Constraint 

Constraint  considered  in  this  case  is  as  fol¬ 
lows: 

1.  The  displacement  does  not  decrease  from  the 
initial  value. 

2.  The  maximum  width  does  not  exceed  the  initial 
value. 

3.  The  length  of  bow  bulb  is  less  than  5%  of  Lpp. 

4.  Appropriate  limits  are  imposed  for  each  design 
variables. 

Computational  conditions 

The  grid  used  for  optimization  procedure  is 
53  X  25  X  29.  Froude  and  Reynolds  numbers  are  0.3 16 
and  4  X  10^.  The  original  Baldwin-Lomax  turbulence 
model  is  used. 

Results 

The  optimization  procedure  stopped  after 
two  iterations  and  the  objective  function,  total  re¬ 
sistance,  reduced  about  3.5%.  It  appeared  that  the 
optimizer  could  not  find  the  proper  search  direction  at 
the  second  iteration.  One  possible  reason  for  this  is 
that  the  sensitivity  coefficients  of  an  objective  function 
may  not  be  computed  appropriately  because,  as  stated 
earlier,  in  the  adjoint  equation  formulation  for  free 
surface  flows,  the  dependence  of  an  objective  func¬ 
tion  on  wave  height  is  ignored.  Further  investigation 
is  required  to  estimate  the  effect  of  this  simplification. 

Despite  of  convergence  problem,  the  final 
hull  is  still  improved  from  the  original  hull  with 
respect  to  total  resistance  and  it  is  worthwhile  to 
examine  the  result.  The  computations  with  the  finer 
grid  of  105  X  25  X  57  were  also  carried  out  for  both 
the  original  and  modified  hulls  after  the  optimization 
run.  The  resistance  components  nondimensionalized 
by  0.5pU^L^  are  compared  in  Fig.  14.  In  the  coarse 
grid  case,  the  frictional  resistance  of  a  modified  hull 
increases  about  1  %  of  the  original  total  resistance  but 
the  pressure  resistance  reduces  about  4.5  %  and  hence 
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Figure  14:  Resistance  components. 
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Figure  16:  Body  plans:  Series  60  (solid  lines)  and  a 
modified  hull(dotted  lines). 


Figure  15:  Bow  profiles:  Series  60  (solid  lines)  and  a 
modified  hull(dotted  lines). 


Original 
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Figure  17:  Hull  surface  pressure  distributions.  Con¬ 
tour  interval:ACp  =  0.04  (Top:Original  (Series  60), 
Bottom:Modified). 


total  resistance  decreases  about  3.5%.  The  fine  grid 
case  shows  the  same  tendency  and  the  reduction  of 
total  resistance  is  about  4%. 

ThebowprofilesareshowninFig.l5.  Abow 
bulb  is  generated  for  a  modified  hull  and  its  length 
is  limited  by  constraint.  It  is  expected  that  a  more 
practical  bulb  profile  can  be  obtained  if  the  profile 
modification  function  Wp{z)  is  carefully  designed. 

The  body  plans  of  original  and  modified 
hulls  are  shown  in  Fig.  16.  The  frame  lines  of  the 
fore  part  become  U-shaped  for  the  modified  hull,  this 
effectively  makes  a  water  plane  narrower  and  moves 
the  volume  of  upper  region  to  lower  region.  The 
frame  lines  of  the  aft  part  shows  that  the  modified  hull 
becomes  wider  than  the  original  hull  to  compensate  a 
displacement  loss  at  the  bow. 

Hereafter  the  results  computed  using  the  fine 
grids  (105  x  25  x  57)  are  shown.  The  hull  surface 
pressure  distributions  are  compared  in  Fig.  17.  The 
steep  pressure  gradient  at  bow  of  the  original  hull 
becomes  mild  due  to  a  bow  bulb  of  the  modified  hull 
and  the  low  pressure  zone  near  the  midship  increases 
for  the  modified  hull.  On  the  other  hand,  the  pressure 


distributions  near  the  aft-end  do  not  show  significant 
difference. 

The  wave  profiles  along  the  ship  hull  are 
compared  in  Fig.  18.  Also  plotted  is  the  measured 
data  for  the  Series  60  hull[14].  The  computed  profile 
of  the  original  hull  is  in  good  agreement  with  the 
measured  one.  The  modified  hull  generates  a  smaller 
bow  wave  and  a  slightly  larger  fore  shoulder  wave 
beginning  at  a;  =  0.2.  The  amplitude  of  stem  waves 
is  almost  the  same  for  both  hulls.  These  wave-making 
properties  are  consistent  with  the  surface  pressure 
distributions  in  Fig.  17 

The  wave  contours  are  shown  in  Fig.l9.  The 
difference  of  wave  fields  generated  by  both  hulls  are 
clearly  observed.  The  modified  hull  generates  waves 
of  lower  amplitude. 

CONCLUSIONS 

A  hydrodynamic  shape  optimization  system 
has  been  developed.  The  system  is  based  on  the 
nonlinear  optimizer,  SQP  (Sequential  Quadratic  Pro¬ 
gramming),  the  Navier-Stokes  solver,  and  the  adjoint 
variable  method  for  sensitivity  analysis.  Shape  modi- 
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waves. 


Figure  18:  Wave  profiles  along  the  ship  hull. 


Figure  19:  Wave  contours.  Contour  interval:A/i  = 
0.002  (Top:Original  (Series  60),  Bottom: Modified). 

fication  is  carried  out  using  the  weight  function  mul¬ 
tiplied  to  the  breadth  or  the  bow  profile  coordinates  of 
an  original  hull. 

The  system  is  applied  to  two  optimization 
problems.  The  first  one  is  for  a  tanker  hull  with  the 
minimum  viscous  resistance.  A  free  surface  effect 
is  not  taken  into  account  in  this  case.  Two  types  of 
weight  functions  are  used  for  a  shape  modification  of 
an  aft  body.  The  results  show  both  methods  can  reduce 
the  viscous  resistance  about  5  to  6  %  by  deforming 
the  frame  lines  from  U-shaped  to  V-shaped. 

The  second  problem  is  the  minimization  of 
total  resistance  including  wave-making  resistance. 
The  Series  60  (Cb  =  0.6)  hull  is  selected  as  an  initial 
shape.  Design  variables  are  set  to  enable  modification 
of  both  a  bow  profile  and  frame  lines.  Although  there 
seems  to  be  a  problem  of  convergence,  total  resis¬ 
tance  can  be  reduced  about  3.5%  in  two  iterations. 
The  modified  hull  is  equipped  with  a  bow  bulb  which 
is  missing  in  the  original  hull  and  this  contributes  the 
reduction  of  pressure  resistance  by  suppressing  bow 


CPU  time  used  for  the  execution  of  CASE-B 
of  the  tanker  hull  optimization  is  about  51  hours  using 
a  single  processor  of  DEC  Alpha  (500MHz).  This 
run  consists  of  140  Navier-Stokes  computations  and 
39  sensitivity  analyses. 

Further  investigations  on  shape  modification 
methods  and  the  combination  with  more  complicated 
flow  models  such  as  self-propulsion  or  seakeeping 
analyses  will  enable  the  system  to  be  applicable  to 
practical  ship  hull  designs. 
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ABSTRACT 

Two  numerical-analytic  methods  for  calculation  of  low-disturbed  flow  around  two-dimensional  superca- 
vitating  and  ventilated  hydrofoil  at  harmonic  time  dependence  are  considered.  An  approximate  approach 
to  calculation  of  time  dependence  of  a  cavity  length  is  described.  An  effect  of  the  variable  cavity  length 
on  unsteady  hydrodynamic  characteristics  of  hydrofoil  is  analyzed.  The  influence  of  free  surfaces  on 
stability  of  two-dimensional  ventilated  cavity  is  investigated. 


NOMENCLATURE  INTRODUCTION 


h  Chord  length  (m) 

CmyCy  Moment  and  lift  coefficients  (-) 

Eu  Euler  number  (-) 

g  Gravity  acceleration 

h  Mean  immersion  depth  (-) 

i,  j  Imaginary  units  (-) 

k  Reduced  frequency  (-) 

I  Cavity  length  (-) 

p'  Local  disturbed  pressure  (Pa) 

Pc  Cavity  pressure  (Pa) 

Poo  Pressure  at  infinity  (Pa) 

q  ^  Source  intensity  (-) 

Q  Cavity  volume  (-) 

i  Time  (-) 

Vy  Disturbed  velocity  (-) 

Vqo  Free-stream  velocity  (m/s) 

2:  Complex  coordinate  (-) 

a  Angle  of  attack  (-) 

P  Similarity  parameter  (-) 

7  Vortex  intensity  (-) 

e  Small  parameter  (-) 

6  Acceleration  potential  (-) 

K  Oscillation  amplitude  (-) 

A  Real  part  of  fi  (-) 

Aty  Wave  length  (m) 

fjL  Exponential  power  (') 

p  Liquid  density  (kg/m^) 

<T  Cavitation  number  (-) 

$  Complex  acceleration  potencial  (-) 

oj  Circular  frequency  (1/s) 


Hydrofoils  of  high-speed  ships  usually  are  slen¬ 
der  and  low-curved.  The  linear  theory  is  success¬ 
fully  applied  to  calculate  them.  The  cavitation 
arises  on  the  hydrofoils  at  high  speed  of  motion. 
While  the  velocity  increases  the  following  cavi¬ 
tation  types  sequentially  are  replaced:  bubble, 
sheet,  partial  and  super-cavitaion. 

Now  an  attention  of  investigators  is  concentrated 
mainly  on  study  of  initial  stages  of  cavitation 
which  are  accompanied  with  noise  and  erosion. 
Sheet  and  partial  cavitation  on  hydrofoils  and 
propeller  blades  are  also  of  great  interest  (see 
Proceedings  of  Third  International  Symposium 
on  Cavitation,  Grenoble,  France,  April  1998). 
Such  flows  may  be  named  ’’naturally”  unsteady 
ones.  For  numerical  modeling  of  such  flows 
mainly  direct  methods  are  used. 

Supercavitation  flow  around  the  hydrofoils  is  de¬ 
veloped  at  the  very  high  velocity  of  motion.  It  is 
usually  close  to  the  stationary  regime.  Founda¬ 
tions  of  the  linear  theory  of  the  supercavitating 
hydrofoils  have  been  developed  in  the  classical 
work  [1].  A  lot  of  partial  results  and  practical 
calculations  have  been  obtained  on  its  basis  in 
70s  (e.g.  see  monographs  [2~6]). 

The  ventilated  cavities  past  the  hydrofoil  may  be 
formed  both  in  natural  way  -  by  suction  of  atmo¬ 
spheric  air  and  artificially  -  by  blowing  air  into 
the  cavity. 

At  stationary  flow  a  shape  and  dimensions  of  nat- 
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Ural  (vapor)  and  ventilated  cavities  are  practi¬ 
cally  identical  providing  that  cavitation  number 


(!) 

is  the  same  and  buoyancy  force  is  neglected.  In 
this  case  the  cavitation  number  cr  is  a  key  simi¬ 
larity  parameter  of  the  flow. 

Besides  c  the  second  similarity  parameter  takes 
an  important  role  at  unsteady  flow 


cr  ' 


(2) 


where  Eu  =  2poo/^V^c«  the  Euler  number.  It  is 
obvious  that  always  /?  >  1,  value  ^  =  1  corre¬ 
sponds  to  the  natural  supercavitation.  Influence 
of  gas  elasticity  in  the  cavity  increases  when  the 
parameter  P  grows.  Similarity  parameter  ^  is  a 
key  parameter  at  investigation  of  instability  and 
dynamical  behavior  of  gas-filled  cavities  [7~10]. 
In  this  paper  forced  non-stationarity  of  the  su- 
percavitating  flow  around  the  hydrofoil  is  consid¬ 
ered.  It  may  be  caused  by  the  several  causes: 

—  hydroelastic  instability  and  the  hydrofoil  flut¬ 
ter  [11],  vehicle  oscillations  at  sea-way; 

—  nonhomogeneity  of  mainstream  at  the  hydro¬ 
foil  motion  under  the  wave  surface  [2,  12]; 

—  instability  and  self-induced  oscillations  of  a 
ventilated  cavity  itself  [7-10]. 

Two  calculation  methods  of  the  low-disturbed 
unsteady  flow  past  two-dimensional  supercavitat- 
ing  hydrofoils  in  the  case  of  harmonic  time  de¬ 
pendence  are  considered.  A  key  point  of  our  ap¬ 
proach  is  that  the  cavity  pressure  pc  is  considered 
dependent  of  time.  Such  a  dependence  of  pres¬ 
sure  on  time  is  natural  for  unsteady  ventilated 
(gas-fllled)  cavities. 

The  variable  cavity  length  l{t)  is  determined 
in  sequential  moments  by  numerical  solving  the 
equation  of  balance  of  gas  mass  in  the  cavity  (in 
the  case  of  natural  supercavities  -  by  condition  of 
the  cavity  pressure  to  be  constant).  For  each  iter¬ 
ation,  the  unsteady  part  of  solution  is  calculated 
at  /  =  const. 


1.  FORMULATION  OF  PROBLEM 

We  consider  a  supercavitating  and  ventilated 
two-dimensional  hydrofoil  with  chord  h  moving 
horizontally  with  velocity  V^o  at  distance  h  from 
the  middle  level  of  the  free  water  surface  (Fig. 
1).  Liquid  is  considered  to  be  ideal,  incompress¬ 
ible  and  weightless. 


y 


Fig.  1.  Supercavitating  hydrofoil  under  a  waved 
surface 


The  two-dimensional  hydrofoil  y  =  f[x,t)  is  con¬ 
sidered  to  be  slender  and  low-curved  (a  plate), 
the  cavitation  number  is  small: 


II /(x,<)  ||~  0(e),  <r(t)~0(e). 


Hence,  the  problem  may  be  linearized. 

Let  the  sea-way  influence  develops  nonhomogene¬ 
ity  in  the  mainstream  stipulated  by  orbital  mo¬ 
tion  of  liquid  particles  in  a  wave.  As  follows  from 
the  linear  theory  of  surface  waves,  in  this  case 
the  following  distribution  of  the  vertical  velocity 
is  induced  on  the  two-dimensional  hydrofoil: 


Vy{x,t)  -  -a^ 


(3) 

where  Au,  is  the  wave  length;  a  is  the  wave  half¬ 
height  (a  «  A„);  c  =  y/gX^/2iT  is  the  wave 
velocity;  =  2fl-(Voo  ±  c)/A„  is  the  seeming 
frequency  of  the  hydrofoil  meeting  with  the  wave. 
For  high-speed  ships  with  hydrofoils  usually  b  < 
Ay;  and  Voo  >  c,  hence  the  reduced  frequency  of 
the  hydrofoil  meeting  a  wave  is  equal 


k  = 


(4) 


Then  formula  (3)  for  dimensionless  variables  gets 
the  form 


t;y(x,t)  =  -‘K{k)  cos  k{i  -  x),  (5) 


Thus,  the  problem  of  motion  of  the  hydrofoil  un¬ 
der  conditions  of  regular  sea-way  at  14o  ^  c  is 
deduced  to  the  problem  on  uniform  flow  having 
a  harmonic  burst  of  the  vertical  velocity  around 
the  two-dimensional  hydrofoil. 

Measurements  [2]  show  that  at  motion  in  wave 
flow  the  pressure  in  the  artificial  cavity  is  puls¬ 
ing  with  dimensionless  frequency  k  and  changing 
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synchro  along  the  cavity  length.  Hence,  the  cav¬ 
itation  number  may  be  written  in  the  form  of  a 
sum  of  the  mean  and  disturbed  components 

<7’(i)  =  o-m+R.e{o-*e’**},  0.  (6) 

We  introduce  a  harmonic  function  -  the  potential 
of  disturbed  accelerations: 

A9{x,y,t)=^0, 

where  p'  is  unsteady  perturbation  of  the  pressure. 
Below  all  the  values  marked  by  sign  are  con¬ 
sidered  to  be  complex  with  respect  to  j  (complex 
amplitudes): 

e*  =61+  j02 ,  (7*  -(ri+  j(T2  etc. 

The  real  parts  of  results  have  meaning. 

On  the  flow  boundaries  the  following  conditions 
for  the  complex  amplitude  must  be  fulfilled: 

By  -  {^k  -f-  Vy  (x)  on  the  foil,  (8) 

z=  (t*/2  on  the  cavity,  (9) 

=  0  on  the  free  surface,  (10) 

Here,  Vy[x,i)  =  -a -f  Re{vJ(x)  exp(jAri)}  is  the 
given  normal  velocity  on  the  two-dimensional  hy¬ 
drofoil;  CL 0{e)  is  angle  of  attack. 

In  addition,  the  kinematic  condition  for  disturbed 
velocity  must  be  fulfilled  on  the  two-dimensional 
hydrofoil: 


»-  X 

J  9;{s)eP’‘^’-^Us=v;ix).  (11) 

—  CO 

To  solve  the  boundary  value  problem  (8)-(10) 
it  is  possible  to  apply  two  different  numerical- 
analytical  methods: 

1)  method  of  integral  equations  (IE  method, 
named  also  as  method  of  singularities)  [3,  13]; 

2)  method  of  boundary  value  problem  for  analytic 
function  (BVP  method)  [5,  12]. 

In  each  case,  the  most  suitable  scheme  of  cavita¬ 
tion  flow  around  the  hydrofoil  is  chosen. 

2.  METHOD  OF  INTEGRAL  EQUA¬ 
TIONS 

Boundary  conditions  (8)-(10)  show  that  the  ac¬ 
celeration  potential  experiences  a  discontinuity 


at  passage  through  the  two-dimensional  hydro¬ 
foil  projection  onto  axis  Ox,  and  its  normal 
derivative  experiences  a  discontinuity  at  passage 
through  the  cavity  projection  onto  the  same  axis. 
It  is  known  [14]  that  simple  or  double  layers  dis¬ 
tributed  along  intervals  of  axis  Ox  would  have 
these  properties,  i.e.  layers  formed  by  vortices 
and  sources  provided  that  their  intensities  are 
equal  respectively 

7*(x)  =  e*(x,+0) -0*(x,-O), 

+  =  ^;(x,+o)-0;(x.-o). 

Using  the  method  of  mapping  of  singularities  rel¬ 
ative  to  the  free  boundary,  we  write  a  solution  of 
the  problem  in  the  form  of  a  sum  of  the  potentials 
of  simple  and  double  layers 


S*(x,y) 


[(x  -  s)2  +  J/2 


(12) 


+ 


_ i/-  2/t _ 

(x  -  s)2  +  (y  -  2/i)2 


9*(«)x 


X  —  S  X  —  5 

(x  —  s)2  +  (3.  _  5^2  +  (y  -  2hY~^ 


+i^rln^ 


(x  -  s)2  -h  y2 


(3.  s)2  4.  (y  -  2A)2 


ds. 


Computing  values  ^*(x,y)  and  0y{x,y)  at  y  — > 
±0  [15]  and  substituting  in  the  boundary  condi¬ 
tions  (8),  (9),  we  obtain  a  system  of  two  singular 
integral  equations  relatively  intensities  of  the  dis¬ 
tributed  vortices  7"^(x)  and  sources  q*{x): 


s)ds+~y  7*(«)x  (13) 

0 


-s)-  j  e^’‘  -  s) 

—  CO 

=  -2i;*(x), 

r 

i?(l-x) 


dX 


ds 


7*  (x)  -  i  y  7*  (s)Li  (x  -  s)  ds 
0 

+  ^  j  9*(®)  [-^3(2!  -  s)  +ihL^(x  -  s)]  ds  =  (T*. 


+ 

(14) 
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where  is  designated 


Li[x  —  5) 
L2{x-  s) 
Lz{x-  $) 
L4{x  —  s) 


2h 

[x  -  5)2  -f  4/i2  ’ 

1  X  —  5 

X  —  s  (x  —  5)2  -(-  4/i2  ’ 
1  X  —  s 

X~S  (x  —  5)2  -f  4/l2  ’ 


H{x)  =  0  at  X  <  0,  H{x)  =  1  at  x  >  0.  The 
internal  integral  in  (13)  may  be  expressed  by  the 
integral  exponential  function. 

Since  the  cavitation  number  tr*  disturbance  and 
cavity  length  /  are  also  unknown  and  act  as  de¬ 
pendent  parameters,  two  relations  have  to  be 
added  to  the  equations  (13),  (14)  to  get  a  com¬ 
plete  system. 

At  /?  >  1  and  assuming  the  process  is  isothermal 
it  yields,  to  take  into  account  dynamic  properties 
of  ventilated  cavities  an  equation  of  balance  of 
gas  mass  in  the  cavity  is  to  be  attracted: 


dt  ^  “  Qout(i)j ,  (15) 


where  a  =  Q{t)  is  the  cavity  vol¬ 

ume;  Qin^  Qoui{i)  are  the  volumetric  rates  of 
gas  blowing  in  the  cavity  and  leakage  from  the 
cavity.  It  is  assumed  that  pressure  Pc(0  changes 
synchro  along  the  cavity  length.  In  the  case  of 
natural  supercavitation  (/?  =  1),  equation  (15) 
transforms  into  a  condition  of  the  cavity  pressure 
to  be  constant  a{t)  =  1. 

There  is  not  a  single  option  to  choose  the  second 
relation  that  would  make  the  system  complete. 
It  might  be  either  a  condition  of  the  cavity  to 


be  close  or  condition  of  the  boundary  problem 
solvability.  Here  we  use  the  Neyman  condition  of 
solvability  of  the  external  boundary  value  prob¬ 
lem  for  the  velocity  potential  [14]: 

I  I 

J[‘Py]is,t)ds  =  j  q(s,t)ds  =  0.  (16) 

0  0 

Here,  [(Py]{x,t)  is  a  jump  of  the  vertical  velocity 
at  passage  through  the  axis  Ox.  Condition  (16) 
ensures  the  solution  (12)  to  be  finite  in  the  case  of 
the  unbounded  flow  A  oo.  In  the  case  of  steady 
flow  the  equation  (16)  is  a  condition  of  the  cavity 
to  be  closed  [3].  In  the  case  of  unsteady  flow  the 
cavity  is  unclosed. 

After  determination  of  intensities  y* ,  q*  it  is  pos¬ 
sible  to  calculate  the  unsteady  cavity  thickness 

X 

6{x,t)  =  ot  j  <lm{s)ds  +  (17) 

0 


-f  K  Re 


and  perturbations  of  the  unsteady  hydrodynamic 
forces  acting  on  the  hydrofoil 


The  system  of  equations  (13)-(16)  is  nonlinear 
as  a  whole.  Specifically,  non-harmonicity  of  the 
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Fig.  3.  Influence  of  the  immersion  depth  h  on  frequency  responses  of  cr  and  Cy, 

IE  method,  Im  =  5.0 
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Fig.  4.  Influence  of  the  mean  cavity  length  Im  on  frequency  responses  of  a  and  Cy, 

IE  method,  h  =  1.0 


unknown  function  l{i)to  be  found  makes  the  sys¬ 
tem  difficult  to  solve.  Its  variation  is  of  order  of 
unit  while  Vy{x^t)  ^  0{e)  and  <r(i)  ^  0(e), 

It  is  known  from  experiments  that  the  processes 
at  the  tail  cavity  part  weakly  influence  on  the  hy¬ 
drodynamic  characteristics  of  the  supercavitating 
hydrofoils  at  small  c.  In  our  works  [12,  13],  the 
cavity  length  is  considered  to  be  known,  constant 
and  equal  to  its  value  Im  k  =  0.  In  this  case 
the  system  of  equations  (13),  (14),  (16)  becomes 
linear  and  may  be  effectively  solved  numerically 
by  method  of  discrete  singularities.  This  method 
is  described  for  cavitation  problems  in  [3]. 

In  this  work,  a  real  dependence  l{t)  is  calculated 
in  sequential  moments  4-  At  by 

numerical  solving  the  equation  (15).  In  this  case 
the  complete  problem  solution  is  used  in  the  form 
of  sum  of  the  quasistationary  and  unsteady  dis¬ 


turbed  components: 

=  agm(x) +  KRe{?*(x)e^'*‘'’"’}. 

The  unsteady  cavity  volume  is  calculated 

by  numerical  integrating  the  expression  (17).  For 
each  iteration,  the  unsteady  part  of  solution  is 
calculated  at  I  ~  const  by  using  the  linear  system 
of  equations  (13),  (14),  (16). 

A  result  of  application  of  this  algorithm  to  calcu¬ 
late  of  natural  supercavity  is  given  below.  In  this 
case  equation  (15)  is  substituted  by  the  condition 
of  cavitation  number  to  be  constant. 

The  numerical  method  of  discrete  singularities 
is  a  method  of  approximation  of  integral  equa¬ 
tions  derived  from  continuous  distribution  of  vor¬ 
tices  and  sources  with  a  system  of  linear  algebraic 
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Fig.  5.  Cavity  length  history, 

/i  =  oo,  /^  =  5.0,  a  — ^  =  1.0,  6  — it  =  1.6 
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Phc.  6.  Influence  of  the  immersion  depth  h  on  l{t)  and  Cy(<), 
=5.0,  k  =  1.6,  7c  =  0.2 


equations  that  correspond  to  discrete  distribution 
of  singularities  of  the  same  type. 

Preliminarily,  change  of  variables  r  ,  s  — > 
is  done  in  all  the  integrals  [3].  Projections  of 
the  hydrofoil  and  cavity  are  divided  on  Mv^ 
equal  intervals.  A  position  order  of  the  dis¬ 
crete  singularities  and  points,  where  the  bound¬ 
ary  conditions  are  satisfied,  is  determined  by 
function  classes,  in  which  a  solution  is  found, 
and  also  the  best  convergence  requirement  of  this 
method  [3].  As  a  result,  we  obtain  a  system  of 
4Af-f  2M 1)  -f  2  linear  algebraic  equations 
after  decoupling  the  real  and  imaginary  parts. 

We  note  that  another  variant  of  the  singularity 
method  is  applied  to  calculate  the  flow  around 
the  oscillating  supercavitating  two-dimensional 
hydrofoils  in  [16,  17].  An  advantage  of  the 
method  of  integral  equations  is  that  it  is  easy 


distributed  for  the  case  of  systems  of  hydrofoils 
and  wings  of  finite  span.  So  the  stationary  super- 
cavity  shape  in  span  past  the  rectilinear  hydrofoil 
has  been  succeed  to  determine  in  the  work  [18]. 

Mathematical  background  of  the  numerical 
method  of  discrete  vortices  is  given  in  [19].  An 
analysis  of  accuracy  of  the  solution  obtained 
shows  that  an  error  monotonically  increases  with 
growth  of  reduced  frequency  k  (as  an  exponential 
function  of  k)  provided  a  total  number  of  singu¬ 
larities  on  the  hydrofoil  M  is  fixed.  For  practi¬ 
cally  important  values  of  the  reduced  frequency 
^  <  2  and  M  >  20  the  method  error  does  not 
exceed  2%. 

The  influence  of  cavity  length  Iq  and  immersion 
depth  h  on  ao/a  and  Cyo/cn  for  the  steady  flow 
case  k  =  0  is  shown  by  solid  lines  in  Fig.  2. 
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The  frequency  responses 


klW=  \/<^l  +  0-2.  Ic»l(^)  =  '\/Cyl+Cy2 

at  fixed  value  Im  =5,0  and  various  values  of  the 
depth  h  are  shown  in  Fig.  3.  It  is  seen  that 
the  dependencies  \(r\{k)  h  \cy\{k)  have  brightly 
expressed  resonance  behavior.  The  position  of 
minimums  and  maximums  practically  does  not 
depend  on  h. 

The  influence  of  value  of  Im  on  frequency  response 
for  constant  value  of  h  =  1.0  is  shown  in  Fig.  4. 

3.  OSCILLATION  OF  HYDROFOIL 
WITH  VAPOUR  SUPERCAVITY 

A  resonance  behavior  of  dependencies  |cr|(fe)  and 
lcyl(^)  obtained  in  calculations  at  /  =  const  is 
internal  property  of  equations  (13),  (14).  Tak¬ 
ing  account  of  equation  (15)  does  not  result  in 
qualitative  change  of  resonance  behavior.  It  just 
increases  the  phase  lags 

arg(<r)  =  arctan  — ,  arg(cy)  =  arctan  — . 

<Tl  CyX 

In  the  case  of  natural  supercavitation  —  1)  the 
pressure  in  the  cavity  must  remain  constant  and 
equal  to  its  mean  value,  and  the  cavity  length  I 
must  change  in  time.  To  determine  it  we  propose 
the  following  approach. 

We  consider  the  cavity  length  l{t)  as  a  free  time 
parameter  and  determine  it  from  the  condition 
that  the  cavitation  number  is  equal  to  its  mean 
value  (7m{lm)  ill  each  moment.  As  a  result,  we 
get  the  equation 

o’mCO  +  COS  kt  -  sin  =  (!„(/„), 

(19) 

where  k  —  /c/a,  which  is  solved  numerically  for 
sequential  moments  +  At. 

The  time  dependences  of  the  cavity  length  and 
lift  coefficient  at  various  values  of  the  oscillation 
amplitude  k  and  two  values  of  the  reduced  fre¬ 
quency  is  shown  in  Fig.  5.  Value  k  =  1,0  cor¬ 
responds  to  the  first  minimum  of  function  jcrK^) 
(see  Fig.  3,a ),  value  k  =  1.6  corresponds  to  its 
first  maximum.  As  is  visible  at  increase  of  k  the 
cavity  length  oscillations  are  the  more  different 
from  harmonic  ones  and  become  separate  at  ex¬ 
ceeding  some  limiting  value  of  k.  The  calculated 
form  of  the  cavity  length  oscillations  qualitatively 
corresponds  to  the  experimental  data  [17]. 

On  the  contrary,  oscillations  of  the  lift  coefficient 
Cy  remains  sinucoidal  at  any  values  of  /c.  In  this 
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scheme 


case  their  amplitude  is  not  practically  changed 
comparing  to  the  calculation  at  I  =  const.  Hence, 
the  important  conclusion  follows  that  the  reso¬ 
nance  nature  of  dependence  |cy  |(fc)  has  a  physical 
sense  and  it  is  possible  to  talk  that  the  supercavi¬ 
ties  of  finite  length  have  fundamental  frequencies 
developing  at  forced  oscillations. 

A  comparison  with  results  of  the  theory  of  two- 
dimensional  gas-filled  cavities  [9,  10]  shows  that 
obtained  resonance  frequencies  are  close  to  the 
fundamental  cavity  frequencies.  In  this  case  the 
minimal  cavity  length  for  oscillation  period  Imin 
should  be  used: 

^^m»n  ^  27rn,  n=  1,2,3,...  (20) 

Influence  of  the  immersion  depth  h  on  l{t)  and 
Cy{t)  is  shown  in  Fig.  6.  As  we  can  see,  the  oscil¬ 
lation  amplitudes  of  both  l{t)  and  Cy{t)  increase 
when  h  increases. 

4.  METHOD  OF  BOUNDARY  VALUE 
PROBLEM  FOR  ANALYTIC  FUNC- 
TION 

The  used  above  cavitation  scheme  is  equivalent 
to  the  one  known  as  the  first  M. Tulin  scheme  [1]. 
In  the  case  of  steady  flow  it  is  a  kinematically 
closed  cavity  scheme. 

Now,  we  consider  the  same  problem  using  the 
second  M. Tulin  scheme  with  infinite  wake  past 
a  cavity  [1]  (Fig.  7,  a).  Let  ni  =  1,  n2  are  x- 
coordinates  of  the  streamline  separation  points 
on  the  hydrofoil;  I  is  ar-coordinate  of  points  sepa¬ 
rating  the  cavity  boundaries  and  the  wake  bound¬ 
aries.  The  cavity  pressure  is  equal  Pc(t),  the  wake 
pressure  is  equal  poo  • 
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We  can  manage  the  streamline  separation  in  the 
arbitrary  point  0  <  n2  <  1  of  upper  hydrofoil  sur- 
face  by  air  supply  or  using  the  cavitating  spoiler. 
In  this  case  the  condition  on  the  wake  boundaries 
is  added  to  the  boundary  conditions  {8)“(11) 

=  0,  I  <  X  <  oo,  y  —  ±0.  (21) 

The  obtained  problem  is  deduced  to  the  mixed 
boundary  value  problem  for  analytic  function 
$*(2:)  z=  6*{xj  y)  -f  y)  in  parametrical  half¬ 
plane  ImC  >  0  conformally  mapping  onto  the 
flow  zone  by  formula 


z  =  -‘2d 


C-f  din 


(-9 


Correspondence  of  points  at  conformal  mapping 
is  shown  in  Fig.  7,b.  The  boundary  condition 
for  X*  is  easy  obtained  with  the  help  of  Cauchy- 
Riman  condition  from  (8): 


X*W  =  X*(0)-y  (jk  +  ^"^vlis)ds.  (22) 


In  the  considered  case  of  the  harmonic  gust 
^y(^)  ==  —Kexp{—jkx)y  and  the  second  term  in 
the  formula  (22)  is  equal  to  zero.  A  solution 
of  the  obtained  mixed  boundary  value  problem 
in  the  respective  cl2iss  of  functions  is  given  by 
Keldysh-Sedov  formula  [15] 


Phc.  8.  Frequency  response  of  Cy, 
BVP  method,  n2  =  0,  Im  =  5.0 


Here,  the  quadratic  brackets  designate  a  jump  of 
corresponding  value  at  passage  through  axis  Ox 
in  the  physical  plane. 

Thus,  the  problem  solution  is  represented  by 
means  of  quadratures  that  have  to  be  calculated 
numerically.  This  method  is  formally  applica¬ 
ble  at  arbitrary  frequency  values  k.  Restrictions 
come  from  the  problem  linearization  conditions 
only. 

The  coefficients  of  unsteady  components  of  the 
lift  acting  on  the  two-dimensional  hydrofoil  and 
also  moment  about  the  frontal  edge  are  calcu¬ 
lated  by  formulae 


$*(C)  =  (23) 


xA 


/ 


-Cl 


S 

y/i^i  +  5)  (02  —  s) 


ds 


where  A  =  ix*{0)  at  -ai  <  ^  <  02,  A  =  a* /2  at 

“Cl  <  ^  <  -ai,  02  <  ^  <  C2. 

To  determine  the  two  complex  constants  x*(0), 
(T*  it  is  necessary  to  have  two  additional  condi¬ 
tions.  One  of  them  is  easy  to  obtain  from  (11): 


0 

-X*(Q)+jk  J  x*is)  e^'‘’ds  =  v;{0).  (24) 

-oo 


The  condition  of  the  wake  thickness  to  be  finite 
at  X  — >  oo  is  used  as  the  second  closing  condition. 
It  is  equivalent  to  requirement  of  equality  to  zero 
of  the  total  intensity  of  sources-sinks  modeling 
the  unsteady  cavity  and  wake  perturbations 

oo 

\x*m  + J\x:]is)e^'‘‘ds  =  Q.  (25) 
0 


02 

cl  =  (ni  -  nz)  0-*  +  2  J  9'  (^  ^  ,  (26) 
-01 


4  =  <r- +  2  J  e-iOxiO  ^  d^. 

-Oi 

The  influence  of  cavity  length  Iq  and  immersion 
depth  h  on  (Tq/ a  and  Cyo/a  in  the  steady  flow  case 
is  shown  in  Fig.  2  by  dashed  line.  A  compar¬ 
ison  with  calculation  by  the  method  of  integral 
equations  (solid  lines)  and  experimental  data  [4, 
6]  shows  that  the  BVP  method  gives  underesti¬ 
mated  values  of  both  (Tq  and  Cyo-  It  is  explained 
by  using  the  cavitating  scheme  with  the  wake. 
This  scheme  gives  the  smaller  cavity  length  Iq 
than  the  kinematically  closed  cavity  at  the  same 
value  of  (To  [1]. 

The  frequency  responses  of  the  cavitation  num¬ 
ber  and  unsteady  lift  coefficient  are  given  in  Fig. 
8  at  /  =  5.0,  n2  =  0  for  various  values  of  h. 
The  calculated  results  show  that  resonance  fre¬ 
quency  values  are  low-changed  with  decreasing 
the  immersion  depth.  At  the  same  time  the  free 
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a  plane  with  a  slit  by  function 
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Fig.  9.  Scheme  of ’’pure”  supercayity  in  free  jet 


surface  closeness  results  in  considerable  growth 
of  amplitude  of  the  force  pulsation  on  the  two- 
dimensional  hydrofoil. 

When  the  separation  point  712  displaces  to  the 
tail  hydrofoil  edge,  the  resonance  phenomena  be¬ 
comes  weakly,  also  influence  of  the  separation 
point  position  decreases  at  decreasing  h.  The 
case,  when  713  =  ni  corresponds  to  the  unsep¬ 
arated  flow  around  an  oscillating  plate. 

A  comparison  with  Fig.  3  shows  that  both 
the  calculation  methods  result  in  close  values  of 
the  resonance  frequencies.  The  different  form  of 
the  frequency  responses  \o‘\{k)  end  jcj^KA;)  is  ex¬ 
plained  by  use  of  the  different  cavitation  schemes. 

5.  INSTABILITY  OF  VENTILATED 
CAVITY  IN  A  FREE  JET 

We  inv^tigated  stability  of  the  plane  gas-filled 
cavity  in  unbounded  stream  basing  on  the  1st 
and  2nd  M. Tulin  linearized  schemes  [9,  10].  In 
the  first  case  (closed  cavity  scheme)  a  logarith¬ 
mic  singularity  of  the  pressure  at  infinity  Poo(^) 
is  assumed.  It  is  caused  by  variability  of  the  un¬ 
steady  cavity  volume.  In  the  second  case  (infinite 
wake  scheme)  the  pressure  at  infinity  is  finite  in 
any  moment.  A  good  agreement  of  the  solution 
and  experimental  data  [7]  was  achieved. 

To  estimate  the  influence  of  the  free  surface 
on  the  cavity  stability  we  consider  the  two- 
dimensional  problem  on  unsteady  cavity  in  free 
jet.  For  simplicity,  the  flow  is  considered  sym¬ 
metric  about  axis  Oxy  and  a  cavitator  is  small 
in  comparison  with  a  cavity  (known  as  ’’pure” 
cavity) .  The  linearized  flow  zone  representing  a 
band  having  the  slit  along  the  positive  axis  Ox  is 
shown  in  Fig.  9,  a.  We  conformally  map  it  onto 


where  di  =  h/x,  h  is  the  jet  half- width.  A  cor¬ 
respondence  of  the  flow  stream  points  and  para¬ 
metric  plane  ones  is  shown  in  Fig.  9,b.  The  tail 
point  of  the  cavity  x  =  l{t)  is  mapped  to  the 
pointer 

c  =  di  .  (27) 

The  dynamic  condition  p  =  Poo  must  be  fulfilled 
on  both  the  jet  and  the  wake  boundaries.  Hence, 
we  have  the  mixed  boundary  value  problem  in 
the  upper  parametric  half- plane  Im  C  >  O' 

X  =  0,  —00  <  ar  <  0, 

9  =  0<x<c(t),  (28) 

^  =  0,  c(t)  <  a;  <  00, . 


The  first  of  boundary  conditions  (28)  follows  from 
the  symmetry  of  flow.  A  solution  of  the  mixed 
boundary  value  problem  in  the  upper  half-plane 
Im  z  >  0  has  the  form: 


_  c(0 


ds 


-  0  ■ 


(29) 

where  a  —  €r{t)faQ.  Here  and  below  all  the  values 
are  related  to  the  cavity  length  when  h  — ►  00. 
To  determine  two  time  functions  F(t),  l{i)  it  is 
necessary  to  have  two  additional  equations.  The 
equation  (15)  is  the  first  of  them.  In  the  work  [9], 
we  used  approximation  of  the  experimental  data 
[7]  to  compute  rates  of  gas  supply  and  leakage: 


(30) 


where  70  is  an  empirical  coefficient.  The  value 
70  «  2.5  *  follows  from  [7]  for  stationary 
cavities.  A  detailed  analysis  of  influence  of  the 
parameter  70  on  the  supercavity  stability  [9]  has 
shown  that  it  is  negligible  at  such  values  of  70. 
Here,  we  assume  that  70  =  0.  In  this  case  the 
equation  (15)  becomes  a  condition  of  the  mass  of 
gas  in  the  cavity  to  be  constant. 

As  the  second  ’’closing”  equation  we  use  condi¬ 
tion  of  the  wake  width  at  infinity  to  be  finite 


lim  y  “  2: -f  s)  ds  =  0,  (31) 

0 
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Fig.  10.  Complex  roots  of  characteristic 
equation,  h  =  oo 


which  is  also  a  condition  of  the  total  cavity  and 
wake  volume  time  variation  to  be  finite. 

To  investigate  the  steady  ventilated  cavity  stabil¬ 
ity  with  respect  to  small  oscillations  we  represent 
the  unknown  time  functions  in  the  form 

=  l{t)  =  lo ebe^\ 

where  //  =  A  jk]  k  =  (jjIqo/Voo  is  the  reduced 
frequency;  u)  is  the  circular  frequency;  a,  6  are 
constants.  We  linearize  the  equations  (15),  (31) 
in  neighborhood  of  the  steady  solution  ^  =  1, 
/  =  1  and  obtain  a  system  of  two  linear  uniform 
equations  for  coefficients  a,  6. 

Equating  the  system  determinant  to  zero,  we 
obtain  a  characteristic  equation  to  research  the 
complex  roots  ^  =  A  -f  jA:  in  dependence  on  two 
parameters  h,  /?.  When  A  <  0,  the  cavity  is 
asymptotically  stable.  When  A  >  0,  the  cav¬ 
ity  is  unstable.  Accepting  A  =  0  and  dividing 
the  real  and  imaginary  parts,  we  obtain  a  system 
of  two  equations  to  determine  the  parameters  of 
fundamental  cavity  oscillation  /?„,  k^. 

A  numerical  analysis  of  the  complex  roots  of  the 
characteristic  equation  has  shown  that  loss  of  the 
ventilated  cavity  stability  happens  identically  by 
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Fig.  11.  Influence  of  the  jet  width  on  cavity 
fundamental  frequency 


the  1st  and  2nd  M.Tulin  schemes  [9].  In  the  case 
of  A  =  0  the  characteristic  equation  has  two  series 
alternating  pure  imaginary  roots  i.  e.  fundamen¬ 
tal  oscillation  frequencies  kn\kn\  n  =  1,2,.,.. 
We  have  A  <  0  at  ^  and  A  >  0  at 

ki  ^  <,  k  <  kn\Ti  =  1,2,....  In  the  second  case, 
the  cavity  is  unstable  related  to  oscillations  hav¬ 
ing  frequencies  k  > 

Graphs  of  the  real  and  imaginary  parts  /z  versus 
P  are  given  in  Fig.  10,  a,  b.  We  can  see  that 
the  cavity  is  asymptotic  stable  when  1  <  /?  < 
and  unstable  when  >  /3[^\  Oscillations 
with  reduced  frequency  k^'^  are  excited  when  the 
parameter  passes  through  the  value 

It  is  natural  to  suppose  that  the  frequence  k  is 
realized  having  the  highest  value  of  the  increment 
power  A.  This  assumption  permits  to  evaluate 
the  limits  of  cavity  self-induced  oscillation  modes 
)  AT  =  1,2,3,..,.  They  are  shown 
by  vertical  dashed  lines  in  Fig.  10,  a,  b. 

Kinematic  waves  extending  with  the  velocity  V^o 
arise  due  to  the  pressure  pulsation  on  the  unsta¬ 
ble  cavity.  Approximately  N  waves  are  packed 
along  the  cavity  length  at  the  Nth.  oscillation 
mode. 

Graphs  of  the  first  reduced  fundamental  fre¬ 
quency  of  cavity  ki  =  ^h/Voo  and  correspond¬ 
ing  value  of  the  parameter  /?i  versus  the  jet  half¬ 
width  h  are  shown  in  Fig.  11.  It  is  seen  that  vari¬ 
ation  of  the  jet  width  influences  very  weakly  on 
the  reduced  frequency  ki.  A  influence  of  the  jet 
width  on  the  parameter  /?i  becomes  weak  when 
A  <  loo/^i  and  this  effect  decreases  when  the 
number  n  increases. 
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CONCLUSION 

Two  numerical-analytical  methods  for  calcula¬ 
tion  of  the  flow  past  the  supercavitating  and  ven¬ 
tilated  two-dimensional  hydrofoils  at  harmonic 
time  dependence  are  compared.  Both  the  meth¬ 
ods  give  resonance  frequency  responses  of  the 
cavity  pressure  oscillation  and  the  hydrodynamic 
force  oscillation. 

The  method  to  calculate  the  variable  length  of 
the  unsteady  supercavity  l{t)  is  proposed.  It  is 
shown  that  taking  account  of  the  cavity  length 
variability  does  not  essentially  influence  on  fre¬ 
quency  response  of  the  hydrodynamic  forces. 
Thus,  the  simple  numerical  algorithm  with  the 
constant  cavity  length  may  be  used  to  calculate 
the  unsteady  forces. 

A  stability  of  the  ventilated  cavity  in  a  free  jet  is 
investigated.  It  is  shown  that  the  decrease  of  the 
free  jet  half- width  h  weahly  influences  on  the  cav¬ 
ity  fundamental  reduced  frequencies  kn  which  are 
undimensioned  with  respect  to  the  undisturbed 
cavity  length  in  jet  lo{h).  Also  corresponding 
values  of  the  parameter  fin  decrease  when  h  de¬ 
creases.  However,  this  influence  is  weak.  These 
conclusions  are  valid  for  evaluation  of  limits  of 
the  cavity  pulsation  modes  as  well.  The 

obtained  results  are  in  good  agreement  with  ex¬ 
perimental  data  on  pulsation  of  two-dimensional 
ventilated  cavities  [7,  8]. 

The  developed  calculation  methods  are  of  use 
practically.  Having  data  about  the  fundamen¬ 
tal  cavity  frequencies  and  the  sea-way  parame¬ 
ters,  we  can  avoid  undesirable  resonance  modes 
by  changing  the  air  supply  rate  into  the  cavity, 

i.e.  the  cavity  length  in  formula  (20). 
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ABSTRACT 

The  problem  of  ship  wave  making  and  propagation  in  shallow  water  over  a  varying  topography  is  stud¬ 
ied.  A  shallow  water  model,  namely  a  varying-coefficient  Kadomtsev-Petviashvili  type  equation,  and 
the  improved  slender  body  theory  are  developed  and  used  for  such  problem.  The  computer  code  SHAL- 
LOWTANK,  which  dealt  previously  only  with  ship  motion  on  a  constant-depth  shallow  water,  is  further 
extended  for  the  transversally  varying  depth.  A  typical  case,  a  container  ship  in  a  natural  waterway 
for  which  the  hydraulic  model  experiments  were  carried  out  at  the  Coastal  Division,  Federal  Waterways 
Engineering  and  Research  Institute,  Hamburg,  is  numerically  simulated.  It  shows  that  the  effects  of 
topography  on  generation  and  propagation  of  ship  waves  are  significant.  The  phenomenon  of  ship  wave 
shoaling  is  clearly  observed  in  the  numerical  result.  The  calculated  free  surface  elevations  at  five  points 
are  compared  to  the  measurements.  Satisfied  agreements  are  achieved. 


INTRODUCTION 

This  paper  concerns  the  problem  of  ship  wave¬ 
making  in  shallow  water  over  a  varying  topog¬ 
raphy.  Ship  waves  will  become  serious,  if  the 
ship  speed  and  size  are  increased  and  the  topog¬ 
raphy  of  a  waterway  is  not  homogeneous.  The 
large  ship  size  makes  coastal  and  inland  water¬ 
ways  relatively  shallow.  A  ship  at  a  high  speed 
in  shallow  water  generates  huge  waves.  The  inho¬ 
mogeneous  bottom  topography  of  a  natural  wa¬ 
terway  may  cause  the  ship  waves  even  more  com¬ 
plicated  and  more  harmful  to  the  river-bed  and 
banks.  These  actually  pose  a  new  task  for  com¬ 
putational  shallow-water  ship  hydrodynamics  in 
conjunction  with  hydraulic  engineering. 

Traditionally,  the  ship  wave-making  problem 
is  investigated  in  numerical  calculation,  or  even 
in  towing  tank  experiinent,  for  the  idealised  case 
of  uniform  water  depth  and,  usually  without  tak¬ 
ing  explicit  account  of  wave-bank  interaction,  e.g. 
to  see  Graff  et  al  (1964),  Bertram  (1997)  and 
Uliczka  &;  Bertram  (1997).  This  paper  is  an 
attempt  to  overcome  these  limitations.  Direct 
numerical  simulation  including  the  effect  of  un¬ 


even  topography  and  the  interaction  with  banks 
is  intended.  A  shallow  water  model  is  proposed 
for  such  problem.  By  reasonable  assumptions,  a 
Kadomtsev-Petviashvili  (KP)  type  equation  with 
varying  coefl^icients  due  to  the  topography  is  de¬ 
rived.  The  computer  code  SHALLOWTANK, 
which  dealt  previously  with  ship  motion  in  a 
channel  with  vertical  sidewalls  of  uniform  depth 
(Chen  &  Sharma  1994, 1995),  is  further  extended 
for  the  transversally  varying  depth. 

A  typical  example  of  a  large  container  ship  in 
a  section  of  the  river  Elbe  is  calculated.  The  ef¬ 
fect  of  the  topography  on  ship  motion  and  wave¬ 
making  is  shown.  The  calculated  results  of  wave 
profiles  are  compared  with  measurements  that 
were  carried  out  at  the  Coastal  Division,  Federal 
Waterways  Engineering  and  Research  Institute 
(BAW-AK),  Hamburg,  Germany.  The  agreement 
is  satisfied.  It  is  also  seen  that  the  ship  wave 
shoaling  takes  place,  i.e.  ship  waves  propagate 
onto  and  back  from  river  shallow  banks.  The 
study  of  this  phenomenon  is  of  importance  from 
a  hydraulic  engineering  point  of  view,  namely,  in 
river  bank  protection. 
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MATHEMATIC  MODEL 

It  is  considered  that  a  slender  ship  of  length 
free  to  heave  and  pitch,  moves  at  a  constant  speed 
U*  in  a  natural  inland  waterway  of  a  typical 
depth  hj.  Because  of  both  asymmetric  ship  mo¬ 
tion  and  the  bottom  topography,  the  flow  is  gen¬ 
erally  asymmetric  about  the  straight  line,  along 
which  the  ship  moves.  A  typical  situation  is 
shown  in  Figure  2,  which  was  investigated  exper¬ 
imentally  at  the  BAW-AK  and  is  simulated  nu¬ 
merically  tentatively  in  this  paper.  The  flow  is  as¬ 
sumed  to  be  incompressible  and  irrotational.  The 
water  is  assumed  to  be  relatively  shallow  with  re¬ 
spect  to  ship  length.  For  the  bottom  topography 
it  will  be  provided  that  the  bottom  varies  slowly 
in  the  transverse  direction  and  even  more  slowly 
in  the  longitudinal  direction. 

For  the  conventional  problem  of  ship  mov¬ 
ing  in  a  constant-depth  shallow  water,  Chen  & 
Sharma  (1994,  1995)  developed  a  nonlinear  the¬ 
ory.  Based  on  matched  asymptotic  expansions 
the  whole  flow  field  is  divided  into  near  and  far- 
fields.  In  the  near-field  the  slender  body  theory 
is  improved  by  considering  higher-order  effects, 
while  in  the  far-field  a  modified  KP  equation  is 
used.  The  matching  condition  provides  a  bound¬ 
ary  condition  in  the  position  of  the  ship  for  the 
mKP  equation.  The  treatment  of  near-field  and 
the  matching  condition  is  same  as  in  previous  pa¬ 
pers,  but  the  far-field  equation  must  be  changed, 
since  the  effect  of  inhomogeneous  bottom  must 
be  taken  into  consideration.  In  the  following  we 
give  briefly  a  derivation  of  the  far-field  equation 
and  list  the  matching  condition  as  much  as  nec¬ 
essary. 

Duetto  uneven  bottom  two  Cartesian  coordi¬ 
nate  systems  must  be  used.  A  coordinate  system 
Oxyz^  namely,  moving  reference  frame,  moving 
at  the  same  speed  as  the  ship  is  set  with  ori¬ 
gin  O  located  in  the  midship  section,  Ox  along 
the  direction  of  motion,  plane  Oxy  on  the  quiet 
free  surface,  and  z  positive  upward.  The  other 
Ox*\f  z\  namely,  quiet  reference  frame,  is  fixed 
at  the  earth. 

In  the  regime  of  Boussinesq  theory  there  are 
two  small  parameters  defined  by 

e  =  a7/iS,  = 

where  a*  and  U  are  typical  wave  amplitude  and 
length.  Without  loss  of  generality,  for  ship  wave¬ 
making  problem,  we  set  \i.  =  y/l.  The  start¬ 
ing  point  of  the  formulation  of  the  far-field  is  a 


concise  form  of  Boussinesq  equations  derived  by 
Chen  (1989),  in  terms  of  quiet  coordinates, 

Ct'H-V'*[(/i-H<)V'^o]  = 

!jV^[V'.(h^V'^o)]+OinW^),  (1) 

1  -  yV' .  (ft^V')]  <l>oe'+ 

C  +  I  V'$o  •  V'$o  =  0(/,  (2) 

where 

p'9*K  K  ' 

(3) 

"o  "o 

where  all  variables  carrying  asterisk  ♦  are  dimen¬ 
sional. 

What  follows  is  to  derive  a  Kadomtsev- 
Petviashvili  type  equation  that  is  much  easier 
to  solve  numerically  than  Boussinesq  equations. 
Further  assumptions  should  be  proposed:  (i)  the 
water  depth  varies  slowly  in  the  transversal  direc¬ 
tion  and  even  more  slowly  in  the  longitudinal  di¬ 
rection;  (ii)  the  time- varying  is  even  slower  than 
permitted  in  Boussinesq  equations.  It  may  be 
more  convenient  to  employ  the  depth-averaged 
potential  that  is  defined  as 

By  shallow  water  expansions,  we  have 

=  $0  - 
or  inversely 

$0  =  y? H-  c;i^). 

Transforming  equations  (1),  (2)  in  moving  co¬ 
ordinates,  i.e.  d/di  —  Ud/dxy  where 

u  =  U*/y/p  Hq  is  the  depth  Froude  number, 
and  substituting  C  in  (1)  into  (2),  we  obtain  an 
extended  KP  equation, 

2eU(Pxr  +  (h  -  U^)<PxX  +  h(Pyy  -f  hy<Py 
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4-2€?7  <Pxy^y  +  ^x^yy  =  0  .  (5) 
In  fact,  the  above  equation  is  precise  to  same  or¬ 
der  as  Boussinesq  equations  (1)  and  (2).  Dis¬ 
cussion  on  stationary  dispersion  relation  of  its 
linearised  form  given  by  Chen  &  Sharma  (1996) 
shows  that  the  term  ^xxyy  will  make  the  disper¬ 
sion  relation  differ  more  from  the  exact  one  of 
linear  finite  depth  theory  than  without  it  in  the 
subcritical  and  transcritical  speed  ranges.  Hence, 
it  is  believed  heuristically  that  the  equation  with¬ 
out  ^xxyy  will  produce  better  results  than  that 
with  it.  So  we  choose  the  following  equation  as 
the  governing  equation  in  the  far-held, 

2€?7 +  (ft  “  +  (ft  + 

+fty^y  ■{“  fpxxxx 

“1 — =  0,  (6) 

which  is  still  of  KP-type. 

The  boundary  condition  at  the  ship  loca¬ 
tion  is  derived  by  the  matching  asymptotics  and 
the  improved  slender  body  theory,  see  Chen  fe 
Sharma  (1994)  for  details.  Here  we  only  list  the 
necessary  results.  The  boundary  condition  at  the 
ship  location  reads 


d(p 

dy 


1 


y=±0 


2  l  +  eCodx 


[S(®,r)((7-£«o)] 


^  f  2£^C(x,t)  ’  ^  ^ 

where  x  =  x*/l*,  C  =  C*  /  is  the  blockage 

coefficient  and  S  is  the  dynamic  instantaneous 
cross-sectional  area,  that  can  be  expressed  ap¬ 
proximately  as 


5(®,r) 


S*o 


[|^Wr)-£%))+eCo.] 

The  small  parameter  e  is  determined  by  the  nor¬ 
malisation  of  the  boundary  condition  as 


^3/2  _  *^0 

’^fts’ 

Since  the  problem  is  almost  locally  symmet¬ 
ric  about  the  longitudinal  shiphull  axis,  i.e. 

~y>|y-+-o  is  almost  zero,  the  blockage  co¬ 
efficient  has  a  very  small  effect.  Therefore  it  can 
be  evaluated  by  any  reasonable  estimation.  Here 
it  is  evaluated  by  the  formula  for  the  rectangu¬ 
lar  cross  section  with  small  under-keel  clearance 
given  by  Taylor  (1973). 


EXPERIMENTS 


The  measurements  were  carried  out  by  the  BAW- 
AK  in  the  range  of  the  project  “Adapting  the 
Lower  and  Outer  Elbe  Fairway  to  Container 
Shipping  ~  Ship  Induced  Loading”  in  order  of  the 
Federal  Waterway  and  Shipping  Administration 
of  Germany  (Uliczka  1998).  The  hydraulic  model 
(scale  1:40)  covered  a  section  of  the  Elbe  estu¬ 
ary  of  about  1.8  km^  (river-km  644.6  to  river- 
km  645.2;  bearing  from  1992),  where  the  Wedel 
Wadden  area  was  reproduced  up  to  Hohenkoten 
at  mean  sea  level.  The  modelled  topography  con¬ 
sisted  of  steep  southern  banks  (Liihe)  and  mild 
slopes  in  the  northern  part  (Wedel).  The  test 
basin  including  acceleration  and  stopping  zones 
had  dimensions  of  about  100  m  x  35  m  x  0.6  m  . 
The  ship  model  that  has  the  same  scale  as 
the  hydraulic  model  is  maide  for  a  PANMAX- 
Containership  of  length  =  280  m,  beam  65  = 
32.2  m,  draft  d*  -  13.8  m  and  block  coefficient 
Cb  =  0.695. 


In  the  cross  section  of  the  river,  probes  reg¬ 
istered  at  21  points  the  water  level  and  at  11 
locations  the  2D-current.  3D-current  was  mea¬ 
sured  2  m  above  the  bottom  in  the  line  of  the 
incoming  ship  track  and  pressure  at  bottom  was 
taken  near  the  3D-current  meter.  The  ship  speed 
and  the  squat  were  measured  by  a  laser  beam 
and  rectangular  and  triangular  sheets  using  the 
method  published  by  Eryuzlu  et  al.  (1994).  The 
accuracy  of  the  measurements  were  carried  out 
with  a  standard  deviation  of  a  <  0.05  m  and 
<T  <  0.05  m/s,  the  ship  speed  was  measured  with 
cr  <  0.1  knots  in  field  scale. 

The  incoming  and  outgoing  container  vessels 
sailed  with  a  bank  clearance  of  about  one  ship 
width,  so  that  the  navigation  axis  was  situated 
parallel  to  the  fairway  boundary  for  a  stretch 
of  60  m.  The  passing  distance  for  an  incoming 
ship  was  about  220  m  to  the  Liihe  landing-pier 
and  for  an  outgoing  ships  about  410  m  to  the 
Wedel  groyne  head.  The  model  ship  was  wireless- 
controlled  and  driven  by  a  propeller  with  fixed 
number  of  revolutions.  The  model  was  directed 
by  a  guide  cable  and  was  trimmed  “highly  stable” 
in  order  to  minimise  any  random  outer  influences 
on  the  ships’  movement  and  thus  on  the  loading 
induced  by  the  ships.  The  influence  of  navigat¬ 
ing  the  bend  on  the  local  wave  picture  and  the 
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current  conditions  was  determined  by  measure¬ 
ments  taken  during  test  runs  with  a  steersman 
in  the  model  ship  and  by  drift  angle  runs  com¬ 
pared  to  cable  runs.  The  differences  in  the  ship 
induced  loading  in  the  measurement  cross-section 
were  negligible. 

The  ship-length  relevant  Froude  numbers 
Fni  =  U*/y/t*g*  were  between  0.08  <  Fnt  < 
0.22,  The  depth-Froude  numbers  Fnh  = 
u*/^/hiF  were  between  0.25  <  Fnh  <  0.63. 
The  Reynolds  numbers  Rn  =  U*l*  fu*  for  the 
model  experiments  were  3  x  10®  <  iln  <  8  x  10®. 
The  prediction  capability  of  the  model  was  thus 
guaranteed. 

The  large  values  of  the  drawdown  and  the  cur¬ 
rent  near  the  steep  bank  showed  the  effect  of  the 
asymmetric  cross  section  for  incoming  ships  and 
the  ship  speed.  At  ship  speeds  of  more  than  12 
knots  the  hydraulic  loads  on  the  river  bed,  due  to 
the  container  ship,  increase  greatly  and  the  risk 
of  demolition  of  banks  and  revetments  increases, 
too. 

NUMERICAL  RESULTS 

The  previous  computer  code  SHALLOWTANK 
(Chen  &  Sharma  1994,  1995)  is  now  equipped  by 
an  uneven  bottom,  so  that  one  can  use  it  to  solve 
the  problem  of  ships  over  an  uneven  topography. 
The  topography  used  in  the  following  example  is 
simplified  to  be  varying  only  in  the  transversal 
direction,  i.e.  h  =  h(y). 

We  numerically  simulate  the  container  ship 
of  IV.  Generation  PANMAX  in  the  section  of  the 
river  Elbe,  which  is  almost  in  the  same  situation 
as  in  the  experiment  as  described  in  the  last  sec¬ 
tion.  The  principal  dimensions  are  listed:  ship 
length  F  =  280  m;  beam  =  32.2  m;  draft  d*  = 
13.8  m;  volume  displacement  V  =  87, 200  m^; 
wetted  surface  area  Sw  =  13, 500  m^.  The  cross- 
sectional  area  and  the  beam  curve  at  the  water¬ 
line  are  shown  in  Figure  3.  The  ship  speed  in  full 
scale  is  U*  =  15.4  knots,  corresponding  depth 
Froude  number  U  =  0.586  with  respect  to  the  lo¬ 
cal  water  depth  hj  =  18.65  m  at  the  ship  track. 

The  profile  of  a  cross  section  of  the  river  Elbe 
is  shown  in  Figure  2.  Five  measure  points  are 
selected.  The  calculated  wave  pattern  is  shown 
by  a  3-D  plot  in  Figure  4  and  a  contour  plot  in 
Figure  5.  A  detailed  3-D  plot  is  shown  in  Fig¬ 
ure  6.  Since  the  simulation  is  on  a  large  scale, 
it  is  quite  time-consumed.  The  present  grid  size 
Ax*  X  Ay*  =  7  X  10  m^  does  not  seem  to  be 
enough  fine,  see  Figure  6.  Calculations  on  finer 


grids  will  be  tried. 

The  calculated  wave  elevations  are  trans¬ 
formed  to  be  processes  of  time  at  the  five  earth 
fixed  points,  at  which  the  measurements  are 
available.  The  comparison  is  shown  in  Figure  7. 
The  calculated  results  agree  satisfactorily  with 
those  of  the  experiment,  especially  at  Points  PI 
and  P2,  which  are  nearest  points  to  the  river  bank 
and  the  ship,  respectively.  The  maximum  of  the 
calculated  wave  elevation  at  PI  is  almost  same 
as  the  mesisured  value,  which  can  supply  a  norm 
for  the  hydraulic  engineering.  Figure  8  shows  a 
temporal  series  of  the  ship  waves  at  a  river  cross- 
section.  As  the  ship  is  going  through  this  section, 
the  generated  waves  propagate  onto  river  banks 
and  then  are  reflected  by  river  banks.  Note  that 
the  river  bank  is  not  a  vertical  wall,  but  a  slowly 
varying  bottom  topography.  This  phenomenon  is 
called  ship  wave  shoaling,  which  is  of  importance 
in  hydraulic  engineering,  saying  more  precisely, 
in  river  bank  protection.  The  present  computa¬ 
tion  shows  the  prognosis  capability,  however,  the 
computer  program  will  be  further  verified  by  the 
detailed  measurements. 

CONCLUSION 

A  mathematic  model  is  developed  for  the  prob¬ 
lem  of  ships  in  shallow  natural  waterways  and  the 
corresponding  computer  program  is  made  for  the 
case  of  the  transversally  varying  topography.  A 
typical  example  of  a  container  ship  in  a  natural 
waterway  is  numerically  simulated,  for  which  the 
measurements  were  carried  out  at  the  BAW-AK. 
The  tentative  numerical  results  agree  satisfacto¬ 
rily  with  measurements. 
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Figure  4:  3-D  plot  of  the  calculated  ship  wave  pattern  over  the  varying  topography,  where  the  vertical 
scale  is  exaggerated  15  times  for  the  sake  of  clarity. 
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Figure  6:  3-D  graph  of  the  same  wave  pattern  around  the  ship  in  detail  (500  x  700  m^),  where  the 
vertical  scale  is  exaggerated  15  times. 
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Figure  7:  The  calculated  wave  elevations  at  the  five  points  as  processes  of  time  Me  compared  to  mea¬ 
surements,  thin  and  thick  lines  stand  for  calculated  and  measured  results,  respectively. 
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ABSTRACT 

A  computational  analysis  is  presented  for  the  impact  of  an  elastic  plate  dropped  against  regular  long 
waves.  The  problem  is  considered  within  the  linear  potenial  flow  theory.  The  liquid  flow  is  two- 
dimensional  and  the  plate  is  modelled  by  an  Euler  beam.  The  analysis  is  based  on  the  normal  mode 
method  with  hydroelastic  behaviour  of  the  plate  being  of  main  interest.  Different  impact  conditions  are 
considered,  to  study  the  dependence  of  the  total  energy  of  the  plate-liquid  system  on  impact  geometry 
and  plate  properties.  The  contributions  of  kinetic  and  potential  energies  to  the  total  energy  are  analysed. 
It  is  shown  that  the  kinetic  part  of  the  system  energy  is  small  at  the  instant  of  time  when  bending  stresses 
in  the  beam  approach  their  maximum  values.  Estimations  of  both  the  total  energy  and  the  maximum  of 
bending  stresses  are  presented.  Main  part  of  calculations  are  performed  for  the  conditions  of  experiments 
carried  out  in  MARINTEK.  A  range  of  the  problem  parameters  is  considered  also,  to  reveal  peculiarities 
of  the  unsteady  interaction  between  falling  elastic  plate  and  surface  waves. 


1  Introduction 

The  plane  unsteady  problem  of  an  elastic  plate 
falling  down  onto  liquid  free  surface  covered  with 
regular  long  waves  is  considered.  Initially  = 
0)  the  plate  touches  the  wave  profile  and  starts 
to  move  down  thereafter  with  a  constant  velocity 
V,  The  position  of  the  left  edge  of  the  plate  at 
the  initial  moment  is  taken  as  the  origin  of  the 
Cartesian  coordinate  system  x'O'i/  (dimensional 
variables  are  denoted  by  a  prime).  The  wave  is 
assumed  linear  and  its  shape  before  the  impact 
given  by  the  equation 

y'  =  a[cos{j/[x^  -  x[]  -  wt')  -  1],  (1) 

where  a  is  the  wave  amplitude,  u)  is  the  wave  fre¬ 
quency,  u  is  the  wavenumber,  =  yi/  for  a  deep 
water,  x[  is  the  distance  of  the  impact  point  from 
the  left  edge  of  the  plate  (see  Figure  1),  y  is  the 
gravity  acceleration,  and  Tw  =  27r/w  is  the  wave 
period.  The  wave  is  assumed  long,  ai^  1.  The 


plate  length  2L  and  the  wave  length  A  =  27r/z/  are 
of  the  same  order,  hence  we  have  also  a/L  1. 
The  impact  velocity  is  assumed  to  be  much  less 
than  the  sound  velocity  in  the  resting  liquid  cq. 
Initially  the  plate  is  horizontal  and  undeformed. 
It  corresponds  to  the  interval  t/  =  0,  0  <  ar'  <  2L. 
The  shape  of  the  plate  is  changed  owing  to  its  in- 


Figure  1:  Elastic  plate  and  the  free  surface  at  the 
impact  moment. 

ter  action  with  the  liquid.  The  plate  is  dry  at  the 
initial  moment,  =  0,  and  only  partially  wetted 
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at  the  first  stage  of  the  process,  which  is  referred 
to  as  the  impact  stage.  During  the  second  stage 
(penetration  stage)  the  plate  is  totally  wetted  and 
continues  to  interact  with  the  liquid.  The  pres- 
ence  of  the  contact  points  between  the  free  surface 
and  the  elastic  plate  during  the  impact  stage  is 
the  main  feature  of  the  problem.  The  positions 
of  these  points  are  unknown  in  advance  and  must 
be  determined  together  with  the  liquid  flow  and 
the  plate  deflections.  We  shall  successively  de¬ 
termine  the  plate  deflection  and  bending  stresses 
in  the  plate,  estimate  the  maximum  stresses  and 
analyse  their  dependence  on  impact  conditions, 
initial  shape  of  the  liquid  free  surface  and  prop¬ 
erties  of  the  plate. 

The  analysis  is  based  on  the  following  assump¬ 
tions:  (1)  the  liquid  is  ideal  and  incompressible; 
(2)  the  liquid  flow  is  two-dimensional  and  poten¬ 
tial;  (3)  the  plate  deflection  is  governed  by  the 
Euler  beam  equation;  (4)  the  beam  edges  are  sim¬ 
ply  supported;  (5)  influence  of  the  air  as  well  as 
both  external  mass  forces  and  surface  tension  are 
negligibly  small;  (6)  the  wave  length  is  compara¬ 
ble  to  the  beam  length;  (7)  the  wave  amplitude 
is  much  smaller  than  the  beam  length;  (8)  dura¬ 
tion  of  the  impact  stage  Ti  is  much  smaller  than 
the  greatest  period  of  free  vibrations  of  the  plate 
in  the  liquid  Tw  and  much  greater  than  the  time 
scale  L/cq  of  the  acoustic  effects;  (9)  the  elastic 
plate  is  the  bottom  of  a  rigid  structure  which  pen¬ 
etrates  the  liquid  with  a  constant  velocity  V\  (10) 
during  the  impact  stage  the  contact  points  move 
monotonically  with  time;  (11)  the  ratio  VTyj  jL 
is  much  less  than  unity. 

Motivations  for  the  present  research  come  from 
ship  hydrodynamics,  where  wave  impact  onto  the 
wetdeck  of  a  catamaran  can  be  very  severe  and 
may  lead  to  local  damage  of  the  wetdeck.  This 
problem  was  intensively  studied  during  the  last 
seven  years  experimentally  [1],  [2],  numerically 
[2]-[6]  and  theoretically  [2],  [7].  The  study  carried 
out  by  Norwegian  researchers  is  based  on  the  ex¬ 
periments  by  Aarsners  [1]  exclusively.  Attempts 
to  generalize  the  derived  predictions  to  other  ex¬ 
periments  (see,  for  example,  [8],  [9])  were  not 
done  (see  [2]).  It  should  be  noted  that  other  ex¬ 
periments  did  not  receive  so  intensive  theoretical 
analysis  as  Norwegian  ones.  Preliminary  theoreti¬ 
cal  analysis  of  the  experiments  by  Zhu  &  Faulkner 
[9]  was  given  by  Korobkin  [10]  with  account  for 
three-dimensional  effects.  The  present  study  is 
based  on  the  Norwegian  experiments  also.  In  ad¬ 
dition  to  the  theoretical  analysis  already  carried 
out  by  Faltinsen  and  his  group: 


1)  Modified  method  of  normal  modes  is  used.  Af¬ 
ter  modifications  (a)  calculations  of  the  hydro- 
dynamic  loads  are  not  required;  (b)  matrix  of  hy¬ 
drodynamics  coefficients  is  evaluated  analytically; 
(c)  positions  of  the  contact  points  are  governed 
by  ordinary  differential  equations,  which  are  in¬ 
corporated  into  the  system  for  the  principal  co¬ 
ordinates  of  the  normal  modes;  (d)  there  are  no 
obstacles  to  start  numerical  simulations  from  the 
initial  moment,  at  which  the  size  of  the  wetted 
area  is  zero;  (e)  there  is  no  need  to  introduce  the 
acoustic  stage  to  describe  formation  of  the  con¬ 
tact  region  from  a  single  point; 

2)  The  study  is  focused  on  global  characteristics 
of  the  interaction,  which  make  it  possible  to  ex¬ 
plain  energy  redistribution  during  the  impact  and 
to  estimate  maximum  stress  amplitude; 

3)  A  range  of  the  problem  parameters  is  con¬ 
sidered  to  reveal  peculiarities  of  the  interaction. 
This  may  be  helpful  to  design  future  experiments 
on  elastic  plate  impact. 

It  is  worth  noting  that  assumptions  (8)  and 
(11)  provide  some  limitations.  The  greatest 
period  of  free  vibrations  of  the  plate  placed 
in  unbounded  liquid,  Twy  is  of  the  order 
0{[pL^/EJY^^),  where  p  is  the  liquid  density,  E 
is  the  elasticity  modulus,  J  is  the  inertia  momen¬ 
tum  of  the  beam  cross-section,  J  =  /i^/12  for  a 
beam  of  constant  thickness  h  [2].  For  a  plate  of 
length  2L  comparable  to  the  wavelength  A  the 
duration  of  the  impact  stage  TJ  is  of  the  order 
0[a/V).  In  order  to  consider  also  the  case  of 
very  long  regular  waves  with  2Z  A,  radius 
of  the  curvature  at  the  wave  crest  R  is  intro¬ 
duced,  where  R  =  (ai^^)“^.  The  wave  profile 
can  be  approximated  by  the  parabolic  contour 
j/  =  —  (ar'  —  x^)^/(2i2)  close  to  the  impact  point. 
Neglecting  both  the  free  surface  deformation  and 
the  plate  deflection  during  the  impact  stage,  we 
can  estimate  the  order  of  the  impact  stage  dura¬ 
tion  as  /[RV).  This  quantity  is  of  the  same 
order  as  a/V,  where  L/A  =  0(1),  and  of  higher 
order,  where  L/X  1.  Assumption  (8)  provides 
inequalities 


L 

-<  — « 
Co  RV 


which  lead  to  the  following  limitations  for  the  im¬ 
pact  velocity 


[EJIpL^I^  «  VR  col.  (2) 


Experiments  [5]  were  performed  under  the  follow¬ 
ing  conditions:  L  =  0.25  m,  jE  =  21  •  10^®  N/m^, 
p  =  10^  kg/m^,  h  =  0.008  m,  co  =  1500  m/s. 
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We  obtain  (EJIpLY^^  6  m^/s  and  cqL  ^  375 
m^/s.  If  the  product  VR  approaches  the  lower 
bound  in  (2),  the  quantities  TJ  and  Tw  are  com¬ 
parable  to  each  other.  If  the  product  approaches 
the  upper  bound,  co-L,  acoustic  effects  must  be 
taken  into  account  during  the  impact  stage  [11]. 
Assumption  (8)  is  essential  for  theoretical  analy¬ 
sis  because  it  makes  possible  to  separate  the  im¬ 
pact  stage,  during  which  large  impact  forces  oc¬ 
cur,  and  the  penetration  stage,  at  which  the  bend¬ 
ing  stresses  approach  their  maximum  values,  and 
also  to  disregard  the  acoustic  stage  of  the  impact 
[2]. 

Assumption  (11)  gives  V  C  24  m/s.  This  in¬ 
equality  guarantees  that  the  bending  stresses  take 
their  maximum  values  sufficiently  before  the  pen¬ 
etration  depth  of  the  plate  becomes  comparable 
to  the  length  scale  L  of  the  problem.  Assumptions 
(7)  and  (11)  indicate  that,  as  a  first  approxima¬ 
tion,  we  can  put  the  boundary  conditions  on  the 
line  2/  =  0  and  to  linearize  them  and  the  equa¬ 
tions  of  motion.  The  ratio  L/R,  which  is  small, 
can  be  taken  as  the  parameter  of  linearization. 

At  the  leading  order  the  liquid  flow  before  the 
impact  can  be  neglected  compared  to  the  flow 
caused  by  the  impact  for  f/Tw  —  0(1)  if  and 
only  if  EJ/pg,  which  gives  L/X  <^Z2  for 

the  experiment  conditions.  We  obtain  Tw  «  0.01 
s,  which  is  much  smaller  than  the  period  0.7  - 
5.0s  of  regular  waves  used  in  the  experiments  [2]. 
Therefore  within  the  experiment  conditions,  wave 
motion  can  be  neglected  and  the  liquid  can  be 
considered  as  being  at  rest  at  the  impact  instant 
with  its  free  surface  described  by  equation  (1), 
where  =  t). 

It  should  be  noted  that  even  after  all  possible 
simplifications  the  problem  is  coupled  (hydrody¬ 
namic  loads  are  dependent  on  the  beam  deflection 
and  vice  versa)  and  nonlinear  at  the  impact  stage 
(dimension  of  the  contact  region  is  unknown  in 
advance  and  has  to  be  determine  together  with 
the  liquid  flow  and  the  beam  deflection) .  At  the 
penetration  stage  the  problem  is  linear  and  its  so¬ 
lution  can  be  readily  found  if  the  beam  deflection 
and  velocities  of  beam  elements  are  given  at  the 
beginning  of  this  stage.  Those  values  are  deter¬ 
mined  by  the  nonlinear  solution  of  the  problem 
at  the  impact  stage. 

Both  the  impact  stage  and  the  penetration 
stage  of  the  plate-liquid  interaction  are  analysed 
in  the  three  main  cases:  (i)  central  impact  (Fig¬ 
ure  3);  (ii)  edge  impact  (Figure  4);  (iii)  impact 
with  a  cavity  formation  (Figure  8),  with  the  help 
of  the  normal  mode  method  [3].  After  the  modi¬ 


fications  [12]  this  method  leads  to  infinite  system 
of  ordinary  differential  equations  with  respect  to 
principal  coordinates  of  the  beam  deflection  and 
dimensions  of  the  contact  region.  Computer  pro¬ 
grams  developed  for  the  three  cases  distinguished 
are  combined  to  describe  the  plate  impact  under 
arbitrary  conditions. 

Numerical  simulations  are  performed  to  deter¬ 
mine  details  of  the  interaction  during  both  the 
impact  and  penetration  stages,  the  kinetic  energy 
of  the  plate,  its  potential  energy  and  the  kinetic 
energy  of  the  liquid  flow.  It  was  found  that  in 
spite  of  the  short  duration  of  the  impact  stage, 
the  peculiarities  of  the  initial  shape  of  the  free 
surface  and  the  impact  conditions  are  of  great  im¬ 
portance,  the  hydrodynamic  loads  are  very  high 
and  are  dependent  on  the  velocity  of  the  contact 
region  expansion  [13].  In  the  case  of  the  edge  im¬ 
pact  it  was  revealed  that  within  the  framework 
of  incompressible  liquid  model  the  velocity  of  the 
contact  region  expansion  and,  therefore,  the  hy¬ 
drodynamic  loads  on  the  beam  can  be  beyond  all 
bounds  owing  to  flexibility  of  the  beam  only.  This 
phenomenon  is  of  geometrical  nature  and  occurs 
when  the  angle  between  the  beam  and  the  liquid 
free  surface  close  to  the  periphery  of  the  contact 
region  tends  to  zero.  In  naval  hydrodynamics  this 
phenomenon  is  known  as  the  bow  flare  slamming. 
In  the  case  of  the  impact  with  a  cavity  formation 
the  loads  are  unbounded  for  any  parameters  of 
the  beam  and  waves.  This  is  due  to  the  observa¬ 
tion  that  the  angle  is  very  small  at  the  moment 
of  the  cavity  collapse.  In  this  case  the  contact 
region  consists  of  two  parts  which  are  sepaxated 
with  a  cavity.  The  presence  of  air  in  the  cavity  is 
not  taken  into  account. 

The  mathematical  formulation  of  the  problem 
and  general  description  of  the  present  approach 
are  given  in  Section  2.  Modifications  of  the  nor¬ 
mal  mode  method  are  presented  in  Section  3  for 
the  simplest  case  of  central  impact  {x[  —  L).  The 
method  is  applied  to  the  problem  of  edge  impact 
(a;'^  =  0),  which  is  a  part  of  the  original  problem, 
in  Section  4.  Peculiarities  of  the  impact  stage  are 
discussed  and  comparisons  are  presented  for  the 
beam  behaviours  at  the  end  of  the  impact  stage 
for  both  the  central  impact  and  the  edge  impact. 
Elastic  plate  impact  with  a  cavity  formation  is 
analysed  in  Section  5.  Vibration  of  the  plate  dur¬ 
ing  the  penetration  stage  is  studied  in  Section  6 
with  the  focus  on  comparison  between  the  theo¬ 
retical  predictions  and  the  experimental  results. 
One  of  the  features  of  the  theoretical  prediction 
for  maximum  bending  stress  evolution  is  overes- 


73-3 


timation  of  high  mode  contributions.  Genera¬ 
tion  of  high-frequency  components  of  the  bend¬ 
ing  stresses  is  investigated  in  Section  7.  Global 
characteristics  of  the  impact  and  their  evolution 
in  time  are  studied  in  Section  8.  Energy  conserva¬ 
tion  law  and  the  results  of  numerical  simulations 
of  the  impact  are  used  in  Section  9  to  derive  es¬ 
timations  of  maximum  bending  stress  amplitude. 
Main  findings  of  the  present  study  are  formulated 
in  Conclusion. 


2  Formulation  of  the  problem 

The  plane  problem  of  the  impact  of  an  elastic 
beam  onto  the  slightly  curved  free  surface  of  an 
ideal  incompressible  liquid  is  considered  in  non- 
dimensional  variables.  The  scales  of  the  indepen¬ 
dent  variables  are  chosen  the  same  as  in  the  rigid- 
body  impact  problem.  They  are:  L  is  the  length 
scale,  L^/{RV)  is  the  time  scale,  V  is  the  velocity 
scale,  pV^R/L  is  the  pressure  scale,  where  p  is  the 
liquid  density.  Eh  JR  is  the  bending  stress  scale. 
In  numerical  analysis  we  use  the  scales,  which 
characterize  the  impact  stage.  Generally  speak¬ 
ing,  we  need  to  introduce  another  scales  [2]  to  de¬ 
scribe  the  process  during  the  penetration  stage. 
In  particular,  it  is  reasonable  to  take  Tw  as  the 
time  scale  of  the  penetration  stage  and  the  prod¬ 
uct  VTw  as  the  displacement  scale.  However,  the 
description  of  the  penetration  stage  is  much  sim¬ 
pler  than  that  of  the  impact  stage.  That  is  why 
we  do  not  expect  any  difficulties  with  its  numeri¬ 
cal  study  even  if  the  choice  of  scales  for  the  pen¬ 
etration  stage  is  not  optimal.  More  details  about 
the  orders  of  unknown  quantities  during  the  pen¬ 
etration  stage  can  be  found  in  [2]  and  [14]. 

Within  the  framework  of  the  linearized  impact 
theory,  which  is  referred  to  as  the  Wagner  theory 
[15],  the  flow  domain  coincides  with  the  half- plane 
y  <  0.  The  liquid  flow  is  governed  by  the  Laplace 
equation  for  the  velocity  potential  and 

the  plate  deformation  by  the  Euler  beam  equation 
for  the  deflection  The  conditions  on  the 

liquid  boundary  are  linearized  and  put  on  the  line 
y  =  0.  The  part  of  the  boundary  x  E  L>(t),  y  =  0 
corresponds  to  the  contact  region  of  the  elastic 
beam  with  the  liquid,  and  the  part  x  ^ 
y  =r  0  corresponds  to  the  free  surface  where  the 
pressure  is  zero  at  all  times.  The  last  statement 
follows  from  assumptions  (5)  and  (10).  Despite 
the  fact  that  both  the  equations  of  motion  and  the 
boundary  conditions  are  linearized,  the  problem 
remains  nonlinear  as  the  contact  region  D[t)  is 


unknown  in  advance.  The  coupled  problem  has 
the  form 

d^w 

a-^+^-^=P(a:,0,t)  (0<a;<2,  ^>0),  (3) 

w  =  Wxx  =  0  (x  =  0,  ar  =  2,  <  >  0),  (4) 

n;  =  tuj  =  0  (0  <  a:  <  2,  t  =  0),  (5) 

p  =  {y<0),'  (6) 

<Pxx (fyy  =  0  (2/<0),  (7) 

ip  =  0  (y  =  0,  X  ^  D),  (8) 

(Py  =  -l  +  wt{x,t)  (y  =  0,  xED),  (9) 
(p^O  (x^  +  y^ -)■  oo).  (10) 

Here  p{x,  y,  t)  is  the  hydrodynamic  pressure,  D  C 
[0,2],  a  =  Ms/ipL),  13  =  EJ/{pLR^V^),  Mb 
is  the  beam  mass  per  unit  length.  The  bending 
stress  distribution  on  the  upper  side  of  the  beam 
(7{x,t)  is  given  in  the  dimensionless  variables  as 
o'(x,t)  =  Wxx{3:,i)/2.  In  the  non-dimensional 
variables  the  shape  of  the  plate  with  respect  to 
the  initial  position  of  the  liquid  free  surface  is  de¬ 
scribed  by  the  equation  y  =  (L/R)yb{x,t), 

(1.) 

where  77  =  27r{L/X)  and  L/R  is  the  parameter  of 
linearization.  In  particular,  for  very  long  waves, 
7/^0,  and  |x  —  xi|  =  0(1)  equation  (11)  leads  to 
the  parabolic  approximation  of  the  wave  profile 

which  was  used  by  Korobkin  [13]  and  Khabakh- 
pasheva  &  Korobkin  [16], 

Initially  {t  =  0)  the  beam  touches  the  liquid 
free  surface  at  a  single  point  xi,  where  0  <  xi  <  1 
(Figure  2).  Central  impact  corresponds  to  xi  = 
1,  and  edge  impact  to  xi  =  0.  In  general  case 
(0  <  xi  <  1)  the  dimension  of  the  contact  region, 
which  appears  at  the  impact  moment,  is  described 
by  two  functions  ci  [t)  and  C2(t),  where  dci/dt  <  0 
and  dc2/dt  >  0  according  to  assumption  (10)  and 
ci(0)  =  C2(0)  =  xi.  At  the  first  phase,  0  <  t  <  ti, 
of  the  impact  stage  we  obtain  D{t)  =  {x  |  ci{t)  < 
X  <  where  ci(ti)  =  0.  During  the  second 

phase,  h  <  i  <  i2,  the  dimension  of  the  contact 
region  is  described  by  the  function  C2(^)  only,  we 
have  D(i)  =  {x  |  0  <  x  <  C2(t)}.  It  should  be 
noted  that  both  deformations  of  the  liquid  free 
surface  and  the  beam  deflection  are  not  shown  in 
Figure  2  for  simplicity.  Wetted  parts  of  the  plate 
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are  shown  with  thick  lines  and  the  dry  parts  with 
thin  lines. 

It  is  possible  that  the  right  edge  of  the  beam 
touches  the  disturbed  liquid  free  surface  well  be¬ 
fore  the  plate  is  totally  wetted.  If  so,  a  cavity 
is  formed  close  to  this  edge.  The  cavity  col¬ 
lapses  thereafter  providing  there  is  no  air  en¬ 
trapped.  Two  reasons  may  be  responsible  for 
this  scenario.  They  are:  (1)  special  shape  of 
the  initial  free  surface  (see  Figure  8);  (2)  elastic 
deflection  of  the  beam  (blockage  phenomenon). 
In  any  case,  the  second  part  of  the  contact  re¬ 
gion  may  appear,  dimension  of  which  is  described 
by  the  function  cs{t)  (Figure  2).  In  this  case 
D{t)  =  {a:  I  0  <  X  <  C2{t),  C3{i)  <  x  <  2}. 
This  phase  of  the  impact  stage,  t2  <  i  <  ^3, 
is  referred  to  as  the  third  phase.  This  phase  is 
over  at  the  instant  <3,  when  the  cavity  collapses, 
02(^3)  =  C3  (<3)- 

The  penetration  stage  starts  at  i  =  ^3-  During 
this  stage  the  problem  is  linear  but  coupled.  It 
should  be  noted  that  for  given  impact  conditions 
some  phases  may  be  absent.  For  example,  in  the 
central  impact  problem  studied  in  Section  3  there 
is  only  the  first  phase  with  ci(<)  =  2  —  C2(t). 

The  initial  conditions  for  the  first  phase  are 
given  by  (5)  and  for  both  the  following  phases 
and  for  the  penetration  stage  it  is  required  that 
the  beam  deflection  ti;(x,  i)  and  its  first  derivative 
in  time  wt{Xjt)  change  continuously  at  t  =  tj, 
j  =  1,2,3, 

'u;(x,ij  4*0)  =  w{x,tj  -0), 

ti;t(x,^j4-0)  =tx;t(ar,^j -0).  (12) 

The  formulation  of  the  problem  will  be  com¬ 
pleted  if  the  equations  for  the  functions  Ci(t), 
C2{t)  and  C3(t)  are  obtained.  Those  equations 
follow  from  the  condition  that  displacements  of 
the  liquid  particles  are  finite  at  the  contact  point: 
X  =  ci{t)  and  x  =  C2{t)  for  0  <  t  <  ti,  at 
X  =  C2{t)  for  ti  <t  <  ^2,  and  at  x  =  C2[t)  and 


X  =  C3(^)  for  t2  <t  <t3.  The  equations  are  de¬ 
rived  for  each  phase  separately.  They  are  equiv¬ 
alent  to  the  well-known  Wagner  conditions  [13]. 
Wagner  conditions  in  their  traditional  forms  lead 
to  system  of  singular,  non-linear  integral  equa¬ 
tions  [2],  which  are  not  easy  to  solve  numerically 
even  for  undeformable  bodies.  This  is  why  mod¬ 
ified  Wagner  conditions  are  used  here  [13].  Mod¬ 
ified  Wagner  conditions  are  transformed  to  non¬ 
linear  ordinary  differential  equations,  which  are 
incorporated  into  the  system  for  principal  coordi¬ 
nates  of  the  beam  deflection. 


3  Central  impact 

The  problem,  where  initially  the  wave  crest 
touches  the  plate  centre,  is  the  simplest  one.  In 
this  case  it  is  convenient  to  take  the  middle  point 
of  the  plate  as  the  origin  of  the  Cartesian  coor¬ 
dinate  system  xOy  (in  this  section  only).  Initial 
shape  of  the  free  surface  is  symmetrical  with  re¬ 
spect  to  the  Oy  axis,  which  indicates  that  the  flow 
is  symmetrical  with  respect  to  the  new  coordinate 
system  also  (Figure  3).  The  central  impact  prob¬ 
lem  has  the  same  features  as  the  problem  for  the 
first  phase  of  the  impact  stage  but  is  more  suit¬ 
able  to  demonstrate  main  peculiarities  of  both  the 
method  of  analysis  and  the  numerical  algorithm. 


w(x,t) 


Figure  3:  Central  impact. 

The  contact  region  dimension  is  described  by  a 
function  c(i),  where  the  interval  y  =  0,  — c(t)  < 
X  <  c{i)  corresponds  to  the  wetted  part  of  the 
plate.  Equation  (11)  is  replaced  in  the  new  coor¬ 
dinate  system  by 

yi,{x,t)  =  ri~'^{l-cos{Tix)) -t  +  w{x,t),  (13) 
where  w{—x,t)  =  w{x,t).  In  symmetrical  case 
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the  Wagner  condition  leads  to  the  equation  [13] 

/  yb[c{i)  sin  9,  t]  dO  =  0.  '  (14) 

Substitution  of  (13)  into  (14)  gives 

l  =  (15) 

It  is  convenient  to  introduce  new  unknown  func¬ 
tion  d{x,t)  =  awt{x,t)  -f-  99(x,0,^),  — 1  <  x  <  1, 
which  makes  it  possible  to  rewrite  the  beam  equa¬ 
tion  (3)  with  account  for  (6)  in  the  form 


dt  +  PWxxxx  —  Oj  (^^) 

awt  +  ^(x,0,t)  =  d{x,i),  (17) 

The  boundary-value  problem  (16),  (17),  (4), 
(5),  (7)-(10),  (15)  is  solved  with  the  help  of  nor¬ 
mal  mode  method.  This  method  leads  to  infinite 
system  of  ordinary  differential  equations  with  re¬ 
spect  to  principal  coordinates  of  the  beam  deflec¬ 
tion  w{x,t),  —  1  <  X  <  1.  Within  the  framework 
of  the  normal  mode  method  the  beam  deflection 
w{x,t)  and  the  function  d(x,t)  are  sought  in  the 
forms 

<x> 

n=l 

cc 

d{x,t)  =  PY^\%dn{t)^n{x).  (19) 

n=l 

Here  are  the  non-trivial  solutions  of  the 

homogeneous  boundary-value  problem 

^  =  (-l<:c<l),  (20) 


=  0  (x  =  ±1), 

and  An  are  the  corresponding  eigenvalues.  More¬ 
over,  the  eigenfunctions  satisfy  the  orthog¬ 

onality  condition 


^ni(x)  dx  -  Snm, 


(21) 


where  5nm  =  0  for  n  m  and  Snn  =  1.  In  the 
case  of  simply  supported  beam  and  central  impact 
the  eigenfunctions  ^n(2^)  are  given  as  (n  >  1) 


i)n[x)  =  cos(A„x),  An  =  7r(n  -  1/2).  (22) 

It  is  convenient  to  take  the  principal  coordi¬ 
nates  an(^)  of  the  beam  deflection  as  the  new  un¬ 
known  functions  and  to  express  the  other  quanti¬ 
ties  with  their  help. 


On  the  interval  of  the  liquid  boundary,  2/  =  0, 
— 1  <  X  <  1,  which  contains  the  contact  region, 
-c(<)  <  X  <  c(t),  c(t)  <  1,  the  velocity  potential 
can  be  presented  as 


c» 

<p{x,0,t)  =  '^bn{t)i>n{x),  (23) 

n=l 


^c(t) 

^n{t)  =  /  ^(x,0,t)^n(a:)  dx. 

This  follows  from  equations  (17)-(19)  and  (8).  In 
order  to  find  the  dependencies  of  the  coefficients 
bmit)  on  the  principal  coordinates  an(t),  where 
m,  n  >  1,  we  must  consider  the  hydrodynamic 
part  (7)-’(10)  of  the  original  problem.  We  intro¬ 
duce  the  harmonic  in  the  lower  half-plane  func¬ 
tions  c),  which  satisfy  equations 


5Vn  d^(pn 

5x2  +  Qy2 


=  0  (y  <  0), 


<Pn  =  0  (y  =  0,  |x|  > 

(y  =  0,  lx|<c(i)). 

0  (x^  +  2/^  OO), 

Here  n  =  0, 1,2, ...  and  =  1.  We  obtain 


_  OO 

^(x,0,<)=  -\/c2-  x2  +  ^d„(<)^„(x,0,c), 

n  =  l 


OO 

^m(f)  =  ~/m(c)  +  dn  (f  )S'nm  (o),  (24) 

nz=l 

/m(c)  =  j  Vc^-X^1pm{x)  dx, 

Snm{c)  =  j  ‘Pn{x,Q,c)ll)m{x)  dx, 

where  dot  stands  for  the  derivatives  in  time. 
Green’s  second  identity  gives  that  the  matrix  S 
with  the  elements  5TiTn(c),  where  1,2,  ..,is 

symmetrical.  Taking  (22)  into  account,  we  find 

/m(c)  =  ?rC^7i(AmC)/(AmC), 

TTC 

*5nm(o)  =  TT  [^n«^o(AmC)c7i  (A^c)— ■ 

A,7ii7o(AnC)‘^l{AmC)]  (n  ^  77l), 

Snn(c)  =  [Jo"(AnC)  +  J2(A„c)], 

where  Jo{z)  and  Ji[z)  are  the  zero-  and  first-order 
Bessel  functions. 
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Substituting  (18),  (19),  (23)  and  (24)  into  (16), 
(17)  and  taking  into  account  the  orthogonality 
condition  (21),  we  arrive  to  the  infinite  .system  of 
ordinary  differential  equations  with  respect  to  the 
principal  coordinates 


§  =  {aI  +  S)-HPDd  +  f),  (25) 

at 


di 


=  —a. 


(26) 


Here  a  =  (01,02,03,...)^,  d  —  (di,  d2j 
/  =  (/i (c), /2(c), /3(c),. ..)^,  I  is  the  unit  ma¬ 
trix  and  D  is  the  diagonal  matrix,  D  = 
d2a^{AtA|,A|,...}.  The  right-hand  side  of  sys¬ 
tem  (25)  and  (26)  depends  on  a,  d  and  c  but  not 
on  the  time  which  is  why  it  is  convenient  to 
take  the  quantity  c  as  a  new  independent  vari¬ 
able  (0  <  c  <  1)  instead  of  time  t.  Time  t  is  the 
function  of  c  now,  t  =  t(c).  This  substitution  is 
justified  under  the  condition  dc/dt  >  0,  which  fol¬ 
lows  from  assumption  (10).  Differential  equation 
for  the  unknown  function  i(c)  can  be  obtained 
from  equation  (15)  after  its  differentiation  with 
respect  to  c: 


|  =  Q(c,3.5), 


(27) 


77  Vi (rjc)  +  (2/7r)(a,fc(c)) 

r„(c)  =  /  i)n(c sia  9)  d9,  Tc{c)  =  dT/dc. 
Jo 

For  simply. supported  beam,  we  obtain  rn(c)  = 
(7r/2)Jo(A„c)  and  (ro)„  =  -(7rA„/2)Ji(A„c). 

Multiplying  equations  of  system  (25),  (26)  by 
dt/dc  and  taking  (27)  into  account,  we  find 


da 


^^F(cJ)Q{c,a,F{c,d)), 

ac 


(28) 


^  =  -aQ(c,a,F(c,d)), 

where  F[Cj  d)  =  [al  -h  5(c))“^(/?Dd  -f*  /(c))  and 
d  =  F[c,$).  The  initial  conditions  for  system 
(27),  (28)  are 

d=:0,  d  =  0,  t  =  0  (c  =  0).  (29) 


The  system  (27),  (28)  is  suitable  for  numeri¬ 
cal  evaluation.  Indeed,  for  small  times  we  have 
c{t)  =  0(t’-/2),  w{x,t)  =  0(t^/2),  wt  = 
wtt  =  0(t~^^^),  and  therefore,  one  cannot  start 
numerical  calculations  for  system  (25),  (26)  with 


homogeneous  initial  conditions.  Kvalsvold  & 
Faltinsen  [3]  described  the  difficulties  with  ini¬ 
tial  conditions  for  system  of  differential  equations 
with  respect  to  principal  coordinates  a„(t)  and 
their  derivatives  dn{t),  where  the  time  t  is  taken 
as  the  independent  variable.  On  the  other  hand, 
t  =  O(c^),  w  =  0{c^),  Wt  =  0(c),  Wtt  =  0(c"^) 
as  c  0,  and  there  are  no  problems  with  initial 
conditions  for  system  (27)--(28). 

Details  of  numerical  analysis  of  the  initial- value 
problem  (27)-(29)  are  given  by  Korobkin  [12]. 
Estimation  of  the  optimal  step  Ac  and  its  de¬ 
pendence  on  the  number  of  modes  taken  into  ac¬ 
counts  are  discussed. 

In  order  to  explain  the  present  approach  and 
outline  its  main  features  compared  to  standard 
approaches  to  numerical  analysis  of  water  impact, 
we  consider  a  simple  initial-value  problem 

Vtt  +  v  =  <-1/2  (t  >  0),  t;(0)  =  Ut(0)  =  0.  (30) 

This  equation  is  similar  to  the  beam  equation  (3). 
It  is  worth  noting  that  p(0,0,t)  =  as 

t  0  [17].  Standard  approach  is  based  on  the 
decomposition  of  (30)  as 

Vt  =  tz(t),  Ut  =  — v  -t* 

v(0)  =  0,  u(0)  =  0. 

The  right-hand  side  of  the  ordinary  differential 
system  is  singular  as  f  0  (compare  with  sys¬ 
tem  (25)).  This  is  the  main  difficulty  to  start  nu¬ 
merical  procedure.  There  are  three  possible  ways 
to  overcome  this  difficulty:  (1)  to  resolve  the  sin¬ 
gularity  of  the  forced  term,  from  physical 

point  of  view  [6];  (2)  to  obtain  asymptotics  of  the 
solution  as  t  ->  0  and  to  start  numerical  simu¬ 
lation  from  that  approximate  solution  at  t  = 
where  0  <  tc  <  1  [18];  (3)  to  use  another  decom¬ 
position  (see  below). 

Equation  (30)  can  be  rewritten  in  the  form 

(Ut  -  2<1/2);  +  t;  =  0. 

which  leads  to  another  way  of  the  problem  de¬ 
composition 

vt  =  a(<)+2<i/2  at  =  -v,  t!(0)  =  a(0)  =  0  (31) 

the  present  approach  is  based  on  (the  function 
a{t)  is  equivalent  to  the  function  d{x,t)  intro¬ 
duced  in  (16),  (17)).  The  initial  problem  (31)  is 
already  suitable  for  numerical  analysis.  However, 
higher  derivatives  of  the  solution  are  singular  at 
t  =  0,  which  can  lead  to  lost  of  accuracy  for  small 
t.  This  is  a  reason  to  introduce  new  independent 
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variable  r  =  with  the  help  of  which  problem 
(31)  can  be  rewritten  as 

=  2ra(t)  +  4r^,  Gt  = --2rt;(r),  (32) 

v[0)  =  a(0)  =  0. 

This  change  of  the  independent  variable  is  equiv¬ 
alent  to  the  replacement  of  time  t  for  c  in  system 
(28).  The  right-hand  side  of  system  (32)  is  ana¬ 
lytic  with  respect  to  the  independent  variable  r 
and  the  unknown  functions  v{r)  and  a(r).  This 
implies  that  the  solution  is  the  analytical  function 
of  r  also  and  it  can  be  readily  computed. 


4  Edge  impact 

It  was  shown  by  Kvalsvold  &  Faltinsen  [4]  that 
wave  impact  on  the  bow  part  of  the  wetdeck  of  a 
catamaran  is  possible  and  that  this  phenomenon 
needs  particular  attention.  In  Section  2  it  was 
also  pointed  out  that  the  edge  impact  problem 
corresponds  to  the  second  phase  of  an  elastic  plate 
impact  and  its  solution  has  to  be  incorporated 
into  the  computer  code  to  treat  the  impact  under 
arbitrary  conditions.  Theoretical  analysis  of  the 
edge  impact  problem  was  given  by  Korobkin  [19] 
within  one-mode  approximation  and  by  Korobkin 
&  Khabakhpasheva  [20]  using  the  normal  mode 
method. 


In  the  case  of  edge  impact  (Figure  4)  the  liq¬ 
uid  flow  and  the  plate  deflection  are  governed 
by  the  bound  ary- value  problem  (3)-(10),  where 
Z)  =  {x  I  0  <  ar  <  C2(t)}  and  xi  =  0  in  (11). 
The  modified  Wagner  condition  (14)  has  to  be 
changed  into  (see  [19]) 

/2 

sin^  0  yb[c2{t)  sin^  9,  i]  dO  =  0,  (33) 


which  with  account  for  (11)  provides 

i  =  1 - 9 {^^2)  ^  ^  f  ^0^ 

T  ^  Jq 

where 

We  use  the  same  decomposition  of  the  beam  equa¬ 
tion  as  in  Section  3  and  seek  the  plate  deflection 
w{x,t)  and  the  function  d{Xyt)  in  forms  (18)  and 
(19),  where  now  ipn{x)  =  sin(Anx),  An  =  7rn/2, 
n  =  1, 2, ...  and  0  <  x  <  2.  Representations  of  the 
velocity  potential  (23),  (24)  have  to  be  replaced 
by  (see  [20]) 


00 

(p{x,0,t)  =  '^bn{t)lpn{x)  {0<X<2), 

n=l 


bmit)  =  -fm{C2)  +  '^an{i)S„m{C2), 


n=l 


7rc2sin(AmC2/2) 

/m(C2)  =  - ^ - -Vm 


(34) 


Snm{c2)  — 


C2 


27rA„ 


AmC2  AnC2  -  , 

COS  — ^  cos  (C2)- 


.  AnjC2  .  AnC2  /  \ 

■  sm  — r—  sin  (C2) 


5(1)  = 


C(2)  _ 
*^nm  — 


TT^Xn 


(xi-xi) 


TT^An 


•  [Am»^m“n  “  A„t;„«m]  , 


{XI  -  XI) 


j  /AmC2v  7  /AmC2v 

Wm  —  Jo{  2  2 

By  taking  (33)  and  (34)  into  account,  we  arrive  to 
systems  (25)-(26)  and  (27)~(28),  where  the  func¬ 
tion  <3(c2,a, a)  is  obtained  by  differentiation  of 
(33)  with  respect  to  C2. 

The  initial- value  problem  (27)-(29)  in  the  case 
of  the  edge  impact,  where  the  elements  of  the  sys¬ 
tem  are  given  by  (34) ,  is  solved  numerically  by  the 
Runge-Kutta  method.  The  approach  used  is  valid 
only  in  the  case  where  the  velocity  of  the  contact 
region  expansion  dc2/dt  is  positive  and  finite.  If 
the  velocity  vanishes  and  becomes  negative,  the 
liquid  particles  from  the  contact  region  escape 
onto  the  liquid  free  surface,  and  a  vortex  layer. 
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Figure  5:  Plane  of  parameters  a,  /?.  The  regions, 
where  dc^/dt  <  0(o),  and  where  dc2/dt  is  un¬ 
bounded  (★),  are  distinguished.  The  Wagner  ap¬ 
proach  is  valid  outside  these  two  regions  only. 


Figure  7:  Distance  between  the  elastic  plate  and 
the  disturbed  liquid  free  surface  at  different  time 
instants  (c2  <  ^  <  2). 


which  is  ignored  in  the  present  model,  is  formed. 
If  the  velocity  grows  and  becomes  comparable 
to  the  sound  velocity  in  the  liquid,  acoustic  ef¬ 
fects  must  be  taken  into  account.  Therefore,  in 
general,  the  plane  of  parameter  (a,/?)  is  divided 
into  three  parts  (Figure  5):  (1)  dc2/dt  becomes 
negative  with  time:  (2)  dc^/di  is  unbounded;  (3) 
dc2ldt  is  positive  and  finite  during  the  impact 
stage.  It  is  seen  that  the  Wagner  approach  is 
valid  for  beams  of  high  rigidity.  It  is  well-known 
that  the  total  hydrodynamic  force  grows  beyond 
all  bounds  as  dc2/dt  — >•  -hex*.  This  phenomenon 
is  referred  to  as  blockage.  In  this  case  the  rate  of 
the  added-mass  increase  is  very  high,  which  is  due 
to  the  elastic  deflection  of  the  beam  mainly.  This 
result  is  of  practical  importance  because  it  indi¬ 
cates  that  flexibility  of  impacting  surfaces  may 
lead  to  hydrodynamic  loads,  which  are  greater 
than  those  for  equivalent  rigid  surfaces. 

Analysis  of  the  blockage  phenomenon  shows 
that  the  liquid  flow  may  be  more  complicated 
than  this  is  predicted  by  the  Wagner  theory. 
Namely,  the  right  edge  of  the  plate  enters  the 
liquid  before  the  velocity  of  the  contact  point  be¬ 
comes  very  high  (Figure  6) .  The  distance  between 
the  right  edge  of  the  beam  and  the  disturbed 


free  surface  is  shown  in  Figure  7  for  a  =  0.157, 

=  0.0294  as  function  of  the  contact  region  di¬ 
mension  C2.  If  the  blockage  phenomenon  has  been 
detected  in  numerical  calculations,  the  cavity  for¬ 
mation  near  the  right  edge  of  the  beam  is  ex¬ 
pected.  The  presence  of  the  air  in  the  cavity  may 
essentially  change  the  process  of  the  plate-liquid 
interaction.  This  problem  is  not  considered  here. 
The  blockage  was  not  observed  in  central  impact 
case,  which  means  that  the  impact  conditions  are 
responsible  for  this  phenomenon. 

Comparison  between  edge  impact  (curves  2) 
and  central  impact  (curves  1)  is  presented  in  Fig¬ 
ure  8.  Distributions  of  the  beam  deflection,  veloc¬ 
ity  of  the  beam  elements  and  the  bending  stresses 
along  the  beam  are  shown  at  the  end  of  the  im¬ 
pact  stage.  The  impact  conditions  in  both  cases 
are  identical,  except  the  impact  point.  Curves  1 
are  symmetrical  with  respect  to  the  beam  centre, 
r  =  1.  Calculations  were  performed  for  a  =  0.314 
and  =  0.311,  which  corresponds  to  the  impact 
of  elastic  plate  onto  wave  crest  with  the  radius 
of  curvature  R  -  10  m.  The  plate  of  length 
1  m  and  thickness  2  cm  is  made  of  mild  steel 
and  hits  the  waves  at  velocity  3m/s.  In  dimen¬ 
sional  variables,  the  duration  of  the  impact  stage 
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Figure  8;  Distributions  of  the  beam  deflection  (a), 
beam  velocity  (b),  and  the  bending  stresses  (c) 
along  the  beam  at  the  end  of  the  impact  stage  for 
central  impact  (curves  1)  and  edge  impact  (curves 
2). 


is  0.36  for  the  central  impact  and  1.537  for  the 
edge  impact.  It  is  seen  that  the  increase  of  the 
impact  stage  duration  leads  to  more  than  double 
increase  of  the  deflection  amplitude,  significant 
decrease  in  the  kinetic  energy  of  the  beam  and 
increase  in  the  potential  energy  of  the  deformed 
beam.  Figure  8  demonstrates  that  the  position  of 
the  impact  point  has  a  strong  effect  on  the  beam 
behaviour  at  the  end  of  the  impact  stage,  with 
other  conditions  being  equal. 


5  Impact  with  attached  cavity 

The  interaction  between  an  elastic  plate  and  the 
liquid  during  the  third  phase  of  the  impact  stage, 
t2  <  t  <  tz,  is  governed  by  the  boundary- value 
problem  (3)-(10),  where  D  =  {x  |  0  <  x  < 
C2{t),  cz{t)  <  X  <  2]  (Figure  9).  The  initial 
conditions  are  given  by  (12)  at  i  =  ^2-  The  pres¬ 
ence  of  air  in  the  cavity,  y  =  0,  C2(t)  <  x  <  C3(t), 
is  neglected.  We  consider  only  the  case,  where 
dco/dt  >  0  and  dc^/dt  <  0.  Formulae  (16)-(21) 


Figure  9:  Impact  with  attached  cavity. 


are  still  valid  and  the  eigenfunctions  ipn  (a^)  are  the 
same  as  in  the  edge  impact  problem  (see  Section 

In  order  to  derive  equations  for  functions  C2(f), 
cs(t),  we  consider  the  vertical  displacement  of  the 
liquid  free  surface  [21] 


1 

'kW{x) 


yt{T,t)W{r) 
r  —  X 


+  (35) 

where  x  ^  D[t).  The  characteristic  function 
W (x)  of  the  contact  region  is  given  as 


W{x)  =  \/x{x  -  C2)(C3  -  x){2  -  x). 


and  jF(t)  is  an  arbitrary  function  of  time.  The 
vertical  displacement  y(x,0,t)  is  bounded  at  the 
contact  points  x  =  C2  and  x  =  C3  if  and  only  if 


f: 


yb(T,t) 


^(2  -  r) 


(c2  -  r)(c3  -  t) 


dr— 


Differentiation  of  these  equations  with  respect  to 
time  leads  to  the  following  system  for  the  deriva¬ 
tives  C2  and  Cl  (dot  stands  for  the  time  derivative) 


aiiC2  -f  ai2C3  =  61,  (36) 

a2lC2  +  a22C3  =  62  +  F{t)y 


7.340 


initial  conditions  for  which  are 


C2(<2)=C2(f2-0).  C3(i2)  =  2.  (37) 


Here  an,  ai2,  021,  022,  and  62  are  given  func¬ 
tions  of  C2,  C3  and  t.  The  vertical  velocity  of  the 
liquid  free  surface  is  given  by 


1  /  r  <Pu{r,t)W{T) 

ivWix)\Jo  r-x 


_  +  C(t))  ,  (38) 

Jc3  T-  -  a:  / 

where  x  ^  D{t)  and  (py{r,0,t)  =  — 1  +  wt(T,t). 
Far  from  the  contact  region,  x  -boo,  y  =  0, 
equations  (35)  and  (38)  provide 


F(t) 


C'(t) 


y(x,o,t)~-^,  <py(x,o,t)  - 

which  with  account  for  the  equality  Yt  =  yield 
the  equation 

r1  LT 

(39) 


The  function  C{t)  is  determined  from  the  condi¬ 
tion  9?(c3,  0,  t)  =  0,  which  is  used  in  the  following 
form 

/*2 

=  0,  (40) 


/ 

Jcx 


where 


7rty(x)  (/ 


W{T)<py{r,0,t) 


dr— 


T  —  X 


_V.p.l'EilM^dT  +  C{t)^  (c3<x<2). 

Integrals  in  equations  (36)  and  (40)  are  trans¬ 
formed  into  forms,  which  are  suitable  for  their 
numerical  evaluation  by  the  Simpson  rule. 

Principal  coordinates  an{t)  are  governed  by  the 
system  of  ordinary  differential  equations  (25)- 
(26),  (36)  and  (39),  where  now  (n  >  1) 


/m  =5om(c2,C3),  i^oix)  =  I,  (x)  =  sin A„a;, 


_  W{r)ipn(r) 
Jc^  r-X 


(0  <  X  <  C2), 


dx  ^W{x) 


W{T)rlJn{r) 
r  —  X 


rmMl  Jr +C.)  (c,<x<2), 

the  constants  Cn  are  determined  by  condition 
(40).  Integrals  in  (41)  are  evaluated  numerically 
by  the  Simpson  rule. 

Numerical  calculations  were  performed  with 
5  and  10  elastic  modes  for  two  cases.  In  the 
first  case  the  wave  profile  was  approximated  by 
parabolic  contour  (77  —¥  0),  and  in  the  second 
case  -  was  given  by  equation  (1).  It  was  re¬ 
vealed  that  even  in  the  first  case  the  air  can  be 
trapped  close  to  the  right  edge  of  the  impacting 
plate  (a  =  0.157  and  /?  =  0.03).  After  the  cavity 
has  been  formed,  the  contact  points  are  acceler¬ 
ated.  The  cavity  is  very  thin  and  exists  for  a  short 
period  only.  The  hydrodynamic  pressures  during 
the  cavity  collapse  are  very  high  but  they  are  of 
short  duration.  In  fact,  second  hydrodynamic  im¬ 
pact  onto  the  plate  occurs  with  loads  being  much 
higher  than  at  the  beginning  of  the  plate-liquid 
interaction.  It  should  be  noted  that  the  deflec¬ 
tions  change  just  a  little  during  the  third  phase 
and  the  main  effect  of  the  high  pressures  is  on  the 
bending  stresses,  which  grow  significantly. 

It  was  obtained  that  the  value  ^2,  which  has 
to  be  determined  together  with  the  liquid  flow 
and  the  beam  deflection,  must  be  evaluated  very 
precisely  to  make  the  numerical  scheme  sta¬ 
ble.  It  was  proved  that  system  (36)  provides 
[dczldt){t2)  =  0.  This  equality  is  used  to  start 
simulation  of  the  interaction  during  the  third 
phase. 

In  the  second  series  of  calculations  the  initial 
shape  of  the  liquid  free  surface  is  given  by  (11)  in 
non-dimensional  variables  with  77  =  37r/4,  which 
implies  that  the  wave  length  is  4/3  of  the  to¬ 
tal  plate  length,  and  a  =  0.248,  jS  =  0.0573, 
which  corresponds  to  the  experiment  conditions 
(see  Faltinsen  et  al  1997).  The  experiment  condi¬ 
tions  are  the  steel  plate  of  thickness  8mm  and  the 
length  0.5m  falls  down  from  the  height  Im  against 
regular  waves  with  the  radius  of  curvature  at  the 
wave  crest  equal  to  10m.  Cavity  during  the  im¬ 
pact  stage  is  formed  due  to  geometry  of  the  initial 
shape  of  the  liquid  surface.  The  cavity  size  and 
the  duration  of  the  third  stage  are  much  greater 
than  in  the  first  case.  The  trajectories  of  the 
contact  points  are  shown  in  Figure  10.  Bending 
stresses  and  deflections  change  during  the  third 
phase  smoothly. 
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Figure  10:  Trajectories  of  the  contact  points. 


6  Penetration  stage 

During  the  penetration  stage  the  beam  is  totally 
wetted  but  continues  to  interact  with  liquid.  The 
process  is  described  by  the  boundary  value  prob¬ 
lem  (3)~(10),  where  D  =  (0,2)  and  the  initial 
conditions  (5)  have  to  be  changed  for 

w{x,t3)=w{x,ts-Q),  Wt{x,i3)=Wt{x,t3r-0),  (42) 


where  w{Xj  —  0)  and  Wt{Xjtz  —  0)  are  the  beam 
deflection  and  the  beam  velocity,  respectively,  at 
the  end  of  the  impact  stage.  This  problem  is 
equivalent  to  that  of  a  floating  elastic  plate,  which 
starts  to  enter  the  liquid  at  t  =  ^3  with  a  con¬ 
stant  velocity  and  both  the  initial  deflection  of  the 
plate  and  the  initial  velocity  of  its  elements  be¬ 
ing  prescribed.  Theoretical  analysis  of  this  stage 
was  given  by  Faltinsen  [7],  see  also  [14].  In  the 
last  paper  the  problem  is  formulated  with  respect 
to  the  hydrodynamic  pressure  and  the 

beam  deflection  w{Xyt),  The  scales  of  time  and 
those  of  the  unknown  functions  are  chosen  in  ac¬ 
cordance  with  recommendations  by  Faltinsen  [7] . 
The  beam  deflection  is  sought  with  the  help  of 
eigenfunctions  of  spectral  problem  for  a  floating 
elastic  plate.  The  orthogonality  conditions  (21) 
is  not  valid  for  this  spectral  problem.  The  eigen¬ 
functions  and  the  corresponding  eigenvalues  are 
dependent  on  the  parameter  a  but  not  on  /?. 
Calculations  were  performed  for  a  =  0.252  and 
spring  conditions  at  the  beam  edges  [2] 


d^w  ,  T 


=  0, 


(43) 


where  plus  is  for  x  =  2  and  minus  for  x  =  0,  ^ 
is  the  nondimensional  rigidity  of  the  spring.  It 
was  taken  A:  =  2.85  in  calculations.  Details  of  the 


analysis  of  ”  wet”  modes  and  formulae  for  the  ele¬ 
ments  of  the  matrix  of  hydrodynamic  coefficients 
Snm  (see  (25))  can  be  found  in  [14].  It  was  ob¬ 
tained  that  the  first  ”dry”  and  ”wet”  modes  are 
practically  identical,  difference  between  the  sec¬ 
ond  modes  is  less  than  8%,  the  third  -  7%  and 
that  of  the  fourth  modes  -  6%.  Therefore,  it  is 
reasonable  to  use  ”dry”  modes,  shapes  of  which 
are  given  analytically,  to  describe  the  beam  de¬ 
flection  during  the  penetration  stage. 

It  should  be  noted  that  numerical  analysis  of 
the  plate-liquid  interaction  during  the  penetra¬ 
tion  stage  does  not  require  a  special  treatment  of 
the  original  boundary-value  problem  and  can  be 
performed  with  the  help  of  the  numerical  scheme 
described  in  Section  4  for  the  edge  impact  case. 
We  need  only  to  omit  equation  (33)  because  C2  = 
2  during  this  stage  and  to  replace  C2  in  (34)  by  2. 
Both  the  matrix  S  and  the  vector  /  do  not  depend 
on  time  now  and  system  (25),  (26)  can  be  readily 
integrated  numerically.  Within  the  experiment 
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Figure  11:  Deflection  at  the  beam  centre.  Solid 
line^  calculations;  broken  line^  experiments. 

conditions  (a  =  0.2512,  /?  =  0.0551,  k  =  2.85)  the 
calculations  were  performed  with  15  dry  modes 
for  problem  (3),  (6)-(10),  (42)  and  (43)  in  the 
case  of  central  impact.  Comparison  between  ex¬ 
perimental  and  numerical  results  are  shown  in 
Figure  11  for  the  plate  deflection  and  in  Figure  12 
for  the  amplitude  of  bending  stresses  at  the  beam 
centre  point,  x  =  1.  Predicted  deflection  at  the 
plate  midpoint  corresponds  to  the  measured  de¬ 
flection  at  this  point  (see  also  the  comparison  in 
[2]).  Predicted  stresses  clearly  overestimate  con¬ 
tributions  of  higher  modes,  which  are  depressed 
in  experimental  data.  Similar  overestimation  can 
be  found  in  theoreticcil  results  by  Faltinsen  et  al 
[2],  which  were  obtained  for  the  same  model  we 
use  in  this  paper  but  with  simplified  initial  con- 
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Figure  12:  The  strains  (in  fis)  at  the  beam  cen¬ 
tre  as  a  function  of  the  time  (in  seconds)  dur¬ 
ing  the  penetration  stage.  Direct  computations 
[curve  l)j  average  stresses  [curue  2),  experiments 
[curve  S).  ^ 

ditions 

ii;(x,t3)  =  0,  =  1- 

Explanation  of  the  higher  mode  generation  is 
given  in  Section  7,  However,  there  is  a  simple 
possible  explanation  based  on  parameters  of  the 
stress  gauged  used  in  experiments.  Resonance 
frequency  of  the  stress  gauges  is  not  reported  in 
[2],  that  is  why,  to  estimate  this  frequency,  data 
reported  in  [22]  were  used.  In  this  paper  hydroe¬ 
lastic  behaviour  of  circular  elastic  cylinder  was 
studied  with  the  help  of  the  stress  gauges,  reso¬ 
nance  frequency  of  which  is  5kHz.  If  we  assume 
the  resonance  frequency  of  stress  gauges  in  the 
Norwegian  experiments  being  3kHz,  we  may  av¬ 
erage  the  numerical  results  over  the  time  interval 
2.25  •  10”^s.  Averaged  numerical  curve  fits  the 
experimental  one  fairly  good  (see  Figure  12). 

7  Generation  of  higher 
modes 

There  are  several  reasons  for  higher  modes  to  be 
generated  during  the  impact  stage.  Those  are: 
(1)  initially  very  high  hydrodynamic  pressures  are 
localized  close  to  the  impact  point;  (2)  pressure 
distribution  along  the  wetted  part  of  the  plate 
is  highly  non-uniform  and  is  unbounded  at  the 
moving  contact  points;  (3)  the  area,  along  which 
the  hydrodynamic  loads  act,  grows  with  time. 
Calculations  were  performed  to  demonstrate  that 
the  third  reason,  which  is  the  main  feature  of 


the  impact  stage,  is  responsible  for  generation  of 
higher  modes. 


1st  mode 


Figure  13:  Contributions  of  normal  modes  to  the 
bending  stresses. 

We  consider  the  edge  impact  problem  [a  = 
0.247,  /?  =  0.05733,  7]  =  7r/6)  for  simply  sup¬ 
ported  beam.  The  nondimensional  stress  ampli¬ 
tude  is  given  by 

oo 

<r{x,t)  =  Y^an{t)tl>nix), 

n=l 

where  ^n(a?)  =  sin(Anx)  ,  An  =  7rn/2,  o*n(t)  = 
-an[t)Xlh  and  an(t)  are  the  principal  coordi¬ 
nates  of  the  beam  deflection.  Functions  n  = 
1, 2, 3, 4,  as  functions  of  the  dimension  of  the  con¬ 
tact  region  C2,  0  <  C2  <  2,  are  shown  in  Figure  13 
together  with  the  shapes  of  corresponding  modes. 
It  is  seen  that  t7i(c2)  is  the  monotonical  function, 
and  0-2(02)  peaks  at  the  instant,  where  the  contact 
point  passes  the  node  of  the  second  mode.  Corre¬ 
spondingly,  the  amplitude  of  the  third  mode  con¬ 
tribution  to  the  bending  stresses,  (73(02),  peaks 
at  the  instant,  when  the  contact  point  passes  the 
first  node  of  the  third  mode,  and  so  on.  After 
their  first  peaks  the  functions  (7^(02)  do  not  grow 
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essentially.  The  magnitudes  of  the  peaks  decrease 
monotonicaliy  as  the  number  n  increases.  We 
may  conclude  that  the  highest  modes  are  gen¬ 
erated  just  after  the  impact  instant  and  are  influ¬ 
enced  by  fine  details  of  the  flow  at  the  very  be¬ 
ginning  of  the  impact,  but  their  amplitudes  are 
rather  small.  The  modes  with  moderate  numbers 
are  generated  much  later,  and  their  amplitudes 
are  influenced  by  the  velocity  of  the  contact  re¬ 
gion  expansion.  The  first  mode  does  not  reach 
its  maximum  at  the  impact  stage.  This  prelimi¬ 
nary  analysis  makes  it  possible  to  think  that  cor¬ 
rect  description  of  high  mode  contributions  to  the 
bending  stresses  is  connected  neither  with  fine  de¬ 
tails  of  the  very  initial  stage  of  the  impact,  when 
the  speed  of  the  contact  point  is  very  high  and 
acoustic  effects  have  to  be  taken  into  account,  nor 
with  fine  details  of  the  pressure  distribution  close 
to  the  contact  points,  where  non-linear  effects  are 
of  importance,  but  with  the  effect  of  moving  load. 

We  may  assume  that  the  amplitudes  of  higher 
modes  decay  during  the  penetration  stage  due  to 
the  sound  radiation.  Indeed,  the  period  of  the 
second  ’’dry”  mode  for  the  plate  used  in  the  ex¬ 
periments  but  simply  supported,  is  0.00125s,  the 
scale  of  acoustic  effects  is  of  the  order  0.0003s 
(the  initial  length  of  the  beam,  0.5m,  divided  by 
the  sound  velocity,  1500m/s),  and  the  bending 
stresses  reach  their  maximum  values  at  0.005s  ap¬ 
proximately.  Taking  into  account  that  the  acous¬ 
tic  radiation  of  energy  is  more  intensive  for  high 
frequencies  than  for  lower  ones,  we  may  conclude 
that  acoustic  effects  may  be  responsible  for  de¬ 
pressing  the  higher  modes  suflBciently  before  the 
stresses  reach  their  maximum. 

8  Global  characteristics  of 
the  impact  stage 

Previous  sections  of  this  paper  show  that  the  in¬ 
teraction  between  an  elastic  plate  and  the  liquid 
can  be  very  complicated  during  the  impaot  stage. 
On  the  other  hand,  in  order  to  evaluate  the  max¬ 
imum  amplitude  of  the  bending  stresses  in  the 
plate  within  the  Wagner’s  theory,  we  need  to  de¬ 
termine  the  plate  deflection  and  its  velocity  at  the 
end  of  the  impact  stage  only.  This  means  that 
we  need  to  obtain  the  initial  conditions  to  start 
numerical  calculations  for  the  penetration  stage, 
during  which  the  bending  stresses  approach  their 
maximum  values.  According  to  the  algorithm  de¬ 
scribed  in  Section  3-5  several  possibilities  of  the 
process  development  have  to  be  considered,  which 


are  essentially  dependent  on  the  initial  shape  of 
the  liquid  free  surface.  However,  both  the  po¬ 
sition  of  the  free  surface  at  the  impact  instant 
and  this  instant  itself  are  not  usually  well  de¬ 
fined  in  practice.  This  means  that  we  may  hope 
only  to  obtain  estimations  of  the  bending  stress 
maximum,  which  is  of  the  main  practical  interest, 
for  a  certain  range  of  impact  conditions  but  not 
the  stress  values.  If  so,  we  shall  study  quantities, 
which  are  weakly  dependent  on  the  impact  condi¬ 
tions,  and  use  them  to  estimate  maximum  bend¬ 
ing  stresses.  Experimental  analysis  of  the  depen¬ 
dency  of  the  maximum  stresses  on  impact  condi¬ 
tions  (place  of  the  impact,  radius  of  the  curvature 
at  the  wave  crest)  was  given  by  Faltinsen  et  al  [2] . 
But  the  maximum  of  bending  stresses  is  a  local 
characteristic,  that  is  why  in  theory  it  is  not  easy 
to  estimate  this  quantity  directly.  We  use  another 
approach  based  on  estimations  of  global  charac¬ 
teristics  (kinetic  energy  of  the  liquid  flow,  kinetic 
energy  of  the  beam  deflection  and  potential  en¬ 
ergy  of  the  deformed  plate),  which  are  much  eas¬ 
ier  to  obtain.  It  is  shown  in  this  section  that  the 
global  characteristics  are  strongly  depend  on  the 
impact  conditions  (it  is  clearly  seen  from  Figure 
8)  but  the  total  energy  of  the  plate-liquid  system 
is  highly  conservative  and  is  mainly  dependent  on 
the  impact  velocity  and  the  plate  parameters.  In 
order  to  determine  the  global  characteristics  un¬ 
der  consideration,  we  use  the  energy  conservation 
law  for  non-linear  liquid  flow  and  linear  elasticity 
of  the  beam.  This  point  is  very  important  be¬ 
cause  the  correct  result  can  not  be  derived  within 
the  linear  theory  of  liquid  flow,  which  is  used  for 
numerical  simulations  of  the  impact.  The  reason 
is  that  the  energy  conservation  law  has  to  include 
the  kinetic  energy  of  spray  jets,  which  is  of  the 
same  order  of  magnitude  as  the  kinetic  energy 
of  the  main  flow  [23],  but  the  spray  jets  are  ne¬ 
glected  within  the  Wagner  approach  used  in  this 
paper. 

The  kinetic  energy  of  the  non-linear  liquid  flow 

Tilt')  =  5/’  jjc^'vydx'dy',  (44) 
n(t') 

where  p  is  the  liquid  density,  Q{f)  is  the  flow 
region  and  is  the  velocity  potential  of 

the  non-linear  flow.  is  equal  to  the  external 

work  done  to  generate  the  flow 
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which  follows  from  the  energy  conservation  law 
for  the  liquid  motion.  Here  D{r^)  is  the  con¬ 
tact  region  between  the  entering  elastic  plate  and 
the  liquid  at  the  instant  r'  (prime  stands  for  di¬ 
mensional  variables) .  It  should  be  noted  that  the 
change  of  the  plate  shape  owing  to  its  flexibility  is 
not  taken  into  account  in  equation  (45) .  This  ap¬ 
proximation  comes  from  the  assumption  that  the 
amplitude  of  elastic  plate  deflections  is  small  com¬ 
pared  to  both  the  plate  length  and  the  dimension 
of  the  contact  region  and  gives  negligibly  small 
contribution  to  the  liquid  flow.  The  interaction 
between  the  liquid  and  the  entering  elastic  plate 
is  mainly  due  to  decrease  of  the  impact  velocity 

^=-y (46) 

but  not  due  to  variation  of  the  plate  shape. 

Multiplying  the  beam  equation  (3)  rewritten  in 
dimensional  variables  by  dvJ Idt^  and  integrating 
the  result  along  the  plate  and  in  time  with  ac¬ 
count  for  the  edge  conditions  (4) ,  we  obtain 

TB{f)  +  Ps{t’)  =  (j 

^  (47) 

where  T's{t')  is  the  beam  kinetic  energy, 


\dt> 


{x',t')dx',  (48) 


and  Pa(t')  is  the  potential  energy  of  the  deformed 
plate, 

(49) 

The  left-hand  side  of  the  energy  conservation  law 
for  the  elastic  plate  (47)  will  be  more  complicated 
for  beam  equations  different  from  the  Euler  one 
and  other  edge  conditions. 

Combining  equations  (45)  and  (47)  and  taking 
(46)  into  account,  we  find 

Tsit')  +  Paii')  +  TLi*')  =  V  -^V) 

Jo 

where  F'{t')  is  the  total  hydrodynamic  force  on 
the  plate,  and  in  the  dimensionless  variables 

Tb it)  +  Pb it)  +  Ti(t)  =  2  /  F(r)  dr  (50) 

Jo 

with  the  quantities  and  pV^R  being  the 

energy  scale  and  the  force  scale,  respectively. 


The  kinetic  energy  of  the  liquid  flow  can  be 
approximately  decomposed  bsTl  =  Tlm  + 
where  Txjvf(^)  is  the  energy  of  the  main  flow  and 
Tjet{i)  is  the  kinetic  energy  of  the  spray  jets. 
The  energy  Tiui^)  can  be  determined  within  the 
Wagner  theory  with  Q{i)  being  approximated  by 
the  lower  half-plane  y  <0.  The  velocity  potential 
9?(ar,y,^)  is  decomposed  as 

^)  =  2/) 

where  <pr{x^  y,i)  satisfies  equations  (7)-(10)  with 
u;  ~  0  and  y^  ^)  satisfies  the  same  equation 

with  condition  (9)  being  changed  for  d(pBldy  = 
Wt{x,t).  The  potential  (pR{x^y,i)  can  be  referred 
to  as  the  velocity  potential  of  the  flow  caused  by 
rigid  motion  of  the  plate  and  as  the 

velocity  potential  of  the  flow  generated  by  the 
plate  elastic  deflection.  It  should  be  noted  that 
both  potentials  depend  on  the  geometry  of  real 
contact  region  D{i).  We  find 

7z,m(«)«  jjiVtpf  dxdy=  j  (pR^^  dx+ 

y<0  D{t) 

^  J 

D{t)  D(t) 

On  the  other  hand. 


nt  ^2  pt 

2/  Fir)  dr  =2  /  (-¥>t(x,0,  r))  drda;  = 

Jo  Jo  Jo 

-2/  (pR{x,0,t)  dx -2 

Jo 

Substitution  of  (51)  and  (52)  into  (50)  and  ac¬ 
count  for  the  equalities  {d(pR/dy){Xj0^t)  =  — 1, 
where  x  G  T)(0j  ^R{^t  Oj^)  “  Oj^)  “ 

where  x  ^  D{i)y  yield 


TBit)  +  PBit)  +  Tisit)  «  TiRit)  - Ti,tit).  (53) 


TLBit)=  f 

D{t) 

Tifi(t)=  j 


d(pE  , 

‘PB-^dx, 


VR^  dx. 

dy 


The  kinetic  energy  of  the  spray  jets  Tjet(t)  grows 
with  time  during  the  impact  stage  and  is  constant 
at  the  penetration  stage  because  the  jets  separate 
the  main  flow  region  at  t  =  ts  and  are  indepen¬ 
dently  moving  thereafter.  The  total  energy  of  the 
jets  at  the  penetration  stage,  Tjet{h)y  is  denoted 
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by  TJgj.  The  kinetic  energy  TiRif)  grows  during 
the  impact  stage  also,  is  equal  to  7r/2  at  the  end 
of  the  impact  stage  and  keeps  constant  thereafter. 

It  is  worth  noting  that  for  an  equivalent  rigid 
plate  the  left-hand  side  in  (53)  is  zero  and  we 
obtain  the  well-known  result 
which  implies  that  the  kinetic  energy  of  spray  jets 
is  equal  to  the  kinetic  energy  of  the  main  flow  at 
every  instant  of  time  [23]. 

The  sum  on  the  left-hand  side  of  equation  (53) 
is  referred  to  as  the  total  elastic  energy  of  the 
plate-liquid  system  and  is  denoted  by  U{t),  It  is 
clear  that 

during  the  penetration  stage,  t  >  iz.  We  denote 
U{tz)  hy  for  which 

U,  <  7r/2.  (54) 

Dependency  of  on  impact  conditions  was 
studied  numerically  for  7}  =  37r/4  and  the  steel 
plate  used  in  the  Norwegian  experiments.  It  was 
revealed  that  U*  weakly  depends  on  the  impact 
location,  [7*  ^  1.27  for  0  <  xi  <  1,  which  is 
less  than  7r/2,  and  on  the  initial  geometry  of 
the  liquid  free  surface:  1.21  <  U*  <  1.28  for 
7.5m<  R  <  75m.  This  means  that  the  total  elas¬ 
tic  energy  is  dependent  mainly  on  impact  ve¬ 
locity  and  the  plate  flexibility  and  weakly  on  the 
initial  shape  of  the  liquid  free  surface.  Inequality 
(54)  can  be  improved  with  account  for  the  energy 
of  spray  jets.  This  problem  is  not  considered  here. 

9  Estimation  of  maximum 
bending  stresses 

In  order  to  illustrate  how  to  estimate  the  max¬ 
imum  amplitude  of  the  bending  stresses  in  the 
plate,  the  central  impact  case  is  considered.  The 
corresponding  analysis  for  the  edge  impact  is  de¬ 
scribed  in  [24]. 

The  parts  7b(^),  Pb{^)  and  TLE{t)  of  the  total 
elastic  energy  during  the  penetration  stage  are 
depicted  in  Figure  14  as  functions  of  time  t.  It  is 
seen  that  the  main  contribution  to  the  total  en¬ 
ergy  C/*  at  the  beginning  of  the  penetration  stage 
comes  from  the  kinetic  energy  of  the  liquid  flow 
Tlb  and  there  is  a  time  instant  tm ,  when  the  to¬ 
tal  energy  is  concentrated  in  the  potential  energy 
of  the  deformed  plate 

(55) 


Figure  14:  Components  of  the  ^elastic’  energy  [/♦ 
as  functions  of  time  during  the  penetration  stage. 


Figure  15:  Non-dimensional  stresses  in  the  plate 
during  the  penetration  stage:  thick  line  is  for 
maximum  stresses,  thin  line  is  for  the  bending 
stress  at  the  plate  centre. 

The  maximum  stress  in  the  plate  (thick  line) 
and  the  stress  at  the  plate  midpoint  (thin  line) 
are  shown  in  Figure  15.  We  may  conclude  that 
the  stresses  at  the  plate  centre  can  be  used  to  ap¬ 
proximate  the  absolute  maximum  value  of  bend¬ 
ing  stresses.  It  is  important  to  notice  that  the 
bending  stresses  approach  their  maximum  value 
bX  t  approximately. 

Within  the  normal  mode  approach  the  poten¬ 
tial  energy  Pb(<),  t  >  ta,  is  the  sum  of  each 
mode  contributions.  Relative  contributions  of 
modal  potential  energies  are  depicted  in  Figure 
16,  where  Pi{t)  is  the  potential  energy  of  the  first 
dry  mode 

Pi[t)  =  pX\a\{t)  (56) 

and 

10 

n=2 

is  the  contribution  to  the  total  potential  energy 
of  the  modes  from  second  to  tenth.  It  is  seen  that 
the  first  mode  gives  the  main  contribution  to  the 
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Figure  16:  Relative  contributions  to  the  'elastic’ 
energy  of  the  total  potential  energy,  PbIU^\ 
the  potential  energy  due  to  the  first  mode,  Pi/U*] 
the  potential  energy  due  to  the  modes  from  sec¬ 
ond  to  tenth,  P/^7*. 


potential  energy  of  the  deformed  plate.  There¬ 
fore,  we  obtain  from  (55)  and  (56)  that 


where  U*  <  7r/2. 

Within  the  one-mode  approximation,  which  is 
used  here  to  describe  the  hydroelastic  behaviour 
of  the  plate  during  the  penetration  stage,  system 
(25)-(26)  gives 

(a  +  SiiYdi  -f  l3Xtai  =  0  (t  >  ta),  (58) 

where  Ai  =  7r/2,  5ii  =  (7r/2)[Jo(^/2)  +  «7i  (7r/2)], 
and  the  term  fi  in  (25)  is  zero  after  the  plate  is 
totally  wetted.  The  general  solution  of  equation 
(58)  has  the  form 

ai  (t)  =  Cl  sm{ui  -f-  S) ,  (59) 

where  lj  =  Af\/^/(a  -f  5ii^,  and  Ci  and  6  have 
to  be  determined  from  initial  conditions.  We  sup¬ 
pose  that  the  one-mode  approximation  correctly 
describes  the  evolution  of  the  beam  potential  en¬ 
ergy  with  time.  Equations  (57)  and  (58)  yield 

Ci  =  vT^A“2,  tm=-{7r/2-S)/u,  (60) 

The  quantity  S  can  be  found  by  matching  either 
potential  or  kinetic  energy  at  the  beginning  of 
the  penetration  stage.  For  example,  if  Pits)  is 
specified,  we  obtain  the  following  equation 

/?AtC?sin2(S  =  P(^3).  (51) 

Dimensional  bending  stresses  are  given  as 

=  -{EzJR)w^^{Lx,{L^/RV)t),  (62) 


where  Za  is  the  distance  from  the  neutral  axis  in 
the  beam  cross-sectional  area  to  the  point  where 
the  stress  is  evaluated  [2] .  For  a  beam  of  constant 
thickness  h,  we  have  Za  =  /i/2.  Within  the  one¬ 
mode  approximation  the  absolute  maximum  of 
the  bending  stresses 
be  found  using  (60)“(62)  as 

«  \fulVZa. 


2(5  I  Mb  +  SiipL 

T>V - Ej - ' 


S  =  arcsin  ^/P{^^)/TK. 


(63) 


In  the  experiment  conditions  for  the  steel  plate, 
forniulae  (63)  provide  o-^ax  ^  1867/is  and  « 
0.0075s  with  <5  =  0,  which  reasonably  corre¬ 
spond  to  the  measured  values  (T^oa?  =  1600/xs  and 
=  0, 005s.  It  should  be  noted  that  the  connec¬ 
tion  between  the  elastic  plate  and  the  structure 
was  more  complicated  in  the  experiment  that  in 
the  simplified  theoretical  analysis  here.  By  tak¬ 
ing  into  account  more  realistic  edge  conditions, 
we  may  hope  to  reduce  the  diffferences  between 
the  estimated  and  the  measured  values. 

The  non-dimensional  ’el2istic’  energy  U*  in  (63) 
has  to  be  evaluated  from  the  numerical  solution 
of  the  original  problem  at  the  impact  stage  with 
all  peculiarities  of  this  stage  taken  into  account. 
This  fact  reduces  the  practical  importance  of  the 
approximate  formula  (63)  for  the  value  (Jrnax- 
the  other  hand,  we  can  use  inequality  (54)  to  es¬ 
timate  the  stresses.  The  corresponding  bound  is 
depicted  in  Figure  17  by  the  broken  line. 


Figure  17:  Non-dimensional  stresses  in  the  plate 
during  the  penetration  stage:  solid  line  is  for 
bending  stresses  at  the  centre,  broken  line  is 
the  theoretical  estimation  of  the  bending  stresses, 
dotted  line  is  for  bending  stresses  given  by  one¬ 
mode  approximation. 
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Let  us  denote  the  total  length  of  the  beam  by 
Lb,  then  (54)  and  (63)  lead  to 


where  y/irj4  0.88.  Experimental  results  for  the 
same  ratio  and  different  impact  velocities,  plates 
and  impact  conditions  [2]  provide  the  correspond¬ 
ing  upper  bound  as  0.7  .  The  obtained  theoretical 
estimation  overpredicts  the  experimental  estima¬ 
tion  but  is  simple  and  can  be  recommended  for 
structural  analysis  of  plates  subject  to  wave  im¬ 
pact  loads. 

10  Conclusion 

It  is  demonstrated  in  the  present  paper  that  the 
normal  mode  method  is  a  powerful  tool  to  treat 
the  unsteady  problem  of  elastic  plate  impact  onto 
the  liquid  free  surface,  which  is  slightly  curved. 
The  method  was  modified  to  avoid  calculations  of 
hydrodynamic  loads.  The  study  is  focused  on  de¬ 
flections  of  the  plate  and  distribution  of  bending 
stresses.  The  original  problem  is  reduced  to  the 
system  of  ordinary  differential  equations  for  the 
principal  coordinates  of  normal  modes.  Positions 
of  the  contact  points  are  governed  by  nonlinear 
differential  equations,  which  are  incorporated  into 
the  system  for  the  principal  coordinates.  It  is  im¬ 
portant  to  notice  that  numerical  solution  can  be 
started  from  the  initial  instant  of  time,  when  the 
dimension  of  the  plate  wetted  area  is  zero.  The 
numerical  algorithm  allows  PC  computations,  is 
not  time-consuming  and  makes  it  possible  to  in¬ 
vestigate 'details  of  the  plate-liquid  interaction. 

Impact  stage,  during  which  the  plate  is  wetted 
only  partially,  is  divided  into  three  phases.  Pecu¬ 
liarities  of  the  interaction  are  investigated  for  each 
phase.  Impact  conditions,  for  which  the  Wagner’s 
theory  can  be  used,  are  distinguished.  The  phe¬ 
nomenon  of  the  load  increase  due  to  plate  flexi¬ 
bility  was  revealed  (blockage  phenomenon).  It  is 
shown  that  a  cavity  attached  to  the  plate  may  be 
formed  just  before  the  hydrodynamic  loads  be¬ 
come  unbounded.  Impact  of  an  elastic  plate  with 
attached  cavity  is  analysed. 

Maximum  bending  stresses  are  obtained  nu¬ 
merically  and  compared  with  the  measured  data. 
Calculated  stresses  overestimate  the  contribu¬ 
tions  of  higher  modes.  Explanations  of  the  higher 
mode  generation  is  given.  Higher  modes  are  gen¬ 
erated  during  the  impact  stage  and  are  due  to  the 
effect  of  wetted  area  expansion. 


It  is  shown  that  the  components  of  the  energy 
of  the  plate-liquid  system  are  strongly  dependent 
on  the  impact  conditions  but  the  total  energy  not. 
The  greater  kinetic  energy  of  the  spray  jets,  the 
smaller  potential  energy  of  the  deformed  plate. 
The  obtained  estimate  of  the  potential  energy 
leads  to  the  estimate  of  the  absolute  maximum 
of  the  bending  stresses,  which  reasonably  corre¬ 
sponds  to  the  experimental  results.  The  obtained 
theoretical  estimation  can  be  used  in  structural 
analysis  of  plates  subject  to  wave  impacts. 

This  work  was  supported  by  the  Russian  Foun¬ 
dation  for  Fundamental  Research  (projects  N96- 
15-96882,  N97-01-00897  and  N96-01-01767). 
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